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1. Introduction

By R we denote the set of real numbers, by R, the interval [0, +00), the space of continuous
functions on a set Q we denote by C(Q2), whereas the space of continuously differentiable functions
on Q we denote by C'(Q). A vector (xi,...,x,) € R" we denote by x. If ¢ € R, then by & we denote
the vector (c,c,...,c) (for example, I = (1,...,1)). By (x,y) we denote the Euclidean inner product
of vectors x,y € R”, that is, (x,y) = Z?:l x;y;. The Lebesgue measure on R" we denote by dV(x),
whereas by do({) we denote the surface measure on the unit sphere S C R". A functionw : Q — R is
called a weight function or simply weight if it is positive and continuous. The class of all weights on
Q we denote by W(Q).

Let w € W(Q). The weighted-type space C,,(Q2) consists of all f € C(Q) such that

£l := supw®If(D)] < +co. (1.1)

teQ

By using a standard argument, which is applied to the space C(€2), it is shown that C,,(Q2) is a Banach
space. Various weighted-type spaces of continuous or analytic functions and operators on them have
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been investigated considerably for several decades (see, e.g., [1,2,12,19,25,32-35,38,42,43,48,50,51]
and the related references therein).

Let LL@R") = L8, where p > 1 and w € W(R"), be the weighted £” space consisting of all
measurable functions f such that

l/p
Wfller = (f If(x)lpw(x)dV(x)) < 400,
RU

With the norm || - || -» the space L}, is Banach.
Let X and Y be normed spaces, and L : X — Y be a linear operator. We say that the operator is
bounded if there is M > 0, such that

ILxlly < Ml|xllx,

for every x € X ([6,26,27,44,45]).
Norm of the operator is defined by

ILl|x—y = sup ||Lx]|y,

xeBy

where By denotes the unit ball in the space X.

Finding norms of linear operators is one of the basic problems in operator theory. Many classical
results can be found in books and surveys on functional analysis, operator theory and inequalities (see,
for example, [6,7,9,10, 16,23,26,27,44,45]; see also some of the original sources [13, 14,28]). For
some recent results in the topic, including some on multi-linear operators (for the definition and some
examples see [52, p. 51-55]), see, for example, [4,9,11,20,33-36,38,40—-42] and the related references
therein.

Let u be a function defined on Q. Then by M, we denote the multiplication operator

M(f)(®) =u@®)f(@©), te€Q, (1.2)

where f is a function on Q.

There has been some interest in the multiplication operators on spaces of functions [35, 49].
Motivated by some of our previous results on calculating and estimating norms of concrete operators
and a problem in [45], here we present some formulas for norms of the multiplication and several
integral-type operators between weighted-type spaces. We also calculate norm of an integral-type
operator on some subspaces of LI (R") space. For various integral-type operators see,
e.g., [3-5,7-10,16,19-22,24,29-32,37,39-43,46,47]. Some of the formulas we have got long time
ago, but have never published them. Some of the formulas could be matters of folklore, but we could
not found references.

2. Main results

This section presents our main results and some analyses.
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2.1. Multiplication operator between weighted-type spaces

The following result is a simple and basic one, and should be a matter of folklore. However, it is
useful and instructive, because of which we give a proof.

Theorem 1. Let wi, w, € W(Q). Then the operator M,, : C,, () = C,,,,,,(Q) is bounded if and only if
ueC,,(Q). (2.1)
Moreover, if (2.1) holds then
IM.llc,, @—Cuyuy@ = ltll,- (2.2)
Proof. First, assume that condition (2.1) holds, that is, that
lleelly, < +o0. (2.3)
Then, we have

1M (Ollwyw, = sup wi@wa(D)|u(®) f(O] < sup war(Du(@)| sup wi(OIf O] = [[ully, || f 1l

teQ) teQ teQ)

from which by taking the supremum over the ball B¢, ) we get

IMllc,, @—Cuyy@ < ltll,- (2.4)

From (2.3) and (2.4) the boundedness of the operator M, : C,,,(2) — C,,,,(L2) follows.
Now assume that the operator M, : C,, (Q) — C,,,,(Q) is bounded. Since w; is a positive
continuous function we see that 1/w, is also such a function. Note that

11/ willw, = supwi(2) - = (2.5)
1€ wi(1)
Further, we have
1
1M, (L/wlliwyw, = sup wi(@)wa()|u(?) ‘ = |leells, - (2.6)
teQ Wl(t)
From (2.5), (2.6) and the boundedness of the operator M,, : C,,,(2) — C,,,,,,(£2) it follows that
llutll, < IMullc,, @-cCppy @ < +00, (2.7)

which means that (2.1) holds.
If condition (2.1) holds, then from the inequalities in (2.4) and (2.7), we immediately obtain
formula (2.2). a

Remark 1. Note that the simple fact in (2.5) plays one of the decisive roles in finding the norm of the
operator M, : C,,, () — C,,,,,(€2). Related facts are very useful in finding norms of concrete operators
acting from weighted-type spaces and will be also used further in this paper.
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2.2. Appearance of an integral-type operator in differential equations

Consider the initial value problem

Y (1) = =By + f(1),

y(0) =0,

where f,8 € C(R,).
By using the Euler multiplier eb#9% from (2.8) we have

(y(t)efo[ﬁ({)d(), — f(t)efolﬁ(od{_

(2.8)

(2.9)

By integrating the last relation and using condition (2.9), after some calculation, we obtain

() = f b PO f(5)ds.
0

(2.10)

Note that formula (2.10) presents a linear operator, say, L which is defined as follows

y(®) = L(f)(®), 1eR,,

and acts from C(R,) into the subspace of C'(R,) consisting of all g € C'(R,) such that g(0) = 0.
Consider the operator from C,, (R,) to C,,(R,). Using the definitions of the spaces C,,,(R,) and

C.,(R;), we have
ro
ILCOIw, =sup wa(r) f el PO f(5)dss
teR, 0
!
5 d
< flly supwa(t) | b PO
teR, 0 wi(s)
from which it follows that
- ds
L N <s ¢ f, ﬁ(()d{__
ILllc,,, ® -0y =) telg wa(1) ¢ i)

From (2.5) and since

s
s d
IL(L/w)ll, = supwa(t) | el PO
teR, 0 Wl(S)

we have

!
S ds
ILllc,, @)oo = SUpwat) | eh BO%
! 2 teR, 0 wi(s)

From (2.11) and (2.12) we obtain
ds

t o
IILllc, ®.)—c,,®,) = SUp Wa(2) el O .
! 2 teR, 0 wi(s)

AIMS Mathematics
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From the analysis that we have just conduced it follows that the following result holds.

Theorem 2. Let wi,w, € W(R,), B8 € C(R,) and

o
L(f)(t) = f el PO% £(5)ds. (2.14)
0
Then the operator L : C,,,(R,) = C,,(R,) is bounded if and only if
T ds
M :=supwr(t) | el POU T < yoo. (2.15)
1€R, 0 wi(s)

Moreover, if the operator is bounded then

ILlle,, @—cu, @ = M.

Let
I1f1ls := sup e”|f(®)l,

teRy
where 6 € R,, and let
Cs(Ry) ={f € CRY) : |Iflls < +o0}.

The following example shows that for some functions w;,w, and S the norm of the operator
L:C, [R;)— C,,(R;) can be explicitly calculated ( [45, Problem 7.31]).

Corollary 1. Let wi(t) = ¥, @ > 0, wy(t) = €, B(t) = B, and B > a > 7. Then the operator
L: C,(R;) = C,(R,) is bounded and the following statements hold.
(a) If @ =y, then

1

L 5 = —. 2.16
ILllc,®.)—ca®s) B—a (2.16)

(b) If @ > vy, then

(o V)H)M . (2.17)

LI, @—cym,) = (—
7 B—ypr

Proof. By Theorem 2, we have that formula (2.15) holds with w(¢) = e, w,(¢) = €’ and B(¢) = B,
that is,

A
ILllc,®.)—c,®,) = Sup eytf PO e . (2.18)
0

teR,

(a) Since a = 7y from (2.18) we have

1 — ¢~ B 1

!
IILllc,®r)—cCa(r,) =SUP e(a_ﬁ)tf P 5ds = sup = )
PR teR, 0 er, PB-a B-«a
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(b) In this case from (2.18) we have

' -1 _ (P

Lllc ®oc. . =sup e? " B sdy = gqup ——— 2.19

«(R)>Cy(Ry) p p
teR, 0 teR, ﬁ -

Let g(f) := 79" — ¢¥P" then we have g(0) = 0, lim,,,. g(#) = 0 (since y < @ < B), and
g(t) = e Pr(e#-" _ 1) > 0,1 € R,. Since

g = (y—a)e” Y — (y = B P!

we have that g’(¢) = 0 if and only if

Hence,
y-a B a-
Sup(e(y_a)[ _ e(,y_ﬁ)t) — (a - ’y)a’ﬁ _ ((1’ - ’y)a’ B _ ﬁ (a y)ﬁ (4
(<R, B-vy B-v B=y\B-vy
from which together with (2.19) and some calculation, formula (2.17) follows. O

2.3. An extension of Theorem 2 and its corollaries

Let
L(f)(t)=h(t)f0 ---fong(S)f(S)dsl---dsn, (2.20)

where = (t1,..., ), § = (S1,...,8,), 8jst; €R,, j=1,n,and g,h € C(R").
The following theorem is an extension of Theorem 2.

Theorem 3. Let v, w, h, g € W(R'}) and operator L be given in (2.20). Then the operator L : C,,(R}) —
C,(R"}) is bounded if and only if

M = sup w(D)h(o) f f " @dsl s, < +oo, 2.21)

teR!}
and if it is bounded then the norm of the operator is equal to M.

Proof. Assume that (2.21) holds. Then we have

f f " g()f(s)ds1 - ds
0

" g(s)
f f w1l

from which along with (2.21) the boundedness of the operator L : C,(R}) — C,(R}) follows.
Moreover, we have

ILCOI = sup v(£)A(r)

teR%

<[I.f1hw sup v(1)h(2)

teR”

ILllc, ®my—c, @y < M. (2.22)
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If the operator L : C,,(R}) — C,(R}) is bounded, then since the function fy(t) = (t) belongs to

C,(R") and ||fyll,, = 1, we have
! 1,
‘ " g(s)
=—=ds---ds,
fo fo wis)

from which together with the boundedness of the operator L : C,,(R}) — C,(R’) and positivity of
functions g and w we obtain (2.21). From (2.22) and (2.23) we obtain

ILllc, &ny—c, @y = IL(fo)ll, = sup v(£)h(t)

teRY

, (2.23)

ILllc, &ny—c,@ny = M,
completing the proof. O

The following corollary is an extension of Corollary 1.

Corollary 2. Letv,w € W(R"), j = 1,n, 8; € CR,), j = 1,n, and

1] In n S j e )
L(f)(1) = f f eZin b PG (0 ds, - dis,. (2.24)
0 0
Then the operator L : C,,(R"}) — C,(R}) is bounded if and only if
d
= sup V(t)f f Z/ lf ' Bi(¢pdL S] < 400, (2.25)
teR” W(S)

Moreover, if the operator is bounded then

ILllc, @) —c,@n = M.

The following integral-type operator is a special case of operator (2.24)

L0 = fo fo L ERB f(5)ds, - dis,. (2.26)

LetCy, 6, > 0, j = 1,n, be the class of all f € C(R}) such that

I£lls = sup e | £(1)] = sup eV £(1)] < +oo. (2.27)

teR% teR%
The following consequence of Corollary 2 is an ultimate extension of Corollary 1.

Corollary 3. Let wi(t) = %", B;j(t) =B, and B; > a; > 7y}, j = 1,n. Then the operator L Cz(R}) —
C5;R?Y) is bounded and

~ (aj—y))¥ 7 1
e = [ (S22 [ () =
i~ JTQ

ajFyj @j=Yj

AIMS Mathematics Volume 8, Issue 2, 4022-4041.
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Proof. By using (2.26), (2.27), Corollary 1 and Corollary 2, we have

Y Bj(sjmtp 22l Hon S] —dsy
= le“ﬂj

Sup e(Y} ﬁj)tjf (;BJ a})sjds
0

ILllc, AR SCH(RY) = = sup 2= 77
teR!}

j=1 1R+
() — ¥\ 1
_al;l ( =y 7’) 01/1 (ﬁj - a,-)’
as desired. O

Remark 2. The norm in formula (2.28) is achieved for the function
fat) = e,
Indeed, we have f; € C(R}),

falla = 1, (2.29)

and

— n {j
IIL(f2)ll = H sup e(Vj—ﬁj)ij ePrmesigs;

=1 1R,

B (o) - 7)]”)@] ( 1 ) 530
n( — Y n Bi—aj)’ (230

aj#Eyj @i=Yj

From (2.28)—(2.30) the claim follows.

2.4. An integral-type operator between weighted-type spaces
Let g € C([0,1)") and

n

1 1 n
r =T [ o [ Ao nmigan.onm [ Tar, @31)
=1

j=1

where x € [0, 1)". The operator on the polydisk was studied in [32].
From now on, for the operator in (2.31) we use the notation

Ty(f)(x) = f f flt- gt x)]_[dt

By @; we denote the space of all f € C([0, 1)") such that

Iflle, = SUP l_l(l — X))V f(x)] < +o0,

x€[0. 1)”
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where ¥ = (yi,...,Y,) issuch thaty; > 0, j = 1, n. The quantity || - llo, is @ norm on the space.
In the theorem which follows we estimate norm of the operator T, : Q7 — Q. -1 under some

conditions posed on the vectors @ and ﬁ, and calculate it for a concrete function g.

Theorem 4. Let (?,ﬁ € R} be such thata;+ ;> 1, j = 1,n, and
||g||QE < +00. (2.32)

Then the operator T, : Qz — Q5 ¢ is bounded and

1Tl  _ Vole (233)
g Q&—’Qmﬁﬂ‘ - H?:](a'j +Bj _ 1) .
If additionally
2 1
(x) = _ (2.34)
8 D (1=, p
then
1
ITella,»a. . - = = ) (2.35)
gllQ; Qa+/§—l Hj:l(aj +:8j _ 1)

Proof. Suppose that relation (2.32) holds. Let f be an arbitrary function in Q3 and x be an arbitrary
point in the cube [0, 1)". Then by using the definition of the spaces Q; and QE’ some known inequalities,
as well as some calculations it follows that

n 1 1 "
T f () Sl—[xjf f -0t [ ] dis
j=1 0 0 i1
o @O - ) !
< X - —- |g(t-x)| (l—t-x-)ﬁfdt-
1;[ Jfo fo [T (1 =1 x;)0% l;[ i
! ! 1 dtl oo dt
<I\flla,lglla, x [~l[ i .
Q, Q[g 1]:_1[ J 0 0 Hj:l(l _ tj xj)(x]+ﬁ/
n 1

_ )detj
=1/ lla,llglle, [ |
J

1 0 (1 - tjxj)a/f'—ﬁj
11l llglle, 1 — (1 - x) A
e+ - DAL —xpest

from which it follows that

d " L= (1 - xy)r ]
_ w61 J
Ek%) 7701 < ol [ | —— 5"

J=1

) (2.36)
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for every x € [0, 1)" and f € Q3.

By taking the supremum in (2.36) over the set [0, 1)", it follows that the following inequality holds

TiPla . < — 9% 4
e T e+ B = )

(2.37)
for every f € Q;.
By taking the supremum in (2.37) over the unit ball BQE the boundedness of the operator T, : Q
Q.57 follows.

Moreover, from inequality (2.37) we obtain the following estimate for the norm of the operator

lglla,

ITella-a,,, - < :
¢ T [T+ 8- 1)

(2.38)
Now, assume that the operator 7, : Qz — Q, .57 18 bounded and that function g is defined as
in (2.34).
Let

1
) == (2.39)
fO Hj:l(l _ xj)a//
then
lfolla, = 1. (2.40)
By using (2.34), (2.39) and (2.40), as well as some standard calculations it follows that
ITella,~a,., ; 2 ITe(f)la,, ;
n 1 n
m g g(t-x)
= sup x(] — x.)a1+ﬁj 1 f .. f — - dt;
xel01 ) ! ! 0 o [Tj=(1—1x) l;[ !
L x;dt;
= su e A f —
xE[O,Il))” j:l / (1 - t iXi )a1+ﬁf
1= (1= x;j)thi!
sup
xe[0,1y _j aj+p;-1
J
. 1
= ﬂ S — (2.41)
=1 a; +ﬁj -1
From (2.38), (2.41), and since in this case ||g|lo, = 1, we have
Il 1
Q3—>Q» = n 9
¢ e [T+ 8- 1)
finishing the proof of the theorem O
AIMS Mathematics
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Generally speaking operator (2.31) can be considered on functions defined on any set of the form

n

[ ]i0.cp or ﬁ[o, ¢l (2.42)

j=1 =1
where ¢; € [0, +o0], j = 1, n, and where we exclude the case ]_[;?:1 [0, +o0].
Our next result considers the boundedness of operator (2.31) between such spaces.

Theorem 5. Let u,v,w € W(I), g € C,(I), where the set I has one of the forms in (2.42). If

sup u(x) f f dsids o (2.43)
xel W(S)V(S)
then the operator T, : C,,(I) — C,(I) is bounded.
If additionally
1
g(x) = — (2.44)
v(x)
then
1T = sup u(x) f f s (2.45)
ipllc,i-c. i = xe? “W(s) s)v( S) .

Proof. Using the definitions of the spaces C,,(/) and C,(I), and the change of variables s; = x;tj,
Jj = 1,n, we have

Tof(0)| = ﬁxjfl'--flf(t'X)g(t'x)ﬁdfj
J=1 0 0 J=1

= ﬁxjfol""[ W(t-x)ﬁ;:;c;:g:i;g(t-@ljdtj

f f w(gﬂaloﬂfr”vm | L4

:fo ...fox"%gd% (2.46)

for every x € I and f € C,, ().
Multiplying (2.46) by u(x), then taking the supremum over the set I we have

I/\

" dsy -
Sup (T F(0 < 111l lgl sup ) f 1
xel xel W(S)V(S)
from which it follows that
Il < lgll, sup u( )f f dor- (2.47)
5 »sup u(x .
Cy(D—>Cy(D) 8 P W(s)v(s)

AIMS Mathematics Volume 8, Issue 2, 4022-4041.
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Using the assumption g € C, (1), (2.43) and (2.47) the boundedness of T, : C,,(I) — C,(I) follows.

If (2.44) holds, then

llglly = 1.

Now, note that for fo(x) o e have

ol = 1.

Further, we have

Tl = sup ()| Ty 1o (fo) ()|
n 1 I n
:su?umﬂx,fo ---fom-mgu-m]_[dtj
X€ = j=1

—supu(o [ | f f an -
‘Sx‘i?“ Wit - x)v(r WD)
_ n dS1

o u(x) f f W(S)V(S)

From (2.49) and (2.50) we obtain

" dSl
su < . 5
xeg)u(x)f f w(s)v() < T plle,ay—c.m-

Combining (2.47), (2.48) and (2.50) we get (2.45).

Remark 3. Note that in the case

wx) =™ and  v(x) = e<xﬂ>,
we have
1
ITef(0)] = H x; f f (- 0g(t - x) ﬂ dt)
J=1 0
n 1 1 pltxd) f(t- x)e“"‘ﬁ)g(t - X)
= XJ - = 1—[ dlj
i1 0 e(t-x,oz)e(t-x,ﬁ) =i
B il ! ||f||a||g||g
x .
- i1 J e(tx(t+,3) j
n X
:||f||&||g||,;]_[ f B ds,
=1 Jo
—e —(aj+Bj)x;
=l lllgll ]_[
AIMS Mathematics

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)
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from which by taking the supremum in (2.52) over the set R’} it follows that

Ty fllo < 1A Nlallgll5-

Here, as usual
llAllee = sup [A(x)],

n
x€RY

the standard supremum norm.

2.5. Another integral-type operator between weighted-type spaces
Let g € C([0, 1)") and

1 1 n
T,(f)(x) = f e f fltixy, ... t.x,)8(t, ..., 1) l—[ dt;, (2.53)
0 0 i=1

where x € R”. From now on, for the operator in (2.53) we use the notation

1 1 n
To(f)(x) = fo fo fa-xgw | | at.
j=1

Letu € W(R") and
A1l = sup u()lf(x)].

xeR”

The following theorem holds.

Theorem 6. Let g € C([0,1)"), g(x) >0, x € R", u,v € W(R"), such that

u(t - x) = ]—[ £/u(), (2.54)
j=1

for some a; eR,, j=1,n.
Then the operator T, : C,(R") — C,(R") is bounded if and only if

V() g(1)
u(x)f f I %ﬂdt < ee. (2.55)

J11 J=1

xeR”

Moreover; if the operator T; :C,(RY — C,(R") is bounded then

Tl ac.en = SUp Zig f f H (f)tmnd (2.56)
j=1

xR\ (0}

AIMS Mathematics Volume 8, Issue 2, 4022-4041.



4035

Proof. Assume that (2.55) holds. Let f € C,(R"). Then by using the definition of the norm in C,(R")
and (2.54) we have

1 1 n
s [ [ If(t-x)g(t)ll_[dtj
8(1)
<l f f ol

/1L g(0)
[ 0,
u(x) [T} ¢
from which it follows that

VOIT, () < Il f fn,,(’)a,]_[ : @57)

JlJ =

By taking the supremum in (2.57) over the set R" \ {0}, it follows that the following inequality holds

Tl < Ifll sup ﬁ f f 80 _ 174, (2.58)

xeR"\(G) [T t

By taking the supremum in (2.58) over the unit ball B¢, g the boundedness of the operator T;,
C,(R" — C,(R") follows. Moreover, we have

= v(x) s T
T llc,@n—c, @y < sup u(x)f f T “]l_ldtf’ (2.59)

xeR™\(0} j=1 J j=1

Now assume that the operator Tg : C,(R" — C,(R") is bounded. Let

—~ 1
Jo(x) = —. (2.60)
u(x)

Then

folla = 1. 2.61)

By using (2.54), (2.60) and (2.61), as well as some standard calculations it follows that

ITllc,@m—c, @ 21T ol
f f g(?)
o u(x- t)

V(X) 8
e f f = ]—[ dt;, (2.62)

J1J J=1

sup v(x)
xeR™M\{

erﬁ

from which (2.55) follows.

If the operator T; : C,(R") — C,(R") is bounded then from (2.59) and (2.62) we get (2.56), finishing
the proof of the theorem. O
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The following theorem is proved similar to Theorem 6, so we omit the proof.

Theorem 7. Let g € C[0,1), g(t) >0, t € R, u,v € WR"), such that
u(tx) = t“u(x),

for some a > 0 and every t € [0,1) and x € R", and

1
Ly(f)(x) = fo Jx)g(D)dt.

Then the operator Zg : C(R") — C,(R") is bounded if and only if

1
t
0 (g0
XER”\{6} M()C) 0 f

Moreover, if the operator Zg : C,(RY — C,(R") is bounded then

1

-~ v(x) (T 8@

Tylleoc, = sup ~2 [ &8
xER”\{G} M(X) 0 3

Example 1. Let

u(x) = |ixll, and  v(x) = |lxllg,

where 1 < min{p, ¢} < max{p,q} < +oo and for r > 1

n 1/r
I, = (Z |xj|’] :
J=1

(2.63)

(2.64)

(2.65)

Since all the norms on a finite-dimensional linear space are equivalent (here the linear space is R"), we

have that there are positive constants C; and C, such that
Cillxlly < lixll, < Caollxlly-

Hence, we have
v(x) 1
— < — < +00.
xeR”\{G} M(X) Cl

Note also that in this case we have
u(tx) = tu(x).

Hence, to guaranty the boundedness of the operator Zg . C,(RY — C,(R" in this case, the

corresponding condition in (2.65) holds if the function g satisfies the condition

1
f @dt<+oo.
0o t
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2.6. On a Hardy integral operator

Let ZZ(R“) = Zﬁ be a linear subspace of £/, containing constant functions, and such that the
integral means

My = [ 1feopde

are non-increasing for each f € L.

Example 2. An example of such a space consists of all harmonic functions on R" [18,31], for which
the integral means are nondecreasing functions (see, e.g., [17]; for one-dimensional case see [26]).

Theorem 8. Let u be a nonnegative Borel measure on the interval [0,1], w € W(R") be a radial
function such that

f w(x)dV(x) =1, (2.66)
R)l

and
1
L,(f)(x) = f J(Ex)du(r). (2.67)
0
Then the operator L, : LR — LP(R") is bounded if and only if
1
f du(t) < +oo. (2.68)
0
Moreover, if the operator L, : LP(R") — LP(R") is bounded then

1
||L“||ZIVL(R")—>Zﬁ-(R”) = ﬁ d/J(t) (269)

Proof. First assume that (2.68) holds. By using Minkowski’s integral inequality (see, e.g., [16, 30]),
polar coordinates (see, e.g., [18] or [26, p.150]), the assumption that w is radial, i.e., w(r{) = w(r),
x = r{ € R", and the monotonicity of the integral means, we have

ILlz :( [

1 1/p
< fo fR ) If(tX)I"W(X)dV(x)) du(r)

1 +00 1/p
_ fo fo fg If(tré)l”do(é)w(r)r”‘ldr) dyu(t)

1 +00 1/p
< fo fo fs If(r{)l”dd(g“)w(r)r"“dr) dyu(t)

1
i [ duto,

I4 1/p
w(x)d V(x))

1
fo FE0du()
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from which it follows that
1
WLl 20 < f du(?). (2.70)
0

Now, assume that the operator L, : Zﬁ(R") - Z{’V(R") is bounded. Note that from (2.66) we have
iz = 1.

On the other hand, by the definition of the space Z{’V we have f;(x) =1e va From this and since

. 1
LGz, = [ duto

we get

1
f du(®) < ILull 7, 7- (2.71)
0

If the operator L, : ZL(R") — Z%(R") is bounded, then from (2.70) and (2.71) we get (2.69). O
Remark 4. The operator in (2.67) is a Hardy integral-type operator [15].
3. Conclusions

Here we calculate the norms of several concrete operators between weighted-type spaces of
continuous functions on several domains, as well as the norm of an integral-type operator on some
subspaces of the weighted Lebesgue spaces. Several methods, ideas and tricks, which could be used
in some other settings, are presented.
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