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1. Introduction and Preliminaries

Fixed point theory concept is a widely recognized as a subject with implications in different domains
as mathematical sciences, engineering, computer sciences. This area interact with all the mathematics
research branches, including geometry, algebra and topology. The start point of fixed point theory
has been done by Banach [1] by introducing the notion of contraction mapping in a complete metric
space, in order to find fixed point of the specified operators. This classical theorem of Banach [1],
well-known as Banach contraction principle, has been studied and generalized by many researchers in
diverse methods (see [5-23]). Moreover, fixed point techniques play a very important role in proving
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of the existence and uniqueness of the solution of different type of equations as: integral equations,
differential equations, fractional differential equations, etc. In this direction we recall [24-32].

Classical definition of metric space was generalized by Harandi [3] by introducing the notion of
metric like space. Azam et al. introduced in [2] the notion of complex valued metric space. Then,
the notion was generalized by Hosseni and Karizaki [4], giving the notion complex valued metric like
space. Bakhtin [5] and Czerwik [6] generalized the metric space by giving the idea of b-metric spaces.
Aslam et al. [7] introduced later the notion of complex valued controlled metric type space.

Abdeljawad et al. presented the idea of double controlled metric type space (DCMLS) in [10],
which was a generalization of Kamran et al. [8] and Mlaiki et al. [9] notions.

Further, let us recall some definitions and results useful in the introduction of our new concept.

Let C be the set of complex numbers and wy,w, € C. Since we cannot compare in usual way
two complex numbers, let us add to the complex set C the following partial order <, known in related
literature as lexicographic order

w; S w, if and only if Re(w;) < Re(w,) or (Re(w;) = Re(w,) and Im(w) < Im(w,)).

Taking into account the previous definition, we have that w; < w;, if one of the next conditions is
satisfied:

(Py) Re(w) < Re(w,) and Im(wy) < Im(w,);
(P3) Re(w;) < Re(w,) and Im(wy) = Im(wy);
(P3) Re(w;) < Re(w,) and Im(wy) > Im(wy);
(P4) Re(w)) = Re(w,) and Im(w;) < Im(wy).

Let us recall the definition of complex valued extended b-metric given by N. Ullah et al. in [12].

Definition 1.1. [/2] Let X be a non empty set and let ¥ : X X X — [1, 00) be a function. The function
hep: XXX — C is said to be complex valued extended b-metric if the following conditions are satisfied:

(CEB)) 0 < hep(p, q) and hey(p, q) = 0 if and only if p = q,
(CEB:) hep(p, q) = hev(q, p),
(CEB3) hep(p, 1) 2 Hp, Dlhen(p, g) + hep(q, )],
forallp, q, r € X. A pair (X, h.p) is called a complex valued extended b-metric space.

Mlaiki et al. [9] generalized the notion of h-metric spaces as follows.

Definition 1.2. [9] Given o: X X X — [1, 00), where X is nonempty and let h.: X X X — [0, 00).
Suppose that
(CMT,) he(p,q) = Oifand only if p = q,

(CMTZ) hc(p’ Q) = hc(Qv P),
(CMT3) he(p,q) < o(p,h(p,r) +o(r,)h.(r,q),

forall p, q, r € X. Then, h. is called a controlled metric type and the pair (X, h.) is called a controlled
metric type space.

Definition 1.3. [16] Be given two non-comparable functions o, ¢: X X X — [1,00), where X is
nonempty. If hy: X* — [0, 00) satisfies
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(DCMLy) hg(p,q) =0 = p=gq,
(DCML5) hy(p,q) = ha(q, p),

(DCML3) ha(p,q) < o(p, Nha(p,r) + s(r, Qha(r, q),
forall p, q, r € X, then, hy, is called a double controlled metric like by o and ¢, and (X, hy) is called a

double controlled metric like space (DCMLS).

Definition 1.4. [/1] Be given two non-comparable functions o,¢: X X X — [1,00), where X is
nonempty. If heq: X* — [0, o) satisfies
(CDCMT,) heap,q) =0 &= p=gq,

(CDCMT>5) heal(p, q) = hea(q, p),

(CDCMT3) hea(p, q) 3 0(p, Dhear(p, 1) + (1, Qhear(r, @),

forall p, q, r € X, then, h.y, is called a complex valued double controlled metric type by o and g, and
(X, heqr) is called a complex valued double controlled metric type space(CDCMTS).

Recently Panda et al. [11] presented idea of complex valued double controlled metric type space
(CDCMTYS). Inspired by Panda et al. [11], in this article we will present the concept of complex
valued double controlled metric like space (CDCMLS). Then two fixed point theorems in CDCMLS
are presented. One of them is the Banach contraction principle and the second one is the related to
Reich type result. The theorems are validate with the help of some examples. Moreover, an
application to prove the existence and the uniqueness of a solution of a Fredholm type integral
equation is given.

2. Complex valued double controlled metric like spaces

This section is dedicated to the introduction of our generalization-complex valued double controlled
metric like spaces (CDCMLS). Then let us present first the definition of such a type of space and then,
an illustrative example of it.

Definition 2.1. Be given two non-comparable functions o,¢: X X X — [1, 00), where X is nonempty.
If hegi: X2 — [0, 00) satisfies

(CDCMLy) hea(p,q) =0 = p=gq,

(CDCMLs) healp, q) = hea(g, p),

(CDCML3) hea(p, 1) 3 0P, Qheal(ps @) + §(q, Nhear(q, 1),
forall p, q, r € X, then h.y is called a complex valued double controlled metric like by o and ¢ and
(X, heqy) is called a complex valued double controlled metric like space(CDCMLS).

Remark 2.1. A complex valued double controlled metric type space is also a complex valued double
controlled metric like space in general. The converse is not true in general. This conclude that, it is a
more generalized version than the one of complex valued extended b- metric type space.

Example 2.1. Let X = {1,2,3}. Consider the complex valued double controlled metric like h = h.y
defined by
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h(1,1) = h(2,2) =0 and h(3,3) = é
h(1,2) = h(2,1) =2+ 4i, h(2,3) = h(3,2) =i, h(1,3) = h(3,1)=1-1i

Taking o0,¢: X X X — [1, 00) to be symmetric and defined by

o(1,1) = 0(2,2) =0(3,3) = 1, 0(1,2) = 0(2, 1) = £, 0(2,3) = 0(3,2) = £, 03, 1) = 0(1,3) = {3,
and

s(1,D)=¢6(2,2)=6¢(3,3) = 1,6(1,2) =¢(2,1) = £, 6(2,3) = ¢(3,2) = 3, ¢(3,1) = ¢(1,3) = §.

The conditions (CDCML,) and (CDCML,) hold.
Next, we will verify (CDCM Ls).
Casel. Whenp=qg=r=1,

lA(p,r)| = |A(1,1)| =0=<0=0+0=po(, DAL, 1)| + ¢(1, DIA(1, 1)|
= o(p, lh(p, | + s(q, N|h(q, r)l.

Case2. Whenp=2,g=r=1,

6 6
lh(p, P = |h(2, D] = V20 < < V20 = < V20 + 0 = 02, DI2, DI + (1, DI, 1))
= o(p, lh(p, @)| + s(g, r)lh(g, r)|.
Case3. Whenp=3,qg=r=1,

151 151
h(p,r)| = |h(3, 1| = V2 < 100 2= 100 V2 +0 = o(3, DIG, D]+ ¢(1, DAL, 1))
= o(p, PI(p, Q| + s(q, r)|h(q, ).

Cased. Whenp=r=1,g=2,

12 6 6
(p, )l = 1h(1, Dl =0 < = V20 = S V20 + S V20 = o(1,2)Ih(1,2)] + ¢(2, DIA(2, 1)
= o(p, Qlh(p, @)| + s(g, r)lh(g, r)|.
CaseS. Whenp=r=1,¢q =3,

1253 151 8
= = < — = —_— — =
lh(p,r)l =1h(1,1)] =0 < 300 2 100 2+ 3 V2 = o(1,3)h(1,3)| + ¢(3, DIA(3, 1)
= o(p, Plh(p, @)l + s(g, (g, 7).

Case 6. Whenp=q=1,r=2,

lh(p, r)| = |h(1,2)] = V20 < g@ =0+ g V20 = o(1, DIA(L, D] + ¢(1, 2)|A(1, 2)|

= o(p, PI(p, | + s(q, Nlh(q, ).
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Case7. Whenp=q=1,r=3,

lh(p, )| = 1h(1,3)| = V2 < g V2=0+ g V2 = o1, DI(1, D] + ¢(1,3)|A(1, 3)|
= o(p, PI(p, | + s(q, |h(q, ).

Case8. Whenp=q=2,r=1,

lh(p, )| = |h(2,1)] = V20 < g V20 =0+ g V20 = 0(2, 2)|h(2,2)| + ¢(2, DIA(2, 1)
= o(p, Ih(p, Pl + s(q, Nlh(q, ).

Case9. Whenp=2,q=3,r=1,

V20 < 24+40V2 8 + g V2 = 0(2,3)Ih(2,3)| + ¢(3, DIAG3, 1)|

lh(p, )| = |h(2,1)| = T =3
= o(p, PI(p, | + s(q, r)|h(q, 7).

Case 10. Whenp=3,g=2,r=1,

8+6v20 8
lh(p, )| = 1h(3,1)| = V2 < —=:

= o(p, Ih(p, Q| + s(q, Nlh(q, ).

+ g V20 = 0(3,2)|h(3,2)| + ¢(2, DIA2, 1))

Case11. Whenp=q=3,r=1,

V2 < 3+16v2 1 + g V2 = 0(3,3)1(3,3)] + ¢(3, DIAG, 1))

|h(p, )l = |3, D] = G =3
= o(p, PIh(p, Pl + (g, r)lh(g, r)l.

Case 12. Whenp =1, qg=r =2,

Ih(p, r)| = |h(1,2)] = V20 < g V20 = g V20 + 0 = o(1,2)lh(1, 2)| + ¢(2,2)|h(2,2)|
= o(p, PI(p, Pl + s(q, Nlh(q, ).

Case13. Whenp=1,qg=3,r =2,

453V2 +800 151 8
I(p, P = |h(1,2)| = V20 < 300 = 100 V2 + 3~ o(1,3)|h(1, 3)| + ¢(3,2)|h(3,2)]
=o(p, PI(p, | + s(q, lh(q, ).

Case14. Whenp=r=2,q=1,

lh(p, r)| = |h(2,2)] = 0 < 15—2 V20 = g V20 + g@ =02, DIh2, D] + ¢(1, 2)A(1,2)|

=o(p, Ih(p, | + s(q, lh(q, ).

Volume 8, Issue 2, 4944-4963.



4949

Case 15. Whenp =g =r =2,

lh(p, N = h(2,2)] =0<0=0+0=0(2,2)A2,2)| + ¢(2,2)h(2,2)]
=o(p, lh(p, @l + s(q, |h(q, ).

Case 16. When p =r =2, q = 3,

13 8 33
Ih(p. 1) = (2, D) =0 = 7= = = + 55 = 0(2, )2, 3)| + ¢G, 2)|A(3. 2)|

= o(p, PI(p, Pl + s(q, |h(q, ).

Case17. Whenp=3,qg=1,r =2,

151 120 151
h(p,r) = |h(3,2)| = 1 < \r1+00 V20 _ «f V_ 03, DIA3, )] + s(1,2)h(1,2)|

= o(p, PIh(p, | + s(q, r)|h(q, ).

Case 18. When p=3,q=r =2,

8 8
lh(p, )| =1h3,2)| =1 = s=3t 0 =0(3,2)|h(3,2)| + ¢(2,2)|h(2,2)]
=o(p, PIh(p, QI + s(g, r)lh(q, ).

Case 19. Whenp=q=3,r=2,

43 1 33
lh(p, )| =1h3,2)| =1 = =% =7%t%%" 0(3,3)Ih(3,3)| + ¢(3,2)|h(3, 2)]
= o(p, PIh(p, 9| + s(q, rh(g, r).

Case 20. Whenp=1,qg=2,r =3,

|h(p, )| = |h(1,3)| =
= o(p, Plh(p, @I + s(q, r)lh(g, r).

24V20+33 6 33
V2= % = 5 V20 + 25 = o(L.2)lA(1, )] + 62, 3)lA(2.3)

Case21. Whenp=1,qg=r=3,

151V2+50 151 1
Ih(p, )| = 1h(1,3)| = V2 < 100 =100 V2 + 3~ o(1,3)|h(1, 3)| + ¢(3, 3)|A(3, 3)|
= o(p, PIh(p, @)l + s(q, r)lh(q, r).

Case22. Whenp=2,qg=1,r =3,

\h(p, )l = 1h(2,3)] = 1= 8 @1; 40\2 = g@ + g V2 = 0(2, DI, DI + 6(1, 3)lA(1, 3)

= o(p, PI(p, | + s(q, r)|h(q, 7).
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Case 23. When p=q =2, r =3,

33 33
Ih(p, )l = 1(2, 3] = 1 = 55= 0+ =5 = 02, 2|42, 2)| + ¢(2, 3)A(2, 3)]

= o(p, PIh(p, @l + s(q, r)|h(q, 7).

Case24. Whenp =2, q=r =3,

21 8 1
lh(p,r)l =1h(2,3) =1 < T0-573° 0(2,3)|h(2,3)| +¢(3,3)Ih(3,3)|
= o(p, PIh(p, @I + s(q, r)|h(q, ).
Case 25. Whenp=r=3,q=1,

1 1253 151 8
= =—-<— = — — =
lh(p, )| = |h(3,3)| 5> =300 2 100 2+ 3 V2 = 0(3, DI, DI + ¢(1,3)lA(1, 3)|

= o(p, PI(p, | + s(q, r)|h(q, 7).

Case 26. When p=r=3, q = 2,

1 13 8 33
= =< — = — — =
|h(p, )| = |h(3, 3)] 3T 5 0(3,2)|h(3,2)| + (2, 3)|h(2, 3)]
= o(p, Plh(p, Pl + s(q, NIh(q, ).
Case 27. When p=q=r =23,

1 1 1
lh(p,r)| = |h(3,3)| = 5 3 1= 5*t3= 0(3,3)Ih(3,3)| + ¢(3,3)|h(3, 3)|
= o(p, PIh(p, @l + s(q, r)lh(q, ).

Thus, h = h.q is complex valued double controlled metric like space(CDCMLS).
But whenp =2,qg=3,r=1,

6 6
Ih(p, )| = |h(2, D] = V20 £ S0+ V2) = S+ V2] = 92, DIIAR, 3)| + A3, D]
= 9(p, Pllh(p, )| + (g, 7).

Thus, h = h.q is not a complex valued extended b-metric type for the function 9.

Let us discuss in the following the continuity property in the complex valued double controlled
metric like space (CDCMLYS).

Definition 2.2. Let (X, h.y) be a complex valued double controlled metric like space (CDCMLS) by
one or two functions.

(1) The sequence {p,} is convergent to some p in X, if for each positive &, there is some integer Z. such
that h.q(pn, p) < € for each n > Z,. It is written as lim p, = p.
n—o00

AIMS Mathematics Volume 8, Issue 2, 4944-4963.
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(2) The sequence {p,} is said Cauchy, if for every € > 0, h.q/(p,, pm) < € for all m,n > Z,, where Z, is
some integer.

(3) (X, heq) is said complete if every Cauchy sequence is convergent.

Definition 2.3. Let (X, h.y) be a complex valued double controlled metric like space (CDCMLS) by
either one function or two functions—for p € X and [ > 0.
(i) We define B(p, 1) as
B(p,D =1{y € X, hear(p,y) < 1}.

(ii) The self-map Y on X is said to be continuous at p in X if for all 6 > 0, there exists | > 0 such
that
T(B(p,D) € B(Tp,0).

Note that if 1" is continuous at p in (X, h.4), then p, — p implies that Yp, — YT p when n tends
to oo.
One can prove the following lemmas for the specific case of CDCMLS, in a similar way as in [14].

Lemma 2.1. Let (X, h.y) be a CDCMLS and assume a sequence {d,} in X. Then {d,} is Cauchy
sequence < |h.y(d,,d,)| — 0as m,n — oo, where m,n € N.

Lemma 2.2. Suppose (X, h.q) be a CDCMLS and {d,} be sequence in X. Then {d,} converges to
d = |h.g(d, d)| —> 0asn — .

Lemma 2.3. Let (X, heq;)) be a CDCMLS. Then a sequence {d,} in X is Cauchy sequence, such that
d,, # d,, whenever m # n. Then {d,} converges to at most one point.

Lemma 2.4. For a given complex valued controlled space (X, h.q), the complex valued double
controlled (c.v.dc) metric like function h.gy: X X X — C is continuous, with respect to the partial
order “ 57,

Lemma 2.5. Consider (X, h.q) be a CDCMLS. Limit of every convergent sequence in X is unique, if

the functional h.y: X X X — X is continuous.

The next scheme it is necessary to draw the relations between the recently generalizations of
complex valued metric space.

‘b— metr. sp. ‘ - ’extended b-metr. sp.‘ — ‘contr. metr. sp.‘ - ‘ double contr. metr. sp.‘

! l

‘c.v. b- metr. sp. ‘ - ‘C.V.extend b-metr. sp.‘ - ‘C.V. contr. metr. sp. ‘ — ‘c.v. double contr. metr. sp.

3. Fixed point theorems in CDCMLS

In our first theorem of this section we prove the Banach contraction type theorem in CDCMLS.

Theorem 3.1. Let (X, h.q)) be a CDCMLS by the functions o,¢: X X X — [1,00). Suppose that Y':
X — X satisfies

h(Y'p,Tq) 3 lhea(p, q), (3.1

AIMS Mathematics Volume 8, Issue 2, 4944-4963.
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forall p,q € X, where l € (0, 1). For py € X, choose p, = X" py. Assume that

. Q(pt+1, pL+2)
sup lim ——————

1
S'(Pz+1’l7m) < .
m>1 7 Q(pupwl) [

In addition, for each p € X, suppose that

lim o(p, p,) and lim ¢(p,, p) exist and are finite.

Then, " has a unique fixed point.

(3.2)

(3.3)

Proof. Consider the sequence {p, = T"po} in X that satisfies the hypothesis of the theorem. By using

(3.1), we get

hear(Pns Prs1) 3 Uhea(po, p1), for all n > 0.

Let n, m be integers such that n < m. We have

hcdl(pn’ pm) s Q(pn» pn+1)hcdl(pn’ pn+1) + g(pn+1’ pm)hcdl(pn+1’ pm)

AIMS Mathematics

3 0(Pus PusDhea(Pus Prs1) + S(Pusts Pm)O(Pusts Pus2)hear(Prsts Pos2)
+ §(Pns1> Pm)S(Prs2s Pmdhcar(Puvas Pm)

3 0(Pns P D1eat(Prs Prst) + S(Pusts Pm)O(Pusts Pus2)hear(Prsts Pos2)
+ S(Puits Pm)S(Pus2s Pi)O(Pur2s Pue3)car(Pns2s Pus3)

+ §(Pn+1, Pm)S'(Pn+2, Pm)S'(Pn+3, pm)hcdl(pn+3a pm)
< ...

m—2 ]
3 Q(pn» pn+1)hcdl(pna pn+l) + Z ( l_[ S'(P;s Pm))Q(Pu P4+1)hcdl(Pn Pt+1)
t=n+1 j=n+l
m—1
+ n S(prs Prhcar(Pm-1> Pm)
k=n+1
m—2 L

3 0(Pus Pus ) hearl(po, p1) + Z (1_[ §(pj> PmDO(Pe> P ) car(pos P1)

t=n+1 j=n+l

m—1
+ l_[ S'(PL, pm)lm_lhcdl(po’ pl)

t=n+1

m=2 L
2 0(pu Pac)hea(po, P + ) ([ ] s> PP pec)hcar(pos p1)

t=n+1 j=n+l
m—1
(| | o o)™ 0, Pwdcar(pos p1)
t=n+1
m—1 L
= 0(Pns Pus )" hear(po, p1) + Z ( n s(pj, p)O(pu, ) hear(po, p1)
t=n+1 j=n+1
m—1 L
2 0(Pws P ) heai(po, PO + ) (| | 5(Pss PuDe(pis et ear(pos p1)-

=n+1 j=0

(3.4)

Volume 8, Issue 2, 4944-4963.
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We used o(p, q) > 1. Let

8
Rg = Z( ' S'(pj, pm))Q(pLa P¢+1)lt'

=0 j=0
Hence, we have
hcdl(pn’ pm) 3 hcdl(pOa Pl)[an(Pn, pn+l) + (Rm—l’ Rn)] (35)

The ratio test together with (3.2) imply that the limit of the real number sequence {R,} exits. Then
{R,} 1s a Cauchy sequence.

Indeed, the ration test is applied to the term v, = (1_[ s(pjs pm))O(p., pir1). Letting n,m tend to oo

=0
in (3.5) yields

n}?iglm hear(Pn> Pm) = 0,

so the sequence {p,} is Cauchy. Since (X, h.4) is a complete double controlled metric type space, there
exists some « € X such that

lim hcdl(pn» K) =0.
We claim that Tk = x. By (DCML3), we have
h(k, pp+1) S 0K, p)hcai(ks pu) + §(Pns PusDNeal(Pns Prv1)- (3.6)

Using (3.3) and (3.6), we get that
lim A(k, pp1) = 0. (3.7

By (3.1), we have

h(k, Yk) 3 0(K, Prs)hcar(K, Ppit) + §(Pus1> YOReai(Prst, Tk)
< Q(P, pn+l)hcdl(K9 pn+1) + l§(Pn+1, TK)hcdl(pm K)-

Using (3.3) and (3.7), we get at the limit h.4(x, Tk) = 0, that is, Tk = k. Let @ in X be such that
Tn = w and k # w. We have

0 < hea(k, @) = heqi(Yk, Yk) < Theq(k, @).

Contradiction. Then « = @w. Hence, « is the unique fixed point of Y. O

Remark 3.1. The assumption (3.3) of the Theorem 3.1 above given can be replaced by the assumptions
that the mapping Y and the complex valued double controlled metric h are continuous. Indeed, when
Pn — K, then Y p, — Tk and hence we have

lim 7.q/(Cp,, Yx) = 0 = im heq(Cppy1, Th) = plk, Tk),

and hence Tk = k.
The Theorem 3.1 is illustrated by the following examples.
Example 3.1. We endow X = {1, 2,3} by the following CDCMLS h = h.y

AIMS Mathematics Volume 8, Issue 2, 4944-4963.
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h(1,1) = h(2,2) = 0 and h(3,3) = £,
h(1,2) = h(2,1) =2+ 4i, h(2,3) = h(3,2) =i, h(1,3) = h(3, 1) = 1 — i,
We consider 0,¢: X X X — [1, c0) to be symmetric and defined by
o(l,1)=02,2) =03,3) =1, 0o(1,2) = 0(2,1) = g, 0(2,3) =0(3,2) = %) 03, 1) = o(1,3) = %

and
¢(1,1)=¢(2,2)=¢(3.3) =1, 6(1,2) =¢(2, 1) = 4, ¢(2,3) =¢(3,2) = 32, ¢B. ) = ¢(1,3) = 5.
Let us define the self mapping " on X as follows:
TI="2=73=2

Next, we will verify the condition 1:
Case 1. When p =q =1,

|h(Cp, Tg)| = [RCY(L), Y(1)| = |A(2,2)] = 0 3 {|A(1, D).
Case2. Whenp=1,g=2,

|h(Cp, Yl = [R(Y(D), T2)| = |h(2,2)] = 0 < {|A(1,2)].
Case3. Whenp=1,¢g=3,

|h(Cp, Y| = [R(Y(D), YB3 = |h(2,2)] = 0 < A1, 3)].
Cased. Whenp=2,g=1,

|h(Cp, Tl = [R(Y(2), YD) = |h(2,2)] = 0 < [|A2, 1)].
Case 5. When p = q = 2,

|h(Cp, Y| = [R(Y(2), YT2)| = |h(2,2)] = 0 < [|A(2,2)].
Case 6. When p =2, g =3,

|h(Cp, Tl = [R(Y(2), Y| = |h(2,2)] = 0 3 [|A(2, 3)].
Case7. Whenp=3,g=1,

|h(Cp, Y| = [R(Y3), YD) = |h(2,2)] = 0 < A3, D],
Case 8. Whenp =3,qg=2,

|h(Cp, Tl = [R(Y(3), Y(2)| = |h(2,2)] = 0 3 1|A(3,2)].
Case 9. When p = g = 3,

|h(Cp, Yl = [R(Y(3), T = |h(2,2)] = 0 < 1|A@3, 3)].

Forallk € (0, 1), it is clear that the above conditions are satisfied, these conditions are also satisfied
for Y1 = T2 =73 = 1. For any py € X condition (2) holds along with conditions of Theorem 3.1.
Therefore, there exists a unique fixed point at 1.
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Definition 3.1. Given p, € X, the orbit O(uy) of py is defined as O(uy) = {po, Y po, V*ug, - - -}, where
T is a self-map on the set X. The operator I : X — R is called (-orbitally lower semi-continuous at
w € X if when {p,} in O(py) such that lim h.4(p,, @) = 0, we get that I' (@) < lim inf ['(p,).

Following same steps as in [34] and using Definition 3.1, we have the following corollary,
generalizing the Theorem 3.1 of [16].

Corollary 3.1. Let Y be a self-map on (X, h.y;) a complete complex valued double controlled metric
lke space by two mappings o, . Given py € X, let | € (0, 1) be such that

hea(Y2, (*2) 3 lheai(z, (), for each z € O(py).
Take p,, = " po and suppose that

L bl L 1
sup lim M?(Ptﬂa pm) < -.
m>112% 0P, Pirt) l

Then, lim h.g(p,, k) = 0. We also we have that Yk = « if and only if the operator x — h.q(x, Tx) is

T-orbitally lower semi-continuous at p.
Our next fixed point result involve a Reich type inequality, as follows.

Theorem 3.2. Let (X, h.y) be a CDCMLS by the functions o,¢: X X X — [1,00) and Y be a self
mapping satisfying Reich condition. That is, (" satisfies

hea(Cp, Yq) 3 ahea(p, q) + B(p, Tp) +v(q. Tq), (3.8)
fora,B,y € (0,1)witha+B+y<landy= % <1, forall p,qg e X.

For py € X we choose p, = 1" py. Assume that

sup lim O(Pis15 Piv2)

1
S'(PL+1, pm) <, (39)
m>1 L7 Q(pu PL+1) [

1
lim o(p, p,) < oo exist and finite and lim ¢(p,, p) < —. (3.10)
n—o0 n—oo ’)/

Then, " has a unique fixed point.

Proof. Let py € X. Consider the sequence {p,} with p,,; = Tp, for all n € N. It is clear that if there
exist ny for which p,+1 = p,, then Yp,, = p,,. Then the proof is finished.

Thus, we suppose that p,, ,; # p, for every n € N. Therefore, we may assume that p,.; = p, for all
n € N. Now

hcdl(pna pn+1) = hcdl(Tpn—l’ Tpn) 3 a'hcdl(pn—l’ pn) +ﬁhcdl(pn—1’ Tpn—l) + yhcdl(pn’ Tpn)
= a/hcdl(pn—l’ pn) + ﬁhcdl(pn—l» Tpn) + 'yhcdl(Tpna pn+l)‘ (31 1)

Therefore, we get

a +
i, 0) = e, o). (3.12)

heai(Pns Prs1) 3 (
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Thus, we obtain

Beai(Ps Pre1) S Wheat(Pu-ts Pw) S Pheat((Pp2s Put S o 3 Phea(pos p1).- (3.13)

For all n,m € N with n < m we get

heal(Prs Pm) S ©(Pns PusDMeal(Pus Prv1) + S(Pusts Pmdhear(Posts Pm)
3 0(Pus PusDhea(Pas Prs1) + S(Pusts Pm)O(Pusts Pus2)hear(Prsts Pos2)
+ §(Pnt1> Pm)S(Prs2> Pmdhca(Puvas Pm)
3 0(Pns Pus D1eat(Prs Prst) + S(Pusts Pm)O(Pusts Pus2)hcar(Prsts Pos2)
+ §(Pu+1s Pm)S(Prs2s Pm)O(Prs2s Pur3)hicar(Pns2s Pns3)

+ S'(Pn+1, pm)g(pn+29 Pm)S'(Pn+3, pm)hcdl(pn+3a pm)
<...

~

m=2 L
3 Q(pn’ pn+1)hcdl(pn’ pn+1) + Z ( l_[ §(Pj, Pm))Q(Pu pL+l)hcdl(pu Pt+1)

t=n+1 j=n+l

m—1
+ n S‘(Pla pm)hcdl(pm—lvpm)
k=n+1
m-2 L
< 0P Pus )hea(po, p1) + ) (| | 5Py )P pec)hear(po, po)
i=n+1 j=n+1

m—1
+ l_[ s(po, P hear(pos p1)

1=n+1

m-2 ]

2 0(Pws P heai(po, p0) + ) ([ ] s (P P hcar(po, p1)

=n+1 j=n+l

m—1

+ ( ]—[ S(Pes D" 0(P-1, Pudhcar(po. p1)

t=n+1

m—1 L

= 0(Pns Pus ) hear(po, p1) + Z ( n S(pjs Pw)O(Pi> P Bearl(po, 1)

t=n+1 j=n+1

m—1 L
3 0(Pws P ) heai(po, PO + ) (| | 5(Pss Pue(Pis Pt ear(Pos p1)-

=n+1 j=0

R, = Z(ﬂ S(pj>» Pm)O(Po, P hear(prs po)-

i=0 j=0

Then, applying the ratio test, we have

g = (| s Pa)e(is Pt hear(prs po).
j=0
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Then, we have

8n+l §(pt+1 > Pt+2)
= =lo(pis1, pm)—————
8n (§(Pu PL+1)

Therefore under condition (3.9), the series Z gn converges. Therefore, lim,_,, R, exist. So the real

number sequence {R,} is Cauchy.

Thus we obtained the inequality Zca(pu, pm) 3 hear(P1> POI"S(Pns Pur1) + (Rin-1 — Ry
Letting n,m — oo, we get
lim hey(pa, pm) = 0,
so the sequence {p,} is Cauchy. Since (X, i.4) 1s a complete CDCMLS, then there exists some p; € X
such that

31_)12, hcdl(pn, PB) =0.

Which means p, — p;and n — oo.
Now, our claim is to show that Tpy = pg.

heai(Po» TPy) 3 0(Pys Pus ) hear(Pos Prst) + §(Pusts TP hear(Prs Prs)hcai(Prsrs Tpy)
= 0(Po» PrnsDcai(Pys Prs1) + S(Pnsts YP)hear(Prs Pre)hcar(Pas1> T Do)
3 0(Pgs> PusDhear(Pys Pus1) + S(Pust> Yo @hear(Pas Y po) + Bhear(pPus> L pn) + Yhear(pg, Tpo)]
= 6(Pos Pus1)M(Pgs Pu1) + 0(Pus1> L)@ eai(Pns Y Po) + Bheai(Ps Pus1) + Yhear(pos T py)].

Using this facts in (3.10) and letting the limit as n — oo we obtain
hear(Po, CPo) 3 0(Pas1s Tpo)ly im Aea(po, T(po, Tpy)]-
Suppose that Tp; # p;. Since lim o(pa.1, Tp,) < 7 we have

0 < hear(py, Tpy) 3 0(Pnsts Y)Y hear(Po, YPo)]1 3 0(Pos TPg)-

Contradiction. Which means p; = T py.
Finally, assume that I’ has two fixed points, say p and q.

Then
hear(p, @) = hear('Cp, Cq) 3 @hear(p, @) + Bhear(p, Tp) + Yhea(q, Yq)
and so
hear(p, ¢)(1 — @) 5 0.
Sincea # 1. We get h.q4(p, g) = 0 which implies p = g. This completes the proof. O

Example 3.2. Let E = {1,2,3}. Define h = h.gi: EXE — C by

h(1,1) = h(2,2) =0 and h(3,3) = é
h(1,2) = h(2,1) =2 +1, h(2,3) = h(3,2) =1,
h(1,3)=h@3,1)=1-i.

Define o,5: EXE — [1, 00) by
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o(1,1) =0(2,2) =0(3,3) = 1,
o(1,2) =02, 1) = 1, 0(2,3) = 0(3,2) = 5, 03, 1) = 0(1,3) = 3
and
s(1,1)=¢(2,2)=¢3,3) =1,
s(1,2) =¢(2,1) = {,6(2,3) =6(3,2) = 3, 63, D = ¢(1,3) = 1.
Let (1) =2,7T(2)=2,T(3) =2,

Proof. h(Cp,q) 5 ah(p,q) + Bh(p,Tp) + yh(g, Tq).
Casel. Whenp=1,9g=2,

7
|h(Cp, Tl = 1h(2,2)] =0 < 1—\{ =-V5+ ‘/_ alh(1,2) + BlA(1, 2)| + ylh(2,2)|

= alh(p, q)| + Blh(p, Tp)| + 7lh(q, Tq)l.

Case2. Whenp=1,g=1,

13 1
Ih(Cp, Tq)| = |h(2,2)| =0 5 f =-V5+ «f alh(1, D] +Blh(1,2)| + ylh(1,2)]

= alh(p, )| + Blh(p, Tp)| + Vlh(q, Tq)l-
Case 3. When p =2, ¢q =2,

h(Cp, T = 1h(2,2) =05 0=0+0+0 = alh(2,2)| +Bl2,2)| + ylh2,2)|
= ali(p, @)l + Blh(p, Tp)l + ylh(g, Tq)l.

Case4. When p =3,¢9 =3,

12+13\/‘ 1 1

36v2  3v3 47
= alh(p, q)| + Blh(p, T p)| + ylh(q, Tq)|.

|h(Cp, Tq)l = |h(2,2)| = = alh(3,3)| + Blh(3, 2)| + yIA(3,2)|

\OI»—k

Case 5. When p=2,¢q =1,

Ih(Cp, Tqg)l = |h(2,2)| =0 < ﬂ = 1\/_ 0+ — \/_ alh(2, D] + BIh(2,2)| + yIh(1, 2)]
= alh(p, q)| +,8|h(p, Tp)l + ylh(q, Tq)l-

Case 6. When p =3,¢g=1,

_12V249+4 |
(L. Tq)| = Ih(2,2)] = *Fg - V5 _ yad
= alh(p, @)l + Blh(p, Tp)l + ylh(g, Tq)I.

V3 + 5+ 5 V5 = alh, D) + BIAG,2) + yIA(1, 2)
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Case7. Whenp =1,¢9g =3,

12V2+9v5+4 1 1 |
|h(Cp, Tl = 1h(2,2)] =0 < V2 +36\/_ g 3 V2 + 1 V5 + g = @h(l. )+ BlA(1, 2) + v1h(3. 2)

= alh(p, @)| + Blh(p, Tp)| + ylh(g, Tq)|.

Case 8. When p =2,¢9g =3,

4 1 1 1
M2, =03 5 =3+ 70)+5 = elh2,3)] + B2, 2)| + yIh(, 2)|

alh(p, @)l + Blh(p, Tp)l + ylh(g, Tq)|.

Ih(Cp, Tq)|

For all a, B8, v € (0, )with @ + 8 + vy < 1, it is clear that the above conditions are satisfied, these
conditions are also satisfied for T'l = Y2 = T3 = 2. For any p, € E condition (3.9) holds along with
conditions of theorem 3.2. Therefore, there exists a unique fixed point at 2. m]

4. Existence and uniqueness of the solution of a Fredholm type integral equation

During this section we suppose the following Fredholm integral equation

b
p(w) = f(u) + fB(u, v, p(v)dv, u,v € la,b], p(u) € X, “4.1)

a

where B(u,v, p(v)): la,b] X [a,b] Xx C — C and f(u): [a,b] — C be two bounded and continuous
functions.

To prove the existence of solution for integral Eq (4.1) we use Theorem 3.1. Then we give the
following result.

Theorem 4.1. Let X = C([a, b], C) is the set of all continuous and complex valued functions which are
defined on [a, b]. Also let V: X — X be an operator defined as:

b
puw) = f(u) + f B(u,v, p(v))dv, u,v € |a,b]. “4.2)

Suppose the following conditions hold:

(i) The functions B(u,v, p(v)): [a,b]x[a,b]xC — Cand f(u): [a,b] — C it’s a continuous function.

(@) | B(u,v, p(v)) — B(u,v,q(v)) |3 ﬂ/lea | p(u) —q(u) |, forall p,q € X and w € (1, %] with 1 € (0, 1).

Then the Eq (4.1) has a unique solution.

Proof. Let X = C([a, b],C) and h.4: X X X — C such that,

hear(p, @) = Ip — qllo =I pu) — q(u) |* e :

where | x |= ya? +B%, witha,f€R,7>0andi= V-1€C.
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Let #,,0,: XXX — [1, o) be defined as

if p,q €[0,1],
P @) = { max{p(u), g(u)}, otherwise.

1, if p,g € (0,1],
Su(P> @) ={  1+maxip(u).q)
min{pQ0),gu)

We observe that (X, h.4) is a complete CDCMLS. Then the problem (4.1) can be translated to find
a fixed point of the operator Y.
Then we have the next inequality

otherwise.

2

b b
[T p(u) = Tqw)® < f B(u, v, p(v))dv — f B(u, v, q(v))dv

b
< f B, v, p(v)) — B, v, g dv

o f|p(v> 4 F dv

—l cos™ T

Y f | p) = gO) [ & "y

e—lcos T b
—Ip — 9glle dv].
Tz(b_a)llp qll (f V)

1
| Tp(u) — Tq() 2 & = |1Tp - qulmw—zlp(u) qlu) [* € T=§||p—qlloo.

Following the calculus we obtain

Using the hypothesis (ii) we have

1 1
hear(Cp, Yq) = ITp — Tqllw 3 =P = gllo = Zhear(p, @)
T T

It is easy to check that, for both cases of the expressions of o, (p, ¢) and ¢,(p, g), the conditions (3.2)
and (3.3) are true.

Then, for0 < ¢ = Tiz < 1, all the hypothesis of Theorem 3.1 holds.

In these conditions we get that Eq (4.1) has a unique solution. O

5. Conclusions

Considering the results from [15, 33] we have introduced the concept of complex valued double
controlled metric like spaces (CDCMLS). Some fixed point results and supporting examples in this
setting, the related Banach contraction principle and a Reich type fixed point result are presented.
Fredholm integral equations are powerful tools on mathematics in order to model phenomena of real
world. Then, the last section of the present work is dedicated to apply our main result in order to prove
the existence and uniqueness of a solution of a Fredholm type integral equation.
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