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1. Introduction

Properties of solutions to the Cauchy problem for semilinear classical damped wave equations with
power nonlinearity were treated in many papers. The model the authors have in mind is

Uy — Au+u, = [ul’, w0, x) = up(x), u, (0, x)=u;(x), (1.1)

where p > 1.

The global (in time) existence of small data energy solutions was given in [14] for p > 1 + %
and by assuming suitable compactly supported small data from the energy space. In [7] the authors
studied (1.1) under the assumption

(o, w) € (H'(R") N L"(R")) X (LAR") N L"(R")) (1.2)
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for the data, where additional regularity L™, m € [1,2) was supposed. They obtained a new critical
exponent p.; = 1 + 27’" from the global (in time) existence of small data Sobolev solutions side and the
blow-up side as well. Here blow-up means the non-existence of global (in time) Sobolev solutions.

In [10], assuming that the right-hand side of (1.1) is given by u|u|?~!, the authors proved for given
compactly supported initial data (u, u;) € H'(R") x L>(R") and for p < pgy(n) = ~ if n > 3 the local
(in time) existence of energy solutions u € C([0, T), H'(R") N C'([0, T), L>(R")). In the same paper
the global (in time) existence was proved for small data by using the technique of potential well and
modified potential well. The authors proposed the critical exponent p.,;; = perir(n) = 1+ 3 which means
that we have global (in time) existence of small data Sobolev solutions for some admissible p > p.i,
and local (in time) existence for p > 1 and large data as well.

In [5], the authors generalized the question for the critical exponent to the question for critical
regularity of the right-hand side. The model of interest is

Uy — Au+u, = Iul“%u(lul), u(0, x) = up(x), u, (0, x) = u;(x),

where the function y : 7 € [0,00) — (1) € [0, ) is supposed to be a modulus of continuity. This
means that y is continuous, concave, strictly increasing and p(0) = 0.
In [5], a sharp condition on u to get a threshold between global (in time) existence of small data
solutions and blow-up behaviour was obtained.

Let us now include a time-dependent coefficient b = b(¢) in the dissipation term. A first step is to
understand qualitative properties of solutions to the following Cauchy problem:

Uy — Au+ b(Ou, =0, u(0,x) = up(x), u;(0,x) = u;(x).

In [15, 16], a classification of dissipation terms b(f)u, in scattering to free waves producing,
non-effective dissipation terms, effective dissipation terms and overdamping producing is proposed.

In [4], the corresponding semilinear model with power nonlinearity and effective dissipation, that
1s,

uy — Au+ b@u, = [ul”, u(0, x) = up(x), u,(0,x) = u;(x)

is treated. The authors proved the global (in time) existence of small data energy solutions in the
supercritical case p > 1 + %" under assumption (1.2) for the data. Moreover, the Fujita type exponent
Perie = 1 + 27”’ was verified as critical exponent. Here the dissipation term b(?)u, is called effective if it
satisfies the properties that are described in Section 2.1. The first goal of this paper is to deal with the
semilinear effectively damped Cauchy problem in 1d with critical power nonlinearity and an additional
modulus of continuity term which provides an additional regularity of the right-hand side. Namely, the
Cauchy problem we have in mind is

Uy = gy + DO, = P p(ul), u(0,x) = uo(x), (0, ) = uy (x). (1.3)

Besides effectively damped semilinear models with scale-invariant dissipation are of special interest.
Recently, several authors are interested in the model

Vv
Uy — Au + o= [ul”, u(0,x) = up(x), u,(0,x) = u;(x). (1.4)

In [1,11,12], the authors showed that the situation depends strongly on the value of v. In other words,
the transition of v from 0 to co describes the change from a hyperbolic to a parabolic like model from
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the point of decay estimates for solutions. Furthermore, they proved that the decay rate of solutions for
large v is the same that is obtained for solutions of the classical damped wave equation. A particular
case of the Cauchy problem (1.4) with v = 2 was studied in [3].

The second goal of this paper is to study the semilinear Cauchy problem in 1d with scale-invariant
dissipation, with power nonlinearity and an additional modulus of continuity term. The model of
interest is
u = luPuul), w0, x) = up(x), u,(0,x) = u(x). (1.5)

v
Upyp — Uyy T 1 +1
In the further considerations we assume that the modulus of continuity u given in (1.3) and (1.5)
satisfies the following two conditions:

“ u(R)
7|’ (7)| < Cu(r) for 7€ (0,79 and f = dR < o0, (1.6)
0

where C is a sufficiently large positive constant, 7y and C are sufficiently small positive constants.

The paper is organized as follows: In Section 2 we present our main results for the global (in
time) existence of small data Sobolev solutions. After introducing the philosophy of our approach in
Section 3 the proofs of the results of Section 2 are given in Section 4. In Section 5 we turn to the
question of blow-up for some cases which are treated in Sections 2 to 4. Finally, some concluding
remarks from Section 6 complete the paper.

We introduce some notations used in this paper. We note that the letter C indicates a generic non-
negative constant, which may change from line to line. The usual L” norm for Lebesgue spaces is
defined as follows:

1
£l = ( f fldx)", 1<p<oo and |fll = esssup|f(x).
Rn
Moreover, H*(R") denotes the Sobolev space based on L>(R") with s > 0.
2. Global (in time) existence results of small data Sobolev solutions

2.1. Effective dissipation

Let us consider in 1d the Cauchy problem
Uy = U + DOy = |l p(ul), w0, ) = uo(x), (0, %) = uy (x). (2.1)

Here b(t)u, is called effective in the model (2.1) if b = b(t) satisfies the following properties:

e b is a positive and monotonic function with th(f) — oo as t — oo,
o (1+0)%b(1)" € L'(0, ),
e b e C0, ) and pP (1) < 22 for k =1,2,3,

(1+0)k

° i ¢ L'(0, 00) and there exists a constant a € [0, 1) such that t'(¢) < ab(¢).

Typical examples are

(% v

v
b0 =y PO = gy egle+ ), b0 = s s
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forsome v >0,y >0and r € (-1, 1).
We denote by B(t, 0) the primitive of 1/b(t) which vanishes at ¢ = 0, that is,

"1
B(t,0)= | —dr.
(t,0) fob(r) r

We denote by B(t, s) the primitive of 1/b(¢) which vanishes at ¢ = s, that is,

B(t,s) = f % dr = B(t,0) — B(s,0).

In [4], the authors proved that the primitive B(t, s) satisfies the following properties:

X

B(t, s) B(t,0) if se[o, ] (2.2)

). 2.3)

N~

B(t,0)

Q

B(s,0) if se[

N1~

Let us formulate the main results for the global (in time) existence of small data Sobolev solutions.

Theorem 2.1. Let (uy, u;) € A := (H'(R) N L'(R)) X (L*(R) N L'(R)). Assume that the modulus of
continuity u in (2.1) satisfies the condition (1.6). Then, the following statement holds for a sufficiently
small gy > 0: if

(o, ulla <& for € < &,

then there exists a unique globally (in time) Sobolev solution u to (2.1) belonging to the evolution space
C([0, ), H'(R)).
Furthermore, the solution satisfies the following decay estimates:

laet, NIz < (1 + B(t,0) ™ |(utgn 1)l 2,
18,ut, Nz < (1 + B, 0))* l(utg, )l 2,
e, Nz < (1 + B, 0)) (g, 1)z

Example 2.2. The results of Theorem 2.1 can be used to treat the following Cauchy problems:

Uy = Uy + DO = ul*, u(0, x) = up(x), (0, x) = ur(x), @ € (0,1],

1 \-e
W—wﬁ¢@m=mﬂb%a),MQ@=%@MMQ@=MWLQ>L

2.2. Scale-invariant weak dissipation

Let us consider for v > 1 the following Cauchy problem in 1d:

w = luPuul), w0, x) = uo(x), u,(0,x) = u(x). (2.4)

v
Upyp — Uyy T 1+1
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2.2.1. The case v > 3

Theorem 2.3. Let (ug,u;) € A = (H'(R) N L'(R)) x (L*(R) N L'(R)). Assume that the modulus of
continuity u in (2.4) satisfies the condition (1.6). Then, the following statement holds for a sufficiently
small gy > 0: if

(o, ulla <& for € < &,

then there exists a unique globally (in time) Sobolev solution u to (2.4) belonging to the evolution space
C([0, ), H'(R)).
Furthermore, the solution satisfies the decay estimates

e, Mz < (1 + 072 |I(ug, w1l
_3

18,02, Iz < (1 + 0| (utgs )l

llu(t, e < (1 + 07 I(uo, ur)ll .

2.22. Thecasel <v <3

Let us consider for v € (1, 3) the following Cauchy problem in 1d:

= Jul V), w0, x) = uo(x), (0, ) = ui(x), (2.5)

LY
Uy — Uyy

" 1+1
where @ = a(v) describes an additional exponent in the power nonlinearity.

Theorem 2.4. Let (up,u;) € A = (H'(R) N L'(R)) x (L*(R) N LY(R)). Assume that the modulus of
continuity u in (2.5) satisfies the condition (1.6). Then, the following statement holds for a sufficiently
small gy > 0: if

(uo, u)lla <& for € < &,

then for a(v) = 22

the evolution space

there exists a unique globally (in time) Sobolev solution u to (2.5) belonging to

C([0, 00), H'(R)).
Furthermore, the solution satisfies the decay estimates
_1
ez, 2 < (1 + 02 (uo, w17,

10,u(t, Nz < (1+0)72|(uo, 1)l 2,
_ 1ty
llu(t, Miw < (1 + 07 [|(uo, )| 4

Example 2.5. The following modulus of continuity can be used in the previous Theorems 2.3 and
2.4:

o u(t) =7 a€(0,1],
o 1(0) = 0 and for T > 0 it holds j(r) = (log 1) a1,

o 14(0) = 0 and for v > 0 it holds u(7) = (log 1) (loglog 1) ... (log 1) “, @ > 1, k e .
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2.2.3. Thecasev =3

Let us consider for v = 3 the following Cauchy problem in 1d:

3
T2 4= lulp(lul), w0, x) = ug(x), u(0,x) = uy(x). (2.6)
Theorem 2.6. Let (up,u;) € A = (H'(R) N L'(R)) x (L*(R) N LY(R)). Assume that the modulus of
continuity u in (2.6) satisfies instead of (1.6) the condition

Upp — Uy +

LT

7|’ (7)| < Cu(r) for 7€ (0,79) and f log —)5 dR < oo, 2.7)
0 R 3 R

Then, the following statement holds for a sufficiently small gy > 0: if
(o, ulla <& for € < &,
then there exists a unique globally (in time) Sobolev solution u to (2.6) belonging to the evolution space
C((0, ), H'(R)).
Furthermore, the solution satisfies the decay estimates

llu(t, Iz < (1 + 1o, up)ll s
10,4t Iz < (1 +1)72(1 +log(1 + 1)2[[(ug, )7,
llu(t, e < (1 + 07" (1 +log(1 + 1) (utg, 1)l

Example 2.7. The following modulus of continuity can be used in the previous Theorem 2.6:

o u(r) =7",a€(0,1],
e 1(0) = 0and for v > 0 it holds u(t) = (log %) a, a>3

2

_3 _ —a
o 14(0) = 0 and for 7> 0 it holds j(7) = (log 1) * (loglog 1) ... (log 1) ", @ > 1, k € .
3. Philosophy of our approach

Let us consider the Cauchy problem
Uy — Uy + a®uy = f(lul), u(0, x) = uo(x), u(0,x) = u;(x). (3.1

Here a = a(r) can be either b = b(¢) of (2.1) or ¢ of (2.4).

Denote by Ky = Ky(t,0, x), K; = K;(t,0, x) the fundamental solutions to the linear homogeneous
Cauchy problem with the initial data (ug, u;) = (99, 0) and (ug, u;) = (0, dy), respectively, where 9 is
the Dirac distribution in x = 0 with respect to the spatial variables.

According to Duhamel’s principle, solutions of (3.1) may be interpreted as solutions to the nonlinear
integral equation

u(t, x) = Ko(t, 0, x) * up(x) + Ki(,0, x) * us(x) + f Ki(t, 5, x) * f(lu(s, x)|) ds, (3.2)
0

AIMS Mathematics Volume 8, Issue 2, 4764-4785.



4770

where K(t, 0, x) *(y) uo(x) + K, (2,0, x) *(,) u;(x) is the Sobolev solution of the Cauchy problem
Uy — Uy + a(Ou, = 0, u(0, x) = up(x), u(0,x) = uy(x), (3.3)
and K, (2, s, x) *() 8(s, x) is the Sobolev solution to the family of parameter-dependent Cauchy problems
Uy — Uy +aOu, =0, u(s,x) =0, u(s,x)=g(s,x), (3.4)

for 0 < s <t < co. Here #, stands for the convolution with respect to the spatial variable. We want to
underline again, that we understand a solution of (3.1) as a solution of the nonlinear integral equation
(3.2).

In [4, 15, 16] the following results for the Cauchy problems (3.3) and (3.4) with a(¢¥) = b(t) are
proved.

Proposition 3.1. The Sobolev solutions to the Cauchy problem
Uy = Uy + b(@Ou, = 0, u(0, x) = up(x), u,(0,x) = ui(x)
satisfy the following estimates:

e, iz < (1 + B(2,0) ™ |(utgn )l 20

1

18t Nz < (1 + Bt 0)) 2 I(utg, )l

Proposition 3.2. The Sobolev solutions to the Cauchy problem
Uy — Uy + @O, = 0, uls, x) =0, wu(s, x) = g(s, x)

satisfy the following estimates:
lluct, 2 < b(s)™ (1 + B(t, )" *1g(s, Mrznrts (3.5)

_1_1
10.(2, Iz < b(s)™' (1 + B(t, )7 [1g(s, Iz (3.0)
In [13] the following results for the Cauchy problem (3.3) and (3.4) with a(f) = = are proved.

1+¢

Proposition 3.3. The Sobolev solutions to the Cauchy problem

Uy — Uy + ILHMI =0, u(0,x)=up(x), u,(0,x)=u;(x) (3.7)

satisfy the following estimates:

¥ ov>3: el s (L + 07 Kl unlla, k=0,1;
o ov=3: @l s 1+ 072 o, u)lla,

10t Mz s (L+0)7F (1+log(l + 1) [I(uo, u)llas
IF1<v<3: uto)le s @+, u)la,

10,2, e S (1 + 1) ICuo, ur)lln
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Using the Gagliardo-Nirenberg inequality from Proposition A.1 with j =0,m=1,g=0c0, p=r =
2, and taking account of the dimension n = 1 we may conclude the estimate

1 1
L> = 20 x1l 72 .
leellze < Nual| 7 loall; (3.8)

Here we use that due to a density argument this inequality is true for all functions u € H'(R). So, we
can get the following L™ estimates for the solutions to the Cauchy problem (3.7):

Remark 3.4. The Sobolev solutions to the Cauchy problem (3.7) satisfy the following L™ estimates:

If v>3: lut, e S (1 + 07 (uo, up)lla; 1
If v=3: |lut, )N < 1+ t)_ll (1 +log(1 + 0)* [I(uo, u)llas
If 1<v<3: lut, M= < A+ (o, ur)lla.

Proposition 3.5. The Sobolev solutions to the Cauchy problem

4
Uy — Uy + T4 = 0, u(s,x) =0, ul(s,x)=g(s, x)

satisfy the following estimates for 0 < s <t < oco:

I ov>3: 00l s (gl )l + (1 +9)3gls, )1+ (1 + 07375, k=0,1;
I ov=3: ve)lle s (+072(0+ 9)lgls )l + (1 +072(1 + $)3lg(s, Iz
0,00t e s (A + 6721+ )ligls, i

+(1+ 0731+ 93 gls)lliz) (1 + log(1 + )7 ;
(1+072(1 + $)llg(s, Ml + (1 + 072 (1 + 5)3lg(s, Iz

A+ 0750+ )77 lg(s, Ml + 1+ 073 (0 + )3 llgCs, iz
(3.9)

If 1<v<3: vt
10,v(t, 2

AR

Having all these estimates in hand we turn to (3.2). Our goal is to apply Banach’s fixed point
theorem to the fixed point equation u = Nu, where

!
Nu := Ko(t,0, x) * ug(x) + Ki(£,0, x) * ui(x) + f K (2, s, x) * f(lu(s, x)|) ds.
0

After introducing a family {X(¢)};»o of time-dependent solution spaces we will estimate ||Nu||x., and
INu — Nv||x, for all u,v € X(z). In this way we close the circle and obtain existence and uniqueness of
Sobolev solutions as well.

4. Proofs of the main results

4.1. Proof of Theorem 2.1

Proof. Taking into consideration the decay estimates of Propositions 3.1 and 3.2 we introduce the
following family {X(#)};-o of time-dependent solution spaces: X(f) = C([0, t], H'(R)) with the norm

iy = sup {(1 + B, 0))*lluCs. iz + (1 + B(s, 0))19ueCs. iz + (1 + B(s, 0)*luCs, o
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We introduce the operator N by
N :ue X(t) = Nu = Nu(t, x) := u"(t, x) + u"(t, x),

where
u"(t, x) 1= Ko(t, 0, %) %y to(x) + K (2,0, %) * 5y 11 (x)

is a Sobolev solution to the Cauchy problem

Wl — u" + bty = 0, w0, x) = up(x), w0, x) = uy(x),

and .
u"(t, x) = f Ki(t, s, %) %) u(s, ) u(u(s, x)|) ds
0

is a Sobolev solution to the Cauchy problem
iy = + by = ), w"'(0,x) =0, u'(0,x) = 0.
Our aim is to prove the following inequalities:
INullx) < eto, )l + el

2 2
INu — Nvllxq < Il = vilxe (lullxq, + 1VIlxe)-
The statements of Proposition 3.1 lead together with the definition of ||u|x, to the estimate

uln

X0 S I(u0, ur)l| A

So, it remains to prove

unl

3
X() < ”u”X(;)~

Let us estimate ||u"(, -)||;2. From (3.5) we have

wmmysﬁmw%nﬂmm%mewwxmmmﬂs

It holds
(s, )P (s, HDlzarr < pluls, Hlz=)lluls, P llzaz-

4.1

(4.2)

4.3)

To estimate the first term of the last right-hand side we use the definition of || - [|x¢ to get for 0 < s <t

the estimate 1
lleeCs, iz < (1 + B(s,0)) 2 ullxq).

Let us assume ||ul|x) < € for all # > 0 and some sufficiently small g > 0. Then

lu(s, Nz < el + B(s, 0) 2.

4.4)

Using the Gagliardo-Nirenberg inequality from Proposition A.1 we get for 0 < s < ¢ the estimates

s, PNl < (1 + B(s,00)” ully,s

(4.5)
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1-1

11
(s, IPllzz S (1 + B(s, 0)) ¥ lull.

Using (4.4)—(4.6) with the properties of B = B(t, s) we may conclude

()| S fo b(s)"'(1 + B(t, 5))  u(eo(1 + B(s,0))2)(1 + B(s, 0)) " uellyp, ds

<l (1 + B o)™ [ by a(eo(1 + Bls,00) H)(1 + B(s, 0)) ds
0

Hlullyu(e)(1 + B, 0))_1j:b(8)_1(1 + B(t,5)) ds.

For the first integral we obtain after the change of variables R = (1 + B(s, O))_% the relation

f "b(s) (o1 + B(s, 0)) H)(1 + B(s, 0)) " ds < f EO*%R)CIR < co.
0 0

For the second integral after putting the change of variables r = B(t, s) we get

t

t | B(1.5) | 4 39 3
b(s)"'(1 + B(, ‘4d:f 1+ adr==(1+B(t,=)) — = < (1+B(@0)".
f<@<+-a@> s= ) aeniar S(1+B(r.5))" - 5 s (1+ B(.0))

2

Then, we have
umM1+mzmrifmw*a+B@wrhmsymm1+mszisu+Bmmf#

All together implies
W't )|, < (1 + B(t,0)) 7 lully,-

In the same way we can prove
! _3
[0xt™ (2, )||,» s (1 + B(z,0)) * lully,-
To estimate ||u"!(t, -)||;~ we use (3.8) to get the desired estimate

_1
W1, )|, < (1 +B(2,0) 2 lully,.

L> ~

From (4.7)—(4.9) we get (4.3).
To prove (4.2) we assume that u and v belong to X(¢). Then

Nu—Nv = f Ki(t, 5, %) #(o (Ju(s, )P uu(s, 0)l) — (s, )P u(v(s, x)))) ds.
0

(4.6)

4.7)

(4.8)

4.9)

We control all norms appearing in ||[Nu— Nv||x. From (1.6), (3.5) and (3.6) together with Minkowski’s

integral inequality we get for j = 0, 1 the estimates
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|[04(Nu = Nv)(2, )|, < fo b(s)™ (1 + B(t, )2 |JluCs, P aCluaCs, ) — (s, WP v, WD oy ds

L2nL!

¢ ) 1
< f b(s)™ (1 + B(t, )7+ 2 f pu+ (v = Dl + 7 = w) dr)lu = vi(s, )
0 0

1
(1l + W) (= v)Gs. ) fo el + 7 = Wl drds.

< f b(s) (1 + B(t, )+
0

12nL!

Similarly to verify (4.4)—(4.6) using Holder’s inequality and Gagliardo-Nirenberg inequality we obtain
_1
lle(luCs, -) + 7(v = w)(s, Dl S p(&(1 + B(s,0)) ?) forall 7€ [0, 1],
([ + )@ = v)(s, )|, S (1 + Bs,0)) ™ Ml = vl (lullyy + V1),

([ + )@ = v)(s, )|, S (1 + BCs, 0)™ % llu = vl (lullyy + IV1)-

Following the same steps to get (4.7)—(4.9) after using the last estimates one can complete the proof.
O

4.2. Proof of Theorem 2.3

Proof. We follow the same steps as in the proof of the previous theorem with the same family of
solution spaces {X(#)};~o. The norm in X(¢) is defined as follows:

il = sup {(1+ )} luts, Mz + (1 + )2 9aCs. iz + (1 + (s, s
s€[0,7]

Our goal is again to prove the following inequalities:
INullxy < Ntto un)lla + lually, (4.10)

2 2
INu — Nvllxqy < llu - V”X(t)(”ullx(;) + ”V”x(,))- (4.11)

From the definition of the solution space X(#) and the estimates of Proposition 3.3 one can get
immediately

We complete the proof of (4.10) by showing

uln

xo S o, unllz.

unl

3
X() < ”ullx(t)-

Using (3.9) for k = 0, 1 we get

dut, ). < fo (1 + $)(1+ 072 *|lus, P uuCs, D), ds (4.12)
+ fo (1 + )31+ 07T HluCs, HPpeCluaCs, D). ds. (4.13)
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It holds,
leeCs, P peleeCs, DNz < pllleeCs, Hlz=)llleeCs, Pl for r=1,2. 4.14)

Then we use in the first term of the last right-hand side
llu(s, e S (1 + )" (4.15)

Using the Gagliardo-Nirenberg inequality from Proposition A.1 together with the definition of X(z) it
follows
s, Pl < (4 + )72 lullz,)0 (4.16)

_s
lleeCs, PNz < (1 + )72 ullg (4.17)
respectively, for 0 < s < ¢. Replacing the last three estimates (4.15)—(4.17) in (4.14) and after that in

(4.12) and (4.13) leads to
d 1
H%WmmyQM&JYHwWa+ﬁfu@u+whm
0

!
< Mullz (1 + t)‘f"f (1+ ) ule( + )" ds < llully, (1 + 0727,
0

where again the condition (1.6) is used. By inequality (3.8) we may conclude

) 3 -1
() o S Ml (1 + 67"

Summarizing the last estimates gives (4.10). To verify (4.11) we follow the same steps of the proof of
(4.2) taking into consideration the definition of solution space X(). O

4.3. Proof of Theorem 2.4

Proof. In this case we use the same family {X(?)},.o of spaces of Sobolev solutions as before. The norm
Il - llx( is related to the estimates of Proposition 3.3 for 1 < v < 3. Consequently, we introduce

el = sup {(1+ )8 haCs, i+ (14 95, M+ (1) F s, o}
s€[0,1]

Using (3.9) for u" we have

W1, )2 s fo (1 + $)(L + 072 [JluCs, P plucs, ||, ds

!
+jY1+w%Lwrﬂw&w“wwquMMd&
0
Similarly to (4.15)—(4.17) we obtain

Ly
lluCs, s < €(1 +5)7+,

+v

3 _S5+v 14y 3
s, Ol 1+ 500 e,

3 —1-Y—a() 2, 3+a(
llaCs, APl 5 (1 4+ 5)™ 5O e,
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In the following we use the relation
t
o by R
f(l + ) u(e(1 + )7 %) ds sf R4+ 'u;)dR (4.18)
0 0

where R = (1 + s)‘%. Taking account of (3.9) and (4.18) we arrive at

(e, )] < f(1+s)(1+t)‘2(1+s) O (1 + )7 F ) ds [l
+ f (1+ )1+ 071+ 97O (1 + )75 dis lullyg
0
t
S+ f (1 4+ 5)7 5720 F eo(1 + s)—%)dsnun;;g(”
0

t
+(1 + t)_;f (1+ s)%_“(")%u(eo(l + s)_%)dsllullifg(v)
0

R O (R
<ot are [T BT an
0 R——ar v 0 Rm—(l 4

1+

S (1 + 07l f KD AR < 1+ 0 H s
0

X() X(®)

where we use condition (1.6) and assume the following conditions:

T—v
— <1 _— <1. 4.1
Ty a(v) <1 and T+ a(v) < 4.19)

Under conditions (1.6) and (4.19) we may conclude

-1 a(v
W', s (072l ™. (4.20)

For estimating d,u" we use the last estimates of (3.9) and (4.18) to get
0™, ),» < f(l +5) (L + 071+ 5) 5 O p(e(1 + 5)7F ) ds e
+j; (1+ 931+ 0731+ )70 peg(1 + )7 F) dslull e
S+t fo (14 970 (1 4 $)7 ) ds ulgs®
+(1 + t)‘ﬁf:(l + s)_l_“(v)]‘*ﬂ,u(eo(l + s)_%)ds IIMII;JEIL)’(V)

€0 €0
., N ,u( ) ,U(R)
S (1 + t) zllu”?(-;[)(‘/)(fo‘ RZV 2 a(v) dR + L R]—Q(V) dR)

<o AR ar < a0
0

X(1) X()

where we use condition (1.6) and assume the following conditions:

2y -2
a) = X2 1 and a(v) > 0. 4.21)
1+v
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Under conditions (1.6) and (4.21) we may conclude

Dot (2, )]| 5 (14 07l (4.22)
The minimal a(v) satisfying all the conditions (4.19) and (4.21) is a(v) = 2(13:) what we supposed in

the theorem. By inequality (3.8) we may conclude

W, )|, s (1407 F ull,. (4.23)

From (4.20), (4.22) and (4.23) we obtain (4.10). To verify (4.11) we follow the same steps of the proof
of (4.2) by taking into consideration the definition of solution spaces X (). O

4.4. Proof of Theorem 2.6

Proof. In this case we use the same family {X(#)},.¢ of spaces of Sobolev solutions as before. The norm
Il - llx(s) 1s related to the estimates of Proposition 3.3 for v = 3. Consequently, we introduce

lillxiy = sup {(1+9)7[luCs. Iz + (1 + )2 (1 + log(1 + )2 ||A,u(s. llz2
s€[0,7]

+(1+ $)(1+log(1 + )7 lu(s, e} -
Similar to (4.15) and after using the Gagliardo-Nirenberg inequality from Proposition A.1 we obtain
luCs, Mo < eo(1+ )71+ log(1 + )4,
lleCs, HPller s (1 + $)2(1 + Tog(1 + ) lull,

lleCs. Pz < (1 + )7 73(1 + log(1 + )7 lully,-

Using these estimates together with (3.9) we arrive at

()| (4 t)_;”””?«nf (1+ 971 +log(1 + ) (el + )7 (1 + log(1 + $))¥) ds
0

+(1 + t)-i||u||§((,)fot(1 +5)7' (1 +log(1 + )2 p(eo(1 + 5)7'(1 + log(1 + 5))7) ds,
and
[0, )|, < (1 + D721 +log(1 + 1) luly,
><f0t(1 + 5711 +log(1 + )i u(eo(1 + )7 (1 + log(1 + $))7)ds
+(1+ 0731 +log(1 + 1) lully,

!
xf (1+5)7'(1 +log(1 + )2 u(eo(1 + 5)'(1 + log(1 + 5))3) ds.
0
Now we introduce the change of variables R := (1 + 5)~'(1 + log(1 + s))%. Taking account of
ds ~ —2(1 4 log(1 + 5) dR and log(1 +5) < ~ 1o (2) < 1o (l)
R & g =398 \R)=378\R/)
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we get
f(1 +5)7" (1 + log(1 + )i u(eo(1 + 8)7'(1 + log(1 + 5))7) ds
0

0 (R 4. 144
sf /&(1+—10g—>4dR<oo,
o R 3 °R

due to condition (2.7). Similarly, we obtain

@ ,U(R)(

! | | 4 1\%
f(l +9)7'1 + log(1 + s))2u(e(1 + $)7I(1 + log(1 + 5))*)ds < f R I+ -log I_i')z dR < co.
0 0

3

We can complete the proof in the same way as we did before in the proofs of the other theorems. O
5. A blow-up result

In this section we conclude the influence of the function x on the non-existence of global (in time)
small data Sobolev solutions or on the so-called blow-up of Sobolev solutions to the Cauchy
problem (1.3). Then from Theorem 5.1 it follows that if the integral condition (1.6) is not satisfied,
then, in general, the solution cannot exist globally (in time). This means the optimality of the integral
condition in (1.6) for the Cauchy problem (1.3).

Theorem 5.1. Let us consider the following Cauchy problem with effective dissipation b(t)u,:
Uy — ey + DOy = P p(ul), w0, x) = ug(x), u(0,x) = uy(x), (6.1
where b = b(t) satisfies the assumptions from Section 2.1 and the further condition

lim b(t) = ap > 0. (5.2)

—o0

Let u = u(s), s € [0, ), be a modulus of continuity which satisfies

Co
f l&ds = oo, (5.3)
0

S

Here Cy is a sufficiently small positive constant. The function h : s € R +— h(s) = s3u(s) is supposed
to be convex on R. The data (uy, u;) € Cy'(R) are chosen such that

f(uo(x) + bouy(x)) dx > 0, (5.4)
R

where by is defined in Lemma A.3. Then, we have no global (in time) existence of small data Sobolev
solutions u € C([0, o0), L*(R)).

Example 5.2. The following modulus of continuity satisfies the condition (5.3) of Theorem 5.1:

o 4(0) = 0 and for > 0 it holds u(t) = (log 1) ", @ € (0,1],

o 14(0) = 0 and for v > 0 it holds u(7) = (log 1) (loglog 1) ... (log 1), @ € (0, 11, k € I
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Proof. We suppose that the solution u € C([0, 00), L*(R)) exists globally in time. Multiplying (5.1) by
a positive function g = g(¢) which is defined in Lemma A.3 we obtain

(g(Dult, X)) = (g(Ou(t, X)) = (&' (ult, X)), + (=g’ (1) + gOb(O)uy(t, X) = gOlu(t, )P u(u(t, x))).

From the definition of g = g(¢) we may conclude

(g(u(t, X))y — (gtult, ) — (&' Out, X)), + ut, x) = gOlu(t, X)P u(lu(t, X))

For the further considerations we introduce the following functions:

1 if sel0,1], - 1
n(s) =4 decreasing if se(3,1), n'(s) = { 0( ) ii ' [0;21]’
0 it s>, i e

We define for (¢, x) € [0, 00) X R the cut-off functions

x> + ¢
F(R)

(5.5)

3
x> + t)

3
) and %@(R) = ‘/’*F(R)(t’ x)=n ( F(R)

Yrw) = Yre(t, x) = 77(
where F(R) = B"'(R,0) and B~'(z, 0) is the inverse function of B(z, 0). It follows that F : R € [0, c0) —

F(R) € [0, ) is a strictly increasing function with F(0) = 0 and Rlim F(R) = oo thanks to 11—7 ¢ L'(R).

Moreover, the support of " is contained in

F(R
Q;(R) = QF(R)\{(Z, X)) xF < %}

After integrating by parts we arrive at

f gOlu(t, )P pu(lu(t, )Wyt X) d(t, x) = —f (u0(0, x) + bou1 (0, )Y rr)(0, x) dx
OFR) B

VF®
+ f (8Oult, )M rw)(t, x) + (&' () — Dult, )W rry(t, x) — g(Oult, )Y rr)(t, X)) d(t, x).
Or®w)

Due to the assumption u € C([0, o0), L*(R)) all integrals are well-defined. We define the functional

Irg) = f gOlut, )P plult, )W rery(, X) d(t, x) = f gOh(|u(t, )W rw)(t, x) d(t, x).
OF®) OFr®)
Then, due to (5.4) it holds
Irg) < f (g(Oult, )W py(t, X) + (&' (1) — Dult, )W rr(t, X) — g(Ou(t, )0 pr)(t, X)) d(t, X).
OFR)

We have

; 3 (P (P
WrR) = F(R)n FQR) n FR) )

AIMS Mathematics Volume 8, Issue 2, 4764-4785.
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P 6 (WP (P 3 (P (e
WrER) = F(R)zn( F(R) )77 ( F(R) ) * F(R)zn( F(R) ) 1 ( F(R) )’
gy 242 (P (P 1202 (P (P
Wrw) = F(R)Zn( F(R) )77 ( F(R) ) " F(R)Zn( F(R) ) 1 ( F(R) )

L6 |x|2+t)2 1P+t
FRONFR | "\ Fw) )

From (5.5) together with the boundedness of 7, ” and ", there exists a constant C > 0 such that

C N | |2 +t C . 1
1070wy + O py + Orawy| < R ();(R) ) “F® Wr@r(t X))7.
We have
Irg) < R QF(R)(g(t) + Collut, )Wy (t, )7 (2, %),

where Cy is the constant from Lemma A.3.
Due to (5.2), which implies that g = g(#) is bounded to above, we can choose C; large enough such
that %’1) < qo < 1 forall ¢ > 0. Then let us choose C > C; > C,. Hence,

c (1)
Irg < (&

% C_l + l)lu(t, X)l(l/’;*(R)(t, )C))% d(ta )C). (56)

Or®)

Applying Lemma A.4 for a = a(¢) := g(t) > 0 since b = b(t) is a positive function we get

Jor (B2 D)ty VW 8 2D At 0\ [ (52 1)ty 0N (85 6))7) 2, %)
h < F(R)

;(R)
I{0) - g
fQ;(R) (C—l + l)d(t, x) fQ;(R) (C—l + l)d(t, x)
Moreover, we have
(1) . 1 ) . 1
f (52 4 1)lutt, Wy 1. 0)* (2, 2) = f (57 4 1)lutt, )|y (1. 20 (1, ).
Q;(R) Cl Orr) Cl

On the other hand we have
h (|Lt(l‘, X)|(lﬂ;~(R)(t, x))%) < h(Ju(t, x)|) (‘ﬁ;(R)(t’ X)).

All together with the monotonicity and continuity of u and the existence of 4~! we can get the following
estimate:

b

[fgm (52 + 1) (ut, 0)) Wy (1. 2)) (2, )

g(t) % 1 3.1
— +1 , ,X)3d(t,x) < CF(R)2h S
fQ (G e N0 0 < CER) .

Ci
(5.7)
where we use the following estimate:

g(®) 3
fQ (C—1 + 1)d(t, x) ~ F(R)?.

"
F(R)
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Let us now define the functions y and Y as follows:

g(®)

F(R)

y=y(r) = L (Fl + 1)h (Ju(t, X)) (W(t, x)) d(t, x) and Y=Y(FQR)= [ Y dr.
Then, we have
o g() .
Y(F(R) = f ( f (T + D Qut. 0 .20 e x))  dr
0 OFR) 1
F(R)
=fQ (%? + l)h(lu(t, X)) (fo Wi, x))r! dr) d(t, x)
F(R)
F(R) 2 3
=f (% + l)h(lu(t, X)) [f 77*(|x| * t) r! dr) d(t, x).
Or®) 1 0 r

x> +1

We apply the change of variables s = =— to obtain

W+ ~ . i 0\ i + 1)’
|—— | rdr= : Tds < ~ds =log(2 .
jo\ n ( . ) r-dr fx|z+,77 (s) s ds< 17( FR®) ) f; s~ ds = log( )17( FR )

F(R)

Summarizing it follows
Y(F(R)) < 1log(2)Ir)-
We notice that

d
TR Y(F(R))F(R) = y(F(R)).

Finally, from (5.6) and (5.7) we get

ﬂﬂmmxﬂ%@ﬂmM4@E£f@%‘

CF(R):

The last estimate implies

h( Y(F(R)) ) _ drY(F(R)
C2log2)F(R):)~ CFR)?
Then for R > Ry we have

( Y(F(R) f( Y(F(Ry)) )<#mﬂﬂﬁ)
C?1log(2)F(R): C2log(2)F(R):)~ CF®R):

Consequently, we may conclude

1 #( Y(F(Ry)) )< dr Y(F(R))
(C?log(2)P*F(R)" \C2log()F(R):) ~ CY(F(R)?

After integration from F(Ry) to F(R) it follows

FR) 1 Y(F(Ry)) "R d.Y(x)
3 oM T dx < 3 dx.
Fry (C7log(2))’x" | 2 log(2)x> F@Ry CY(X)
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Hence, there exist constants ¢; and ¢, such that after a change of variables we obtain

F(R) 1 1 F(RO)*% 1 F(R) 1
—ulcr— dx:czf —,u(s)dss[— ] < — <
L(Ro) X ( \/}) FRYY S Y(s)? FRy Y (F (Ro)?)
uniformly for all R > R,. Letting R — oo and taking account limg_,., F(R) = oo the last chain of
inequality contradicts to the condition (5.3). This completes the proof. O

6. Concluding remarks

Remark 6.1. The results of this paper explain the critical regularity (not the critical exponent) for
Sobolev solutions to the Cauchy problem

= e + DO = P p(ul), w0, %) = ug(x), u(0,x) = ur(x).

Remark 6.2. A reasonable application of Theorem 5.1 requires a local (in time) existence result. In
the following we restrict ourselves for p > 1 to the effectively damped Cauchy problem

Uy = txx + bOu, = lul”, w0, x) = ug(x), (0, x) = u; (), (6.1)

where the data uy and u, is supposed to belong to C7(R). Then due to [4] for p € (1,3] there exists
a local (in time) energy solution u € C([0, T), H'(R)) N C'([0, T), L*(R)) of the Cauchy problem (6.1).
Then it is clear that one can expect such a local (in time) existence result for the Cauchy problem (1.3),
too because the right-hand side is more regular due to the presence of a modulus of continuity term.

Remark 6.3. A blow-up result for local (in time) Sobolev solutions to the effectively damped Cauchy
problem

e = v + DOy = |l p(ul), w0, x) = up(x), (0, x) = uy(x),
where lim,_,, b(t) = 0, remains as an open problem.
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Appendix
Here we state some results which come into play in our proofs.
The next Proposition can be found in [6], Part 1, Theorem 9.3.

Proposition A.1. Let jm € N with j < m, and let u € Cf(R"), i.e. u € C"(R") with compact
support. Let 8 € [i, 1], and let p, g, r in [1, co] be such that

. n n n
]—5:(m—;)9—;(1—9)

Then
ID7ulle < Coogmjproll D" ull7, Nluall
provided that
(m—ﬁ)—jqéN, that is, 1 >m—j or 1 ¢ N.
r r r
If

(m—g)—jeN,

then Gagliardo-Nirenberg inequality holds provided that 6 € [i, 1).
Proposition A.2. The operator N maps X(¢) into itself and has one and only one fixed point u € X(¢)
if the following inequalities hold:

A

INullxiy < Coli(uo, un)lla,, + Cr(Ollully,s

-1 -1
INu—Nvlixey < Ca@llu — Vil (lalls + M),

IA

where C(t), C,(t) — 0 for t — +0 and Cy(¢), C(t), Co(#) < C for all € [0, c0). For the proof see for
example [9].

Lemma A.3. Let g = g(¢) € C([0, o)) be a solution of the following initial value problem for an
ordinary differential equation:

—o'(1) + g(Ob(r) = 1, g(0) = bloz fo " b g,

If b = b(¥) satisfies the assumptions of the effective case , then it holds g(7) = ﬁ and
lg'(1) = 1] < Co = Co(D).

The proof of Lemma A.3 can be found in [2, 8].

In the following lemma we present the classic Jensen’s inequality with respect to the weighted
Lebesgue measure a(x)dx.
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Lemma A.4. Let @ be a convex function on R. Let @ := a(x) defined and non-negative almost
everywhere on €, such that a is positive on a set of positive measure. Then, it holds

o [ Jo a(x)u(x)dx) _ ke®)dx
Jpewdx )7 [ a(x)dx

provided that all integrals are meaningful and u is non-negative.

o ©2023 the Author(s), licensee AIMS Press. This
_ is an open access article distributed under the
‘%EU'M?? AIMS Press terms of the Creative Commons Attribution License
o (http://creativecommons.org/licenses/by/4.0)
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