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Abstract: In this work, we develop two IFEMs for convection-diffusion equations with interfaces.
We first define bilinear forms by adding judiciously defined convection-related line integrals. By
establishing Gårding’s inequality, we prove the optimal error estimates both in L2 and H1-norms.
The second method is devoted to the convection-dominated case, where test functions are piecewise
constant functions on vertex-associated control volumes. We accompany the so-called upwinding
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1. Introduction

There are many physical phenomena where the parameters of the model problem change abruptly
across some interfaces. For example, the parameter of multi-phase flows in porous media could be
discontinuous on material interfaces across which materials have different permeabilities [1, 2]. Also,
dielectric coefficients in biomolecular cells are discontinuous along solute-solvent interfaces [3, 4]. To
numerically solve interface problems using the finite element method (FEM), people usually use fitted
grids, since unfitted grids yield suboptimal convergence rates [5].

Recently, there appeared some structured grid-based methods for interface problems in the FEM
community since data structures are simple. Extended finite element methods (XFEMs) are one of the
popular structured grid-based methods for interface problems whose local spaces are enriched by some
basis functions [6–9]. By truncating the shape function along the interfaces, additional basis functions
are obtained near the interfaces.
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On the other hand, immersed finite element methods (IFEMs) are another type of structured grid-
based methods for interface problems. In IFEMs, the basis functions are modified along the interfaces
to satisfy certain interface conditions. In this way, no extra degrees of freedom are necessary. Owing
to the simple data structures of algebraic systems, multigrid algorithms for IFEM were proposed
and analyzed in [10]. Error estimates for IFEM on elliptic and elasticity interface problems can be
found in [11–16]. IFEM has been proven to be effective in various problems including multiphase
flows in porous media [17], elasticity problem [15, 16], Poisson-Boltzmann-Nerst-Plank model [18]
and Hele-Shaw flows [19]. Meanwhile, finite volume-based IFEMs for elliptic interface problems
were developed in [20–23]. In these works, test functions are piecewise constant functions on so-
called control-volumes or dual-volumes, and the resulting bilinear forms are simpler than those of
conventional IFEM.

So far, most works are concentrated on symmetric problems while there are many examples of
convection-diffusion problems involving interfaces, especially in porous media problems, see [2, 17].
For the convection-dominated flows problem, it is required that bilinear forms are modified properly to
avoid non-physical oscillations. In this work, we develop two IFEMs for convection-diffusion elliptic
interface problems. We start by defining a bilinear form similar to the original IFEM, modifying
the line integrals of convection terms. We show that the proposed IFEM has optimal convergence
rates. In order to handle convection-dominated case, we modify the first version by considering vertex-
associated control volumes. The test function space is defined by the set of piecewise constant functions
on each control volume. Finally, we apply the upwinding concepts so that control volume-based IFEM
is robust to the magnitude of convection parameters. Optimal H1-error estimate is carried out for the
second scheme.

The rest of the paper is organized as follows. The model problem is described in Section 2. First
type of IFEM is proposed in Section 3 and control volume based IFEM for convection dominating case
is developed in Section 4. Numerical experiments which support the theory are reported in Section 5.
Finally, some conclusive remarks are given in Section 6.

2. Governing equations

Assume that Ω is a convex polygonal domain in IR2 divided by the interface Γ resulting in two
subdomains, i.e., Ω = Ω− ∪ Ω+. We consider the second order elliptic interface model problem whose
diffusion and convection parameters are not necessarily continuous across the interface.

−∇ · β∇u + b · ∇u + Ru = f , in Ω, (2.1)
[u]Γ = 0, on Γ, (2.2)

[β∇u · nΓ]Γ = 0, on Γ, (2.3)
u = 0, in ∂Ω, (2.4)

where nΓ is a unit vector normal to the interface Γ− and [·]Γ implies the jumps across Γ, i.e., [u]Γ =
u|Ω− − u|Ω+ . Here, the diffusion parameter β is allowed to be discontinuous across the interface Ω, with
β = β+ ∈ C1(Ω+) and β = β− ∈ C1(Ω−). As usual, β is positive and uniformly bounded, i.e.,

0 < β ≤ β < β. (2.5)
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We need similar assumptions for the convection parameter. While b is allowed to be discontinuous
along Γ with b = b− ∈ C1(Ω−) on Ω− and b = b+ ∈ C1(Ω+) on Ω+, it is assumed that b is uniformly
bounded, i.e.,

|b| ≤ |b|,

and

[b · nΓ]Γ = 0. (2.6)

Finally, the reaction parameter R is assumed to be in L2(Ω).
We introduce some notations. For a given subdomain D ⊂ Ω and m = 1, 2, Hm(D), H1

0(D), Hm(∂D)
are Sobolev spaces of order m with the norm || · ||m,D and the semi-norm | · |m,D. For any real number
between m and m + 1, we define fractional Sobolev space H s(D) as the interpolation between Hm(D)
and Hm+1(D). In particular, the norm of fractional space Hm+σ(D), 0 < σ < 1 (in two dimensional
case) is defined as

||u||2Hm+σ(D) := ||u||2Hm(D) +
∑
|α|=m

|Dαu|2Hσ(D)

where semi-norm | · |Hσ(D) is defined as

|u|2Hσ(D) :=
∫

D

∫
D

(u(x) − u(y))2

|x − y|2+2s dxdy.

In case D = Ω, we simply denote the norm || · ||m,Ω and the inner product (·, ·)m,Ω by || · ||m and (·, ·)m,
respectively. For 0 < α ≤ 1, we also introduce the broken Sobolev space H̃1+α(Ω) defined as

H̃1+α(Ω) := {u ∈ H1(Ω) : u|Ω− ∈ H1+α(Ω−) and u|Ω+ ∈ H1+α(Ω+)},

equipped with the norm:

||u||2
H̃1+α(Ω)

:= ||u||21 + ||u||
2
H1+α(Ω−) + ||u||

2
H1+α(Ω+).

Also, we introduce some subspaces.

H1
0(Ω) := {u ∈ H1(Ω) | u = 0 on ∂Ω},

H̃1+α
Γ (Ω) := {u ∈ H̃1+α |[u]Γ = [β∇u · nΓ]Γ = 0}.

By integration by parts, we can derive the weak formulation of the model problem as follows: find
u ∈ H1

0(Ω) such that
t(u, v) = ( f , v)0, ∀v ∈ H1

0(Ω), (2.7)

where

t(u, v) =
∫
Ω−
β∇u · ∇v dx +

∫
Ω+
β∇u · ∇v dx +

∫
Ω

(b · ∇u + Ru)v dx.

The following assumption is commonly used to prove the existence of convection diffusion
problems (see Part III. Section 1.1 in [24]).

−
1
2

divb + R > 0. (2.8)
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Proposition 2.1. Under the condition (2.8), there exists a unique solution for (2.7).

Proof. By Lax-Milgram theorem [25], it suffices to show the coerciveness of t(·, ·) on H1
0(Ω). By the

definition of the bilinear form, we have

t(v, v) =
∫
Ω−
β∇v · ∇v dx +

∫
Ω+
β∇v · ∇v dx +

∫
Ω

(
∇

v2

2

)
· bdx +

∫
Ω

Rv2 dx.

By applying the integration by parts on third term together with (2.6), we have

t(v, v) =
∫
Ω−
β∇v · ∇v dx +

∫
Ω+
β∇v · ∇v dx

∫
Ω

(
−

1
2

divb + R
)

v2dx.

Finally, the coerciveness of t(·, ·) on H1
0(Ω) is obtained by the conditions (2.5) and (2.8)

t(v, v) ≥ β|v|21 +
(
−

1
2

divb + R
)
||v||20

≥ min
{
β,−

1
2

divb + R
}
||v||21.

□

By Proposition 2.1, we have the regularity theorem for the model problem (2.1)–(2.4), see [26, 27].

Proposition 2.2. There exists an 0.5 < α ≤ 1 and a unique solution u ∈ H1
0(Ω) ∩ H̃1+α(Ω) of problem

(2.1)–(2.4). Furthermore, u satisfies

||u||H̃1+α(Ω) ≤ C|| f ||H−1+α(Ω), (2.9)

where C is some constant depending on β and b.

Throughout the paper, we use generic constants C,C1,C2, ... independent of the mesh size, not
necessarily the same for each appearance.

3. Immersed finite element method for nonsymmetric elliptic interface problem

In this section, we develop a new version of IFEM for a model problem. For convenience’s sake,
we assume that R = 0 in (2.1) from now on. For the case R , 0, the proof proceeds in exactly the same
way if one adds some obvious terms in the bilinear forms. We start by introducing some definitions of
spaces and norms. For the sake of convenience, we assume that Ω is a rectangular domain throughout
the rest of the manuscript. Let Th be a triangulation ofΩ by right triangles. Since nodes are not aligned
with the interface Γ there arise triangles in Th which is cut by Γ. In such a case, we say that T are the
interface elements and denote T I

h to be the set of interface element. Slight modifications are required
for the inner products on T ∈ T I

h , i.e.,

(u, v)m,T = (u, v)m,T+ + (u, v)m,T− , || · ||2m,T = || · ||
2
m,T+ + || · ||

2
m,T− , m = 0, 1,

where T+ = T ∩Ω+ and T− = T ∩Ω−. We define a broken Sobolev space

H1(Th) =
{
ϕ ∈ L2(Ω) : ϕ|T ∈ H1(T ), ∀T ∈ Th

}
,
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with a broken norm

||ϕ||21,h =
∑
ϕ∈Th

||ϕ||21,T .

We define Eh to be the set of edges of Th. Here, we let Eo
h be the set of the interior edges and E∂h be

the boundary edges. For each e ∈ Eh, we associate a unit vector ne at e. We define the jump [ϕ]e and
average {ϕ}e for ϕ ∈ H1(Th) as follows:

[ϕ]e(x) := lim
δ→0+

(ϕ(x − δne) − ϕ(x + δne)),

{ϕ}e(x) :=
1
2

lim
δ→0+

(ϕ(x − δne) + ϕ(x + δne)),

if e does not belong to ∂Ω and

[ϕ]e(x) := lim
δ→0+

(ϕ(x − δn∂Ω)), {ϕ}e(x) := lim
δ→0+

(ϕ(x − δn∂Ω))

if e belongs to ∂Ω.

3.1. Immersed finite element method space

In this subsection, we describe P1-conforming based immersed finite element (IFE) spaces. For any
T ∈ Th, let S h(T ) be a P1-conforming space. If T is an interface element, we modify the space S h(T ).
For example, suppose T having node Ai’s (i = 1, 2, 3) is cut through the Γ at edge points E1 and E3 as
in Figure 1.

Figure 1. An interface element T cut by interface Γ.

For a function ϕ ∈ Th, we modify it to be a piecewise linear function ϕ̂ satisfying flux-continuity
conditions, i.e., the new function ϕ̂ has a form that

ϕ̂ =

{
ϕ+ = a+ + b+x + c+y, (x, y) ∈ T+,
ϕ− = a− + b−x + c−y, (x, y) ∈ T−,

(3.1)

and it satisfies

ϕ̂(Ai) = ϕ(Ai), i = 1, 2, 3 (3.2)
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ϕ+(Ei) = ϕ−(Ei), i = 1, 2, (3.3)∫
E1E2

β+∇ϕ+ · nE1E2
=

∫
E1E2

β−∇ϕ− · nE1E2
. (3.4)

The uniqueness and existence of such modified functions are proven in [13]. Such modified piecewise
linear IFE space on T is denoted by Ŝ h(T ). Finally, we define global IFE space:

Ŝ h(Ω) :=

ϕ ∈ L2(Ω) :
ϕ|T ∈ S h(T ) if T ∈ Th/ T

I
h and ϕ|T ∈ Ŝ h(T ) if T ∈ T I

h ,

ϕ is continuous on vertexes of Th,

ϕ(X) = 0 if X is a nodes on ∂Ω

 .
We intent to state the approximation property of the space Ŝ h(Ω). For this purpose, we introduce nodal
interpolation operator Ih : H̃1+α

Γ
→ Ŝ h(Ω) defined by for v ∈ H̃1+α

Γ
,

(Ihu)(X) = u(X), for all nodes X of Th.

The following lemma was proven in [11, 12, 14].

Lemma 3.1. There exists a constant C > 0 such that∑
T∈Th

(||ϕ − Ihϕ||0,T + h||ϕ − Ihϕ||1,T ) ≤ Ch1+α||ϕ||H̃1+α(Ω), ∀ϕ ∈ H̃1+α
Γ (Ω).

3.2. Associated bilinear forms

In this subsection, we develop IFEM for nonsymmetric elliptic interface problem. First, we multiply
vh ∈ Ŝ h(Ω) to (2.1) and apply integration by parts to obtain that∫

Ω

f vhdx =
∑
T∈Th

(∫
T
β∇u · ∇vhdx −

∫
e
β∇u · nvhds

)
+

∑
T∈Th

∫
T

vhb · ∇udx

=
∑
T∈Th

∫
T
β∇u · ∇vhdx −

∑
e∈Eh

∫
e
{β∇u · ne}e[vh]eds +

∑
T∈Th

∫
T
(b · ∇u)vhdx. (3.5)

We define the bilinear form th(·, ·) : Hh(Ω) × Hh(Ω) 7→ IR2 by for all v,w ∈ Hh(Ω) := Ŝ h(Ω) + H1
0(Ω),

th(v,w) = ah(v,w) + bh(v,w), (3.6)

ah(v,w) =
∑
T∈Th

∫
T
β∇v · ∇wdx −

∑
e∈Eh

∫
e
{β∇v · ne}e[w]eds

+ θ
∑
e∈Eh

∫
e
{β∇w}e[v]eds +

∑
e∈Eh

σ

|e|

∫
e
[v]e[w]e ds, (3.7)

bh(v,w) =
∑
T∈Th

∫
T
(b · ∇v)w dx + η

∑
e∈Eh

∫
e
{b · nw}e[v]e ds, (3.8)

where |e| is the measure of e. Finally, we propose IFEM scheme for convection diffusion type elliptic
interface problem: find uh ∈ Ŝ h(Ω) such that

th(uh, vh) = ( f , vh)Ω, ∀vh ∈ Ŝ h(Ω). (3.9)
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Let us explain the parameters appearing in th(·, ·) in (3.6). First, the parameter θ is motivated by the
interior penalty discontinuous Galerkin (DG) method [28, 29] whose values are among {−1, 0, 1} and
σ > 0 is a stabilization parameter. The second term of bh(·, ·) is motivated by [28]. Comparing with
the equation (3.5), the parameter η , 0 seems non-natural. However, it will be shown that by choosing
η = −1 and θ = −1, we can show the optimal convergence error estimates by defining the dual problem
(see proof of Lemma 3.8).

Before closing this subsection, we state a lemma regarding the consistency of the proposed scheme.

Lemma 3.2. Suppose u is the solution of (2.1)–(2.4) and uh is the solution of (3.9), then

th(u − uh, vh) = 0, ∀vh ∈ Ŝ h(Ω). (3.10)

Proof. It suffices to show that

th(u, vh) = ( f , vh)Ω, ∀vh ∈ Ŝ h(Ω).

This is simply obtained by the Eq (3.6) and the fact that [u]e = 0 for all e ∈ Eh since u ∈ H1(Ω). □

3.3. Optimal error estimates

This subsection is devoted to prove the optimal convergence of the proposed scheme. For this
purpose, we introduce an energy like norm on Hh(Ω):

|||ϕ|||2h =
∑
T∈Th

||β
1
2∇ϕ||20,T +

∑
e∈Eh

1
|e|
||[ϕ]e||

2
0,e.

We list some lemmas which will play essential roles in the forthcoming analysis.

Lemma 3.3. ( [29]) Let e be an edge of T ∈ Th. Then following holds,

||ϕ||0,e ≤ C0h−1/2 (
||ϕ||0,T + h|ϕ|1,T

)
, ϕ ∈ H1(T ).

Also, the following trace-like inequality can be established for the discrete space.

Lemma 3.4. There exists some Ct > 0 such that the following holds for all ϕ ∈ Ŝ h(Ω) and T ∈ Th and
edges e of T .

||β
1
2∇ϕ · ne||0,e ≤ Cth−

1
2 ||β

1
2∇ϕ||0,T .

Here, Ct is independent of location of interface but Ct depends on β.

Proof. We start by decompose ∇ϕ as

∇ϕ = (∇ϕ · nΓ)nΓ + (∇ϕ · tΓ)tΓ := w + z,

where nΓ and tΓ are the unit normal and tangent vector to the interface Γ. Since the functions in Ŝ h(T )
satisfies the flux continuity condition, βw ∈ H1(T ). Also, z belongs to H1(T ) since ∇ϕ has well defined
trace on Γ. Thus, we have that

||βw · ne||0,e ≤ C0h−1/2||βw||0,T (3.11)
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||z · ne||0,e ≤ C0h−1/2||z||0,T . (3.12)

By the triangular inequality and inequalities (3.11) and (3.12), we have

||β
1
2∇ϕ · ne||0,e ≤ ||β

1
2 w · ne||0,e + ||β

1
2 z · ne||0,e

≤
1

β
1
2

||βw · ne||0,e + β
1
2
||z · ne||0,e

≤ C0h−
1
2

 1

β
1
2

||βw||0,T + β
1
2
||z||0,T


≤ 2C0

ββ


1
2

h−
1
2 ||β

1
2∇ϕ||0,T .

□

Also, we remark that interpolation property can be written in ||| · |||h-norm.

Lemma 3.5. There exists a constant C > 0 such that

|||ϕ − Ihϕ|||h ≤ Chα||ϕ||H̃1+α(Ω), ∀ϕ ∈ H̃1+α
Γ (Ω).

Proof. This inequality follows from Lemma 3.1 and trace inequality. □

We are in a position to establish the Gårding inequality of the bilinear form th(·, ·).

Lemma 3.6. There exist some constants C1 > 0 and C2 > 0 independent of h and the location of
interface such that the following holds whenever σ > σ0,

C1|||ϕh|||
2
h −C2||ϕh||

2
L2(Ω) ≤ th(ϕh, ϕh), ∀ϕh ∈ Ŝ h(Ω), (3.13)

for some σ0 > 0.

Proof. From the definition of the bilinear form, we have

th(ϕh, ϕh) =
∑
T∈Th

∫
T
β∇ϕh · ∇ϕh dx − (1 − θ)

∑
e∈Eh

∫
e
{β∇ϕh · ne}e[ϕh]e ds

+
∑
T∈Th

∫
T
(b · ∇ϕh)ϕh dx + η

∑
e∈Eh

∫
e
{b · nϕh}e[ϕh]e ds +

∑
e∈Eh

σ

|e|

∫
e
[ϕh]2

e ds.

Using Cauchy’s inequality, we have that∑
e∈Eh

∫
e
|{β∇ϕh · ne}e[ϕh]e ds

≤ β
1
2

h ∑
e∈Eh

||{β
1
2∇ϕh · ne}e||

2
0,e


1
2
h−1

∑
e∈Eh

||[ϕh]e||
2
0,e


1
2

. (3.14)

AIMS Mathematics Volume 8, Issue 4, 8034–8059.



8042

Let T e
1 and T e

2 be neighboring elements sharing the edge e. By applying Lemma 3.4, we have that

h
∑
e∈Eh

||{β
1
2∇ϕh · ne}e||

2
0,e ≤

h
2

∑
e∈Eh

(
||(β

1
2∇ϕh)|Te

1
· ne||

2
0,e + ||(β

1
2∇ϕh)|Te

2
· ne||

2
0,e

)
≤

C2
t

2

∑
e∈Eh

(||β
1
2∇ϕh||

2
0,T e

1
+ ||β

1
2∇ϕh||

2
0,T e

2
)

≤ C2
t

∑
T∈Th

||β
1
2∇ϕh||

2
0,T . (3.15)

Using Eqs (3.14), (3.15) and invoking Young’s inequality, for δ1 > 0, we have that

(1 − θ)
∑
e∈Eh

∫
e
|{β∇ϕh · ne}e[ϕh]e| ds

≤
δ1

2

∑
T∈Th

||β
1
2∇ϕh||

2
0,T +

(1 − θ)2βC2
t

2δ1

∑
e∈Eh

1
|e|
||[ϕh]||20,e.

Similarly, invoking Cauchy Schwarz, Young’s inequality and trace inequality, it holds that∣∣∣∣∣∣∣η∑
e∈Eh

∫
e
{b · nϕh}e[ϕh]e ds

∣∣∣∣∣∣∣ ≤ |b||η|
h
2

∑
e∈Eh

(||ϕh|T1 ||
2
0,e + ||ϕh|T2 ||

2
0,e)


1
2
h−1

∑
e∈Eh

||[ϕh]e||
2
0,e


1
2

≤ |b||η|

C2
0

2

∑
e∈Eh

(||ϕh||
2
0,T1
+ h||∇ϕh||

2
0,T1
+ ||ϕh||

2
0,T2
+ h||∇ϕh||

2
0,T2

)


1
2
h−1

∑
e∈Eh

||[ϕh]e||
2
0,e


1
2

≤
δ2

2

∑
T∈Th

(||ϕh||
2
0,T + h||∇ϕh||

2
0,T ) +

|b|2|η|2C2
0

2δ2

∑
e∈Eh

1
|e|
||[ϕh]e||

2
0,e.

for any δ2 > 0. Therefore, we have

th(ϕh, ϕh) ≥

1 − δ1

2
−

hδ2

2β

 ∑
T∈Th

||β
1
2∇ϕh||

2
0,T −

δ2

2
||ϕh||

2
0 − |b|

∑
T∈Th

||ϕh||0,T ||∇ϕh||0,T

+

σ − (1 − θ)2βC2
t

2δ1
−
|b|2|η|2C2

0

2δ2

∑
e∈Eh

1
|e|
||[ϕh]||20,e.

Here, invoking Young’s inequality

|b|
∑
T∈Th

||ϕh||0,T ||∇ϕh||0,T ≤
δ3

2

∑
T∈Th

||∇ϕh||
2
0,T +

|b|2

2δ3

∑
T∈Th

||ϕh||
2
0,T

≤
δ3

2

∑
T∈Th

1
β
||β

1
2∇ϕh||

2
0,T +

|b|2

2δ3

∑
T∈Th

||ϕh||
2
0,T
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for δ3 > 0, Combining above, there holds

th(ϕh, ϕh) ≥

1 − δ1

2
−

hδ2

2β
−
δ3

2β

 ∑
T∈Th

||β
1
2∇ϕh||

2
0,T −

δ2

2
+
|b|2

2δ3

 ||ϕh||
2
0

+

σ − (1 − θ)2βC2
t

2δ1
−
|b|2|η|2C2

0

2δ2

∑
e∈Eh

1
|e|
||[ϕh]||20,e.

Finally, we choose the parameters.

δ1 = 1/2, δ2 = δ3 =
β

2
.

Then, given a sufficiently large σ > 0, desired inequality holds with

C1 =
1
4
, C2 =

β

4
+
|b|2

β
.

□

The continuity of the bilinear form th(·, ·) can be proven by the same techniques used in the proof of
Lemma 3.6.

Lemma 3.7. There exists some Cb such that the following holds when σ > 0,

th(ϕh, ψh) ≤ Cb|||ϕh|||h · |||ψh|||h, ∀ϕh, ψh ∈ Ŝ h(Ω).

The following Lemma will play an important role for the proof of the optimal error estimates.

Lemma 3.8. Let u be the solution of (2.1)–(2.4) and uh be the solution of (3.9). Suppose that
Proposition 2.1. holds with 0.5 < α ≤ 1 and that θ = −1 and η = −1 in (3.6). Then there exists
some C3 > 0 such that following holds

||u − uh||L2(Ω) ≤ C3hα|||u − uh|||h. (3.16)

Proof. Let eh = u − uh. We consider dual problem: find ϕ ∈ H̃1+α(Ω) such that

−divβ∇ϕ − div(bϕ) = eh, in Ω,
[ϕ]Γ = 0, on Γ,

[β∇ϕ · n]Γ = 0, on Γ,
ϕ = 0, in ∂Ω.

By the integration by parts, we have

||eh||
2
L2(Ω) =

∑
T∈Th

∫
T
β∇ϕ · ∇ehdx +

∫
T
(bϕ) · ∇ehdx −

∑
e∈∂T

(
∫

e
β∇ϕ · nehds +

∫
e
(bϕ) · nehds)


=

∑
T∈Th

(∫
T
β∇ϕ · ∇ehdx +

∫
T
(bϕ) · ∇ehdx

)
−

∑
e∈∂T

(∫
e
{β∇ϕ · n}[eh]eds +

∫
e
{b · nϕ}e[eh]eds

)
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= th(eh, ϕ).

By consistency of the scheme (see (3.10)), we have

||eh||
2
L2(Ω) = th(eh, ϕ − Ihϕ).

Finally, by Lemma 3.7, Lemma 3.5 and Proposition 2.2, we obtain the following inequality,

||eh||
2
L2(Ω) ≤ |||eh|||h |||ϕ − Ihϕ|||h

≤ Chα|||eh|||h ||ϕ||H̃1+α(Ω)

≤ Chα|||eh|||h ||eh||L2(Ω).

□

Finally, we prove the main theorem.

Theorem 3.9. Under the same assumptions in Lemma 3.8, there exists some h0 and C = C(β,b) > 0
such that when 0 < h < h0 the following holds.

||u − uh||L2(Ω) + hα|||u − uh|||h ≤ Ch2α|| f ||H−1+α(Ω). (3.17)

Proof. It suffices to show that

|||u − uh|||h ≤ Chα|| f ||H−1+α(Ω).

From the Gårding’s inequality and Lemma 3.8, we have

C1|||u − uh|||
2
h ≤ th(u − uh, u − uh) +C2||u − uh||

2
L2(Ω)

≤ th(u − uh, u − uh) +C2C2
3h2α|||u − uh|||

2
h.

We choose h0 as

h0 :=
(

C1

2C2C2
3

)1/2α

.

Then, for 0 < h < h0, we have

C1

2
|||u − uh|||

2
h ≤ th(u − uh, u − uh).

Finally, by (3.10), Lemma 3.5, and Proposition 2.2, we have

C1

2
|||u − uh|||

2
h ≤ th(u − uh, u − uh)

= th(u − uh, u − Ihu)
= CbCIhα|||u − uh|||h ||u||H̃1+α(Ω)

≤ Chα|||u − uh|||h || f ||H̃−1+α(Ω).

Dividing |||u − uh|||h, the desired inequality is obtained. □
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4. Control volume based IFEM for convection dominated case

In this section, we introduce a control volume-based IFEM for the convection-dominated case.
By multiplying test functions which are piecewise constants on vertex-associated control volumes,
a new formulation for the governing equation (2.1)–(2.4) is derived. We accompany the so-called
upwinding concept, which makes the proposed scheme robust to the magnitude of convection terms.
Such upwinding scheme was implemented by following the standard techniques in [30, 31] where
vertex values are judiciously chosen in bilinear for the convection term to avoid spurious oscillations.
For the convenience of analysis, we assume that β is piecewise constants on each subdomain Ω− and
Ω+ and that α = 1.

4.1. Derivation of control volume-based IFEM

We introduce some notations and spaces. Let Vh be the set of all nodes in Th. Given an arbitrary
vertex Pi ∈ Vh, we denote {Tk}

NPi
k=1 to be the set of triangles sharing Pi as a common vertex. Connecting

the barycenters and edge midpoints in {Tk}
NPi
k=1, vertex Pi-associated control volume is obtained, which

we denote T ∗i (see Figure 2).

𝑃𝑖

𝑇1

𝑇2

𝑇3

𝑇4

𝑇5

𝑇6

𝑇𝑖
∗

Figure 2. An illustration of a control volume associated with a vertex Pi (gray region).
Triangles T1,T2,...,T6 shares Pi as a common node. By connecting barycenters and edge
midpoints of triangles, we obtain T ∗i .

LetDh be a collection of such control volumes. The test function space is defined as

Wh(Ω) = {ψ ∈ L2(Ω) |ψ is piecewise constant on each control volume inDh}.

In particular, we let wi ∈ Wh(Ω) be the function with wi = 1 on T ∗i and wi = 0 otherwise. Let Lh be the
lumping operator from Ŝ h(Ω) onto Wh(Ω), i.e., for uh ∈ Ŝ h(Ω), a piecewise constant function Lhuh is
determined by

(Lhuh|T ∗i )(Pi) = uh(Pi), ∀T ∗i ∈ Dh.

The following Lemma holds by an interpolation property for piecewise-H1 functions [22].

Lemma 4.1. There exists some C > 0 such that satisfying

||v − Lhv||0,Ω ≤ Ch|v|H1(Ω), ∀v ∈ Hh(Ω). (4.1)
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Now, let us derive a control volume method. By the relation that b · ∇u = div(ub) − udivb, the
governing equation (2.1) can be written as

−∇ · β∇u + div(ub) − udivb = f , on Ω. (4.2)

Integrating over each control volume T ∗i , we have

−

∫
∂T ∗i

β∇u · nds +
∫
∂T ∗i

ub · nds −
∫

T ∗i

udivbdx =
∫

T ∗i

f dx. (4.3)

Motivated by the above equation, the (naive) control-volume method is defined as: find uh ∈ Ŝ h(Ω)
such that

āh(uh, vh) + b̄(uh, vh) = ( f , Lhvh), ∀vh ∈ Ŝ h, (4.4)

where

āh(uh, vh) = −
∑

T ∗i ∈Dh

vh(Pi)
∫
∂T ∗i

β∇uh · n ds, b̄h(uh, vh) = b̄1
h(uh, vh) + b̄2

h(uh, vh),

b̄1
h(uh, vh) =

∑
T ∗i ∈Dh

vh(Pi)
∫
∂T ∗i

uh(b · n)ds,

b̄2
h(uh, vh) = −

∑
T ∗i ∈Dh

vh(Pi)
∫

T ∗i

uhdivbdx.

Here, we introduce some notations. Consider a triangle T k having Pi as a node and Ck as a center.
We define Λk

i be the set of adjacent node of Pi in element Tk. For ℓ ∈ Λk
i , let Miℓ be the midpoints of

edge PiPℓ. Let us denote γk
iℓ to be the segment CkMiℓ, whose outward normal vector is nk

iℓ (see Figure
3).

Figure 3. Illustration of γk
iℓ in Tk.
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Based on the notations introduced above, we note that

b
1
h(uh, vh) =

∑
T ∗i ∈Dh

vh(Pi)
NPi∑
k=1

∑
ℓ∈Λk

i

∫
γk

iℓ

uhb · nk
iℓds.

Here, we use simplified notation
∑
ℓ∈Λi

(and ni resp.) for
∑NPi

k=1

∑
ℓ∈Λk

i
(and nk

iℓ resp.) when there is no
worry of confusion, i.e.,

b
1
h(uh, vh) =

∑
T ∗i ∈Dh

vh(Pi)
∑
ℓ∈Λi

∫
γk

iℓ

uhb · nids.

Scheme (4.4) can be improved in two directions. First, following Wang [22], we define a new
bilinear form:

ãh(uh, vh) = āh(uh, vh) +
∑
e∈Eh

σ

|e|

∫
e
[uh]e[vh]e ds.

Also, we modify b
1
h using the upwinding concepts [30]:

b̃1
h(uh, vh) =

∑
T ∗i ∈Dh

vh(Pi)
∑
ℓ∈λi

∫
γk

iℓ

uiℓ
h b · nids,

where

uiℓ
h = λiℓuh(Pi) + (1 − λiℓ)uh(Pℓ),

λiℓ =

{
1, if b · ni > 0
0, otherwise.

Next, we modify b
2
h as

b̃2
h(uh, vh) = −

∑
T ∗i ∈Dh

vh(Pi)uh(Pi)
∫

T ∗i

divbdx

= −
∑

T ∗i ∈Dh

vh(Pi)uh(Pi)
∫
∂T ∗i

b · nds.

Finally, by defining modified bilinear forms as

t̃h(uh, vh) = ãh(uh, vh) + b̃h(uh, vh),

b̃h(uh, vh) = b̃1
h(uh, vh) + b̃2

h(uh, vh),

we propose (upwinding) control volume method: find ũh ∈ Ŝ h(Ω) satisfying

t̃h(ũh, vh) = ( f , Lhvh)Ω, ∀vh ∈ Ŝ h(Ω). (4.5)
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4.2. A consistency error estimate and coerciveness

In this subsection, we estimate the difference between t̃h(u, vh) and t̃h(uh, vh) and show the
coerciveness of the control volume based IFEM.

Lemma 4.2. Suppose u is the solution of (2.1)–(2.4) and ũh is the solution of (4.5). Then, for any
vh ∈ Ŝ h(Ω), the following relation holds.

t̃h(u, vh) − t̃h(uh, vh) = b̃h(u, vh) − b̄h(u, vh). (4.6)

Moreover, we have that

|b̄h(u, vh) − b̃h(u, vh)| ≤ Ch||u||H̃2(Ω) ||vh||1,h. (4.7)

Proof. From (4.3), we have

ah(u, vh) + bh(u, vh) = ( f , Lhvh).

However, by the fact that [u]e = 0,

ah(u, vh) = ãh(u, vh).

Therefore,

t̃h(u, vh) − b̃h(u, vh) + b̄h(u, vh) = ( f , Lhvh),

which is equal to t̃(ũh, vh). This proves (4.6). For the proof of (4.7), it suffices to estimate

A1 := b
1
h(u, vh) − b̃1

h(u, vh),

A2 := b
2
h(u, vh) − b̃2

h(u, vh).

First, from the definitions of bilinear forms, we have

A1 =
∑

T ∗i ∈Dh

∑
ℓ∈Λi

vh(Pi)
∫
γk

iℓ

b · ni(u(x) − λiℓu(Pi) − (1 − λiℓ)u(Pℓ))ds.

Here, by the fact that γk
iℓ = γ

k
ℓi and ni = −nℓ, we have

A1 =
1
2

∑
T ∗i ∈Dh

∑
ℓ∈Λi

(vh(Pi) − vh(Pℓ))
∫
γk

iℓ

b · ni(u(x) − λiℓu(Pi) − (1 − λiℓ)u(Pℓ))ds. (4.8)

By Cauchy’s inequality, we have

|vh(Pi) − vh(Pℓ)| =

∣∣∣∣∣∣
∫

PiPℓ

∂vh

∂s
ds

∣∣∣∣∣∣ ≤ h
1
2 ||∇vh · s||0,PiPℓ , (4.9)

where s is a unit vector in the direction of PiPℓ. When T k is not an interface element, we have

||∇vh · s||0,PiPℓ ≤ Ch−
1
2 |∇vh|0,T k .
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When T k is cut by the interface, we decompose ∇vh as

∇vh = (∇vh · nΓ)nΓ + (∇vh · tΓ) · tΓ := w + z,

where nΓ and tΓ are unit normal and tangential vectors to the interface. We note that βw ∈ H1(T k) and
z ∈ H1(T k) by the construction of the space Ŝ h(Ω). By the triangle inequality and trace inequality, we
have

||∇vh · s||0,PiPℓ ≤
1
β
||βw · s||0,PiPℓ + ||z · s||0,PiPℓ

≤

1
β

Ch−
1
2 |β∇vh|0,T k +Ch−

1
2 |∇vh|0,T k


≤ Ch−

1
2 |∇vh|0,T k . (4.10)

Hence, by (4.9) and (4.10), we have that

|vh(Pi) − vh(Pℓ)| ≤ C|∇vh|0,T k . (4.11)

For convenience’ sake, we use notation uz for λiℓu(Pi) + (1 − λiℓ)u(Pℓ), where uz can be either u(Pi) or
u(Pℓ). Using the similar technique, we can show that

|u(x) − uz| ≤ C||u||H̃2(T k), x ∈ γk
iℓ, uz = u(Pi), u(Pℓ). (4.12)

Finally, by (4.11) and (4.12) and the fact that |γk
iℓ| ≤ h, we have∣∣∣∣∣∣∣(vh(Pi) − vh(Pℓ))
∫
γk

iℓ

b · ni(u(x) − uz)ds

∣∣∣∣∣∣∣
≤ C||∇vh||0,T k

∫
γk

iℓ

|b · ni|C||u||H̃2(T k)

≤ Ch||∇vh||0,T k ||u||H̃2(T k).

Summing over control volumes in (4.8), we have

|A1| ≤ Ch||u||H̃2(Ω)||vh||1,h. (4.13)

To bound A2, we first note that

A2 = −
∑

T ∗i ∈Dh

vh(Pi)
∫

T ∗i

udivbdx +
∑

T ∗i ∈Dh

vh(Pi)
∫

T ∗i

Lh(u)divbdx

=
∑

T ∗i ∈Dh

vh(Pi)
∫

T ∗i

(Lh(u) − u)divbdx.

By applying (4.1), we have

|A2| ≤ Ch||u||1,h||vh||1,h. (4.14)

Hence, by (4.13), (4.14), we obtain the desired inequality. □
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To show that control-volume based IFEM is coercive, we need some lemmas.

Lemma 4.3. [20, 22] The following holds for u ∈ Hh(Ω), vh ∈ Ŝ h(Ω).∣∣∣∣∣∣∣∣
∑
T∈Th

∫
T
β∇u · ∇v dx +

∑
T ∗i ∈Dh

v(Pi)
∫
∂T ∗i

β∇u · n ds

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∑T∈Th

∫
∂T

(β∇uh · ne)(vh − Lhvh)ds

∣∣∣∣∣∣∣ (4.15)

≤ Ch|||u|||h|||v|||h. (4.16)

The following lemma also plays an important role in proving the coerciveness.

Lemma 4.4. For vh ∈ Ŝ h(Ω), we have

b̃1
h(vh, vh) +

1
2

b̃2
h(vh, vh) =

1
2

∑
T ∗i ∈Dh

∑
ℓ∈Λi

∫
∂T ∗i

(b · ni)(vh(Pi) − vh(Pℓ))2
(
λiℓ −

1
2

)
ds.

Proof. From the definitions of bilinear forms, we have

b̃1
h(vh, vh) +

1
2

b̃2
h(vh, vh) =

∑
T ∗i ∈Dh

∑
ℓ∈Λi

vh(Pi)
∫
∂T ∗i

(b · ni)(viℓ
h −

1
2

vh(Pi))ds.

Here, from the fact that γk
iℓ = γ

k
ℓi and nℓ = −ni, we have that

b̃1
h(vh, vh) +

1
2

b̃2
h(vh, vh) =

1
2

∑
T ∗i ∈Dh

∑
ℓ∈Λi

∫
∂T ∗i

(b · ni)
[
vh(Pi)

(
viℓ

h −
1
2

vh(Pi)
)
− vh(Pℓ)

(
vℓih −

1
2

vh(Pℓ)
)]

ds.

Using the relation that viℓ
h = λiℓvh(Pi) + (1 − λiℓ)vh(Pi) and that λiℓ = −λℓi, we have

vh(Pi)
(
viℓ

h −
1
2

vh(Pi)
)
− vh(Pℓ)

(
vℓih −

1
2

vh(Pℓ)
)
= (vh(P j) − vh(Pℓ))2

(
λiℓ −

1
2

)
,

from which we have the desired equation. □

We now state theorem regarding coerciveness of t̃h on Ŝ h(Ω).

Theorem 4.5. Suppose the condition (2.8) holds. There exists a constant C > 0 and h0 such that
whenever 0 < h < h0, the following holds

t̃h(vh, vh) ≥ C|||vh|||
2
h, (4.17)

for all vh ∈ Ŝ h(Ω).

Proof. By the definition of the bilinear form and by the Eq (4.15), we have

ãh(vh, vh) = −
∑

T ∗i ∈Dh

vh(Pi)
∫
∂T ∗i

β∇uh · n ds +
∑
e∈Eh

σ

|e|

∫
e
[vh]2

eds

=
∑
T∈Th

∫
T
β∇vh · ∇vhdx +

∑
e∈Eh

σ

|e|

∫
e
[vh]2

eds +
∑
T∈Th

∫
∂T

(β∇uh · ne)(Lhvh − vh)ds.
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Here, by the Eq (4.16) and the definition of ||| · |||h, we have that

ãh(vh, vh) ≥ |||vh|||
2
h −Ch|||vh|||

2
h. (4.18)

Next, we bound b̃h(vh, vh). By Lemma 4.4, we obtain

b̃h(vh, vh) = b̃1
h(vh, vh) +

1
2

b̃2
h(vh, vh) +

1
2

b̃2
h(vh, vh)

=
1
2

∑
T ∗i ∈Dh

∑
ℓ∈Λi

∫
∂T ∗i

(b · ni)(vh(Pi) − vh(Pℓ))2
(
λiℓ −

1
2

)
ds

−
1
2

∑
T ∗i ∈Dh

vh(Pi)
∑
ℓ∈Λi

∫
Γiℓ

b · nivh(Pi)ds

Here, since (b · ni)(λiℓ − 1/2) > 0, we have that

b̃h(vh, vh) ≥ −
1
2

∑
T ∗i ∈Dh

vh(Pi)
∑
ℓ∈Λi

∫
Γiℓ

b · nivh(Pℓ)ds. (4.19)

Finally, combining (4.18) and (4.19), we have

t̃h(vh, vh) = ãh(vh, vh) + b̃h(vh, vh)

≥ |||vh|||
2
h −Ch|||vh|||

2
h −

1
2

∑
T ∗i ∈Dh

vh(Pi)
∑
k∈Λi

∫
Γiℓ

b · nivh(Pℓ)ds

= |||vh|||
2
h −Ch|||vh|||

2
h −

1
2

∑
T ∗i ∈Dh

∫
T ∗i

(divb)|Lhvh|
2dx.

Here, under the condition (2.8), the desired inequality holds by taking h0 small enough. □

Corollary 4.1. By Lax-Milgram theorem [25], Theorem 4.5 ensures the existence and uniqueness of
the proposed control volume based IFEM when h is sufficiently small.

4.3. An optimal error estimate in ||| · |||h-norm

In this subsection, we prove optimal error estimate for control volume based IFEM in energy-like
norm. We start by listing some lemmas.

Lemma 4.6. For u ∈ H̃2
Γ
(Ω), the following inequality holds.

h
∑
e∈Eh

||∇(u − Ihu)||20,e + h−1
∑
e∈Eh

||[u − Ihu]e||
2
0,e ≤ Ch2||u||2

H̃2(Ω)
. (4.20)

Proof. Let ϕ = u − Ihu ∈ H̃1(Ω). Suppose e is the common edge of elements T1 and T2 in Th. Then,

h−1/2||[ϕ]e||0,e ≤
h−1/2

2
(
||ϕ|T1 ||0,e + ||ϕ|T2 ||0,e

)
.
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Here, we apply the trance inequality (Lemma 3.3) and interpolation property (Lemma 3.1) to obtain

h−1/2||[ϕ]e||0,e ≤
1
2

[
h−1 (
||ϕ||0,T1 + ||ϕ||0,T2

)
+

(
|ϕ|1,T1 + |ϕ|1,T2

)]
≤ Ch||u||H̃2(T ). (4.21)

The inequality

h1/2||∇ϕ||0,e ≤ Ch||u||H̃2(T ). (4.22)

can be proved by the similar techniques used in the proof of Lemma 3.4. By summing inequalities
(4.21) and (4.22) over all edges, we have the desired inequality. □

We introduce some notations.

b1
h(u, v) =

∑
T∈Th

∫
T

div(ub)vdx, b2
h(u, v) = −

∑
T∈Th

∫
T

udiv(b)vdx.

Clearly, for the bilinear form bh(·, ·) defined in Section 3 (with parameter η = −1), it holds that

bh(u, v) = b1
h(u, v) + b2

h(u, v) −
∑
e∈Eh

∫
e
{b · nv}e[u]e ds.

Lemma 4.7. Suppose u ∈ H̃2
Γ
(Ω) and vh ∈ Ŝ h(Ω). Let w = u − Ihu ∈ Hh(Ω). Then, the following

relation holds.

b1
h(w, vh) + b2

h(w, vh) − b̃1
h(w, vh) − b̃2

h(w, vh) ≤ Ch||u||H̃2(Ω)||vh||1,h. (4.23)

Proof. Let E be the left hand side of (4.23). Then,

E = (b1
h(w, vh) − b1

h(w, Lhvh)) + (b1
h(w, Lhvh) − b̃1

h(w, vh)) + (b2
h(w, vh) − b2

h(w, Lhvh))

+ (b2
h(w, Lhvh) − b̃2

h(w, vh)) := E1 + E2 + E3 + E4.

By Lemma 4.1,

|E1| ≤ Ch||w||1,h||vh||1,h (4.24)
|E3| ≤ Ch||w||1,h||vh||1,h. (4.25)

By the definitions of bilinear forms, we have

|E4| =

∣∣∣∣∣∣∣∣
∑

T ∗i ∈Dh

vh(Pi)
∫

T ∗i

divb(Lu(w) − w)dx

∣∣∣∣∣∣∣∣
Then, by Lemma 4.1

|E4| = Ch||w||1,h||vh||1,h. (4.26)
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Finally, it remains to bound E2. Here, we notice that b1
h(w, Lhvh) = bh(w, vh). By the definitions of the

bilinear forms and by the fact that γk
iℓ = γ

k
ℓi and ni = −nℓ, we have

E2 = b
1
h(w, vh) − b̃1

h(w, vh)

=
∑

T ∗i ∈Dh

∑
ℓ∈Λi

vh(Pi)
∫
γk

iℓ

b · ni(w(x) − λiℓw(Pi) − (1 − λiℓ)w(Pℓ))ds

=
1
2

∑
T ∗i ∈Dh

∑
ℓ∈Λi

(vh(Pi) − vh(Pℓ))
∫
γk

iℓ

b · ni(w(x) − wz)ds,

where wz = λiℓw(Pi)+ (1−λiℓ)w(Pℓ). Here, we can establish the below inequalities following the same
techniques to prove (4.11), i.e.,

|vh(Pi) − vh(Pℓ)| ≤ C||∇vh||0,T k

|w(x) − wz| ≤ ||w||H̃2(T k), x ∈ γk
iℓ, wz = w(Pi), w(Pz).

Then, using the fact that |γk
iℓ| ≤ h, we have that∣∣∣∣∣∣∣(vh(Pi) − vh(Pℓ))

∫
γk

iℓ

b · ni(w(x) − wz)ds

∣∣∣∣∣∣∣ ≤ Ch||w||H̃2(T k)||∇vh||0,h.

Summing over the control volumes, we have that

|E2| =
∣∣∣∣b1

h(w, vh) − b̃1
h(w, vh)

∣∣∣∣ ≤ Ch||w||H̃2(Ω)||vh||1,h. (4.27)

Then, by noting that

||w||1,h ≤ Ch||u||H̃2(Ω),

in (4.24), (4.25), (4.26) and noting that

||w||H̃2(Ω) ≤ C||u||H̃2(Ω),

in (4.27), we have

|E| ≤ Ch||u||H̃2(Ω)||vh||1,h.

□

Before stating the main theorem, we define some notations.

Eh(u, vh) = Ea
h(u, vh) + Eb

h(u, vh),

Ea
h(u, vh) = ah(u, vh) − ãh(u, vh), Eb

h(u, vh) = bh(u, vh) − b̃h(u, vh).

Finally, we are in a position to prove the main theorem.
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Theorem 4.8. Suppose (2.8) holds. Let ũh be the solution of (4.5) and let u be the solution of (2.1)–
(2.4). Then,

|||u − ũh|||h ≤ Ch||u||H̃2(Ω).

Here, the constant C depends on β and b.

Proof. Let vh = ũh − Ihu. By the coerciveness property (4.17), we have

C|||ũh − Ihu|||2 ≤̃th(ũh − Ihu, vh)
=̃th(u − Ihu, vh) + (̃th(ũ, vh) − t̃h(u, vh))
=th(u − Ihu, vh) − Eh(u − Ihu, vh) + (̃th(ũ, vh) − t̃h(u, vh))

:=B1 + B2 + B3 (4.28)

By the continuity of th and interpolation property, we have

|B1| ≤C|||u − Ihu|||h|||vh|||h

≤Ch||u||H̃2(Ω)|||vh|||h.

Next, B3 is bounded by Lemma 4.2, i.e.,

|B3| ≤Ch||u||H̃2(Ω)|||vh|||h.

Finally, we bound B2. For the convenience, we denote u− Ihu by w. By the definitions of bilinear forms
and Lemma 4.3, we have

Ea
h(w, vh) =

∑
T∈Th

∫
T
β∇w · ∇vh dx +

∑
T ∗i ∈Dh

vh(Pi)
∫
∂T ∗i

β∇w · n ds

−
∑
e∈Eh

∫
e
{β∇w · ne}e[vh]eds −

∑
e∈Eh

∫
e
{β∇vh · ne}e[w]eds

=
∑
T∈Th

∫
∂T

(β∇w · ne)(vh − Lhvh)ds −
∑
e∈Eh

∫
e
{β∇w · ne}e[vh]eds −

∑
e∈Eh

∫
e
{β∇vh · ne}e[w]eds.

By applying (4.16) and (4.20), we have that

Ea
h(w, vh) ≤ Ch||u||H̃2(Ω)|||vh|||h. (4.29)

Next, we bound Eb
h(w, vh). From the definitions of bilinear forms,

Eb
h(w, vh) = b1

h(w, vh) + b2
h(w, vh) − b̃1

h(w, vh) − b̃2
h(w, vh) −

∑
e∈Eh

∫
e
{bvh · ne}e[w]eds.

By (4.23), we have∣∣∣∣b1
h(w, vh) + b2

h(w, vh) − b̃1
h(w, vh) − b̃2

h(w, vh)
∣∣∣∣ ≤ Ch||u||H̃2(Ω)|||vh|||h.
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Also, by (4.20) and trace inequality, we have∣∣∣∣∣∣∣∑e∈Eh

∫
e
{bvh · ne}e[w]eds

∣∣∣∣∣∣∣ ≤ Ch||u||H̃2(Ω)|||vh|||h.

Hence, we have that

Eb
h(u − Ihu, vh) ≤ Ch||u||H̃2(Ω)|||vh|||h. (4.30)

From the (4.29) and (4.30), we have

|B2| ≤Ch||u||H̃2(Ω)|||vh|||h.

Now, combining estimates for B1, B2 and B3 in (4.28), we obtain

|||ũh − Ihu|||h ≤ Ch||u||H̃2(Ω).

Finally, by the triangle inequality and interpolation property, and Proposition 2.2, the desired inequality
is obtained.

|||u − ũh|||h ≤ |||u − Ihu|||h + |||ũh − Ihu|||h ≤ Ch||u||H̃2(Ω).

□

5. Numerical results

In this section, we document two examples which support the theory in the previous sections. For
the first example, the L2 and H1-errors of IFEM (proposed in Section 3) are reported. In the second
example, we consider convection-dominated problem where both boundary and internal layers appear.
We see that control volume-based IFEM (proposed in Section 4) yields numerical solutions without
non-physical oscillations. In both examples, the domain is Ω = [−1, 1]2 and the interface is given by
the level set of L(x, y) := (x/r0)2 + (y/r0)2 − 1 where r0 will be chosen later.

Example 1

We consider the exact solution

p =
{

L(x, y)/β− in Ω−,
L(x, y)/β+ in Ω+,

and parameters β− = 1000, β+ = 1, r0 = 0.8 and b = (sin y + x, cos x + y). We choose θ = −1 in
the definition of th(·, ·). To see the effect of the line integral for the convection terms (second term of
bh(·, ·)), we provide the results with η = −1 and η = 0. The L2 and piecewise H1-errors by IFEM with
η = −1 are reported in Table 1 and that by IFEM with η = 0 are reported in Table 2. We observe the
optimal error convergent rates in Table 1 which confirms the error estimates in Section 3. However,
similar results are obtained by IFEM with η = 0 in Table 2. This suggests that although optimal error
estimates are carried out with η = −1, one may simply set η = 0 in practice. Other choices of β and b
parameters yield similar results.
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Table 1. L2 and H1-errors of IFEM with η = −1 for Example 1.

h ||u − uh||L2(Ω) order ||u − uh||1,h order
1/23 9.184E-03 2.702E-01
1/24 2.946E-03 1.640 1.275E-01 1.083
1/25 5.742E-04 2.359 5.905E-02 1.111
1/26 1.022E-04 2.491 2.845E-02 1.054
1/27 2.672E-05 1.935 1.416E-02 1.007
1/28 6.578E-06 2.022 7.057E-03 1.004
1/29 1.609E-06 2.032 3.521E-03 1.003

Table 2. L2 and H1-errors of IFEM η = 0 for Example 1.

h ||u − uh||L2(Ω) order ||u − uh||1,h order
1/23 9.199E-03 2.701E-01 0.747
1/24 2.971E-03 1.631 1.275E-01 1.083
1/25 5.752E-04 2.369 5.905E-02 1.111
1/26 1.018E-04 2.498 2.845E-02 1.054
1/27 2.659E-05 1.937 1.416E-02 1.007
1/28 6.542E-06 2.023 7.057E-03 1.004
1/29 1.599E-06 2.033 3.521E-03 1.003

Example 2

Here, we consider an example with layers whose exact solution is unknown. We impose the
boundary conditions as


u(x, y) = 1, x = −1,
u(x, y) = 1, y = −1 and −1 ≤ x ≤ −2/3,
u(x, y) = 0, otherwise,

and a homogeneous outer-source, i.e., f = 0. The convection parameter is b = (t, 3t) where t = 103

or 109. Graphs of numerical solutions obtained by control volume-based IFEM with different choices
of parameters are reported in Figure 4. We see that control volume-based IFEM generate solutions
without any non-physical oscillations. We believe similar effect can be obtained with other stabilizing
schemes such as streamline upwind/Petrov-Galerkin [32] or local projection stabilization [33].
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𝛽− = 1, 𝛽+ = 1
𝒃 = (109, 3 ⋅ 109)

𝛽− = 1000, 𝛽+ = 1
𝒃 = (109, 3 ⋅ 109)

𝛽− = 1000, 𝛽+ = 1
𝒃 = (103, 3 ⋅ 103)

Figure 4. Graphs of numerical solutions obtained by control volume-based IFEM with
respect to different parameters. The parameters are β− = 1, β+ = 1, t = 109 (left),
β− = 1000, β+ = 1, t = 109, (middle), β− = 1000, β+ = 1, t = 103, (right).

6. Conclusions and discussions

In this work, we develop two structured grid-based methods for nonsymmetric elliptic interface
problems. We first develop immersed finite element method whose bilinear form contains judiciously
defined line integrals for convection terms. By establishing Gårding’s inequality on immersed finite
element space, we prove the optimal error estimates. For the convection-dominated case, we design
control volume-based immersed finite element methods. Using the upwinding schemes, the proposed
scheme is robust to the magnitude of the convection terms. Optimal error estimates in the H1-norm are
carried out for the second scheme. Numerical experiments support our analysis. For the convection-
dominated case, we see that the results obtained by control-volume based IFEM show no non-physical
oscillations.
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