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Abstract: As a generalization of BE-algebras, the pseudo BE-algebra was introduced by Borzooei et
al., and the notions of pseudo subalgebras and pseudo filters in pseudo BE-algebras were defined, and
some related properties were investigated. In order to further study pseudo subalgebras and pseudo
filters in pseudo BE-algebras, concepts of pseudo atom, atomic pseudo BE-algebra, and atomic pseudo
filter are introduced and related studies are conducted. The conditions under which pseudo-filters can
be created using a nonempty set, and the conditions under which non-unit elements can be pseudo-
atoms are explored. Characterization of atomic pseudo BE-algebra is discussed, and conditions are
provided under which pseudo subalgebra can be pseudo filters. The relationship between a set of
pseudo atoms and a pseudo subalgebra is considered, and the conditions under which a pseudo filter
can be atomic are found.
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1. Introduction

BCK-algebras and BCI-algebras were introduced by Iséki [8] as algebras induced by Meredith’s
implicational logics BCK and BCI. Kim et al. were defined BE-algebras in [10] as a generalization
of BCK-algebras. Since then, they have been studied intensively by many authors (see [1,2,5,11–16]).
Pseudo-BCI-algebras were introduced by Dudek and Jun [7] as a non-commutative generalization
of BCI-algebras, and Jun et al. [9] studied pseudo-BCI ideals of pseudo-BCI algebras. The pseudo
BE-algebra was introduced as a generalization of BE-algebras by Borzooei et al. [3], and has been
intensively studied by several authors (see [4, 6, 17]). In particular, the notions of pseudo subalgebras
and pseudo filters were defined, and investigated some related properties in [3].
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The purpose of this paper is to further study pseudo subalgebras and pseudo filters in pseudo
BE-algebras. To this end, we introduce the concepts of pseudo atom, atomic pseudo BE-algebra, and
atomic pseudo filter to conduct related research. We note that every pseudo filter is a pseudo
subalgebra, but the converse may not be true. So we provide a condition for a pseudo subalgebra to be
apseudo filter. We explore the conditions under which we can make a pseudo filter using a nonempty
set. We explore conditions for the non-unit element to be a pseudo atom. We discuss the
characterization of atomic pseudo BE-algebras. We provide conditions for a pseudo subalgebra to be
a pseudo filter. We consider the relationship between the set of pseudo atoms and pseudo subalgebras.
We find conditions for a pseudo filter to be atomic.

2. Preliminaries

Definition 2.1 ( [10]). A BE-algebra, denoted by X := (X; ∗, 1), is defined to be a set X together with
a binary operation “ ∗ ” and the unit element “1” satisfying the conditions:

(BE1) (∀a ∈ X) (a ∗ a = 1),
(BE2) (∀a ∈ X) (a ∗ 1 = 1),
(BE3) (∀a ∈ X) (1 ∗ a = a),
(BE4) (∀a, b, c ∈ X) (a ∗ (b ∗ c) = b ∗ (a ∗ c)).

Proposition 2.2 ( [10]). Every BE-algebra X := (X; ∗, 1) satisfies the following conditions

(∀a, b ∈ X) (a ∗ (b ∗ a) = 1) . (2.1)
(∀a, b ∈ X) (a ∗ ((a ∗ b) ∗ b) = 1) . (2.2)

Proposition 2.3 ( [10]). A subset F of a BE-algebra X := (X; ∗, 1) is called

• a subalgebra of X := (X; ∗, 1) if it satisfies:

(∀a, b ∈ F)(a ∗ b ∈ F), (2.3)

• a filter of X := (X; ∗, 1) if it satisfies:

1 ∈ F, (2.4)
(∀a, b ∈ X)(a ∗ b ∈ F, a ∈ F ⇒ b ∈ F). (2.5)

Definition 2.4 ( [3]). An algebra (X; ∗,÷, 1) of type (2,2,0) is called a pseudo BE-algebra if it satisfies:
(pBE1) a ∗ a = 1 and a ÷ a = 1,
(pBE2) a ∗ 1 = 1 and a ÷ 1 = 1,
(pBE3) 1 ∗ a = a and 1 ÷ a = a,
(pBE4) a ∗ (b ÷ c) = b ÷ (a ∗ c),
(pBE5) a ∗ b = 1 ⇔ a ÷ b = 1,

for all a, b, c ∈ X.

In a pseudo BE-algebra (X; ∗,÷, 1), a binary relation “ ≤ ” is defined as follows:

(∀a, b ∈ X)(a ≤ b ⇔ a ∗ b = 1 ⇔ a ÷ b = 1). (2.6)
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Proposition 2.5 ( [3]). Every pseudo BE-algebra (X; ∗,÷, 1) satisfies:

(i) a ∗ (b ÷ a) = 1 and a ÷ (b ∗ a) = 1,
(ii) a ∗ ((a ÷ b) ∗ b) = 1 and a ÷ ((a ∗ b) ÷ b) = 1,

for all x, y, z ∈ X.

Definition 2.6 ( [3]). A subset F of X is called

• a pseudo subalgebra of (X; ∗,÷, 1) if it satisfies:

(∀a, b ∈ X)(a, b ∈ F ⇒ a ∗ b ∈ F, a ÷ b ∈ F). (2.7)

• a pseudo filter of (X; ∗,÷, 1) if it satisfies:

1 ∈ X, (2.8)
(∀a, b ∈ X)(a ∈ F, a ∗ b ∈ F ⇒ b ∈ F). (2.9)

Proposition 2.7 ( [3]). A subset F of X is a pseudo filter of (X; ∗,÷, 1) if and only if it satisfies (2.8)
and

(∀a, b ∈ X)(a ∈ F, a ÷ b ∈ F ⇒ b ∈ F). (2.10)

Proposition 2.8 ( [3]). Every pseudo filter F of (X; ∗,÷, 1) satisfies:

(∀a, b ∈ X)(a ≤ b, a ∈ F ⇒ b ∈ F). (2.11)

Proposition 2.9 ( [3]). Every pseudo filter F of (X; ∗,÷, 1) satisfies:

(∀x, y ∈ F)(∀z ∈ X)
 x ≤ y ∗ z ⇒ z ∈ F

x ≤ y ÷ z ⇒ z ∈ F

 . (2.12)

3. Pseudo subalgebras and pseudo filters

In what follows, (X; ∗,÷, 1) stands for pseudo BE-algebra, unless otherwise stated.

Proposition 3.1. Every pseudo filter F of (X; ∗,÷, 1) satisfies:

(∀x, y ∈ X)(y ∈ F ⇒ (y ∗ x) ÷ x ∈ F, (y ÷ x) ∗ x ∈ F). (3.1)
(∀x ∈ F)(∀y ∈ X) (x ∗ (x ÷ y) ∈ F ⇒ y ∈ F) . (3.2)

Proof. Let x ∈ X and y ∈ F. Then y ∗ ((y ∗ x) ÷ x) = (y ∗ x) ÷ (y ∗ x) = 1 ∈ F and y ÷ ((y ÷ x) ∗ x) =
(y ÷ x) ∗ (y ÷ x) = 1 ∈ F by (pBE1) and (pBE4). It follows from (2.9) and (2.10) that (y ∗ x) ÷ x ∈ F
and (y ÷ x) ∗ x ∈ F. The assertion (3.2) is straightforward. □

The combination of (pBE4) and (3.2) induces the following corollary.

Corollary 3.2. Every pseudo filter F of (X; ∗,÷, 1) satisfies:

(∀x ∈ F)(∀y ∈ X) (x ÷ (x ∗ y) ∈ F ⇒ y ∈ F) . (3.3)
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Note that every pseudo filter is a pseudo subalgebra, but the converse may not be true (see [3]). We
provide a condition for a pseudo subalgebra to be a pseudo filter.

Theorem 3.3. If a pseudo subalgebra F of (X; ∗,÷, 1) satisfies the condition (3.2), then it is a pseudo
filter of (X; ∗,÷, 1).

Proof. Let F be a pseudo subalgebra of (X; ∗,÷, 1) that satisfies the condition (3.2). Clearly, 1 ∈ F.
Let x ∈ F and y ∈ X be such that x ÷ y ∈ F. Then x ∗ (x ÷ y) ∈ F since F is a pseudo subalgebra of
(X; ∗,÷, 1), and so y ∈ F by (3.2). Hence F is a pseudo filter of (X; ∗,÷, 1) by Proposition 2.7. □

We explore the conditions under which we can make a pseudo filter using a nonempty set.

Theorem 3.4. Given a nonempty set F of X, the following are equivalent.

(i) F is a pseudo filter of (X; ∗,÷, 1).
(ii) F satisfies (2.11) and

(∀a, b, x ∈ X)
(

a, b ∈ F ⇒
{

(a ∗ (b ÷ x)) ∗ x ∈ F
(a ÷ (b ∗ x)) ÷ x ∈ F

)
. (3.4)

Proof. Assume that F is a pseudo filter of (X; ∗,÷, 1). Then F satisfies (2.11) (see Proposition 2.8).
Let a, b ∈ F and x ∈ X. Using (pBE1) and (pBE4) leads to

a ∗ ((a ∗ (b ÷ x)) ∗ (b ÷ x)) = (a ∗ (b ÷ x)) ∗ (a ∗ (b ÷ x)) = 1 ∈ F

and
a ÷ ((a ÷ (b ∗ x)) ÷ (b ∗ x)) = (a ÷ (b ∗ x)) ÷ (a ÷ (b ∗ x)) = 1 ∈ F.

It follows from (pBE4), (2.9) and (2.10) that

b ÷ ((a ∗ (b ÷ x)) ∗ x) = (a ∗ (b ÷ x)) ∗ (b ÷ x) ∈ F

and
b ∗ ((a ÷ (b ∗ x)) ÷ x) = (a ÷ (b ∗ x)) ÷ (b ∗ x) ∈ F.

Hence (a ∗ (b ÷ x)) ∗ x ∈ F and (a ÷ (b ∗ x)) ÷ x ∈ F by (2.9) and (2.10).
Conversely, suppose that F satisfies (2.11) and (3.4). It is clear that 1 ∈ F by (pBE2) and (2.11).

Let x ∈ F and y ∈ X be such that x ∗ y ∈ F or x ÷ y ∈ F. Then y = 1 ∗ y = ((x ÷ y) ∗ (x ÷ y)) ∗ y ∈ F or
y = 1 ÷ y = ((x ∗ y) ÷ (x ∗ y)) ÷ y ∈ F by (pBE1), (pBE3), and (3.4). Therefore F is a pseudo filter of
(X; ∗,÷, 1). □

Definition 3.5. A non-unit element b in (X; ∗,÷, 1) is called a pseudo atom in (X; ∗,÷, 1) if the
following assertion is valid.

(∀x ∈ X) (b ≤ x ⇒ b = x or x = 1) . (3.5)

Example 3.6. (i) Let X = {1, 2, 3, 4} and define the operations “ ∗ ” and “ ÷ ” on X as follows:

∗ 1 2 3 4
1 1 2 3 4
2 1 1 1 1
3 1 2 1 4
4 1 3 1 1

÷ 1 2 3 4
1 1 2 3 4
2 1 1 1 1
3 1 4 1 4
4 1 4 1 1
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Then (X; ∗,÷, 1) is a pseudo BE-algebra (see [3]), and the element 3 is a pseudo atom in (X; ∗,÷, 1).
(ii) Let X = {0, 1, 2, 3, 4} and define the operations “ ∗ ” and “ ÷ ” on X as follows:

∗ 0 1 2 3 4
0 1 1 2 2 4
1 0 1 2 3 4
2 0 1 1 1 1
3 0 1 1 1 1
4 0 1 2 3 1

÷ 0 1 2 3 4
0 1 1 2 2 4
1 0 1 2 3 4
2 0 1 1 1 1
3 0 1 1 1 1
4 1 1 1 1 1

It is routine to verify that (X; ∗,÷, 1) is a pseudo BE-algebra and the element 0 is the only pseudo atom
in (X; ∗,÷, 1).

We explore conditions for a non-unit element to be a pseudo atom. First, we have the following
question.

Question 1. For every non-unit element b in (X; ∗,÷, 1), if {b, 1} is a pseudo subalgebra of (X; ∗,÷, 1),
then is b a pseudo atom in (X; ∗,÷, 1)?

The example below gives a negative answer to Question 1.

Example 3.7. Let X = {1, 2, 3, 4} and define the operations “ ∗ ” and “ ÷ ” on X as follows:

∗ 1 2 3 4
1 1 2 3 4
2 1 1 1 3
3 1 2 1 4
4 1 1 1 1

÷ 1 2 3 4
1 1 2 3 4
2 1 1 1 2
3 1 2 1 2
4 1 1 1 1

Then (X; ∗,÷, 1) is a pseudo BE-algebra (see [3]). We can onserve that the set F := {1, 2} is a pseudo
subalgebra of (X; ∗,÷, 1). But 2 is not a pseudo atom because of 2 ≤ 3 and 2 , 3 , 1.

Theorem 3.8. For every non-unit element b in (X; ∗,÷, 1), if {b, 1} is a pseudo filter of (X; ∗,÷, 1), then
b is a pseudo atom in (X; ∗,÷, 1).

Proof. Assume that {b, 1} is a pseudo filter of (X; ∗,÷, 1). Let x ∈ X be such that b ≤ x. Then
b ∗ x = 1 ∈ {b, 1} and b ÷ x = 1 ∈ {b, 1}. It follows that x ∈ {b, 1}. Hence b = x or x = 1. Therefore b is
a pseudo atom in (X; ∗,÷, 1). □

The following example shows that the converse of Theorem 3.8 may not be true, that is, there exists
a pseudo atom b in (X; ∗,÷, 1) for which {b, 1} is not a pseudo filter of (X; ∗,÷, 1).

Example 3.9. Let X = {0, 1, 2, 3, 4} and define the operations “ ∗ ” and “ ÷ ” on X as follows:

∗ 0 1 2 3 4
0 1 1 1 1 1
1 0 1 2 3 4
2 2 1 1 0 4
3 1 1 1 1 1
4 1 1 1 2 1

÷ 0 1 2 3 4
0 1 1 1 1 4
1 0 1 2 3 4
2 2 1 1 0 4
3 1 1 1 1 4
4 1 1 1 1 1
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It is routine to verify that (X; ∗,÷, 1) is a pseudo BE-algebra. We can observe that 2 is a pseudo atom.
But {1, 2} is not a pseudo filter of (X; ∗,÷, 1) since 2 ∈ {1, 2}, 2 ∗ 0 = 2 ∈ {1, 2} but 0 < {1, 2}.

Definition 3.10. A pseudo BE-algebra (X; ∗,÷, 1) is said to be atomic if every non-unit element of X
is a pseudo atom in (X; ∗,÷, 1).

Example 3.11. Consider a BE-algebra X = {1, a, b, c} with the following Cayley table.

∗ 1 a b c
1 1 a b c
a 1 1 b c
b 1 a 1 c
c 1 a b 1

If we take ÷ := ∗, then (X; ∗,÷, 1) is a pseudo BE-algebra. It is easily to check that a, b and c are non-
units and they are pseudo atoms in (X; ∗,÷, 1). Therefore (X; ∗,÷, 1) is an atomic pseudo BE-algebra.

Theorem 3.12. If (X; ∗,÷, 1) is a pseudo BE-algebra, then the following assertions are equivalent.

(i) (X; ∗,÷, 1) is atomic.
(ii) (X; ∗,÷, 1) satisfies:

(∀x, y ∈ X)(x , y ⇒ x ∗ y = y = x ÷ y). (3.6)

(iii) (X; ∗,÷, 1) satisfies:

(∀x, y ∈ X)(x , y ⇒ (x ∗ y) ÷ y = 1 = (x ÷ y) ∗ y). (3.7)

Proof. (i)⇒ (ii). Assume that (X; ∗,÷, 1) is atomic. Let x, y ∈ X be such that x , y. Note that y ≤ x÷ y
and y ≤ x ∗ y. Since y is a pseudo atom, we have y = x ÷ y or x ÷ y = 1, and y = x ∗ y or x ∗ y = 1.
If x ÷ y = 1, then x ≤ y and so x = y or y = 1. This is a contradiction. Similarly, x ∗ y = 1 induces a
contradiction. Hence x ∗ y = y = x ÷ y.

(ii)⇒ (iii). Straightforward.
(iii) ⇒ (i). Suppose that (X; ∗,÷, 1) satisfies (3.7). Let x be an arbitrary non-unit element of X

such that x ≤ y for all non-unit element y ∈ X. Then x ∗ y = 1 and x ÷ y = 1. If x , y, then
1 = (x∗y)÷y = 1÷y = y and 1 = (x÷y)∗y = 1∗y = y by (pBE3) and (3.7). This is a contradiction, and
so x = y, which shows that x is a pseudo atom in (X; ∗,÷, 1). Consequently, (X; ∗,÷, 1) is atomic. □

Theorem 3.13. If a pseudo BE-algebra (X; ∗,÷, 1) is atomic, then every pseudo subalgebra is a pseudo
filter.

Proof. Let (X; ∗,÷, 1) be an atomic pseudo BE-algebra. Let F be a pseudo subalgebra of (X; ∗,÷, 1).
Clearly, 1 ∈ F. Let x, y ∈ X be such that x ∈ F, x ∗ y ∈ F and x÷ y ∈ F. It is clear that if x = 1 or y = 1,
then y ∈ F. So we may assume that x and y are non-unit. Note that y ≤ x ÷ y and y ≤ x ∗ y. Since y is
a pseudo atom, we have y = x ÷ y ∈ F or x ÷ y = 1, and y = x ∗ y ∈ F or x ∗ y = 1. If x ÷ y = 1 and
x ∗ y = 1, then x ≤ y. Since x is a pseudo atom, it follows that y = x ∈ F or y = 1 ∈ F. Therefore F is
a pseudo filter of (X; ∗,÷, 1). □
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Given a subset F of X, we consider a set

A(F) := {y ∈ F | y is a pseudo atom in (X; ∗,÷, 1)}. (3.8)

Note thatA(X) is the set of all pseudo atoms in (X; ∗,÷, 1). It is clear that 1 < A(F) and 1 < A(X).

Theorem 3.14. If F is a pseudo subalgebra of (X; ∗,÷, 1), then the set A(F) ∪ {1} is also a pseudo
subalgebra of (X; ∗,÷, 1).

Proof. Assume that F is a pseudo subalgebra of (X; ∗,÷, 1). Let x, y ∈ A(F) ∪ {1}. It is clear that if
x = 1, y = 1 or x = y, then x ∗ y, x ÷ y ∈ A(F) ∪ {1}. Assume that 1 , x , y , 1. Since y ≤ x ÷ y and
y ≤ x ∗ y, we have y = x ÷ y ∈ F or x ÷ y = 1, and y = x ∗ y ∈ F or x ∗ y = 1. If x ÷ y = 1 or x ∗ y = 1,
then x ≤ y. Since x ∈ A(F), it follows that x = y, a contradiction. Hence x ÷ y , 1 and x ∗ y , 1, and
so x ÷ y = y ∈ A(F) ∪ {1} and x ∗ y = y ∈ A(F) ∪ {1}. ThereforeA(F) ∪ {1} is a pseudo subalgebra of
(X; ∗,÷, 1). □

Corollary 3.15. The setA(X) ∪ {1} is a pseudo subalgebra of (X; ∗,÷, 1).

The following example shows that the converse of Theorem 3.14 may not be true.

Example 3.16. Consider the pseudo BE-algebra (X; ∗,÷, 1) in Example 3.9. If we take F := {2, 3},
thenA(X) = {2} and soA(F)∪{1} = {1, 2} is a pseudo subalgebra of (X; ∗,÷, 1). But F is not a pseudo
subalgebra of (X; ∗,÷, 1) since 2 ∗ 3 = 0 < F or 3 ÷ 2 = 1 < F.

Question 2. If F is a pseudo filter of (X; ∗,÷, 1), then is the setA(X)∪{1} a pseudo filter of (X; ∗,÷, 1)?

The following example provides a negative answer to Question 2.

Example 3.17. Let X = {0, 1, 2, 3, 4} and define the operations “ ∗ ” and “ ÷ ” on X as follows:

∗ 0 1 2 3 4
0 1 1 0 3 4
1 0 1 2 3 4
2 1 1 1 3 4
3 0 1 2 1 1
4 0 1 2 3 1

÷ 0 1 2 3 4
0 1 1 0 3 4
1 0 1 2 3 4
2 1 1 1 3 4
3 0 1 2 1 4
4 1 1 0 3 1

It is routine to verify that (X; ∗,÷, 1) is a pseudo BE-algebra. We can observe that F = {0, 1, 2} is a
pseudo filter of (X; ∗,÷, 1). But A(F) ∪ {1} = {0, 1}, and it is not a pseudo filter of (X; ∗,÷, 1) since
0 ∈ A(F) ∪ {1} and 0 ∗ 2 = 0 ÷ 2 = 0 ∈ A(F) ∪ {1} but 2 < A(F) ∪ {1}.

Definition 3.18. A pseudo filter F of (X; ∗,÷, 1) is said to be atomic if F = A(F) ∪ {1}.

Example 3.19. Let X = {0, 1, 2, 3, 4} and define the operations “ ∗ ” and “ ÷ ” on X as follows:

∗ 0 1 2 3 4
0 1 1 2 3 4
1 0 1 2 3 4
2 0 1 1 3 4
3 0 1 1 1 4
4 0 1 1 3 1

÷ 0 1 2 3 4
0 1 1 2 3 4
1 0 1 2 3 4
2 0 1 1 3 4
3 0 1 1 1 1
4 0 1 1 3 1
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It is routine to verify that (X; ∗,÷, 1) is a pseudo BE-algebra. Let F = {0, 1, 2}. Then F is a pseudo
filter of (X; ∗,÷, 1) and F = A(F) ∪ {1}. Hence F is an atomic pseudo filter of (X; ∗,÷, 1).

Theorem 3.20. In an atomic pseudo BE-algebra, every pseudo filter is atomic.

Proof. Let F be a pseudo filter of an atomic pseudo BE-algebra (X; ∗,÷, 1). It is clear thatA(F)∪{1} ⊆
F. Let x be a non-unit element of F. Then x is a pseudo atom since (X; ∗,÷, 1) is atomic. Hence
x ∈ A(F), and so F ⊆ A(F) ∪ {1}. Therefore F is atomic. □

Theorem 3.21. Let F be a pseudo filter of (X; ∗,÷, 1). Then F is atomic if and only if it satisfies:

(∀x, y ∈ F)(x , y ⇒ x ∗ y = y = x ÷ y). (3.9)

Proof. Assume that F is an atomic pseudo filter of (X; ∗,÷, 1). Let x, y ∈ F be such that x , y. If
x = 1, then y , 1 and so 1 ∗ y = y = 1 ÷ y by (pBE3). If y = 1, then x , 1 and so x ∗ 1 = 1 = x ÷ 1 by
(pBE2). Suppose that 1 , x , y , 1. Since y ≤ x÷ y and y ≤ x ∗ y, we have y = x÷ y or x÷ y = 1, and
y = x ∗ y or x ∗ y = 1. If x ÷ y = 1 or x ∗ y = 1, then x ≤ y. Since x ∈ A(F) and y , 1, it follows that
x = y, a contradiction. Hence x ÷ y , 1 and x ∗ y , 1, and thus x ∗ y = y = x ÷ y.

Conversely, suppose that F satisfies the condition (3.9). It is clear that A(F) ∪ {1} ⊆ F. Let x be
a non-unit element of F such that x ≤ y for all non-unit elements y ∈ X. Then y ∈ F. If x , y, then
1 = x ∗ y = y = x ÷ y = 1 by (3.9). This is a contradiction, and so x = y. Thus x ∈ A(F), and hence
F ⊆ A(F) ∪ {1}. Therefore F is an atomic pseudo filter of (X; ∗,÷, 1). □

4. Conclusions

As a generalization of BE-algebras, the pseudo BE-algebra was introduced by Borzooei et al. and
has been intensively studied by several authors. In particular, the notions of pseudo subalgebras and
pseudo filters were defined, and investigated some related properties. For the further study of pseudo
subalgebras and pseudo filters in pseudo BE-algebras, we have introduced the concepts of pseudo atom,
atomic pseudo BE-algebra, and atomic pseudo filter, and have investigated the related properties We
have provided a condition for a pseudo subalgebra to be apseudo filter, and have explored the conditions
under which we can make a pseudo filter using a nonempty set. We have established conditions for
the non-unit element to be a pseudo atom, and have discussed the characterization of atomic pseudo
BE-algebras. We have provided conditions for a pseudo subalgebra to be a pseudo filter, and have
considered the relationship between the set of pseudo atoms and pseudo subalgebras. We have found
conditions for a pseudo filter to be atomic. Future research will focus on the study of fuzzy and soft
set theory about the ideas and results of this paper.
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