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1. Introduction

In this paper, we are working with existence and multiplicity of solutions for the following double
phase problem in R":

— div([VVIP 2V + a(x)[ VT2 V0) + V)P + a7 ) = Ap(x) W™ z + h(x,v) in R, (1.1)

where N>2,1<p<g<N,1<r<p,0<aeLl'®R")NLRY), h: R¥ xR — R is a Carathéodory
function, and V : R¥ — (0, o) is a potential function satisfying
V) Ve L}OC(RN), ess infiepvV(x) > 0, and limy_, V(x) = +00.

To do this, we assume that

Bl I<r<p<g<y<ph


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2023254

5061

(B2) 0 < p € L7 (RY) N L (RY) with meas{x € RV : p(x) # 0} > 0 for any yo with p < o < p';
(H1) there are s € (p, p*), 0 < oy € LY (RY) n L*(RM) and a positive constant ¢; such that
lh(x, D] < o (x) + 17!

for all # € R and for almost all x € RV;
(H2) there exists v > g and M, > 0 such that
h(x,t)t — vH(x,t) > —Bo(x)
for all (x,7) € RY x R with |f| > M, and for some S, € L'(RY) N L*(RY) with By(x) > 0, where
H(x,t) = fot h(x, s)ds;
(H3) there exist v > g, 0 > 0 and M; > 0 such that

h(x, 0t — vH(x,t) > —o|t|’ — 1 (x)

for all (x,7) € RV x R with |¢f| > M, and for some 3, € L'(RY) n L*(R") with 3;(x) > 0;

(H4) thereexist C > 0,1 <k < p, T > 1 with p < 7k < p* and a positive function & € L*(RV)N L*(R")

such that
h(x, 1)

1m in 2. 2
=0 &£(x) [f]*" ¢

uniformly for almost all x € RY.

Remark 1.1. It is clear that the condition (H3) is weaker than (H2), which was initially provided by
the paper [31]. If we consider the function

h(x,€) = o(x) (g(x) |2+ 16P2 € + 1% sin {’)

with its primitive function

H(x,¢) = O'(x)(@ [€1" + 1 [P — 2 cos{ + z) ,
K p p p

where o € C(RY,R) with 0 < inf gy 07(x) < sup,pv 0(x) < o0, and k, & are given in (H4), then it is
obvious that this example satisfies the condition (H3) but not (H2). Also the conditions (H1) and (H4)
are satisfied.

The double phase operator, which is the natural generalization of the p-Laplace operator, has been
extensively studied by many researchers. The interest in variational problems with double phase
operator is founded on their popularity in diverse fields of mathematical physics, such as plasma
physics, biophysics and chemical reactions, strongly anisotropic materials, Lavrentiev’s phenomenon,
etc.; see [47,48]. With regard to regularity theory for double phase functionals, we would like
to mention a series of notable papers by Mingione et al. [4-6, 12-14]. Also, we refer to the
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works of Bahrouni-Radulescu-Repovs [3], Byun-Oh [9], Colasuonno-Squassina [11], Crespo Blanco-
Gasinski-Harjulehto-Winkert [15], Gasiniski-Winkert [18, 19], Kim-Kim-Oh-Zeng [27], Liu-Dai [33],
Papageorgiou-Radulescu-Repovs [36, 37], Perera-Squassina [38], Ragusa-Tachikawa [39], Zhang-
Radulescu [46], Zeng-Bai-Gasinski-Winkert [44,45].

The goal of this paper is to provide several existence results of multiple solutions for Schrodinger-
type problems involving the double phase operator for the case of a combined effect of concave—
convex nonlinearities. The first one is to discuss that problem (1.1) has an infinitely many large energy
solutions (see Theorem 2.14). Second, we obtain the existence of a sequence of infinitely many small
energy solutions to problem (1.1) (see Theorem 2.21). To get such multiplicity results, we employ the
fountain theorem and the dual fountain theorem as the primary tools, respectively. The present paper is
motivated by the work of Stegliiski [41]. The author obtained such multiplicity results for the double
phase problem

—div(|Vul’2Vu + a(x)|Vul*"2Vu) + V&) (ulP2u + a()|u|?>u) = h(x, u) in RY.

Here, the Carathéodory function 2 : R¥ x R — R fulfills the condition (H4) and the following
assumption:

(MS) There is a positive function € L'(R") such that
Ch(x, £) — qH(x, ) < ¢h(x, ¢) — gH(x,¢) + n(x)

forany xe RV, 0<f<gorg<{<0,

which is first provided by Miyagaki and Souto [34]. However, it is clear that the example in Remark 1.1
does not satisfy the condition (MS). Let us consider the function

( k=2 -2 wlq_l f)
fx, O =cx)|EX) €+ €In(1 + |£]) +

1+ |
with its primitive function

F(x,{) = o(x) (é? [€ + Cll 1617 In (1 + |€|))

forall € Rand 1 < k < p < g for all x € RY, where o is given in Remark 1.1. Then, this example
fulfills the condition (MS) but not (H3). Such existence results of multiple solutions to double phase
problems are particularly motivated by the contributions in recent studies [1, 10,20-23,25,26,29-32,
40,42], and the references therein. However our proof of the existence of a sequence of small energy
solutions is slightly different from those of previous related studies [10,21,25,30,32,42,43]. Roughly
speaking, in view of [10,21,25,30] the conditions on the nonlinear term 4 near zero and at infinity (see
(H5) and (2.21), which will be specified later) play an important role in verifying assumptions in the
dual fountain theorem, but we ensure them when (HS) is not assumed and (2.21) is replaced by (H4);
see Remark 2.20 for more details and the difference from the papers [32,42,43]. For this reason, on a
new class of nonlinear term ~ we give the existence result of small energy solutions via applying the
dual fountain theorem. As far as we are, although this work is inspired by the papers [10,27], and many
authors have an interest in the investigation of elliptic problems with double phase operator, this paper
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is the first effort to develop the multiplicity results for the concave-convex-type double phase problems
because we assert our results on a new class of nonlinear term /4. The main difficulty for establishing our
results under various conditions on the convex term #/ is to ensure the Cerami compactness condition
of the energy functional corresponding to (1.1). To overcome this, we assume the fact that the potential
function V is coercive.

The outline of this paper is as follows. We present some necessary preliminary knowledge of
function spaces which we will use along the paper. Next, we provide the variational framework related
to problem (1.1), and then we obtain various existence results of infinitely many nontrivial solutions to
the double phase equations with concave-convex type nonlinearities under appropriate conditions on /.

2. Preliminaries

In this section, we briefly demonstrate some definitions and essential properties of Musielak-Orlicz-
Sobolev space. For a deeper treatment of these spaces, we refer to [11, 16,24, 35].
The functions H : RN x [0, 00) — [0, o) and Hy : RN x [0, 00) — [0, o0) are defined as

Hx, 1) =1 +ax)t?, Hy(x,t) := Vx)( + a(x)t?), 2.1)

for almost all x € RY and for any ¢ € [0, 0), with 1 < p<¢q,0<ae L'(R")and V : RY — R. Define
the Musielak-Orlicz space LH(RY) as

L"RN) .= {z : RY — R measurable : 04(2) < oo},

induced by the Luxemburg norm

).

by 1= inf{4> 01 onx,
where o4, denotes the H-modular function with
on(2) := / H(x, zl)dx = / (" + a(x)lz|?) dx. (2.2)
RN RN

If we replace in the above definition H by Hq,, we obtain the definition of the Musielak-Orlicz
space (L, (RV), | - |#, ), i.e.,

Ly, RY) := {z : RV — R measurable : o%(z) < oo},

).

induced by the Luxemburg norm

el = inf {/l >0: o (x,

where Q?{,’ denotes the H-modular function as

0p(2) = / Hoy(x, |z)dx = / V(x) (21" + a(x)lz|*) dx. (2.3)
RN RN
By [24,41], the space L*(R") and Ly, (RY) are separable and reflexive Banach spaces.
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Lemma 2.1. ( [41]) For Qrv(Z) givenin (2.3) and z € Ly, (RN ) we have the following
(i) for z # 0, |zlge, = Aiff O41(3) = 1
(ii) lzlge, < 1(= 1;> D) iff 035(2) < 1(= 13> D
(iii) if \2lpa,, > 1, then 12l ,, < 05 (2) < 2] L
(iv) if lzlp, < 1, then l2l}, < 07)(2) < 2}, -
Also, an analogous results hold for o4(u) given in (2.2) and || - ||.
The weighted Musielak-Orlicz-Sobolev space W(l‘;W(RN ) is defined by
Wy {RY) = {z € Ly, RY) : V2] € L RY)),

and it is equipped with the norm
|zl = 1Vzlp + Izl -

Note that W(l‘;ﬂ(RN ) is a separable reflexive Banach space; see [28]. In what follows, the notation
E — F means that the space E is continuously imbedded into the space F, while E << F means
that E is compactly imbedded into F'.

Lemma 2.2. ( [41]) The following embeddings hold:
(i) Ly, RY) = L7(RY);

(ii) Wy '®Y) = L'®Y) for 7 € [p, p*l;

(iii) W(l‘;ﬂ(RN) < L'(RY) for T € [p, p*).

Lemma 2.3. ( [41]) Let

@(z) := / (V2" + a(x0)IVz|*) dx + / V() (z1” + a(0)lzl) dx. (2.4)
RN RN

The following properties hold:
(i) ¢(z) < |2lP + |2l for all z € WM (RY);
(ii) If |2 < 1, then 2'79|z|9 < @(z) < |zIP;
(iii) If |z| = 1, then 27P|z]P < ¢(2) < 2|z]9.
Let us define the functional @ : X := W%;W(RN ) = R by

o) = / (l [Vy|P + @ |Vv|q) dx +/ V(x) (—l P+ (—)l |q)
RV \P q

Then, it is easy to check that ® € C'(¥,R), and double-phase operator —div(|Vv|?2Vv + a(x)|Vv|?"2Vv)
is the derivative operator of @ in the weak sense. We define @’ : X — X* with

(D'W),wy = [ (VP 2Vv - Vw + a(0)|VV[T2Vy - Vw) + [ V(WP 2w + a2 vw) dx,

RN RN

for all w,v € X. Here, X* denotes the dual space of X, and (-, -) denotes the pairing between X and X*.
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Lemma 2.4. ( [41]) Let the assumption (V) hold. Then, we have the following
(i) @' : X — X" is a bounded, continuous and strictly monotone operator;
(ii) @’ : X — X" is a mapping of type (S ;), i.e., if v, = vin X and

lim sup (®" (v,,) — ®’'(v),v, —v) <0,

n—oo
thenv, - vin X;
(iii) @ : X — X* is a homeomorphism.

Definition 2.5. We say that v € X is a weak solution of problem (1.1) if

/ (lel”_z Vv - Vu + a(x) [Vv[i2 Vy - Vu) dx+ [ VW 2vu + a(x)v 2vu) dx
RN

RN

= /1/ p(x) V2 vudx + / h(x,v)udx,
RN RN
forany u € X.
Let us define the functional ¥, : X — R by

A
¥,(v) = —/ o(x) v]" dx + / H(x,v)dx.
r Jry RN
Then, it is easy to show that ¥; € C'(X,R), and its Fréchet derivative is

(P,(v),w) = /l/ POV vw dx + / h(x,v)wdx
RN RN
for any v, w € X; see [41]. Next, we define the functional &, : X — R by
Ea(v) = (v) = ¥a(v).
Then, it follows that the functional &, € C'(X,R), and its Fréchet derivative is

(E\),w) = (D' (v),w) — (¥ (v),w) foranyv,w e X.

Before going to the proofs of our main consequences, we present some useful preliminary

assertions.

Lemma 2.6. ( [41]) Assume that (V), (B1), (B2) and (H1) hold. Then, ¥, and ¥, are sequentially

weakly strongly continuous.

Definition 2.7. Suppose that € is a real Banach space. We say that the functional ¥ satisfies the
Cerami condition ((C)-condition for short) in €, if any (C)-sequence {v,} C €, i.e., {F (v,)} is bounded

and |7 (v)le(1 + |[vu]) = 0 as n — oo, has a convergent subsequence in €.

The following lemmas are the compactness condition for the Palais-Smale type, which plays a
crucial role in obtaining our main result. The basic idea of proofs of these consequences follows the

analogous arguments as in [26].
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Lemma 2.8. Suppose that (V), (B1), (B2), (H1) and (H2) hold. Then, the functional &, ensures the
(C)-condition for any A > 0.

Proof. Let {v,} be a (C)-sequence in X, i.e.,
sup |E,(v,)| < K and (&, (v,),v,) = o(1) — 0, (2.5)

neN

as n — oo, and K] is a positive constant. First, we prove that {v,} is bounded in X. Since V(x) — +oo
as x| — oo, we have

G5

Hey(x, [val) dx — Cy / ([Val?” + 0 1(x) Val + c1 [va]”) dx (2.6)
q RN [Val<M

2 ; l— - / Hey(x, Ival) dx = Ko,

for any positive constant C; and some positive constants K, where Hq/(x, t) is given in (2.1). Indeed,
by Young’s inequality we know that

1 1
(— --) / Hoy(x, v,) dx = C, / (val” + 1(X) vl + €1 Vo) dx
RN [val<M
1 1 ,
(5 --) / Hy(x, Ival) dx = C, / (Ival” + 0 () + vl + ¢4 vP) dx
[vul<M

1(l - —)[ Hop(x, [v,]) dx +
q Vv

- Cl/ (val” + vl + 1 Ival”) dx
val<1

Hey(x, [val) dX]

\) I

[val<M

-C, / (val? + al* + €1 V") dx = Ciloy |y gy
1<|v, <M

>3 - 1)[ [ ot d +

Hey(x, [val) dx]
q V4

[val<M

-Ci2+a) (Val” + a(x) val) dx = Ciloml s gy

[val<1

—Ci(1+M7P+M7Pc) (val? + a(x) [v,|?) dx

1<vlsM

- [ / Hey(x, [v,]) dx + Wv(x,lvnl)dX]

1 1
2 q [val<M
- Co H(x, |v,]) dx - C, 2.7)

[val<M

where H(x, t) is given in (2.1), and
EQ := C; max {2 + C1,2Ms_p + W_pcl} .

Since V(x) — +oo as x| — oo, there is ry > 0 such that |x| > ry implies V(x) > %. Then, we know
that

C
Hop(x, [v,) > f 0

H(x, [va]) (2.8)
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for |x| > ro. SetB,, = {x € R" : x| < ry}. Then, since V € L; (R¥)and a € L'R")N L*(R"), we infer
/ Hop(x,|vu])dx < C, and / H(x, |[va]) dx < Cs
{lval<M}NB {lval<M}NB

for some positive constants 52, 53. This together with (2.7) and (2.8) yields

1 1
(=--) / Hoy(x, lv,l) dx = C / (vl + 010 Wl + €1 Vo) dx
q V' Jr¥ val<M

Hocuhuhds+ [ Hy

Wal<MINBy,

> V‘q[ %(x,|vn|>dx+/
]RN

2qv (Ival<MINBS,

- Co [ / H(x, [va]) dx + / H(x, |v,]) dx
(val<M)nBS, (val<M)nB,,

/ Hop(x, [v,]) dx + =2 / Hoy(x, [va]) dx
2qv Vul<MINBE

-C,

- Co / H(x, [va]) dx —
Ivn|<M}ﬂB”

_;1—— / Hop(x, Iva]) dx — Ko,

as claimed. Combining (2.6) with (B1), (B2) and (H1), (H2), one has
1
Ky +o(1) 2 E;(v,) = = (& (Vi) Vi)
%
1 1 1 1
>(=--) / Hx, Vv dx + (= - =) / Hoy(x, Ival) dx
qg V' JrN q V' Jr¥

_4(1—1) [ peovrae [ (lmx, vn>vn—H(x,vn>) dx
ro v)] /gy RV \V

> (l - l)/ H(x,|Vv,|) dx + (l - l)/ Hey(x, [val) dx
q VvV’ Jry q V' Jr¥

_1(1—1) / PO, dx + / (1h<x,vn)vn—H<x,vn>) dx
rov) /gy al>M \Y

-C / ([val” + 0 1(x) [val + €1 [Val”) dx
[val<M

1 1 1,1 1
> (5 - ;) /RN H(x,|Vv,|) dx + 5(5 - ;) /RN Hey(x, [val) dx

- /1(1 - l)/ (Olva|"dx - l/ Bo(x) dx = Ko

%}1— ( / H(x, [Vv,) dx + / Hoy(x, |vn|)dx)

I 1
—/1(; - ;)/ p)|v,l" dx — —/ Bo(x) dx =Ko
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~



5068

11y 1 11 . 1
> (;[ - ;)qw val” — A(; - ;) 101, 2, o [Pl ey = HBoluray = Ko

Since p > r > 1, we assert that the sequence {v,} is bounded in X, and thus {v,} has a weakly
convergent subsequence in X. Without loss of generality, we suppose that

v, = vpin X as n — oo,

By Lemma 2.6, we infer that ¥/, is compact, and so ¥/,(v,) — ¥/ (v) in X as n — oo. Since & (v,) — 0
as n — oo, we know that

<8:l(vn)a Vp — V0> — 0 and <8:1(V0), Vp — V0> - O»
and thus
(E (vn) = E(20), v —vo) = 0

as n — oo. From this, we have
(@' (vy) = D' (vo), v = vo) = (P7(v) = P1(V0), Ve — Vo) + (E (V) — E(20), Vi — Vo) — 0,

namely, (®’(v,) — @’ (vg), v, — vo) — 0 as n — oo. Since X is reflexive and @’ is a mapping of type (S ;)
by Lemma 2.4, we assert that
v, = vpin X as n — oo,

This completes the proof. O

Remark 2.9. As mentioned in Remark 1.1, condition (H3) is weaker than (H2). However, to obtain
the following compactness condition, we need an additional assumption on the nonlinear term h at

infinity.

Lemma 2.10. Suppose that (V), (B1), (B2), (H1) and (H3) hold. In addition,
(HS) Timy e &2 = oo uniformly for almost all x € RY

holds. Then, the functional &, fulfils the (C)-condition for any A > 0.

Proof. Let {v,} be a (C)-sequence in X satisfying (2.5). As in Lemma 2.8, it is sufficient to prove that
{v,} is bounded in X. To this end, suppose to the contrary that |v,| > 1 and |v,| = o0 as n — oo, and
a sequence {y,} is defined by y, = v,/|v,]. Then, up to a subsequence, still denoted by {y,}, we get
Yp — Yo in X as n — oo, and due to Lemma 2.2,

V. = yoa.e. inRY, y, — yyin L*RY) (2.9)
as n — oo, for any s with p < s < p*. Combining (2.6) with (B1), (B2), (H1) and (H3), one has
1
Ki+o(1l) 2 Ex(vy) — " (E1(Vn)s V)

> (%, - %) /R M b d + %((1] - %) /R Hy(x
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11 1
ro v/} gy V Jal>M
1,1 1
> _(_ — _)( H(x, |Vv,|) dx + / Hoy(x, Ivnl)dX)
2Yg v/ \Jpw R¥
1 1 , 1
- /l(_ - _)/ pXOWl"dx — = | (ovl’ +B1(x)) dx —
r  v)] /gy V Jry
1,1 1,1 11
—_ - - = )| — P - - - - g
>3- )L a(r v)/RNp(xM dx

— [ (el +pBi(x) dx—
RN

1 1, 1 1
- — — P _ _ _ r
> (q )qu+1 v, (r )Iplm TR L

I nle(RN) IﬁllLl(RN) -

Hence, we know that

1 1
7<1 + 0(1) + /l(_ - _) |p|L70 r(RN)Ivn|270(RN) Ivnlip(RN) + ;IﬁllLl(RN) + 7<‘0
1 1, 1
> (== =)=l
q vq2r
Dividing this by ( ) s-11val” and then taking the limit supremum of this inequality as n — oo,
we have 0 0
1< W III:LS;IP Iynle(RN) leOIU(RN> (210)
q v q2p+1 q v ) g2r+!

Hence, it follows from (2.10) that y, # 0.
By Lemma 2.3 and the assumption (B2), we have

Eivy) = 1( / H(x, |[Vv,]) dx + / Hoy(x, |v,]) dx)
q°Jry RN

A
- / p(x)lvnlr dx — / H(.X, Vn) dx
RN

_Ivnlp - —|P| I ”|270(RN) - / H(X, Vn)d-x
RN

L7 RY)
l
= —Ianp - CZ_Ivnlr - H(X, Vn) dx
q2» r RN
for a positive constant C,. Since &,(v,) < K foralln € N, |v,| = coasn — oo, and r < p, we assert
that

1
Hx,v,)dx > —|v,|’ — Co—Iv,|" = E1(v,)) > 0 as n — oo, (2.11)
RN q2» r

By Lemma 2.3, we note that

Exr) < ~( / H(x, [Vva)) dx + / Hoy(x, [va]) dx)
P Jry RN
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A
——/ p(X)IvnI’dx—/ H(x,v,)dx
r RN RN

2
< —[val? —/ H(x,v,)dx.
p RN

So,
2
—v e = E(vy) + H(x,v,)dx. (2.12)
p RN

Owing to assumption (H5), there exists a § > 1 such that H(x, ) > [¢|? for all x € R" and |f| > §. Taking
into account (H1), we get [H(x, )| < C for all (x,1) € RN x [~t, ty] for a constant C > 0. Therefore,
H(x,t) > C, for all (x,7) € RN x R and for some C; € R, and thus

H(x,v) = C1

>0, 2.13
vale @19

forall x € R¥ andn € N. Set A; = {x e RN 1 yo(x) # 0}. By relation (2.9), we infer that |v,(x)| =
[Vn(X)| [v,]| = 00 as n — oo for all x € A;. Thus, by using (HS),

. H(x,v,) . H(x,v,)
lim ———— = lim

n—eo |Vn|q n—eo |Vn|q

lyul? = 400, x€A,. (2.14)

Hence, we obtain that meas(A;) = 0. Indeed, if meas(A;) # 0, according to the relations (2.11)—(2.14)
and the Fatou lemma, we have

H(x,v,)dx H(x,v,
1 = lim nf e H0 ) > timinf | 200 g
n—co fRNH(-x»Vn)d-x+8/l(Vn) = JRN ;Ivnlq
H(x, v, _
= liminf z(x,v )dx — lim sup / Ci
oo Jryo Svgl? noeo JrY vyl
H s Vn) ™
—liminf [ &YW =C1
N ETNY
H s Vn) ™
> / lim inf 25 =C1
A e Sval?
H ' Yn .
:/ lim inf z(xv)dx—/ limsup 5= dx = co, (2.15)
A T ;Ivnlq Al n—o ;Ivnlq

which is impossible. Thus, yo(x) = 0 for almost all x € R". Consequently, we yield a contradiction,
and thus the sequence {v,} is bounded in X. The proof is completed. O

Now, we illustrate two existence results of a sequence of infinitely many solutions to the
problem (1.1). The primary tools for these consequences are the Fountain theorem in [7] and the
Dual Fountain Theorem in [8]. Let € be a real reflexive and separable Banach space, and then it is
known (see [17,49]) that there exist {e,} C € and {f,’} C €" such that

@:Span{en:n: 1,2,---}, @*:Span{f:;n: 1,2,---},
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and
* 1ifi=
Fei) =
@ » L)ﬁ#j
Let us define €, = span{e,}, V; = EB]:,:1 €,,and 3r = P, ..

Lemma 2.11. (Fountain Theorem [7, 25, 43]) Assume that (€,| - |) is a Banach space, the functional
F € C(€,R) satisfies the (C).-condition for any ¢ > 0, and F is even. If for each large enough k € N,
there are By > ay > 0 such that

(1) 6 :=inf{F () :y€Julyl=ar} = 00 as k— oo,
(2) pr:=max{F(y):y€ Yl =5} <0,

then ¥ has unbounded sequence of critical values, i.e., there is a sequence {y,} C € such that ¥'(y,) =
0 and F (y,) — +o0 as n — +oo.

Lemma 2.12. Let us define

05 = sup{/ lul" dx :u € 3, |u| < 1} fort>1,
RN
and
ﬁk = max{Gmk, 937](, 97,](}. (216)
Then, 9, — 0 as k — oo (see [25]).
Lemma 2.13. Assume that (V), (B1), (B2), (H1) and (HS) hold. Then, there are By > a; > 0 such that
(1) 6 :=inf{E;(v) :veE 3Vl =ar} > 0 as k — oo,
(2) pr:=max{&(v) 1 v e Yy, vl =B} <0,
for k large enough.

Proof. The basic idea of the proof is carried out by a similar fashion as in the paper [2] (see also [10]).
For convenience to readers, we give the proof. For any z € 3, suppose that [v| > 1. From the
assumptions (B1) and (B2), (H1) and Lemma 2.3, it follows that

Ex(v) = / (1|Vv|1’ ()|Vv|q) dx + / v<x>(—| Py 9, |‘1) 2.17)
RN \PD q RN q

A
- = / o) dx - H(x,v)dx
r JRrN RN

> %1( H(x, V) dx + Wq/(x,IVI)dx)—é / pLoM dx— [ H(x,v)dx

RN RN RN RN
1 21 Cq
— v = = Y
> |V| |P|UO r(RN)l |L70(RN) |O_1|Lr (RN)'V'L&(RN) y | ILY(RN)
1 2/1 €1
e I = 101l oy O] = S
S = ol Y = Il ] = L7
> L _197 =" Ivl” — —|P| T = loily @y Dl
q2r L@y K L En T
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Since p < y, we get
q2p+1ﬂZc1 1

)p_y — o0
Y
as k — oo. Hence, if v € 3; and |v| = a4, then we arrive

p_24

A
(02 b
g2ret ko 1], 5 vy

=

g — oy @vyhay — o0 as k — oo,

8,1(1/) >

which implies (1) because p > r > 1 and @} — oo, ¢, — 0 as k — oo.
Now, we show the condition (2). Suppose to the contrary that there is k € N such that the
condition (2) is not fulfilled. Then, there exists a sequence {v,} in 9, such that

V] 2 c0casn — o0 and &,(v,) = 0. (2.18)

Let w, = v,/|v,|. Since dim 9, < oo, there is aw € 9, \ {0} such that, up to a subsequence still denoted
by {w,},
w,—w| =0 and w,(x) > w(x)

for almost all x € RN as n — oo. We claim that w(x) = 0 for almost all x € R". If w(x) # 0, then
[v,(x)] = oo for all x € RY as n — oo. Hence, in accordance with (H5), it follows that

H(x,v,) _ Im H(x,v,)

lim i W, (x)|? = oo (2.19)
nooo |y l|4 oo [v, (x)|
for all x € B, = {x eRY :w(x) # O}. In the same fashion as in the proof of Lemma 2.10, we can
choose a C, € R such that H(x, ) > C, for all (x,¢) € RV x R, and so
H(x,v,) — C; >0
[Val?

for all x € RY and n € N. Using (2.19) and the Fatou Lemma, one has

H ' ¥n . . H s Vn .
lim inf (v )dx > liminf de —lim sup/ > dx
n—oo  JRN [v,l? n—eo J g, [val9 n—oo B [val9
H s Vn) =
_liminf [ 25 =C2
n—oo B Ivnlq
H s Vn) =
> / liminf 252 = C2 )
P AT
.. H(x,v, ) C
:/ hmmedx—/ lim sup 2 dx.
B, "7 |Vn|q By n—o Ivnlq
Thus, we infer
H(x,v,)

dx — o0 asn — oo.

RN Ivnlq

We may assume that |v,| > 1. Therefore, we have
1
Eavn) < —( / H(x, [Vv,) dx + / Hoy(x, [v,) dx)
P Jry RN
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A
——/ p(X)IvnI’dx—/ H(x,v,)dx
r RN RN

2
< —Ianq - H(X, Vn) dx
p RN
< [val? (% - A v.) dX) — —00 asn — oo,
q RN Ianq

which is a contradiction to (2.18). This completes the proof. O
With the help of Lemma 2.11, we are ready to establish the existence of infinitely many large energy
solutions.

Theorem 2.14. Assume that (V), (B1), (B2), (H1), (H2) (resp. (H3)) and (H5) hold. If h(x,—t) =
—h(x,t) holds for all (x,t) € RN X R, then, for any A > 0, the problem (1.1) admits a sequence of
nontrivial weak solutions {v,} in X such that &,(v,)) — oo asn — oo.

Proof. Clearly, &, is an even functional and ensures the (C).-condition by Lemma 2.8 (resp.
Lemma 2.10). From Lemma 2.13, this assertion is immediately derived from the Fountain theorem.
This completes the proof. O

Definition 2.15. Suppose that (€, | - |) is a real separable and reflexive Banach space. We say that 7
satisfies the (C);-condition (with respect to 9, if any sequence {v,},en C € for which v, € 9, for any
neN,

F)—c and |[(Fly,) le(1+]v,l) = 0asn — oo,

possesses a subsequence converging to a critical point of F .

Lemma 2.16. (Dual Fountain Theorem [8,25]) Assume that (€, | - |) is a Banach space, ¥ € C'(€,R)
is an even functional. If there is ko > O such that, for each k > ko, there exist 5 > ay > 0 such that

(A) Inf{F(y) 1y € i Iyl = Be} 2 0,

(Az) 6k = max{F (y) 1 y € Yy, Iyl = au} <O,

(A3) ¢ :=nf{F () 1y €3Iyl <Bi} = 0ask — oo,

(As) F fulfils the (C):-condition for every c € [¢y,,0),

then ¥ admits a sequence of negative critical values c, < 0 satisfying ¢, — 0 asn — oo.

From now on, we will check all conditions of the dual fountain theorem.

Lemma 2.17. Assume that (V), (B1), (B2), (H1), (H2) (resp. (H3) and (HS)) hold. Then, the functional
&, satisfies the (C):-condition for any A > 0.

Proof. Since X is a reflexive Banach space, and @ and W/, are of type (S . ), the proof is almost identical
to that in [25]. O

Lemma 2.18. Assume that (V), (B1), (B2) and (H1) hold. Then, there is ko > 0, such that, for each
k > ko, there exists B > 0 such that

inf{&€,(v) : v € 3, Ivl = B} = 0.
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Proof. From (H1), Lemma 2.3 and the definition of 1J;, one has

Ev) 2 l( / H(x, [Vv) dx + / Hoy(x, Iv]) dx)
qJry RV

A
——/ p(x)lvl’dx—/ H(x,v)dx
r Jry RN

1 21 C1
>—Vp—— AN I to S P Ky = = |
Tl 'P'W(RN) A

1 e
T (0,3, # SYIP ~10 D

L0 (RN)

for k large enough and [v| > 1. Let us choose

LYo (RN)

1
21 c P2y
B = [( lol ;1) qu”ﬂ;] . (2.20)

Let v € 3, with |v] = B; > 1 for k large enough. Then, there is ky € N such that

1 C1 r
Ei(v) > EMP ( |’0|L70 % &) ?) ﬁk|v|7 - |0-1|LS'(RN)19'I<IVI

1 P 2 Cy il -2y r;;iziv
= P ol || TR e 2 02 g7 20

LY (RN)

for all k € N with k > ko, which implies that the conclusion holds since lim;_,, 8; = oo and ¥ — 0 as
k — oo. |

Lemma 2.19. Assume that (V), (B1), (B2), (H1) and (H4) hold. Then, for each sufficiently large k € N,
there exists ay, > 0 with 0 < @, < By such that

(1) 6 :=max{&,(v) : v e D, vl =y} <O,
(2) ¢ :=1nf{E,(v) v € i, W < B} > O as k — oo,
where By is given in Lemma 2.18.

Proof. (1) Since 9y is finite dimensional, | - |;«¢rn), |  |y@®y) and | - | are equivalent on ). Then, there
exist ¢4 > 0 and ¢, > O such that

Srilvl < Wliseryy and V] @y < oVl
for any v € 9. Let v € 9, with [v] < 1. From (H1) and (H4), there are C;, C, > 0 such that
H(x,1) > C:E)ltl* = Calt]”

for almost all (x, ) € RV x R. Then, we have
2
E(v) < =) —/ H(x,v)dx
p RN
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2
< - - Cl/ g(x)|v|de+Cz/ vI”dx

l\)"c

< =P - Cilvlpxeryy + CalVlp@y)

N"B

;IVII’ Cisi I + Cagy DI

Let f(s) = %s”—Clg”l‘,ks"+ngg’ks7. Since k < p <y, we infer f(s) < 0 for all s € (0, s¢) for sufficiently
small s¢ € (0, 1). Hence, we can find o; > 0 such that E,(v) < O for all v € 9 with |v| = a; < so for k
large enough. If necessary, we can change k to a large value, so that 8, > a; > 0 and

O :=max{&;(V):veD, vl =ar} <0

for all k > k.
(2) Because V), N 3 # ¢ and 0 < a; < Bk, we have ¢, < 6, < 0 for all k > k. For any v € 3 with

[v| =1and 0 < t < B, we have

E(tv) > — / H(x,|Vtv)) dx+/ He(x, [tv]) dx) - 3/ px)|tv] dx—/ H(x,tv)dx
> —/—l/ p(x)ltvl’dx—/ H(x,tv)dx
r RN

Ci
> ——Ipl AV gy — / o1 (0lvldx — — / |tv[dx
RV Y Jr¥

roL0T ®Y)
> Aol o B —Be | iCodx - g7 [ e
r L R LO@Y) RN Yk Jan
A Ci
>4 9 =101 By — B9
rlplLY() r(RN)’Bk I llL (RN)ﬁk k ,yﬁk k

for k large enough, where ; and §; are given in (2.16) and (2.20), respectively. Hence, it follows from
the definition of S, that

Alpl
L7 (R , c
0>mzn—{44mm4mmmﬁm—§@%
/1|,0| 0 5 -2
_Torey |24 CL\ opit |7 o
B [( L )q2 i
C1 1 P2 r+€7—27
= o1l @y [( ol e, - ;) g2" ] 9.7
Y
24 P2y (+p=2y)y
_ ﬂ |:(_Ip| 0 + ﬂ) q2p+1] ﬁk P2y .
yII\r LOTRY vy
Because p < p+ r <2y and ¢, — 0 as k — oo, we derive that lim;_,., ¢, =0 |
Remark 2.20. In view of [10, 21, 25, 30], the conditions (H5) and
flx, 1) = o(tl™ HYas |t - 0 uniformly for x € RY, 2.21)
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play a decisive role in proving Lemma 2.19. Under these two conditions, the authors in [10,21,25,30]
obtained the existence of two sequences 0 < ;. < By sufficiently large. Unfortunately, by using the same
argument as in [21, 25] we cannot show the property (2) in Lemma 2.19 since By — oo as k — oo;
see [41]. However the authors in [10, 30] overcome this difficulty from new setting for Bi. In contrast,
the existence of two sequences 0 < a; < B — 0 as k — oo is obtained in [32,42,43] when (2.21) is
satisfied. On the other hand, we prove Lemma 2.19 when (HS) is not assumed, and (2.21) is replaced
by (H4). For this reason, the proof of Lemma 2.19 is different from that of the papers [10, 21, 25, 30,
32,42,43].

With the aid of Lemmas 2.16 and 2.17, we are in a position to establish our final consequence.

Theorem 2.21. Assume (V), (B1), (B2), (H1), (H2) (resp. (H3), (H5)) and (H4). If h(x,—t) = —h(x, 1)
holds for all (x,t) € RN xR, then the problem (1.1) admits a sequence of nontrivial weak solutions {v,}
in X such that E,(v,) — 0 as n — oo for any 1 > 0.

Proof. Due to Lemma 2.17, we note that the functional &, is even and fulfills the (C);-condition for
every ¢ € [¢y,,0). Now, from Lemmas 2.18 and 2.19, we ensure that properties (D;)—(Dj3) in the Dual
Fountain Theorem hold. Therefore, problem (1.1) possesses a sequence of weak solutions {v,} with
large enough n. The proof is complete. O

3. Conclusions

In this paper, we employ the variational methods to ensure the existence of a sequence of infinitely
many energy solutions to Schrodinger-type problems involving the double phase operator. As far as
we can see, in these circumstances the present paper is the first effort to develop the multiplicity results
of nontrivial weak solutions to the concave-convex-type double phase problems because we derive our
results on a new class of nonlinear term. Especially, our proof of the existence of multiple small energy
solutions is slightly different from those of previous related works [10,21,25,30,32,42,43].
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