AIMS Mathematics, 8(2): 4153-4167.
DOI: 10.3934/math.2023207
ATMS Mathematics Received: 10 August 2022

Revised: 02 October 2022

Accepted: 09 October 2022
http://www.aimspress.com/journal/Math Published: 02 December 2022

Research article

Note on a new class of operators between some spaces of holomorphic
functions

Stevo Stevié¢!'>*

' Mathematical Institute of the Serbian Academy of Sciences, Knez Mihailova 36/I1I, Beograd
11000, Serbia

2 Department of Medical Research, China Medical University Hospital, China Medical University,
Taichung 40402, Taiwan

* Correspondence: Email: sscite]l @gmail.com, sstevic@ptt.rs.

Abstract: The boundedness and compactness of a new class of linear operators from the weighted
Bergman space to the weighted-type spaces on the unit ball are characterized.

Keywords: bounded operator; compact operator; product operator; holomorphic functions; unit ball
Mathematics Subject Classification: 47B33, 47B38

1. Introduction

By B we denote the open unit ball in C", S is the unit sphere in C", B(z, r) is the open ball centered
at z and with radius r, do is the normalized rotation invariant measure on S, dV(z) is the Lebesgue
measure, and dV,(z2) := con(1 - 1z$)*dV(z), @ > —1, where Can 1S the normalization constant such that
V,(B) = 1. The linear space of holomorphic functions on B we denote by H(B), whereas S (B) denotes
the class of holomorphic self-maps of B. The standard inner product between the vectors z,w € C"
is denoted by (z,w), whereas |z] = +/(z,z) is the Euclidean norm in C". Many classical results on
functions in H(B) can be found in [1]. If f € C(B) is a positive function, then we call it a weight
function, and the class of functions is denoted by W(B). If p, g € Ny, p < g, then the notation j = p, g
is an abbreviation for the notation j = p,p + 1,...,q. If X is a Banach space, then by Bx we denote
the unit ball in X.

Each ¢ € §(B) induces the composition operator C, f(z) = f(¢(z)), whereas each u € H(B) induces
the multiplication operator M, f(z) = u(z)f(z). The radial derivative of f € H(B) is defined by

Rf@) = ) iDif (),

J=1


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2023207

4154

where D;f(z) = %(z), j=1,n(if n = 1, then we regard D, f := Df = f’). There has been a huge
interest in the operators and their products on subspaces of H(B). The first investigations have been
mostly devoted to the case n = 1. Beside the products of the operators C, and M,,, which have been
studied a lot, there have been some investigations of the products of the operators D and C,. For some
products of these and other concrete operators, see, for example, [2-25] and the related references
therein. The boundedness and compactness [26,27] of the operators have been predominately studied
so far.
The weighted Bergman space A, = AY(B), p > 0, @ > —1, consists of all f € H(B) such that

1/p
1A llaz = (f If(z)l”dVa(z)) < +0o0,
B

which for p > 1 is a norm on A%. With the norm the space is Banach. For some results on the space
and operators on it, see, e.g., [4,6,14,15,22,28-31].
If u is a weight function, then the space of all f € H(B) such that

I e = SU§M(Z)|f(Z)| < oo,

is called the weighted-type space and denoted by H;’(B) = H;7’, whereas the little weighted-type space
is its closed subspace consisting of all f € H(B) such that limy_,; u(z)|f(z)| = 0, and is denoted by
H;,(B) = H,. There has been a huge interest in investigating the spaces, their generalizations, and
linear operators on them, especially in the boundedness and compactness [2,11,13,19,23,31-34].

The product operator ?%Z’,w = M,C,R" was introduced in [35]. For some investigations in the
direction, see also [36]. Motivated, among others, by our investigations in [14-16, 35], I have
introduced the operator

Sy, = > M, CRI = > R (1.1)
=0 =0

where m e N, u; € H(B), j = O,_m, and ¢ € S (B), and studied it, for example, in [37]. For some related
studies see also [2, 3].

This note continues some of our previous investigations (for example, the ones in [13-16,35,37]),
by studying the boundedness and compactness of the operators 6’;4} c AL — Hp (or H,), where p > 1
and a > —1.

By C we denote some positive constants independent of essential variables and functions which
may differ from line to line, whereas a < b (resp. a > b) means that there is C > 0 such thata < Cb
(resp. a > Cb). If a < b and b < a, then we use the notation a < b.

2. Auxiliary results

The first result is a standard Schwartz-type lemma [38].

Lemma 2.1. Assume p > 1, a > -1, u € W(B), u; € HB), j = 0,m meN, ¢ € S(B), and that the
operator 6’;’150 DAL — H? is bounded. Then, the operator is compact if and only if for every bounded

sequence (fi)ren C AL uniformly converging to zero on compacts of B, we have

lim ||&" w = (.
Jim (15 fill
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The following lemma was essentially proved in [39], so we omit the proof.

Lemma 2.2. A closed set K in H7, is compact if and only if it is bounded and

lilim] sup u(2)|f(z)l = 0.

-1 fek
The following lemma is well known (see [29]; for a less precise version see also [1]).

Lemma 2.3. Assume p € (0,00), @ > —1, and f € AL(B); Then,

If (@) < L 7 €B. (2.1)
(1 =1z» 7

Lemma 2.4. Assume p € (0,0), @« > —1, and m € N. Then,
Iz|

= 121

[R"f(2)] < el (2.2)

for every f € AL and 7 € B.
Proof. Note that it is enough to prove that for all f € AL and z € B,
m Iz
IR @ § ———m—IIfllaz- (2.3)
(I=lz) »

Let r € (0, 1) be fixed. Then, the Cauchy-Schwartz and Cauchy inequalities imply

SUP,ye B(z,r(1-20)) |f(W)|

IRf(2) < 7] - , 2€B, f e HB). 2.4)
Inequality (2.1) implies that
1114z
sup |l < TR 2.5)
weB(zr(1-z))) [ —=r)(1-=zD] »
Since r is fixed, by (2.4) and (2.5) we get
Z
RSN § —— il 2.6)
(I —lzh) »

that is, (2.3) holds when m = 1.
Assume that fora k € N\ {1} and all f € A% and z € B holds,

_ |z
IR @)1 s el 2.7)
—leh

Then, since for w € B(z, r(1 — |z])) we have (1 — )5 (1 = |z)" 7 "' < (1 =w]) "7 ™, from (2.7)

we have
. 1
sup R Fw) < P 1IIfIIAg;- (2.8)
weB(r(1-l2)) (I—=lzh » ™
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If in (2.4) we replace f by R f, we get

k-1
SUPyyeB(z,r(1-12l)) IR f(w)

1R* @) < 1] (2.9)
1 -z
Combining (2.8) and (2.9), we have
IR f(2)] < —,,Lw”fHAg-
(1—1z) »
Thus, (2.3) holds for each m € N, implying (2.2). O
The following lemma is well known.
Lemma 2.5. Let p > 1 and a > —1. Then, foranyt > 0 and w € B,
(1 _ |W|2)t+1
fusl) 1= s (2.10)
(I=(zw)) » ™
belongs to A}, and sup,,.g || frllar < 1.
The following lemma is from [34] and [35].
Lemma 2.6. Let s > 0, w € B and g,,(z) = (1 — (z,w))™*. Then,
P((z,
Rig,,(2) = s W) @11

(1 =z, w)*k’
where Py(w) = s& 1wk +P,(<k_)1(s)wk_l +-- ""p(zk)
polynomials for s > 0;

(s)W? +w, and where pE.k)(s), j =2,k — 1, are nonnegative

k -1
Rhq,.(2) = ; aﬁk)( ];)[(s + J))#va»ﬂ 2.12)
where (agk)), t = I,_k k € N, are defined as
a!=adl =1, keN; (2.13)
andfor2 <t<k-1,k >3,
a® = 1a*V 4 aﬁlf_ll). (2.14)

Lemma 2.7. Assume p > 1, a > =1, m € N, w € B, f,,, is defined in (2.10), and (agk))t:r,k, k=1m,
are defined in (2.13) and (2.14). Then,
(a) foreachl e {l,...,m}, there is

m

W@ = fuu2), (2.15)

k=0
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where c,(cl), k = 0,m, are numbers, such that

RPw)=0,0<j<l, (2.16)
21

‘R]h(l)(w) (J) Wl e , 1< j<m, 2.17)
(I=wP)

hold. Moreover, we have sup, ||h%)|| ar < +00;

(b) there is

m

K@ = ) furl2), (2.18)
k=0
where C(O) k= 0 m, are numbers, such that
HOw) = —————— RO =0, j=1.m
(1= »

hold. Moreover, we have sup, IIhW llar < +o00.
Proof. (a) Letd; = "“’“ + k + 1, k € Ny. Replace the constants c ) in (2.15) by ¢i. Then, from (2.12)
we get

Cotcp+---+cCy

hff\{)(w) = nt+a+1
A =IwP) >
R1O(w) = (doco + drci + - - + dwcw)lWl
w (1 |W|2)n+w+1 +1
: (2.19)
2
%mh%)(w) (m) (doco +dicy + - n+:1dmcm)|W| N
A =IwP) >
(o -diico+dy---dicy + -+ dy - dyric)wl? N
(- |w|2)’”3?+
4 (do---dprco+di - dyci+ -+ dy - doy1C) W™
n+af+1 ‘
A=IwP) >
Lemma 2.5 in [11] shows that the determinant of the system,
1 1 1 1M < 0
dy d, d, c 0

z : 1 : 1 : :
1{:01 dk 1—1 dis1 -+ 1]:0[ A : = (1) , (2.20)

k=0
m—1 m—1 m—1 :
dk dk+1 T dm+k 0
k=0 k=0 k=0 L Cm - -
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is different from zero (on the right-hand side of (2.20), the unit is in the (/ + 1)th position). Thus,
there is a unique solution ¢; = c,(f), k = 0,m, to (2.20). For these ¢;-s, function (2.15) satisfies (2.16)
and (2.17). By Lemma 2.5 we have sup, g ||h%)||Ag < 400,

(b) The proof is similar, so it is omitted. O

3. Main results

Our main results are formulated and proved in this section.

Theorem 3.1. Let p > 1, @« > -1, ke N, u € HB), ¢ € S(B) and u € W(B). Then, the operator
R}, : Ay — HY is bounded if and only if

J i sup LWL A

n+a+l+k

B (1= lp@@)) 7

and if it is bounded, then we have
RS Mazore = T (3.2)

Proof. Assume ‘R’;,‘p AP — HY is bounded. Let g,,(z) = fumw),1(z). By Lemma 2.6 the coeflicients of
the polynomial P, therein are nonnegative, so we have

2 2
s LOMODNOIE  pOOIPGPONT) s g, . (33)

(1 = lp(w)?) " (1 = lpm)P) =
The boundedness, (3.3) and the fact sup,, g l|gwlla» < +00, imply

H@u(2)lle)]
n+a+l k

w@>172 (1 = o)) 7 *

S IRy llas—rze- (34)

Further, the iact film) =z € AP, j =1,n, implies ‘Rﬁ#, fi€ H/‘f’, j = 1,n, from which, together with
Rf; = fij=1,n, we get

sup u(@)u@)lle @) = 1R fillay < IR Maromelizilla, =10,

zeB

from which we get

sup u(@)u@) @) < IR Jlaz-pe- (3.5

z€eB

Inequality (3.5) together with

ORI - up p@lualip(a).
k@12 (1 = |p()|?) » ™ k@is1/2

implies
H@)u2)lle)]

nta+l

le@i<1/2 (1 = )7

< ||%l;,¢||A§—>H;°~ (3.6)
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Combining (3.4) and (3.6), we get (3.1) and J;, < ”%,];")OHAZ—)H;O.
Assume (3.1) holds. Then, Lemma 2.4 implies that for any f € AY(B) and z € B,

p@u@)lle)|

KR, f@)] Il (3.7)

(1= le@I») 7
Taking the supremum in (3.7) over B,», and employing (3.1), the boundedness of %fj,w DAL — H; and
the relation || R} llaz_px < Ji follow, implying (3.2). i

The following result is known. For a more general result, see [31].
Theorem 3.2. Let p > 1, a > —1, u € W(B), u € HB) and ¢ € S(B). Then, the operator %g,w AP —
H is bounded if and only if

Jo =: sup HOMuE)] < +o00, (3.8)

B (1= lp@P) 7

and if it is bounded, then ||9%3#,||A54Hﬁ0 = Jp.

Theorem 3.3. Let p > 1, @ > -1, m € N, u; € HB), j = 0,m, ¢ € S(B) and yu € W(B). Then, the
operators ‘Rﬁw (AP — HY, j=0,m, are bounded if and only if 6;’(}) (AP —> H is bounded and

sulgu(z)luj(z)llso(z)l <+oo, j=1,m. (3.9)

Proof. Assume 6;5’(/} AP — HY is bounded and (3.9) holds. We need to prove

1, = sup AN <o, j=Tom (3.10)

n+a+l

<E (1= lp(2)lP) >

and

Iy = sup HOly () < 400, 3.11)

n+a+l

«B (1= lp(2)l?) >

If (w) # 0, then there is h(m) € A? such that

m . (m ()"
RINL) (ew)) = 0, 0= j < m, R"AL (p(w)) = —————
(1 =lew)?) "~
and sup, . ||h¢(w)|| a» < +oo (see Lemma 2.7 (a)). This, together with the boundedness of 6’” AP —
H, implies

m

D wimRI, (p(w))

J=0

(m)
||6m “A"—>H°° 2z ”6$¢h‘p’?w)”H;° > u(w)

_ Ol )0
(1 = p(w)) 5

, (3.12)
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from which it follows that

M@ (Dle(2)] m
—7 — S ||6ﬁ,‘p||Af;—>H§°a
o172 (1 = [pRR) 5

and along with

@Dl (2)lle(2)]
A PO < sup u@lim@llp()] < +oo,
lk@I<1/2 (1 — |@(z)?) » ™™ =B

implies /,, < +oco.

Assume (3.10) holds for j = s + 1, m, foran s € {1,2, ...,m—1}. Let i

oon(@) be asinLemma 2.7 (a).

(©)
Then, sup,, 5 ||h¢(w)|| ar < +00, and

G (W)
Z aPu(w) P
J=s (1 = lew)P?)

()

< sup ()| Y ;@RI (9(2)
j=0

z€B
< IS laz
from which we easily get

w)lus(w)lp(w)[*S . N W) (w)llp(w) >
MO OO g+, AP (3.13)

(1=l » " oo (=l ™

From (3.13) and the fact s > 1, we have

Ol @le@ o e P
. P N e + > sup j

nta+l | -

o le@12 (1 = |p(z)P) v ™

m
m
<N Mg + D, I

Jj=s+1

n+a+l

w172 (1 - o))"+

This, together with the fact

HOUDIDL o @l @lp()] < +oo,
w@I<1/2 (1 — |p(z)|?) 7 =B

implies (3.10) for j = s. Thus, (3.10) holds for any j € {1,...,m}.
For any w € B, there is h;%) € A such that

1 .
h0 (W) = — R,
(1 = lpw)?) "

and sup,,. ”hfp(?w)”AZ < +o0 (see Lemma 2.7 (b)).
This together with the boundedness of 6’;4} (AP — H? implies

W) =0, j=1,m,

HW)luo(w)

(1 =lew)?) 7
from which (3._1 1) follows, as claimed.

(V]
N[l N PPy [ (3.14)

Assume R; , : A — HY, j= 0, m, are bounded. Then, Ggw AP — H;? is also bounded. If u
in (3.5) is replaced by u;, we get (3.9). O
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Theorem 34. Let p > 1, > -1, ke N, u € HB), ¢ € S(B) and u € W(B). Then, the operator
%fw (AP — H is compact if and only if it is bounded and
H(@)Nu@)llp)|

llm n+a+l =
T (1= o) 7

(3.15)

Proof. 1f ?%’Lj#, AP — HY is compact, it is also bounded. If [|¢|| < 1, (3.15) automatically/vacuously
holds. If [l¢lle = 1 and (z;)jen C B is such that |p(z;)] — 1 as j — +oo, and hj(z) = fy;.(2), then
sup ey llhjllar < +oo. From lim;, (1 — lp(z)I>)*! = 0, we have h; — 0 as j — +oo, uniformly on
compacta of B. Using Lemma 2.1, it follows that lim;_, , II‘R%h jllue = 0, from which, along with the

consequence of (3.3),
p(zplu(z)lle))l
(1 = lpzpP) =+
which holds for sufficiently large j, and we easily get (3.15).
If RE AP — HY is bounded and (3.15) holds, then Theorem 3.1 implies u(z)|u(2)|le(z)| < Ji <

u,p
+00, 7 € B, and (3.15) implies that for any & > 0 there is ¢ € (0, 1) such that when ¢ < |p(z)| < 1,

k
< C”%u,(phj”Hﬁ",

H@u(2)le(2)]

(r+l+k

(1= lpz)2) "7

Suppose (f;)jan is a bounded sequence in A} converging to zero uniformly on compacts of B. Let
ss = {z € B : |p(z)] < 6}. Then, Lemma 2.4, together with the fact sup_.g u(2)lu(2)|le(z)| < +oo,
and (3.16), implies

IRE , fillae <sup u(@)|u@R (@) + sup u@|u@R* fi(p@))|

(3.16)

ZESs z€B\ss

<sup U]l TR fp(n|+ sup LMD
Z€5s 2€B\ss (1 — |90(Z)|2) P

< sup [VRF fi(w)| + & (3.17)
w|<d

The assumption f; — 0 on compacts along with Cauchy’s estimate implies lim;_, o [VR ' fj| = 0
uniformly on compacts of B. The set {w : |w| < 4} is compact, so by letting j — +oo0 in (3.17), it
follows that limsup;_, II%’;#, fillz> < &, from which it follows that lim;, o ||%’;,¢ Sillg= = 0. From
this and Lemma 2.1, the compactness of ‘R’;w c AP — H;° follows. m]

The following theorem is known. For a more general result, see [31].
Theorem 3.5. Let p > 1, « > —1, u € H(B), ¢ € S(B) and u € W(B). Then, the operator ‘RB#, AP -
H is compact if and only if it is bounded and
u@u)|

llm ntatl
1 (1 - e

Theorem 3.6. Let p > 1, @ > -1, m € N, u; € HB), j = 0,m, ¢ € S(B) and u € W(B). Then, the

operator SZ{SO (AP — H is compact and (3.9) holds if and only if the operators ?%f;j#, AP — H are

(3.18)

compact for j = 0, m.
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Proof. 1f CSZ?W AP > HY is compact and (3.9) holds, then the operator is bounded, from which,
together with Theorem 3.3, the boundedness of ‘Riw AP — H;" ,Jj= 0, m, follows. The previous two
theorems show that it is enough to prove

. M@ (Dlle(2)
lim ——

O (1 = g (P) 5

=0, j=1,m, (3.19)

and

..

lp(z)|—>1 (1- |90(Z)|2) »

If lpll < 1, then (3.19) and (3.20) hold. Assume ||¢|lc = 1. Let (zx)iew C B be such that
limy,. l(z)l = 1, and i (z) = ki) (2) foran s € {1,...,m} (see (2.15)). Then, sup;q 1A ll7 < +oo.
The fact limy_,,oo(1 — |@(zx)|?)*' = 0, implies limy_, o h(ks) = 0 uniformly on any compact of B. So,

Lemma 2.1 implies

(3.20)

: m 1,(s) _
k1_1>r+noo||6ﬁ’¢hk e = 0. (3.21)
Relation (3.12) implies
Kzl (z)llp(zi)|

(1=l » ™

for sufficiently large k. From (3.22) and (3.21) with s = m, relation (3.19) with j = m follows.
If (3.19) holds for j = s + 1,m, for a fixed s € {1,...,m — 1}, (3.13) implies

< 1S 1 e (3.22)

m

(W)t (zi)llp(z0)| m (s W)t j(zi)llp(z)
a . (ia+]f+v S ”6ﬁ,4ph§¢ )||A§—>Hﬁ° + Z : ntatl 4 50
(I —lp@PP) > ™ = (= lezlP) ™

for k large, from which, along with (3.21) and the hypothesis, the relation (3.19) with j = s follows.
Thus, (3.19) holds for any s € {1,...,m}.

Let hi’(2) = K\ (2) (see Lemma 2.7 (b)). Then, supy 17 llyz < +00, and limy .o i (z) = 0O

uniformly on compacts of B. From Lemma 2.1 we have that lim;_, ||62?¢h,({0)|| ne = 0, from which,
along with the consequence of (3.14),

(z)luo(zp)| m
e < 118 Wl
(1 = le(z?) 7
(3.20) follows.l L
Assume %ﬁj,‘p AP — HY, j = 0,m, are compact. Then, 6;% AP — H? is also compact, and by
Theorem 3.3 is obtained (3.9). O

Theorem 3.7. Letp > 1, « > -1, m e N, u; € HB), j = 0,m, ¢ € S(B) and u € W(B). Then, the
operator 62’150 (AP — H7, is bounded if and only if 6:2"90 CAD > H is bounded and

m

D uil

J=0

lo(z)I' =0, [€N,. (3.23)

lim p(z)
-1
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Proof. If SZ{Q& A > H? is bounded and (3.23) holds, then since any polynomial p is represented as

p(2) = Xl pi(z), where p;, [ = 0, 7 are homogeneous polynomials of degree /, it follows that as |z| — 1,

t m t m

HQ|(@,p)| < D u@| D @V |lpie@) $ > u@)| > w2l

1=0 =0 1=0 =0

lp()" = 0.

Hence, 6’;4} p € H,. The density of the set of polynomials in AP, implies that for any f € A% there are

polynomials (pi)ren such that limy,,o [|f — prlla» = 0. From the boundedness of 6:{% AP > HY we
have

1S5,/ — Sh Pillay < NSE Naz—ullf = pillaz — 0,

as k — +o0. So, 6’" (A ) C H, implying the boundedness of 6"’ c AL — H.
If &y - AP — H;?o is bounded then &7 AL — H is also bounded. The fact f,,(z) = 7. € A%,
s=1,nl€ Ny, implies SZwaSJ € Hlfo, s=1,nl€ Np. Hence, for s = I.nle Ny, we have

m

lim u(@)IS, fuu] = lim p()| ) ui@ e = 0.
Jj=0
from which, along with |¢(z)|' < popa los(2)I', (3.23) follows for each [ € Nj. O

Theorem 3.8. Let p > 1, a > -1, k e N, u € HB), ¢ € SB) and u € W(B). Then, the operator
Ry, AL — H, is compact if and only if
(Z)lM(Z)IIQD(Z)I

llm n+a+l

2T (1 = le()?)
Proof. Relation (3.24) implies (3.1). Taking the supremum in (3.7) over B and B,r, and
employing (3.1), it follows that

(3.24)

H(Z)|M(Z)||90(Z)|

sup sup,u(z)|‘R f(z)| ol < 400, (3.25)
fe,y c<B = (- @)
Hence, the set S = {R] P k fe HY - Jf € Byr} is bounded in Hp. From (3.7) and (3.24) we easily

get R’;Mf € HJ, for any f € BAZ’ ie, § C H7,. Taking the supremum in (3.7) over By, and
employing (3.24), it follows that

lim sup p(2)| Ry, f(@)] =0

k=1 rep AP
This fact and Lemma 2.2 imply the compactness of % :Ab - H7,.

If Ry, AL — H, is compact, then Ry, AL — H°° is also compact. From Theorem 3.4 we have

that (3.15) and (3.16) hold. The fact f;(z) = z; € Al j = 1,n, implies Wf] € H;"O, Jj= 1, n, from
which we have lim;_,; u(z)lu(z)ll¢;(z)] = 0, j = 1, n. Hence,

éllg} H@Nu@)lle)] = 0. (3.26)
From (3.26) together with (3.16) we obtain (3.24) in a standard way. O
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The following result is known. For a more general result, see [31].

Theorem 3.9. Let p > 1, « > —1, u € H(B), ¢ € S(B) and u € W(B). Then, the operator %2#, c AP —
H, is compact if and only if

(@) |u(2)|

lim n+a+l
2 = @) 7

=0. (3.27)

Theorem 3.10. Letp > 1, a > -1, m e N, u; € HB), j = 0,m, ¢ € S(B) and u € W(B). Then, the
operator 6’;?50 (AP — H;?o is compact and

lim p(@lu (Dl = 0, j = 1, m, (3.28)

if and only if ‘R{;W AL — H7, are compact for j=0,m.

Proof. Suppose &7 : A} — HZ, is compact and (3.28) holds. For the compactness of R ot AN >
P M, o
H/‘Z’O, J = 0,m, it is enough to prove (see Theorems 3.8 and 3.9),
fjm SN _ o515 (3.29)
(1 = ey
and
lim — @ (3.30)

P = @)

Note that 6:’% AP - H7 is compact, whereas (3.9) follows from (3.28). The compactness of
RS - AP — H;f’, j= O,_m, follows from Theorem 3.6. Hence, we have (3.19) and (3.20). Therefore,

Llj,(ﬁ

for every € > 0 there is ¢ € (0, 1) such that for § < |¢(z)| < 1,

H@D)uj(2)llp(2)] . — H(2D)|uo(2)]
nta+l | - &, ] = 1’m’ and n+a+l

(I =le@P) » (I =le@)I?) 7

(3.31)

From (3.28) and (3.31), (3.29) easily follows. From the fact fy(z) = 1 € AL it follows that 6’5901 =uy €
H,fo’ from which, together with (3.31), we similarly get (3.30).

If %ﬁw cAb - HY j = 0, m, are compact, then 6’;{0 AP — HY, is also compact. Beside
this (3.26) holds when u is replaced by u; for each j € {1,2,...,m}, that is, (3.28) also holds. O

Remark 3.1. The quantities Jy and J;, k € N, in Theorems 3.1 and 3.2, are essentially obtained by
using the point evaluations in (2.1) and (2.2), respectively. Since the numerator of the right-hand
side in (2.1) does not contain the term |z|, the quantity J, does not contain the term |¢(z)|, unlike the
quantities Jy, k € N. This is connected with the definition of the radial derivative operator.
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4. Conclusions

Motivated, among others, by our investigations in [14-16, 35], in 2016 I came up with an idea
of studying finite sums of the weighted differentiation composition operators and introduced several
operators of this form acting on spaces of holomorphic functions on the unit disk or on the unit ball.
One of them was the operator in (1.1). In [37] we have studied the operator from Hardy spaces to
weighted-type spaces on the unit ball. Here we complement the main results therein by characterizing
the boundedness and compactness of the operator from the weighted Bergman space to the weighted-
type spaces on the unit ball. The methods, ideas and tricks presented here, with some modifications,
can be used in some other settings, which should lead to some further investigations in the direction.
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