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Abstract: Consider a branching random walk with a mechanism of elimination. We assume that
the underlying Galton-Watson process is supercritical, thus the branching random walk has a positive
survival probability. A mechanism of elimination, which is called a barrier, is introduced to erase the
particles who lie above ri+¢&i® and all their descendants, where i presents the generation of the particles,
a > 1/3,e € R and r is the asymptotic speed of the left-most position of the branching random walk.
First we show that the particle system still has a positive survival probability after we introduce the
barrier with & > 0. Moreover, we show that the decay of the probability is faster than ePase |0,
where ', B are two positive constants depending on the branching random walk and @. The result in
the present paper extends a conclusion in Gantert et al. (2011) in some extent. Our proof also works
for some time-inhomogeneous cases.
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1. Introduction and results

We consider the branching random walk (BRW) on R. At time O, an initial ancestor (denoted by
¢) is located at the origin. At time 1, the ancestor dies and reproduces (including the number and
displacement of its children) according to the distribution of a point process L, i.e., ¢ gives birth to
N(¢) children who are located at £;(¢), 1 <i < N(¢) (N(¢) can be 0) and the law of the random vector
(N(¢), Li(p), 1 <i < N(¢))is L. These children (also called particles) consist the first generation. Each
of the particles in the first generation reproduces its own children who are thus in the second generation
and are positioned (with respect to their parent) according to the same distribution of L. All particles
reproduce independently according to the same law L as time goes on. The particle system formed in
this way is called a (time-homogeneous) branching random walk. Hence BRW can be viewed as that
we attach a displacement information to each particle in a Galton-Watson tree T. For a given particle
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u € T we write V(u) € R for the position of u# and |u| for the generation at which u is alive. In
the present paper, we focus on the barrier problem of BRW and a more general time-inhomogeneous
model. The so-called barrier is in fact a function f : N — R. For any realization of the BRW, if a
particle u satisfies V(u) > f(|u), then we remove u and all its descendants. The surviving particles
(i.e., which have not been removed) form a new system, which is called a BRW with barrier. For any
i < |ul, we conventionally write u; for the ancestor of u in generation i. It is evident to see that u is
survival if and only if V(u;) < f(i), Vi < |u|. Let « be the log —Laplace transform of L, that is to say

k() := log E (Z e‘el] .
leL

Obviously, another equivalent expression of k(6) is «(6) = log E(} =, e V). We always assume that
k(0) € (0, c0), (1.1)

which means that the underlying Galton-Watson process is supercritical, 1.e., the survival probability
of the particle system (BRW) is positive. Under the assumption that there exists > 0 such that

k(9 = 9 (F), k() < +o0, (1.2)
where «’ presents the derivative of x. Hammersley [1], Kingman [2] and Biggins [3] showed that

limn™! min V(u) = -« (8), non-extinction. (1.3)

n—oo u€T, |ul=n

The above result enlightens the approach for the barrier problem, which is a topic motivated by the
parallel simulation, see Lubachevsky et al. [4,5]. We first introduce some notations before we recall
some achieved results on the barrier problem of BRW. On the Galton-Watson tree T we define a partial
order > such that u > v if v is the ancestor of u. We write u > vif u > v or u = v (i.e., the particle u is
exactly the particle v). Define an infinite path u., through the tree T as a sequence of particles (u;);en
such that

uy=¢, YieN, |u| =1, uy > u;.

We write 7, the collection of the infinite path. Let
pe, @) ;= P(Auy, € To, Vi € N, V() < &l — K (9)i).
Hence one see that p(e, @) presents the survival probability for the BRW with a barrier
fQ) =&l — K (9.

The first result on the the barrier problem of BRW can be found in Biggins et al. [6]. Under
Assumptions (1.1) and (1.2) they claimed that

p(g, 1) >0 when € >0, p(g,1) =0 when £ <0. (1.4)

From the view of (1.3), we can have a better understanding on this conclusion. That is to say, when
critical slope of the barrier is determined by the first order of min,er, 1=, V(). Under a slightly stronger
assumption, Jaffuel [7] refine the result (1.4). [7] showed that under (1.1), (1.2) and the assumption

36 >0, E(N'"(¢)) < +00, k(I + )< +oo, &) € (0, ). (1.5)
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It is true that
p(e,1/3) >0 when &> a9, p(e,1/3) =0 when & < a, ), (1.6)

where the explicit form of the positive constant a. (depending on «”(})) is obtained.
Combining (1.6) with (1.4), we can prove the following statement.

Proposition 1.1. If (1.1), (1.2) and (1.5) hold, then p(e, ) > 0 when € > 0,a > 1/3.

Proof. It is obvious when @ > 1 since the definition domain of the barrier f is N. Now we deal with
the case @ € (1/3,1). Let a be a constant such that a € (a, (), ). Define

1 1 1
j = max{ a)enie —sﬁn}.
J neN* ( )

We see j is finite since @ > 1/3. Choose k large enough such that k£ > js‘é, which ensures that e(n +
k)* > an'’®,¥n € N*. Note that

mliwn(g(n + k¥ —an'?) > 0,

neNt

we can find a_ > 0 small enough such that

/3

en+k)?>a_k+an'® ¥YneN' and a_ < min{ek®', &).

Hence it is true that £ > a_i for 1 <i < k and &i® > a_k + a(i — k)’ for i > k. By Markov property
we see

ple,@) = P(Au € Too, Vi € N, V() < &i + ri)
> P(Alu| = k,Yi < k, V(u;) < a_i + ri)
X P(Au € T, Yi € N, V(u;) < @i'® + a_k + r(i + b|V($) = a_k + rk)
=Py X P;.

(1.4) tells us that P; > 0 and (1.6) means that P, > 0, hence we have p(g, a) > 0. O

The decay rate of p(g, 1) had been obtained in Gantert et al. [8]. When (1.1) and (1.2) hold, [8]
obtained the explicit negative constant ¢ such that

@ Velogp(e, 1) < c.

(We remind that under (1.1), (1.2), (1.5) and some extra assumptions, the lower bound of p(e, 1) had
also been obtained in [8].) In the present paper, we want to extend the upper bound of the rate to some
non-linear barrier. It is evident to see that p(g, @) = 0, Vo > 0 when & = 0 and p(e, @) is non-decreasing
on & when the positive constant « is fixed. Combining these two facts with Proposition 1.1, we see
that for any given @ > 1/3, it is reasonable and meaningful to ask the question about the decay rate of
p(g,a) as € | 0. In the present paper, we wonder whether the decay rate of p(e, @) (when @ > 1/3) as
e | 0 will be the same as the one of p(g, 1) (as € | 0). Furthermore, if they are different, will the order
be different? In other word, we want to investigate the impact of @ on the decay rate. Now we give the
first result in the present paper.
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Theorem 1.1. If (1.1) and (1.2) hold, then for a > 1, we have

1
3a-1

2.1 @
il (ﬂ)) Gala - 1))“—1} (1.7)

2a%9

% g log p(e, @) < - {(

and for a € (1/3, 1), we have

%83"%1 logp(e, @) < —

9(3a - 1) (3#&%”(0))%"—1
(3a)=a 2 '

Remark 1.1. We remind that the limit of the right-hand-side of (1.7) as a | 1 is the exact value of
the corresponding one in [8], hence our result can be viewed as an extension for the upper bound part
in [8].

In fact, this asymptotic behavior can be shown for a more general model called a branching random
walk with varying environment (BRWve). Let us describe the model as follows. For a sequence
of time-inhomogeneous branching random walks {(T®™, V")},oy, we only consider the generations
from 0 to n in (T™, V™), where T™ presents the (time-inhomogeneous) Galton CWatson tree of the
genealogy of this process and V™ the displacements of the particles in T™. Let {L,,¢ € [0,1]} be a
family of laws of point processes. All particles reproduce independently but the law of reproduce is
determined in the following way. For particle u € T®, |u| = i < n, the reproduce law of u is L. This
model has been studied in several papers. Fang and Zeitouni [9] showed that the asymptotic behavior
of the maximal displacement max,cym =, V() under some special settings (two time intervals) on
the reproduction law {L,, ¢t € [0, 1]}. Mallein [10] has generalized the result in [9] to more general
reproduction law (a sequence of macroscopic time intervals). For a smoothly varying environment,
Mallein [11] obtained a new asymptotic behavior of the maximal displacement. However, there is no
result on the barrier problem of the BRWve. In the present paper, we want to extend Theorem 1.1 to
some BRWve with special settings on the varying environment. Define

x,(6) := log E [Z e—“) :

leL,;

Assume that there exists ¢}, v > 0 such that for any s, ¢ € [0, 1],

I (9) = k(9), Kk (F) = k,(F) < 00 (1.8)
and

sup max{k;(? +v), k(¢ —v)} < +o0. (1.9)

t€[0,1]

Furthermore, we assume that «;’ (1) satisfies that
k;'(9) (as a function of ¢) is continuous on [0, 1] and H[lOiIll] K'(9) > 0. (1.10)
tell,
Obviously, BRW is a special case of BRWve when the family {L,, € [0, 1]} is a constant one. In order

to deal with the new model (BRWve), from now on we redefine the survival probability p(e, @) as

p(e,@) := lim minP@Qu € T® : Ju| = k, Vi < k, VO (u;) < &i® — & (9)0).

n—+oo k<

Now we give a generalized version of Theorem 1.1.
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Theorem 1.2. Denote o := min,gqy, 926/ (9), v := “o=. If (1.8), (1.9) and (1.10) hold, then for

a > 1, we have

1
3a-1

- AJAT )QT ¢ a—1
fim &7 log p(e. @) < —ﬂ{(a2ﬂ3) Gaa - 1) } (1.11)
and for a € (1/3,1), we have
— 1 dBa—1) o
lime%Tlogp(e, @) £ —————3y,)%T. (1.12)
gloo (3#@/)3371

2. Preliminary for the proof

Let us give a sketch of the proof. First we give a decomposition of the survival probability
of the BRWve with barrier. Secondly, we transfer BRWve to a triangular array of independent
centered random variables by the version of time-inhomogeneous many-to-one formula which has
been introduced in [10]. Then the survival probability will be dominated by a series of small deviation
probabilities of the triangular array random variables. At last, applying a time-inhomogeneous version
of small deviation principle which has been given in [11], the estimate for the upper bound will
becomes a extremal problem of some continuous functions.

The many-to-one formula, which is essentially a kind of measure transformation, is a basic tool in
the study of the branching random walks, It can be traced down to the early works of Peyriere [12] and
Kahane and Peyriere [13]. We refer to Biggins and Kyprianou [14] for more variations of this result.
Let 7,,x be a random measure on R such that for any x € R we have

Tug (=00, x]) = E(Z 1y Sx}e—ﬂl—Kk/nw)],

IELk/,,

For any given n, we introduce a series of independent random variables {X ;}ien+i<n Whose
distributions are {7, i}, en+ and define
k
(n) ._
S = X
i=1

The following theorem shows the relationship between Sfc”) and the BRWve.

Theorem 2.1. (Mallein [10]) For any n,k € N*, k < n, and a measurable function f : R" — [0, +00),
we have

E Z FV) 1 <i<n)|=E[e @ p(s, 1 <i<n).

lul=n

By many-to-one formula, the barrier problem of a BRWve becomes equivalently to the small
deviation problem for a time-inhomogeneous random walk.

The small deviation problem is a classic topic which attracts intensive attention for many years. We
refer to Mogul’skii [15], Borovkov & Mogul’skii [16], Shao [17] and Lv & Hong [18] as the small
deviation principle for sums of independent random variables. In our proof, a time-inhomogeneous
version of a small deviation principle which has been given in [11] will be used. We state it as follows.
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Theorem 2.2. (Mallein [11]) Let {X wkInkeni<n be a triangular array of independent centered random
variables. We assume that there exists o € C[0, 1] with o_ := mingg 1) 0(s) > 0 and u > 0 such that
forany n,k € N, k < n,

EX;,) = o(k/n) (2.1)
and
sup E(e"®#l) < +oo. (2.2)
nk

Set g, h € C[0, 1] and g(0) < 0 < h(0). Denote S,(c") =S+ Zle X,.... Then we have

sup logP(Vi <n, n'P8§" e [g(i),h(i)] 1S9 = x)

lim =
n—+oo nl/3
2 1 O'Z(S)

—d
=772 )y o) —gor’

This conclusion extends the main result in [15] to the time-inhomogeneous case.
3. Proof of Theorem 1.2

Recall the barrier function f(i) := & — k{ ()i, hence f(i) = &i* - @ from (1.8). We define

aj* k(@)

) oy _ 3
- Ellul eT": |I/l| = vV (I/t) < na/—l/3 4 ( ])
n = ai® ik (%) ai® ik (||
) ! B — — —
Vi< j,V (M)E[a]/3 5 —b(n—1i) ne-13 9

Aul € T : |u| = n, Vi < n,
ai’ ik (d) N ai® iKl(ﬁ)] ,

V() e[ -3 g —b(n - ne-1/3 9

where the exact value of positive constants a, b will be given later. From the definition of p(e, @), we
see for any n € N, it is true that

EN/ A

.
p(an1/3_“,oz)§P(3|u|€T("):|u|:n,ViSn,V(”)(u,-)§ al”__ il ))

ne-13 9

n

IA

H;, +H.,. 3.1)
J=1

Define Tl.(") =S l(.”> + ik (). By Markov inequality and Theorem 2.2, it is true that

H; —E( T('”l{

(n) i ik (9) i i1 (9) (n) . Jjk1 ()
vi<jsS;"e [ Ve G M e v Sl :/ T3 —bln=j) 3 -2 })
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daj _

. ﬂb(n_j)1/3 . . (n) ﬁa
na=1/3
<e P{Vi< jT,” € e

l‘(l

—9b(n - i)', E])

na-1/3

By the same way we get

H*,n < eﬂanl/SP(Vi <n, T,'(n) c [ _ ﬁb(}’l _ i)1/3,

n(z—1/3 n(l—1/3

Jai® Jai® ])
Note that for any n € [Nk, (N + 1)k], it is true that

log p(an'*=, a) - log p(a(Nk)'*~*, a)
Ak S (Nt DR

(3.2)
Hence we have

= @ logpan' ) - N o awi logpaNK)' ", @)

n—0o nl’3 N+ 1 ko VNk
Taking N — oo, from (3.1) we get

1
— g% logp(an'/??,
im g p(

n—300 PE

o n%l 1/3—a
< lim lim a1 log p(a(Nk) @)

N—o0 k—o0 \3/N_k

____awlog (Z?Z‘l Hjyi + H*,Nk)
< lim lim .

N—o0 k—o0 m

@)

(3.3)

We observe that

=z

k

Hni + H, ni
T

~.
11

<

M=

_Pal® g A 173
k+1) (e ge-173 ~Ob(Nk=lk) )X

~
]

1

Jai° ai®
P(Vis (- Dk, T e[ O 9b(NK - i)' L]) (3.4)

(Nk)a/—l/3 ’ (Nk)a—1/3

To apply Theorem 2.2, we need to verify that the sequence {Tl.(”)} satisfies all conditions in Theorem 2.2.
According to Theorem 2.1, we see

E (ZzeL,-/n le‘ﬁl)

E(Xn,i) =
E ZZEL,'/” e_ﬂl>

= —K| ().

We observe that (1.8) and the above equality imply that
E(T" = T")) = 9B(X,..) + 1 (8) = =0/, () + 1 () = 0,

i/n
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thus we see ]E(Tl.(”)) =0, Vi, n € N. Moreover, Theorem 2.1 tells that

B (ZZELi/" lze_m) E (ZleL,»/,, e_m) B [E (ZleLi/n le_ﬁl)]z

E (ZleLi/n 6_191)2
=E(X;,) — (EX,)).

Klf;n(ﬂ) =

Hence we have
Var(T™ = T") = #*Var(S " — ") = 9°Var(X,.;) = 9°«/,,(®),

where Var presents the variation, that is to say, (1.10) ensures that {Tl.(”)} meets (2.1). Next we check
(2.2). Note that

E ( ST-TY) |) < 1R (o)

and
Kifn(H(1 —u)) k(31 + u))

+
Ki/n(D) Ki/n(D)
Therefore, (1.9) ensures that {Tl.(")} meets (2.2). We rewrite the probability in (3.4) as

E ( em?lX,,,,'l) <E ( em?x,,,,-) +E ( e—uﬂxn,,-) —

P(ws(l—l)k,T;me[ DAl o Nk — i) I’LD

(Nk)af—l/3 ’ (Nk)a—]/?:

. T 1-1\"  Yai N i
:P(VZSU_D’" [0~ DR _( N ) <l—1>k€l_’”’\/l—1 _<l—1>k’0]]'

Let (I — 1)k play the role as n in Theorem 2.2, from (3.3) and (3.4) we get

ﬁ(anl/‘?_“)ﬁ log o(an'* 7, a)
1/3-a
— o= Tim logp(ar: , @)
n—oo n /3
-— I\* 3 [ e | ! ” N -3
< i m(ﬁ(ﬁ) NN TN TN GOz -a) ] 69
Recall the definition of o_ and define y,, := #, we get
lim n™s log p(an'*®, @)
_— l ¢ 3 l 3’)/0— 3 l— 1
< —| = - _ — —
< wm, 1o (ﬁ“(zv) A A [1 Y ]]
< sup (x), 3.6)

x€[0,1]

where ¢(x) := dax® + (% - ﬁb) VI —x- %, x € [0, 1]. Because of the monotonicity of p(g, @) on &,

by a similar argument as (3.2)—(3.3) we can see that for any a > 0,

— w1 log plan'/?@,

- 1 01)
lim 31 log p(g, @) = lim .
el0 gp( ) n—+oo n]/3

(3.7)
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By the light of (3.6) and (3.7), next we need to consider how to take the value of a, b to get the minmum

of Sup, (.17 P(x).
(i) For the case @ > 1, we let positive constants a, b satisfy that

by, 3V
Yaa + 3 0 and 9b — Sip7 S 0. (3.3)

Note that

1 3y, 1
’ _ a—1 o
¢'(x) = aaIx"" + 3 (ﬁb - ﬁsz) T

(3.8) implies that max e, 17 ¢’(x) < 0. That is to say,

sup ¢(x) = ¢(0) = —9b.
x€[0,1]

Combining (3.5), (3.6) with (3.8) we get

lim (an'*~*)% log o(an'*~, a) < —9ba=

1
b - 3a-1
— b (— e )

30 a®’h?
1
b3 3a—-1
—_glpe3| X _ 2| . 39

Noting that

a— 3 o
O I
=X F(a - 1) —ax|,
1/3
hence we choose b = (% ! , which satisfies the second condition in (3.8) and the last line in (3.9)
will take its maximum. Finally, from (3.7) we complete the proof of (1.11).

(i1)) Now we consider the case a € (%, 1). Recall that

3o ; 3Ye
¢(X)::z9ax“+( Y —ﬂb)\/zl—x—ﬂzybz.

Hence it is true that

3o 3o 3o
ngﬁ] ¢(x) < Pa + max {O, e ﬂb} ~ < (a — max {b, }) .

From this point we choose b = (3y,)!/? /9 such that 9b — % = 0, hence it is true that

@gaﬁ log p(e) < —da™ (b — a).

By direct caculation we see
dlamT(b - a)] b 2 ( 3a

= 3a-1 —

da 3a—1" 3a—1
thus the best choice of a is a := %. Finally we get
P3a ;1) b

Ba)z- BYa) g
which completes the proof of (1.12). O

L -
)a3a—1 = ba 1 — 30’

19(30’ - 1) a
—— (),

_— 1
lim g3T ] < -
5383 Tlogp(e) <
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