
http://www.aimspress.com/journal/Math

AIMS Mathematics, 8(2): 3920–3939.
DOI: 10.3934/math.2023196
Received: 20 August 2022
Revised: 08 November 2022
Accepted: 14 November 2022
Published: 30 November 2022

Research article
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1. Introduction

Let D be the open unit disk in the complex plane C, H(D) the class of all analytic functions on
D and S (D) the family of all analytic self-maps of D. Denoted by N the set of positive integers and
N0 = N ∪ {0}.

For 0 < p < ∞, Hardy space Hp, consists of all f ∈ H(D) such that (see [1])

∥ f ∥pHp = sup
0<r<1

∫ 2π

0
| f (reiθ)|p

dθ
2π

< ∞.

The derivative Hardy space, which is denoted by Sp, is the set of all f ∈ H(D) whose derivative
f ′ ∈ Hp. For p > 1, the space Sp, which is contained in the disk algebra, becomes a Banach space
under the norm

∥ f ∥p
Sp = | f (0)| + ∥ f ′∥pHp .

See [2–5] and the references therein for the study of (weighted) composition operators, which are
described below, on the space Sp.
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Suppose that µ is a radial weight, that is, a strictly positive continuous function on D which is radial
(i.e., µ(z) = µ(|z|) for any z ∈ D). The Zygmund-type spaceZµ consists of all f ∈ H(D) such that

sup
z∈D

µ(z)| f ′′(z)| < ∞.

Under the norm ∥ f ∥Zµ
= | f (0)| + | f ′(0)| + supz∈D µ(z)| f ′′(z)|, Zµ becomes a Banach space. When

µ(z) = 1 − |z|2, the induced space Zµ reduce to the classical Zygmund space. For some results on Zµ

and operators on them see for instance [6–16].
Let φ ∈ S (D) and ψ ∈ H(D), the composition and multiplication operator are defined respectively

on H(D) by

Cφ f (z) = f (φ(z)) and Mψ f (z) = ψ(z) f (z),

where f ∈ H(D) and z ∈ D. The product of Cφ and Mψ is known as the weighted composition operator
Wψ,φ = ψ(z) f (φ(z)). It is important to provide function theoretic characterizations when φ and ψ induce
a bounded or compact weighted composition operator on various analytic function spaces, and one can
consult [17] for more research about this topic. The differentiation operator D, which is defined by
D f (z) = f ′(z) for f ∈ H(D), plays an important role in operator theory and many other different areas
of mathematics.

The first papers on product-type operators, which included the differentiation operator dealt with
the products of differentiation and composition operators (see, for example, [14, 18–21]). In [22, 23],
Stević et al. introduced the following so-called Stević-Sharma operator:

Tu,v,φ f (z) = u(z) f (φ(z)) + v(z) f ′(φ(z)), f ∈ H(D),

where u, v ∈ H(D) and φ ∈ S (D). By taking some specific choices of the involving symbols, we can
easily get the general product-type operators:

MuCφ = Tu,0,φ, CφMu = Tu◦φ,0,φ, MuD = T0,u,id, DMu = Tu′,u,id, CφD = T0,1,φ,

DCφ = T0,φ′,φ, MuCφD = T0,u,φ, MuDCφ = T0,uφ′,φ, CφMuD = T0,u◦φ,φ,

DMuCφ = Tu′,uφ′,φ, CφDMu = Tu′◦φ,u◦φ,φ, DCφMu = Tφ′(u′◦φ),φ′(u◦φ),φ.

There has been an increasing interest in studying the Stević-Sharma operator between various spaces
of analytic function recently. For instance, Stević et al. in [22, 23] characterized the boundedness,
compactness and essential norm of Tu,v,φ on the weighted Bergman space under some assumptions.
Liu et al. [15, 24] investigated the boundedness and compactness of Tu,v,φ from Hardy space to the
Bloch-type space or Zygmund-type space. Wang et al. in [25] considered the difference of two Stević-
Sharma operators and studied its boundedness, compactness and order boundedness between Banach
spaces of analytic functions. Some more related results can be found (see, e.g., [9, 26–29] and the
references therein).

Quite recently, Abbasi et al. in [30] generalized the Stević-Sharma operator as follows

T m
u,v,φ f (z) = u(z) f (φ(z)) + v(z) f (m)(φ(z)), m ∈ N,
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and investigated its boundedness, essential norm and compactness from Hardy space into the nth
weighted-type space, which was introduced by Stević in [31] (see also [32]). In [33], Stević et al.
introduced the following product-type operator:

(T n
u,v,φ f )(z) = u(z) f (n)(φ(z)) + v(z) f (n+1)(φ(z)), n ∈ N0,

and characterize the boundedness and compactness of T n
u,v,φ from a general space to Bloch-type space.

Subsequently, Abbasi and Zhu et al. in [6, 16] characterized the boundedness, compactness and
essential norm of T n

u,v,φ from or to Zygmund-type space. In [34], Abbasi investigated the boundedness,
compactness and essential norm of T n

u,v,φ from Hardy space to nth weighted-type space. The first
author et al. studied the boundedness and compactness of T n

u,v,φ from Hardy space [8] and Qk(p, q)
space [35] to Zygmund-type space or Bloch-type space.

Motivated by these, now we consider the more general operator

T m,n
u,v,φ f (z) = u(z) f (m)(φ(z)) + v(z) f (n)(φ(z)), m ∈ N0, n ∈ N,

and without loss of generality, we can assume that m < n. Note that when m = 0, n = 1, we get the
classical Stević-Sharma operator. In this paper, we mainly investigate the boundedness and essential
norm of the generalized Stević-Sharma type operators T m,n

u,v,φ from the derivative Hardy spaces Sp into
Zygmund-type spacesZµ. As corollaries, we give the characterizations of their compactness.

Recall that for two Banach spaces X and Y , the essential norm of a bounded linear operator T :
X → Y is the distance from T to the compact operators K : X → Y , namely

∥T∥e,X→Y = inf
{
∥T − K∥X→Y : K is compact

}
.

It is well-known that ∥T∥e,X→Y = 0 if and only if T : X → Y is compact.
Throughout this paper, for nonnegative quantities X and Y , we use the abbreviation X ≲ Y or Y ≳ X

if there exists a positive constant C independent of X and Y such that X ≤ CY . Moreover, we write
X ≈ Y if X ≲ Y ≲ X.

2. Boundedness

In this section, we give some necessary and sufficient conditions for the generalized Stević-Sharma
type operators T m,n

u,v,φ : Sp → Zµ to be bounded in different cases involving m and n. For this purpose,
we need the following known lemma which follows from known estimates for the point evaluation
functional on the Hardy space. For example, for the second one see some lemmas in [36].

Lemma 1. Suppose 1 < p < ∞ and k ∈ N, then

∥ f ∥∞ ≲ ∥ f ∥Sp and | f (k)(z)| ≲
∥ f ∥Sp

(1 − |z|2)
1
p+k−1

for each f ∈ Sp.

For any w ∈ D and j ∈ N, set

f j,w(z) =
(1 − |w|2) j

(1 − wz)
1
p+ j−1

, z ∈ D. (2.1)

It can be shown that f j,w ∈ S
p and supw∈D ∥ f j,w∥Sp ≲ 1 for every j ∈ N. Moreover, it is evident that f j,w

converges to zero uniformly on compact subsets of D as |w| → 1.
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Lemma 2. Let 1 < p < ∞, m, n ∈ N and m + 2 < n. For any w ∈ D \ {0} and i, k ∈ {m,m + 1,m +
2, n, n + 1, n + 2}, there exists a function gi,w ∈ S

p such that

g(k)
i,w(w) =

wkδik

(1 − |w|2)
1
p+k−1

,

where δik is Kronecker delta.

Proof. We use here the method for constructing the test functions given in [31,36]. For any w ∈ D \ {0}
and constants c1, c2, c3, c4, c5, c6, let

gw(z) =
6∑

j=1

c j f j,w(z),

where f j,w is defined in (2.1). For each i ∈ {m,m+1,m+2, n, n+1, n+2}, the system of linear equations

g(m)
w (w) = wm

(1−|w|2)
1
p +m−1

6∑
j=1

c j( 1
p + j − 1)( 1

p + j) · · · ( 1
p + j + m − 2) = wmδim

(1−|w|2)
1
p +m−1

g(m+1)
w (w) = wm+1

(1−|w|2)
1
p +m

6∑
j=1

c j( 1
p + j − 1)( 1

p + j) · · · ( 1
p + j + m − 1) = wm+1δi(m+1)

(1−|w|2)
1
p +m

g(m+2)
w (w) = wm+2

(1−|w|2)
1
p +m+1

6∑
j=1

c j( 1
p + j − 1)( 1

p + j) · · · ( 1
p + j + m) = wm+2δi(m+2)

(1−|w|2)
1
p +m+1

g(n)
w (w) = wn

(1−|w|2)
1
p +n−1

6∑
j=1

c j( 1
p + j − 1)( 1

p + j) · · · ( 1
p + j + n − 2) = wnδin

(1−|w|2)
1
p +n−1

g(n+1)
w (w) = wn+1

(1−|w|2)
1
p +n

6∑
j=1

c j( 1
p + j − 1)( 1

p + j) · · · ( 1
p + j + n − 1) = wn+1δi(n+1)

(1−|w|2)
1
p +n

g(n+2)
w (w) = wn+2

(1−|w|2)
1
p +n+1

6∑
j=1

c j( 1
p + j − 1)( 1

p + j) · · · ( 1
p + j + n) = wn+2δi(n+2)

(1−|w|2)
1
p +n+1

has a unique solution ci
j, j ∈ {1, 2, 3, 4, 5, 6} that is independent of w, since the value of the determinant

of coefficient matrix is

2
(1

p
+ m − 1

)(1
p
+ m
)(1

p
+ m + 1

)(1
p
+ m + 2

)(1
p
+ m + 3

)2(1
p
+ m + 4

)3
·
(1

p
+ m + 5

)3(1
p
+ m + 6

)3
· · ·
(1

p
+ n − 1

)3(1
p
+ n
)2(1

p
+ n + 1

)
· (n − m − 2)(n − m − 1)2(n − m)3(n − m + 1)2(n − m + 2),

which is not equal to zero. For such chosen numbers ci
j, j ∈ {1, 2, 3, 4, 5, 6} the function

gi,w(z) :=
6∑

j=1

ci
j f j,w(z)

satisfies the desired conditions. □
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Now, we state and prove our main results. For simplicity of the expressions, we write

Am(z) = u′′(z),
Am+1(z) = 2u′(z)φ′(z) + u(z)φ′′(z),
Am+2(z) = u(z)φ′(z)2,

An(z) = v′′(z),
An+1(z) = 2v′(z)φ′(z) + v(z)φ′′(z),
An+2(z) = v(z)φ′(z)2.

Theorem 1. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D), m, n ∈ N, m + 2 < n, I denotes the set
{m,m+1,m+2, n, n+1, n+2} and µ be a radial weight. Then, the following statements are equivalent.

(i) The operator T m,n
u,v,φ : Sp → Zµ is bounded.

(ii)

6∑
j=1

sup
w∈D
∥T m,n

u,v,φ f j,w∥Zµ
< ∞, and

∑
i∈I

sup
z∈D

µ(z)|Ai(z)| < ∞,

where f j,w are defined in (2.1).
(iii) ∑

i∈I

sup
z∈D

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

< ∞.

Proof. (i)⇒(ii). Suppose that T m,n
u,v,φ : Sp → Zµ is bounded. For each w ∈ D and j ∈ {1, 2, 3, 4, 5, 6},

∥ f j,w∥Sp ≲ 1 and hence by the boundedness of T m,n
u,v,φ we have ∥T m,n

u,v,φ f j,w∥Zµ
< ∞. Therefore,

6∑
j=1

sup
w∈D
∥T m,n

u,v,φ f j,w∥Zµ
< ∞.

Taking fm(z) = zm ∈ Sp, by the boundedness of T m,n
u,v,φ : Sp → Zµ we get

∞ > ∥T m,n
u,v,φ fm∥Zµ

≥ sup
z∈D

µ(z)|(T m,n
u,v,φ fm)′′(z)| = sup

z∈D
µ(z)|Am(z)|m!,

then we obtain

sup
z∈D

µ(z)|Am(z)| < ∞. (2.2)

Applying the operator T m,n
u,v,φ to fm+1(z) = zm+1 ∈ Sp we have

∞ > ∥T m,n
u,v,φ fm+1∥Zµ

≥ sup
z∈D

µ(z)|(T m,n
u,v,φ fm+1)′′(z)|

= sup
z∈D

µ(z)|Am(z)φ(z)(m + 1)! + Am+1(z)(m + 1)!|

≥ sup
z∈D

µ(z)|Am+1(z)|(m + 1)! − sup
z∈D

µ(z)|Am(z)φ(z)|(m + 1)!,
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from which along with (2.2) and the fact that |φ(z)| < 1 it follows that

sup
z∈D

µ(z)|Am+1(z)| < ∞. (2.3)

Similarly, taking fm+2(z) = zm+2 ∈ Sp, we get

∞ > ∥T m,n
u,v,φ fm+2∥Zµ

≥ sup
z∈D

µ(z)|(T m,n
u,v,φ fm+2)′′(z)|

= sup
z∈D

µ(z)
∣∣∣∣∣Am(z)φ(z)2 (m + 2)!

2
+ Am+1(z)φ(z)(m + 2)! + Am+2(z)(m + 2)!

∣∣∣∣∣,
from which along with (2.2), (2.3), the triangle inequality and the fact that |φ(z)| < 1 yields

sup
z∈D

µ(z)|Am+2(z)| < ∞. (2.4)

By using the function fn(z) = zn ∈ Sp, we obtain

∞ >∥T m,n
u,v,φ fn∥Zµ

≥ sup
z∈D

µ(z)|(T m,n
u,v,φ fn)′′(z)|

= sup
z∈D

µ(z)
∣∣∣∣∣Am(z)φ(z)n−m n!

(n − m)!
+ Am+1(z)φ(z)n−m−1 n!

(n − m − 1)!

+ Am+2(z)φ(z)n−m−2 n!
(n − m − 2)!

+ An(z)n!
∣∣∣∣∣,

from which along with (2.2)–(2.4), the triangle inequality and the fact that |φ(z)| < 1 it follows that

sup
z∈D

µ(z)|An(z)| < ∞. (2.5)

Taking fn+1(z) = zn+1 ∈ Sp, by the boundedness of T m,n
u,v,φ : Sp → Zµ we get

∞ >∥T m,n
u,v,φ fn+1∥Zµ

≥ sup
z∈D

µ(z)|(T m,n
u,v,φ fn+1)′′(z)|

= sup
z∈D

µ(z)
∣∣∣∣∣Am(z)φ(z)n−m+1 (n + 1)!

(n − m + 1)!
+ Am+1(z)φ(z)n−m (n + 1)!

(n − m)!

+ Am+2(z)φ(z)n−m−1 (n + 1)!
(n − m − 1)!

+ An(z)φ(z)(n + 1)! + An+1(z)(n + 1)!
∣∣∣∣∣,

from which along with (2.2)–(2.5), the triangle inequality and the fact that |φ(z)| < 1 gives

sup
z∈D

µ(z)|An+1(z)| < ∞. (2.6)

Finally, using the function fn+2(z) = zn+2 ∈ Sp we get

∞ >∥T m,n
u,v,φ fn+2∥Zµ

≥ sup
z∈D

µ(z)|(T m,n
u,v,φ fn+2)′′(z)|

= sup
z∈D

µ(z)
∣∣∣∣∣Am(z)φ(z)n−m+2 (n + 2)!

(n − m + 2)!
+ Am+1(z)φ(z)n−m+1 (n + 2)!

(n − m + 1)!
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+ Am+2(z)φ(z)n−m (n + 2)!
(n − m)!

+ An(z)φ(z)2 (n + 2)!
2

+ An+1(z)φ(z)(n + 2)! + An+2(z)(n + 2)!
∣∣∣∣∣,

from which along with (2.2)–(2.6), the triangle inequality and the fact that |φ(z)| < 1 it follows that

sup
z∈D

µ(z)|An+2(z)| < ∞. (2.7)

Combining (2.2)–(2.7) we deduce that ∑
i∈I

sup
z∈D

µ(z)|Ai(z)| < ∞.

(ii)⇒(iii). Assume that (ii) holds. By Lemma 2, for each i ∈ I and φ(w) , 0, there exist constants
ci

j, j ∈ {1, 2, 3, 4, 5, 6} such that

gi,φ(w)(z) =
6∑

j=1

ci
j f j,φ(w)(z) ∈ Sp, (2.8)

and

g(k)
i,φ(w)(z) =

φ(w)
k
δik

(1 − |φ(w)|2)
1
p+k−1

,

where f j,φ(w) are defined in (2.1) and k ∈ I. Then we have

∞ >

6∑
j=1

sup
w∈D
∥T m,n

u,v,φ f j,φ(w)∥Zµ
≳ sup

w∈D
∥T m,n

u,v,φgi,φ(w)∥Zµ

≥ µ(w)
∣∣∣(T m,n

u,v,φgi,φ(w))′′(w)
∣∣∣ = µ(w)|Ai(w)||φ(w)|i

(1 − |φ(w)|2)
1
p+i−1

. (2.9)

From (2.9) and (ii), for each i ∈ I, we have

sup
w∈D

µ(w)|Ai(w)|

(1 − |φ(w)|2)
1
p+i−1

≤ sup
|φ(w)|> 1

2

µ(w)|Ai(w)|

(1 − |φ(w)|2)
1
p+i−1

+ sup
|φ(w)|≤ 1

2

µ(w)|Ai(w)|

(1 − |φ(w)|2)
1
p+i−1

≤ 2i sup
|φ(w)|> 1

2

µ(w)|Ai(w)||φ(w)|i

(1 − |φ(w)|2)
1
p+i−1

+
(4
3

) 1
p+i−1

sup
|φ(w)|≤ 1

2

µ(w)|Ai(w)|

< ∞.

Therefore, ∑
i∈I

sup
z∈D

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

< ∞.
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(iii)⇒(i). Suppose that (iii) holds. For any f ∈ Sp, by Lemma 1 we have

µ(z)|(T m,n
u,v,φ f )′′(z)| ≤

∑
i∈I

µ(z)|Ai(z)|| f (i)(φ(z))| ≲ ∥ f ∥Sp

∑
i∈I

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

.

Moreover,

|(T m,n
u,v,φ f )(0)| + |(T m,n

u,v,φ f )′(0)|

≤(|u(0)| + |u′(0)|)| f (m)(φ(0))| + |u(0)φ′(0)|| f (m+1)(φ(0))|
+ (|v(0)| + |v′(0)|)| f (n)(φ(0))| + |v(0)φ′(0)|| f (n+1)(φ(0))|

≲
(
|u(0)| + |u′(0)|

(1 − |φ(0)|2)
1
p+m−1

+
|u(0)φ′(0)|

(1 − |φ(0)|2)
1
p+m
+
|v(0)| + |v′(0)|

(1 − |φ(0)|2)
1
p+n−1

+
|v(0)φ′(0)|

(1 − |φ(0)|2)
1
p+n

)
∥ f ∥Sp .

Consequently, T m,n
u,v,φ : Sp → Zµ is bounded. The proof is completed. □

When m+ 2 = n, as in the proof of Lemma 2, we have for any 0 , w ∈ D and i, k ∈ {m,m+ 1, n, n+
1, n + 2}, there exist constants di

j, j ∈ {1, 2, 3, 4, 5} such that the function hi,w =
∑5

j=1 di
j f j,w(z) ∈ Sp

satisfying

h(k)
i,w(w) =

wkδik

(1 − |w|2)
1
p+k−1

.

By this and analysis similar to that in the proof of Theorem 1, we can get the following result.

Theorem 2. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D), m, n ∈ N, m + 2 = n, I1 denotes the set
{m,m + 1, n + 1, n + 2} and µ be a radial weight. Then, the following statements are equivalent.

(i) The operator T m,n
u,v,φ : Sp → Zµ is bounded.

(ii)
5∑

j=1

sup
w∈D
∥T m,n

u,v,φ f j,w∥Zµ
< ∞,

and ∑
i∈I1

sup
z∈D

µ(z)|Ai(z)| + sup
z∈D

µ(z)|u(z)φ′(z)2 + v′′(z)| < ∞,

where f j,w are defined in (2.1).
(iii) ∑

i∈I1

sup
z∈D

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

+ sup
z∈D

µ(z)|u(z)φ′(z)2 + v′′(z)|

(1 − |φ(z)|2)
1
p+n−1

< ∞.

For the case m + 1 = n, similar to Lemma 2, for any 0 , w ∈ D and i, k ∈ {m, n, n + 1, n + 2}, there
exist constants ei

j, j ∈ {1, 2, 3, 4} and the function qi,w =
∑4

j=1 ei
j f j,w(z) ∈ Sp such that

q(k)
i,w(w) =

wkδik

(1 − |w|2)
1
p+k−1

,

which along with the same method as in the proof of Theorem 1, we obtain the following theorem.
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Theorem 3. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D), m, n ∈ N, m + 1 = n, I2 denotes the set {m, n + 2}
and µ be a radial weight. Then, the following statements are equivalent.

(i) The operator T m,n
u,v,φ : Sp → Zµ is bounded.

(ii)

4∑
j=1

sup
w∈D
∥T m,n

u,v,φ f j,w∥Zµ
< ∞,

and ∑
i∈I2

sup
z∈D

µ(z)|Ai(z)| + sup
z∈D

µ(z)|2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)|

+ sup
z∈D

µ(z)|u(z)φ′(z)2 + 2v′(z)φ′(z) + v(z)φ′′(z)| < ∞,

where f j,w are defined in (2.1).
(iii) ∑

i∈I2

sup
z∈D

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

+ sup
z∈D

µ(z)|2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)|

(1 − |φ(z)|2)
1
p+n−1

+ sup
z∈D

µ(z)|u(z)φ′(z)2 + 2v′(z)φ′(z) + v(z)φ′′(z)|

(1 − |φ(z)|2)
1
p+n

< ∞.

For the case m = 0, we need to break the problem into three different cases: n = 1, n = 2 and n > 2.
In the same manner as before we have the following theorems.

Theorem 4. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D) and µ be a radial weight. Then, the following
statements are equivalent.

(i) The operator Tu,v,φ : Sp → Zµ is bounded.
(ii) u ∈ Zµ,

4∑
j=1

sup
w∈D
∥Tu,v,φ f j,w∥Zµ

< ∞,

and

sup
z∈D

µ(z)|2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)|

+ sup
z∈D

µ(z)|u(z)φ′(z)2 + 2v′(z)φ′(z) + v(z)φ′′(z)| + sup
z∈D

µ(z)|v(z)||φ′(z)|2 < ∞,

where f j,w are defined in (2.1).
(iii) u ∈ Zµ,

sup
z∈D

µ(z)|2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)|

(1 − |φ(z)|2)
1
p

+ sup
z∈D

µ(z)|u(z)φ′(z)2 + 2v′(z)φ′(z) + v(z)φ′′(z)|

(1 − |φ(z)|2)
1
p+1

+ sup
z∈D

µ(z)|v(z)||φ′(z)|2

(1 − |φ(z)|2)
1
p+2

< ∞.
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Theorem 5. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D) and µ be a radial weight. Then, the following
statements are equivalent.

(i) The operator T 0,2
u,v,φ : Sp → Zµ is bounded.

(ii) u ∈ Zµ,

5∑
j=1

sup
w∈D
∥T 0,2

u,v,φ f j,w∥Zµ
< ∞,

and

sup
z∈D

µ(z)|2u′(z)φ′(z) + u(z)φ′′(z)| + sup
z∈D

µ(z)|u(z)φ′(z)2 + v′′(z)|

+ sup
z∈D

µ(z)|2v′(z)φ′(z) + v(z)φ′′(z)| + sup
z∈D

µ(z)|v(z)||φ′(z)|2 < ∞,

where f j,w are defined in (2.1).
(iii) u ∈ Zµ,

sup
z∈D

µ(z)|2u′(z)φ′(z) + u(z)φ′′(z)|

(1 − |φ(z)|2)
1
p

+ sup
z∈D

µ(z)|u(z)φ′(z)2 + v′′(z)|

(1 − |φ(z)|2)
1
p+1

+ sup
z∈D

µ(z)|2v′(z)φ′(z) + v(z)φ′′(z)|

(1 − |φ(z)|2)
1
p+2

+ sup
z∈D

µ(z)|v(z)||φ′(z)|2

(1 − |φ(z)|2)
1
p+3

< ∞.

Theorem 6. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D), n ∈ N, n > 2, I3 denotes the set {1, 2, n, n+1, n+2}
and µ be a radial weight. Then, the following statements are equivalent.

(i) The operator T 0,n
u,v,φ : Sp → Zµ is bounded.

(ii) u ∈ Zµ,

6∑
j=1

sup
w∈D
∥T 0,n

u,v,φ f j,w∥Zµ
< ∞, and

∑
i∈I3

sup
z∈D

µ(z)|Ai(z)| < ∞,

where f j,w are defined in (2.1).
(iii) u ∈ Zµ, ∑

i∈I3

sup
z∈D

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

< ∞.

Note that A1(z) = 2u′(z)φ′(z) + u(z)φ′′(z) and A2(z) = u(z)φ′(z)2 in Theorem 6.

3. Essential norm

In order to estimate the essential norm of T m,n
u,v,φ : Sp → Zµ, we need the following lemma, which is

a direct consequence of Lemmas 3.2 and 3.3 in [37].

Lemma 3. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D), m, n ∈ N and µ be a radial weight such that the
operator T m,n

u,v,φ : Sp → Zµ is bounded. Then T m,n
u,v,φ : Sp → Zµ is compact if and only if ∥T m,n

u,v,φ fk∥Zµ
→ 0

as k → ∞ for each norm-bounded sequence { fk}k∈N in Sp which converges to zero uniformly in D.

AIMS Mathematics Volume 8, Issue 2, 3920–3939.



3930

Theorem 7. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D), m, n ∈ N, m + 2 < n, I denotes the set
{m,m + 1,m + 2, n, n + 1, n + 2} and µ be a radial weight such that T m,n

u,v,φ : Sp → Zµ is bounded. Then

∥T m,n
u,v,φ∥e,Sp→Zµ

≈

6∑
j=1

lim sup
|w|→1

∥T m,n
u,v,φ f j,w∥Zµ

≈
∑
i∈I

lim sup
|φ(z)|→1

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

,

where f j,w are defined in (2.1).

Proof. First, we prove that

∥T m,n
u,v,φ∥e,Sp→Zµ

≳
6∑

j=1

lim sup
|w|→1

∥T m,n
u,v,φ f j,w∥Zµ

.

It is immediate that for each j ∈ {1, 2, 3, 4, 5, 6} and w ∈ D, ∥ f j,w∥Sp ≲ 1. For any compact operator K
from Sp intoZµ, we have

∥T m,n
u,v,φ − K∥Sp→Zµ

≳ lim sup
|w|→1

∥(T m,n
u,v,φ − K) f j,w∥Zµ

≥ lim sup
|w|→1

∥T m,n
u,v,φ f j,w∥Zµ

− lim sup
|w|→1

∥K f j,w∥Zµ
.

Since f j,w converge to zero uniformly on compact subsets of D as |w| → 1, by using some standard
arguments (see, e.g., [38, 39]) we have

lim
|w|→1
∥K f j,w∥Zµ

= 0.

By the definition of the essential norm, we obtain

∥T m,n
u,v,φ∥e,Sp→Zµ

= inf
K
∥T m,n

u,v,φ − K∥Sp→Zµ
≳

6∑
j=1

lim sup
|w|→1

∥T m,n
u,v,φ f j,w∥Zµ

. (3.1)

Next, we show that

∥T m,n
u,v,φ∥e,Sp→Zµ

≳
∑
i∈I

lim sup
|φ(z)|→1

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

.

Let {z j} be a sequence in D such that |φ(z j)| → 1 as j→ ∞. Since T m,n
u,v,φ : Sp → Zµ is bounded, for any

compact operator K : Sp → Zµ and i ∈ I, applying Lemma 3 and (2.9) we get

∥T m,n
u,v,φ − K∥Sp→Zµ

≳ lim sup
j→∞

∥T m,n
u,v,φgi,φ(z j)∥Zµ

− lim sup
j→∞

∥Kgi,φ(z j)∥Zµ

≳ lim sup
j→∞

µ(z j)|Ai(z j)||φ(z j)|i

(1 − |φ(z j)|2)
1
p+i−1

= lim sup
|φ(z)|→1

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

,
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where gi,φ(z j) are defined in (2.8). Consequently,

∥T m,n
u,v,φ∥e,Sp→Zµ

≳
∑
i∈I

lim sup
|φ(z)|→1

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

. (3.2)

Combining (3.1) and (3.2), we see that it is sufficient to show

∥T m,n
u,v,φ∥e,Sp→Zµ

≲ min
{ 6∑

j=1

lim sup
|w|→1

∥T m,n
u,v,φ f j,w∥Zµ

,
∑
i∈I

lim sup
|φ(z)|→1

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

}
.

Define Kr f (z) = fr(z) = f (rz), where 0 ≤ r < 1. Then Kr is a compact operator on Sp with ∥Kr∥ ≤ 1
and fr → f on compact subsets of D as r → 1. Let {r j} ⊂ (0, 1) be a sequence such that r j → 1 as
j→ ∞. Then for every j ∈ N, T m,n

u,v,φKr j : Sp → Zµ is compact, and so

∥T m,n
u,v,φ∥e,Sp→Zµ

≤ lim sup
j→∞

∥T m,n
u,v,φ − T m,n

u,v,φKr j∥Sp→Zµ
.

Therefore, we only need to prove that

lim sup
j→∞

∥T m,n
u,v,φ − T m,n

u,v,φKr j∥Sp→Zµ

≲min
{ 6∑

j=1

lim sup
|w|→1

∥T m,n
u,v,φ f j,w∥Zµ

,
∑
i∈I

lim sup
|φ(z)|→1

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

}
. (3.3)

For each f ∈ Sp satisfying ∥ f ∥Sp ≤ 1, we have

∥(T m,n
u,v,φ − T m,n

u,v,φKr j) f ∥Zµ

=|(T m,n
u,v,φ f − T m,n

u,v,φ fr j)(0)| + |(T m,n
u,v,φ f − T m,n

u,v,φ fr j)
′(0)| + sup

z∈D
µ(z)|(T m,n

u,v,φ f − T m,n
u,v,φ fr j)

′′(z)|

≤ (|u(0)| + |u′(0)|)|( f − fr j)
(m)(φ(0))| + |u(0)φ′(0)( f − fr j)

(m+1)(φ(0))|︸                                                                                 ︷︷                                                                                 ︸
Φ0

+ (|v(0)| + |v′(0)|)|( f − fr j)
(n)(φ(0))| + |v(0)φ′(0)( f − fr j)

(n+1)(φ(0))|︸                                                                               ︷︷                                                                               ︸
Φ1

+ sup
|φ(z)|≤rN

∑
i∈I

µ(z)|Ai(z)( f − fr j)
(i)(φ(z))|︸                                         ︷︷                                         ︸

Φ2

+ sup
|φ(z)|>rN

∑
i∈I

µ(z)|Ai(z)( f − fr j)
(i)(φ(z))|︸                                         ︷︷                                         ︸

Φ3

, (3.4)

where N ∈ N such that r j ≥
2
3 for all j ≥ N. Furthermore, we have ( f − fr j)

(t) → 0 uniformly on
compact subsets of D as j→ ∞ for any t ∈ N0. Thus

lim sup
j→∞

Φ0 = lim sup
j→∞

Φ1 = lim sup
j→∞

Φ2 = 0. (3.5)
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Finally, we estimate Φ3. Obviously,

Φ3 ≤
∑
i∈I

sup
|φ(z)|>rN

µ(z)|Ai(z) f (i)(φ(z))|︸                          ︷︷                          ︸
Ψi

+
∑
i∈I

sup
|φ(z)|>rN

µ(z)|Ai(z)ri
j f (i)(r jφ(z))|︸                               ︷︷                               ︸

Ωi

. (3.6)

For each i ∈ I, using Lemma 1, (2.8) and (2.9) we obtain

Ψi = sup
|φ(z)|>rN

(1 − |φ(z)|2)
1
p+i−1
| f (i)(φ(z))|

|φ(z)|i
µ(z)|Ai(z)||φ(z)|i

(1 − |φ(z)|2)
1
p+i−1

≲ ∥ f ∥Sp sup
|φ(z)|>rN

∥T m,n
u,v,φgi,φ(z)∥Zµ

≲
6∑

j=1

sup
|w|>rN

∥T m,n
u,v,φ f j,w∥Zµ

. (3.7)

On the other hand,

Ψi = sup
|φ(z)|>rN

(1 − |φ(z)|2)
1
p+i−1
| f (i)(φ(z))|

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

≲ ∥ f ∥Sp sup
|φ(z)|>rN

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

. (3.8)

Taking the limits as N → ∞ in (3.7) and (3.8) we get

lim sup
j→∞

Ψi ≲
6∑

j=1

lim sup
|w|→1

∥T m,n
u,v,φ f j,w∥Zµ

, (3.9)

and

lim sup
j→∞

Ψi ≲ lim sup
|φ(z)|→1

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

. (3.10)

Similarly, we have

lim sup
j→∞

Ωi ≲
6∑

j=1

lim sup
|w|→1

∥T m,n
u,v,φ f j,w∥Zµ

and lim sup
j→∞

Ωi ≲ lim sup
|φ(z)|→1

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

. (3.11)

Therefore, by (3.4)–(3.6), (3.9)–(3.11), we obtain

lim sup
j→∞

∥T m,n
u,v,φ − T m,n

u,v,φKr j∥Sp→Zµ
= lim sup

j→∞
sup
∥ f ∥Sp≤1

∥(T m,n
u,v,φ − T m,n

u,v,φKr j) f ∥Zµ

≲
6∑

j=1

lim sup
|w|→1

∥T m,n
u,v,φ f j,w∥Zµ

,

and

lim sup
j→∞

∥T m,n
u,v,φ − T m,n

u,v,φKr j∥Sp→Zµ
≲
∑
i∈I

lim sup
|φ(z)|→1

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

.

From the last two inequalities we get (3.3) and the proof is completed. □
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Similar arguments apply to the case m + 2 = n or m + 1 = n, which along with Theorems 2 and 3,
we obtain the following results.

Theorem 8. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D), m, n ∈ N, m + 2 = n, I1 denotes the set
{m,m + 1, n + 1, n + 2} and µ be a radial weight such that T m,n

u,v,φ : Sp → Zµ is bounded. Then

∥T m,n
u,v,φ∥e,Sp→Zµ

≈

5∑
j=1

lim sup
|w|→1

∥T m,n
u,v,φ f j,w∥Zµ

≈
∑
i∈I1

lim sup
|φ(z)|→1

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

+ lim sup
|φ(z)|→1

µ(z)|u(z)φ′(z)2 + v′′(z)|

(1 − |φ(z)|2)
1
p+n−1

,

where f j,w are defined in (2.1).

Theorem 9. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D), m, n ∈ N, m + 1 = n, I2 denotes the set {m, n + 2}
and µ be a radial weight such that T m,n

u,v,φ : Sp → Zµ is bounded. Then

∥T m,n
u,v,φ∥e,Sp→Zµ

≈

4∑
j=1

lim sup
|w|→1

∥T m,n
u,v,φ f j,w∥Zµ

≈
∑
i∈I2

lim sup
|φ(z)|→1

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

+ lim sup
|φ(z)|→1

µ(z)|2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)|

(1 − |φ(z)|2)
1
p+n−1

+ lim sup
|φ(z)|→1

µ(z)|u(z)φ′(z)2 + 2v′(z)φ′(z) + v(z)φ′′(z)|

(1 − |φ(z)|2)
1
p+n

,

where f j,w are defined in (2.1).

For the case m = 0, note that every sequence in Sp bounded in norm has a subsequence which
converges uniformly in D to a function in Sp (see [37, Lemma 3.2]), which along with the similar
arguments as in the proof of Theorem 7 yields the following theorems.

Theorem 10. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D) and µ be a radial weight such that Tu,v,φ : Sp →

Zµ is bounded. Then

∥Tu,v,φ∥e,Sp→Zµ
≈

4∑
j=1

lim sup
|w|→1

∥Tu,v,φ f j,w∥Zµ

≈ lim sup
|φ(z)|→1

µ(z)|2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)|

(1 − |φ(z)|2)
1
p

+ lim sup
|φ(z)|→1

µ(z)|u(z)φ′(z)2 + 2v′(z)φ′(z) + v(z)φ′′(z)|

(1 − |φ(z)|2)
1
p+1

+ lim sup
|φ(z)|→1

µ(z)|v(z)||φ′(z)|2

(1 − |φ(z)|2)
1
p+2

,

where f j,w are defined in (2.1).
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Theorem 11. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D) and µ be a radial weight such that T 0,2
u,v,φ : Sp →

Zµ is bounded. Then

∥T 0,2
u,v,φ∥e,Sp→Zµ

≈

5∑
j=1

lim sup
|w|→1

∥T 0,2
u,v,φ f j,w∥Zµ

≈ lim sup
|φ(z)|→1

µ(z)|2u′(z)φ′(z) + u(z)φ′′(z)|

(1 − |φ(z)|2)
1
p

+ lim sup
|φ(z)|→1

µ(z)|u(z)φ′(z)2 + v′′(z)|

(1 − |φ(z)|2)
1
p+1

+ lim sup
|φ(z)|→1

µ(z)|2v′(z)φ′(z) + v(z)φ′′(z)|

(1 − |φ(z)|2)
1
p+2

+ lim sup
|φ(z)|→1

µ(z)|v(z)||φ′(z)|2

(1 − |φ(z)|2)
1
p+3

,

where f j,w are defined in (2.1).

Theorem 12. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D), n ∈ N, n > 2, I3 denotes the set {1, 2, n, n+1, n+2}
and µ be a radial weight such that T 0,n

u,v,φ : Sp → Zµ is bounded. Then

∥T 0,n
u,v,φ∥e,Sp→Zµ

≈

5∑
j=1

lim sup
|w|→1

∥T 0,n
u,v,φ f j,w∥Zµ

≈
∑
i∈I3

lim sup
|φ(z)|→1

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

,

where f j,w are defined in (2.1).

From Theorems 7–12 and the fact that ∥T∥e,X→Y = 0 if and only if T : X → Y is compact, we can
get the following corollaries, which characterize the compactness of T m,n

u,v,φ : Sp → Zµ.

Corollary 1. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D), m, n ∈ N, m + 2 < n, I denotes the set
{m,m + 1,m + 2, n, n + 1, n + 2} and µ be a radial weight. Suppose that T m,n

u,v,φ : Sp → Zµ is bounded,
Then, the following statements are equivalent.

(i) The operator T m,n
u,v,φ : Sp → Zµ is compact.

(ii)

6∑
j=1

lim sup
|w|→1

∥T m,n
u,v,φ f j,w∥Zµ

= 0.

(iii) ∑
i∈I

lim sup
|φ(z)|→1

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

= 0.

Corollary 2. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D), m, n ∈ N, m + 2 = n, I1 denotes the set
{m,m + 1, n + 1, n + 2} and µ be a radial weight. Suppose that T m,n

u,v,φ : Sp → Zµ is bounded, Then, the
following statements are equivalent.

(i) The operator T m,n
u,v,φ : Sp → Zµ is compact.

(ii)

5∑
j=1

lim sup
|w|→1

∥T m,n
u,v,φ f j,w∥Zµ

= 0.
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(iii) ∑
i∈I1

lim sup
|φ(z)|→1

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

+ lim sup
|φ(z)|→1

µ(z)|u(z)φ′(z)2 + v′′(z)|

(1 − |φ(z)|2)
1
p+n−1

= 0.

Corollary 3. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D), m, n ∈ N, m + 1 = n, I2 denotes the set {m, n + 2}
and µ be a radial weight. Suppose that T m,n

u,v,φ : Sp → Zµ is bounded, Then, the following statements
are equivalent.

(i) The operator T m,n
u,v,φ : Sp → Zµ is compact.

(ii)

4∑
j=1

lim sup
|w|→1

∥T m,n
u,v,φ f j,w∥Zµ

= 0.

(iii) ∑
i∈I2

lim sup
|φ(z)|→1

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

+ lim sup
|φ(z)|→1

µ(z)|2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)|

(1 − |φ(z)|2)
1
p+n−1

+ lim sup
|φ(z)|→1

µ(z)|u(z)φ′(z)2 + 2v′(z)φ′(z) + v(z)φ′′(z)|

(1 − |φ(z)|2)
1
p+n

= 0.

Corollary 4. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D) and µ be a radial weight. Suppose that
Tu,v,φ : Sp → Zµ is bounded, Then, the following statements are equivalent.

(i) The operator Tu,v,φ : Sp → Zµ is compact.
(ii)

4∑
j=1

lim sup
|w|→1

∥Tu,v,φ f j,w∥Zµ
= 0.

(iii)

lim sup
|φ(z)|→1

µ(z)|2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)|

(1 − |φ(z)|2)
1
p

+ lim sup
|φ(z)|→1

µ(z)|u(z)φ′(z)2 + 2v′(z)φ′(z) + v(z)φ′′(z)|

(1 − |φ(z)|2)
1
p+1

+ lim sup
|φ(z)|→1

µ(z)|v(z)||φ′(z)|2

(1 − |φ(z)|2)
1
p+2
= 0.

Corollary 5. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D) and µ be a radial weight. Suppose that
T 0,2

u,v,φ : Sp → Zµ is bounded, Then, the following statements are equivalent.
(i) The operator T 0,2

u,v,φ : Sp → Zµ is compact.
(ii)

5∑
j=1

lim sup
|w|→1

∥T 0,2
u,v,φ f j,w∥Zµ

= 0.
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(iii)

lim sup
|φ(z)|→1

µ(z)|2u′(z)φ′(z) + u(z)φ′′(z)|

(1 − |φ(z)|2)
1
p

+ lim sup
|φ(z)|→1

µ(z)|u(z)φ′(z)2 + v′′(z)|

(1 − |φ(z)|2)
1
p+1

+ lim sup
|φ(z)|→1

µ(z)|2v′(z)φ′(z) + v(z)φ′′(z)|

(1 − |φ(z)|2)
1
p+2

+ lim sup
|φ(z)|→1

µ(z)|v(z)||φ′(z)|2

(1 − |φ(z)|2)
1
p+3
= 0.

Corollary 6. Let 1 < p < ∞, u, v ∈ H(D), φ ∈ S (D), n ∈ N, n > 2, I3 denotes the set {1, 2, n, n+1, n+2}
and µ be a radial weight. Suppose that T 0,n

u,v,φ : Sp → Zµ is bounded, Then, the following statements
are equivalent.

(i) The operator T 0,n
u,v,φ : Sp → Zµ is compact.

(ii)

5∑
j=1

lim sup
|w|→1

∥T 0,n
u,v,φ f j,w∥Zµ

= 0.

(iii) ∑
i∈I3

lim sup
|φ(z)|→1

µ(z)|Ai(z)|

(1 − |φ(z)|2)
1
p+i−1

= 0.

4. Conclusions

In this paper, we generalize the Stević-Sharma operator by T m,n
u,v,φ f (z) = u(z) f (m)(φ(z))+v(z) f (n)(φ(z)),

where m, n are nonnegative integers such that m < n, and investigate the boundedness and essential
norm of T m,n

u,v,φ acting from the derivative Hardy spaces Sp into Zygmund-type spaces Zµ in different
cases. As an application, we also give the characterizations of their compactness.
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35. Z. Guo, X. Zhao, On a Stević-Sharma type operator from Qk(p, q) spaces to Bloch-type spaces,
Oper. Matrices, 16 (2022), 563–580. http://dx.doi.org/10.7153/oam-2022-16-43
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38. P. Galindo, M. Lindström, S. Stević, Essential norm of operators into weighted-type spaces on the
unit ball, Abstr. Appl. Anal., 2011 (2011), 1–14. http://dx.doi.org/10.1155/2011/939873
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