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1. Introduction

The emergence of complex numbers was established in the 17" century by Sir Carl Fredrich Gauss
but his work was not on record; then, in the year 1840 Augustin Louis Cauchy started doing analysis
of complex numbers, and he is known to be an effective founder of complex analysis. The theory
of complex numbers has its source in that the solution of ax? + bx + ¢ = 0 was not worthwhile for
b* — 4ac < 0, in the set of real numbers. Under this backdrop, Euler was the first mathematician who
presented the symbol i, for V—1 with the property i2 = —1.

On the other hand, the beginning of bicomplex numbers was set up by Segre [1] who provided a
commutative substitute to the skew field of quaternions. These numbers generalize complex numbers
more firmly and precisely to quaternions. For a comprehensive review of investigations into bicomplex
numbers, we refer the researchers to [2]. In 2011, Azam et al. [3] gave the concept of a complex valued
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metric space (CVMS) as a generalization of a classical metric space. In 2017, Choi et al. [4] combined
the concepts of bicomplex numbers and CVMSs and introduced the notion of bicomplex valued metric
spaces (bi-CVMSs); they established common fixed point results for weakly compatible mappings.
Jebril et al. [5], utilized this notion of newly introduced space and obtained common fixed point results
under rational contractions for a pair of mappings in the environment of bi-CVMSs. Subsequently, Beg
et al. [6] strengthened the concept of bi-CVMS and proved generalized fixed point theorems. Later on,
Gnanaprakasam et al. [7] established some common fixed point results for rational contraction in bi-
CVMSs and solved a system of linear equations as application of their main result. For more details in
the direction of CVMSs and bi-CVMSs, we refer the researchers to [8-29].

In this article, we obtain common fixed points of locally contractive mappings of rational
expressions in bi-CVMSs. We also provide a significant example to show the originality of obtained
results. As an application, we explore the solutions of integral equations.

2. Preliminaries

We represent Cy, C; and C, as the set of real, complex and bicomplex numbers respectively.
Segre [1] defined the notion of a bicomplex number as follows:

= ay + aiy + aziy + agijis
where ay, as, as, as € Cy, and the independent units i; and i, are such that i? = i2 = —1 and i1y = i,
we represent the set of bicomplex numbers by C, and it is defined as

Cz = {5 = ay + axiy + asiy + asijir t ay,an,dz, as € Co}
that is
C2 = {f = 21+ 2,0 € C]}
where z; = a1 + a»i; € Cy and 2, = as + aui € Ci.If £ =71 +ihzpand it = w; + lhw, are any two
bicomplex numbers then the sum is
(T = (21 +0z) £ (w1 + hwr) = (21 Twy) +i2 (22 £ W)

and the product is

C-h= (21 +122) - (W) + hwy) = (W1 — 22Wy) + ir (ZjWy + 22W1) .

There are four idempotent elements in C,, which are, 0,1,¢e; = % and e, = % out of which ¢;
and e, are nontrivial such that e; + e, = 1 and e;e, = 0. Every bicomplex number z; + iz, can uniquely

be given as the combination of e;and e,, namely
C=z1+ bz = (21— i1z2) e + (21 + i122) 2.

This characterization of £ is studied as the idempotent characterization of C, and the complex
coeflicients €; = (z; — i12») and €, = (z; + i12,) are familar as idempotent components of £.

A member ¢ = z; + i,z € C, is called invertible if there exists one more member 7 € C, such that
¢h = 1 and 7 is called the multiplicative inverse of €. Accordingly ¢ is called the multiplicative inverse
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of 7i. A member which has an inverse in C, is called the nonsingular element of C, and a member
which does not have an inverse in C, is called the singular element of C,.

A member £ = z; +i»z, € C, is nonsingular iff |zf + z§| # 0 and singular iff |zf + z§| = (. The inverse
of ¢ is defined as )
€_1 — = Z]z— lziz.

1+
Note that 0 in Cy and 0 = 0+ 0 in C, are the only members which do not have a multiplicative inverse.
We represent the set of a singular elements of Cy and C; by 8, and N; respectively. But in C,, there
are more than one members which do not have multiplicative inverse. We represent the set of singular
member of C, by N,. Evidently 8y = N; C N,.

A bicomplex number € = a; + ayi; + asiy + a4iyi; € C, is said to be degenerated if the matrix

(o)

as A4 /5,

is degenerated. In that case £~! exists and this is also degenerated.
The norm ||| : C; — Cj is defined by

11l

1
. 2 212
21 + iazall = {la” + |22

1
[KZl — i)l + 1z + l'1Z2)|2]2
2

1
2 2 2 2\2

where € = a + axiy + azip + agiir =71 + 220 € Cz.
The linear space C, with reference to defined norm is a norm linear space, also C, is complete,
hence C, is the Banach space. If £, 7 € C,, then

llErll < V211l [l

holds instead of
€Al < (11| ||7al|

therefore C, is not the Banach algebra. The partial order relation <;, on C, is defined as follows:

{ <;, h & Re(z;) < Re(w;) and Im (z,) < Im (w>)

where € = 71 + bz, and fi = wy + Hhw, € C,.
It follows that

(<, h
if one of these assertions is satisfied:
1 (21) = Wy, 22 < Wy,
(i1) 21 < Wi, p = Wy,
(1ii) 21 < Wi, 2 < Wy,
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(iv) 71 = Wi, I = Ws.

Specially, we can write ¢ 5, hif £ <;, i and £ # F; that is, one of the assertions (1)—(iii) is satisfied and
we will write € <;, 7 if only (iii) is satisfied. For ¢, i € C,, we have

1) €=, h = |l < |l

) |6+ Al < el + (17l

(i11) |laf|| < al|fll, where a 1s a non negative real number,

Gv) [1e7ll < V21l 17l

™ [le] = neir"

(vi) ||§|| = %, if 71 is a degenerated bicomplex number.

3. Bicomplex valued metric space

Choi et al. [4] defined the bi-CVMS as follows:
Definition 1. ( [4]) Let W # 0 and d : ‘W X W — C, be a mapping satisfying

(1) 0=, d,h)and d((,h) =0 € =h,
(1) d(¢,h) = d@, 0),
(iii) d(¢,h) <, d(€,v) + d(v, h)

for all ¢, %, v € ‘W, then, (W, d) is a bi-CVMS.
Example 1. ([6]) Let W = C, and ¢, € ‘W. Defined : W xW — C, by

d(l,h) = |z; — wi| + iz |22 — Wy

where € = 71 + 2o, h = w; + hhw,y € C,. Then, (W, d) is a bi-CVMS.

Lemma 1. ( [6]) Let (W, d) be a bi-CVMS and let {€,} C “W. Then {{,} converges to { if and only if
ld(€,, 0] = 0asn — oo.

Lemma 2. ( [6]) Let (‘W,d) be a bi-CVMS and let {¢,} C W. Then {{,} is a Cauchy sequence if and
only if ||d(€,, i)l = 0 as n — oo, where m € N.

4. Main results

Now we present our main result in this way.

Theorem 1. Let (‘W,d) be a complete bi-CVMS and 21,3, : W — W. Suppose that there exist
N1, N2, 83,84, N5 € [0, 1) with X1 + V2 (R, + N3 + 28y + 285) < 1 such that

du, i) d( 220) 4l 31w d W, 250

i, Do) <5, N
d( i, $0) =5 Rid(w, 0) + No————70= Y 1+d w0

d (u, 1u)d (u, 3,0) N d (o, 31u)d (0, 2,0)

8
M T o) T 1+dup0)

4.1)
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for all uy, u, 0 € B(uy, p), p € C, and
lld(uo, S1uo)ll| < (1 — Dp 4.2)

where
Nl + \/584 Nl + \/§N5

1- V2K, — \ﬁm)’ 1— V2K, - \5&5)}

then there exists a unique point u* € B(uy, p) such that u* = 2,u* = Jou’.

A = max{(

Proof. Let uy € ‘W and define
Uzpe1 = iy and Unyin = oltopy,
forn =0,1,2,.... Now we show that u, € B(uy, p), for all n € N . By the fact that

A = max{( N+ \/§N4 ). ( N+ \5?’45 N <1

1— V2R, — V2K, ’ 1— V2R, — V2K;s

and given the inequality (4.2), we have

ld(uo, J1uo)ll | < p.

It implies that u; € B(ug,p). Let uy,...,u; € B(ug,p) for some j € N. If j = 2n + 1, where n =

0,1,2,... 5  or j=2n+2, wheren = 0, 1,2,..., 5% then, by (4.1), we have

d(Uops1, Upe2) = d(J1Uan, Toltzni1)
d (Up1, Jotoner) d (U, 1 Uay)

1+ d (uzn, uzni1)
d (2, Jottzns1) d (U1, 1U2n)

1+ d (uop, Uzn11)
d (2, Dottone1) d (o, 311t2,)

1+ d (uzn, uzni1)
d (uns1, Jotznr1) d (U1, 1U2n)
1+ d (uon, Uzni1) '

<, Nid(uzp, upper) + No

+N3

+N4

+N5

Now uy,1 = J1uy, implies that d (up,41, 212,) = 0, so we have

d (Uaps1, Uzns2) d (Uop, Uopyi1)

d(Unps1, Uns2) Ziy N1d (U, Uzper) + R
: 1+ d (u2n, u2n+1)

d (Uap, Upns2) d (Unp, Unps1)

+N
T 4 d (s o)

This implies that

Id (uans1s Uon2)I | (U2, Uz )

d n+1s Uop < Nild ns U2n + 2N
(A1t o)) @z )|+ VIR
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Id (U2, Uz 1| (Uas tons )
+V2R )
U+ d (s )

Since |1 + d (u2,, uons DIl > |ld (U2, Uz011)l|, We have
a1, w2l | < Ry MWy wze DI+ V2R3 [1d Wt uzns)ll + V28R4 lld (s w2l
which implies that by triangular inequality

N 2N
s 02 < . \ENI J%N4)|d(uzn, )l @3)

Similarly, we get

d(Uopi2, Uzps3) = d(31Upps2, FolUop11)
d (Uppi1, Alons1) d Uzpias S1U2042)

1 + d (uzp42, Uop+1)
d (Uaps2, AoUops1) d Uz, =1 U2042)

1 +d (uzn+2, Uzns1)
d (Uaps2, FUns1) d (Uzpi2, B1U2p42)

1 + d (uzp42, Uops1)
d (Uops1, AoUops1) d o1, =1 U2042)

1 + d (uzps2, Uops1)

<, Nid(Uppso, Uppir) + No

+N3

+N4

+N5

Now Urpyn = 32u2n+1 1mphes that d (u2n+2, 32u2n+1) = 0, we have

d (Uop+1, Uzps2) d (Upps2, Unpi3)
1 +d (uzps2, Unps1)

d(Uons2, Uans3) <iy N1d(Uzpia, Uzpsr) + N

d (Uaps1, Uzns2) d (U1, Unpi3)

+N
: 1 + d (uzp42, Ups1)

This implies that

d (Uapi1, Usps d(Uzps, U

||1 + d (u2n+la u2n+2)”
" \585 ld (Uans1, Uone)I Il (U2ns1, Uans3)| .

11 + d (u2p42, Uops1)ll

Since |1 + d (uzns2, uop DIl > [1d (Uzns2, Uzl , We have

ld(Uans2s tons3)ll < Ny |ld(Uons2, Uons1)ll
+ V2R, Il (Uans2s ton3)l| + V2Rs |Id (s, tans3)]]

This implies the following given by triangular inequality

N+ V2N
(Ui, tomz)] < — D iz, o)l 44)

(1 — V28, — V2Ks)

AIMS Mathematics Volume 8, Issue 2, 3897-3912.



3903

Putting

2 = max{( Ni+ V2N, v N+ V2K Nl

1— V2R, — V2K, ’ 1— V2R, — V2K;s

we obtain that
dGuj, upin)|| < A7 lldCuo, upl for some j € N.

Now
|dCuo. uid)|| < NdGuo, un)ll + .. + ||, )|
< ld(ug, unll + ... + A |ld(uo, w))|
= |ld(uo, u)|| [1 + ... + 277 + 4]
1—/U+1
< (- 2
< p

This gives u;.1 € B(uo, p). Hence u, € B(ug, p) for all n € N. One can easily prove that
ld(ns tnsrll < A" Nld(uo, ur)ll
for all n. Now for m > n and by the triangular inequality, we have
ld (u, w)ll - < A" ld (g, wr)l

+A" \id (g, )|

+ ...

+2" " |ld (ug, )|

< [ e N (g, )l

Now, by taking n — oo, we get
lld (un, w)ll — 0.

4.5)

By Lemma (2), we conclude that the sequence {u,} is a Cauchy sequence in B(uy, p). Consequently
there exists u* € B(ug, p) such that lim u, = u*. It follows that u* = J,u*; otherwise, d(u*, 2,u*) = v >

n—oo

0 and we would then have
U =, (d(U', upnen) + d(Uzpen, S147))
= d(u’, upps2) + d( Dot 1u")

* * d(uons 1,20 Upnt 1 )dW”, 31 u”)
d(W”, uzni2) + Rid(Uznsr, ") + Ny T~

N d(u2n+1 S )d(u” , Jruzne1)

IA

) 1+d(u*,uppyy)
i x dw” Jzuzn+1)d(u Su”)
I+d(u*,uzp41)
+N d(uns 1,0 u2ns A (ons1,3110°)
1+d(u u2n+l)

which implies that

* £ d n 1
G, uzmen)ll + Ny ||d&2n+1,:u i+ V28, N)“—” szl
Un+1,=1U u* sU2n+2
Il < +V2N; T+l iy )]
3R, i it
||1+d(u Jon+1)|

|
lld(uon+1, u2n+2)|l|ld(u2n+l 1)l
+
\/_N (1T+d(u* ,uzn+ 1)l
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That is |[v|| = 0, which is a contradiction. Thus u* = Jyu*. Similarly, we can prove that u* = Zu*. 0O

Now we show the uniqueness of the common fixed point. We suppose u/ in ‘W is another common
fixed point of J; and J,, that is #/ = J,u/ = J,u’/ which is distinct from u* that is u* # u/. Now by
(4.1), we have

du*,u') = d(3u*, Jou')
d(u*,ﬂlu*)d(u/,lzu/)
1 +d(u*,u')
d(u/,llu*)d(u*,lgu/)
1 +du*,u)
d (', 3y d (u, Du')
1 +du,u)
d(u/,llu*)d(u/,lzu/)
1 +du*,u) ’

<, Nd@*,u) + 8,

+N3

+N4

+N5

so that

ld (', Zyu )| (i, 2o
||1 +d(u*,ul) |
Hd (u/, Jlu*) Hd (u*, Jzu/)H
||1 +d(u*, ul) |
ld (u, Zu ) [ (', 2|
||1 + d(u*,u/)”
Hd (u/, :Ilu*) ”d (u/, Jzu/)H
|1+ dGur,u))||

[d@, uh)|| < Ri]ld@,u))|| + V28,

+ \/§N3

+ \/§N4

+ \/§N5

Since ||1 + d(u*,u)|| > ||, u)

, we have
[d, uh)|| < Ry + V2R3)ld(u*, u).

This is contradiction to 8; + V283 < 1. Hence, u/ = u*. Therefore u* is a unique common fixed point
of J; and 2.

Corollary 1. Let (‘W,d) be a complete bi-CVMS and 3 : W — “W. Suppose that there exist
Nl, Nz, N3, N4,N5 S [0, 1) with Nl + \/E(NQ + N3 + 2&4 + 2&5) <land3 satisﬁes

d (u, 3u)d (0, 30) e d (o, 3u)d (u, o)
1+d(uo0) *  1+d w0

d (u, Ju) d (u, 30) e d (0, 2u)d (0, 20)
1+d o) > 1+du0)

d(Ju, Jo) =i, Nid(u,0) + N,

+N4
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for all uy, u, 0 € B(uy, p), p € C, and
ld(uo, Z1up)| < (1 = Dol

where

N] + \/§N4 ) ( N] + \/ENS )}
1— V2R, — V2R, 1 — V2K, — V2N;

then there exists a unique point u* € B(uy, p) such that u* = Ju’*.

A = max{(

Proof. Take J, = J, = Jin Theorem 1. |

We provide the following example in order to show the validity of our main result.

Example 2. Let ‘W = [0, 00) and define d : W X W — C, as follows:
d(u]’uz) = (1 + l2) |I/t1’ - I/l2| .

Then, (W, d) is a complete bi-CVMS. Take uy = 1 and p = 1 + 1i>. Then B(ug, p) = [0, 1]. Define
A, W —> W as

u
:hu = Z
and
u
:zbt = g
Then with 8; = %,Nz = 21—4,83 = %,&1 = 21—5 and N5 = %, all the assumptions of Theorem 1 are

satisfied; hence, 0 € B(uy, p) is a unique common fixed point of J; and 3,.
Now we derive some results from our main Theorem 1 by setting some constants equal to zero.

Corollary 2. Let (‘W,d) be a complete bi-CVMS and 21,3, : W — W. Suppose that there exist
N1, N5, N3, Ny € [0, D) with 8; + V2 (R, + 83 +28y) < 1 and 3,,3, satisfy

d(u,3yu)d(o,3
d(3u, 3,0) <, Ri1d(u,0) + 8y (u, 21u) d (0, 420)
1 +d(u,p)

d (o, 31u)d (u, 3,0) e d (u, Jyu)d (u, 30)
1+dwo0) Y 1+ duo)

+N3

for all uy, u, 0 € B(up,p), 0 < p € C, and

ld(uo, Ayuo)l < (1 = Dol

N1+ V2R,
1— V28— V2R,

where A = max{(
w' = Jyu* = Jou’

),(1_%&)}; then, there exists a unique point u* € B(ug,p) such that

Proof. Take 85 = 0 in Theorem 1. O
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Corollary 3. Let (W,d) be a complete bi-CVMS and 3 : ‘W — W. Suppose that there exist
N1 N2, N3, Ry € [0, 1) with 8 + V2 (8, + N3 + 284) < 1 and T satisfies

d (u, 2u) d (o0, 30)

d(3u, 20) I N1d(u,0) + N,

1+d(u,0)
N d (o, u)d (u, o) N N4d (u, 3u) d (u, 30)
1 +d(u,0) 1 +d(u,0)
for all uy, u, 0 € B(up,p), 0 < p € C, and
|d(uo, Jup)| < (1 = Do
where
81 + \/584 z~¢1

A = max{(

), ( 5
1— V2R, — V2R, 1- V2N,
then, there exists a unique point u* € B(uy, p) such that u* = Ju”.

Proof. Take 3, = 2, = J in Corollary 2. O

Corollary 4. Let (‘W,d) be a complete bi-CVMS and 21,3, : ‘W — W. Suppose that there exist
N1, N5, N3, N5 € [0, 1) with 8 + V2 (R, + 83 + 285) < 1 and 31,3, satisfy

d(u,Jyu)d (0,3
d(2u, 2r0) <, Nid(u,0) + Xy (u, 31u) d (0, 3>0)

1 +d(u,0)
m i =2 |
N NSd(Q, 1) d (u, 350) N Nsd(g, 1) d (0, 220)

1 +d(u,0) 1 +d(u,o0)

for all uy, u,0 € B(up,p), 0 < p € C, and
|d(uo, 31up)| < (1 = Dol
where
N] Nl + \/§N5

A = max{

( ), ( )
1— V2R, 11— V2R, — V2N
then, there exists a unique point u* € B(uy, p) such that u* = Zu* = Jou’.

Proof. Take 84 = 0 in Theorem 1. O

Corollary 5. Let (W,d) be a complete bi-CVMS and 3 : ‘W — W. Suppose that there exist
N1, N2, N3, 85 € [0, 1) with 8y + V2 (R, + N3 + 285) < 1 and I satisfies

d (u, 3u)d (0, 30)
d(3u, 30) i, Mad(, @) + 8o ——= 7= >

d (0, 3u)d (u, 20) e d (0, 3u)d (0, 30)
1+du0) > 1+d(u0)

+N3
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for all uy, u,0 € B(uy,p), 0 < p € C, and

|d(uo, Juo)l < (1 = Dlpl

where
A = max{( Ll , Ni+ V2Ns )}
1— V2R, 11— V2R, — V2K;
then, there exists a unique point u* € B(uy, p) such that u* = Ju".
Proof. Set 3y = 3, = Jin Corollary 4. |

Corollary 6. Let (‘W,d) be a complete bi-CVMS and 21,3, : W — W. Suppose that there exist
N1, N2, N3 € [0,1) with 8; + V2(R, + 83) < 1 and 31,3, satisfy

d, i de. 20 . dlo.di)d (20

d(:hu, :2Q) S,’z Nld(u, Q) + Nz 3

1 +d(u,0) 1 +d(u,0)
for all ug,u,0 € Blug,p), 0 < p € C, and
|d(uto, S1uo)l < (1 — Dl
where A = 1—%& ; then, there exists a unique point u* € B(ug, p) such that u* = Jyu* = Dou’.
Proof. Choose X, = N5 = 0in Theorem 1. O

Corollary 7. Let (‘W,d) be a complete bi-CVMS and 3 : W — W. Suppose that there exist
N1, N2, N3 € [0,1) with 8; + V2(R, + N3) < 1 and 3 satisfies

d (u, Ju) d (0, 30) LR d (o, Ju) d (u, 3p)

d(:l/t, :Q) 51'2 Nld(u,g) + Nz 3

1+d(u,p) 1+d(u,0)
for all ug,u,0 € B(ug,p), 0 < p € C, and
|d(uo, Juo)l < (1 — Dol
where A = 1_%& ; then, there exists a unique point u* € B(uo, p) such that u* = Ju*.
Proof. Take 3, = 2, = J in Corollary 6. O

Corollary 8. Let (‘W,d) be a complete bi-CVMS and 3,,3, : W — ‘W. Suppose that there exist
NNy € [0, 1) with 8 + V28, < 1 and 3,, 3, satisfy

d(u,31u)d (0, 2,0)
d(Ziu, 3 <. Nid N
(F1u, 220) =i, Nid(u,0) + 8y T+ d(.0)

for all uy, u,0 € B(uy,p), 0 < p € C, and
d(uo, Z1up)| < (1 = Dol

where A = : T/lix ; then, there exists a unique point u* € B(uy,p) such that u* = Ju* = Ju”.
- 2
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Proof. Take 83 = 8, = N5 = 0in Theorem 1. O

Corollary 9. Let (‘W,d) be a complete bi-CVMS and 3 : W — W. Suppose that there exist 81,8, €
[0, 1) with 8, + \/582 < 1 and 3 satisfies

d (u, 3u) d (0, 30)
1+d(u,p)

d(3u, Jo) <, Nid(u,0) + X,

for all uy, u,0 € B(up,p), 0 < p € C, and

|d(uo, Aug)l < (1 = Dlp|

where A = 1_%82 ; then, there exists a unique point u* € B(uy, p) such that u* = Ju".
Proof. Take J; = J, = J in Corollary 8. m|

Now we establish the following result for two finite families of mappings as an application of
Theorem 1.

Theorem 2. If {N;}]" and {R;}| are two finite pairwise commuting finite families with a self-mapping
defined on a complex valued extended b-metric space with ¢ : WxW — [1, c0) such that the mappings
Rand J (with 3 =KX, - - N, and R = R R, - - - R,) satisfy (4.1) and (4.2); then, the component

mappings of these {N;}1' and {R;}} have a unique common fixed point.

Proof. By Theorem 1, one can get Ju* = Ru* = u*, which is unique. Now by pairwise commutativity
of {N;}1" and {R;}] ,(for every 1 < k < m) one can write Nu* = NlNu* = NN and R = N Ru* =
RN u* which manifest that N;u*, Yk is also a common fixed point of J and ‘R. Now utilizing the
uniqueness, one can write J,u* = u* (for every k) which shows that u* is a common fixed point of
{3;}]. By doing the same strategy, we can prove that Ru* = u* (1 < k < n). Hence {N,;}]" and {R;}]
have a unique common fixed point. O

Corollary 10. Let (‘W,d) be a complete bi-CVMS and F,G : W — W. Suppose that there exist
N1, N2, N3, R Ns € [0, 1) with 8 + V2 (N, + N3 + 284 + 285) < 1 and F,G satisfy

du, F'u)d(e.G") dlo F'u)d(u,G")

d(F"u,G"0) <;, Nid(u,0) + N
(F"u, G70) =i, Mad(u, 0) + Ro——=0 = 5 T 1+d o)

d(u, F'u)d(,G") . dlo. F"u)d(e.G"0)

N
T o) > 1+du,0)

for all uy, u,0 € B(up,p), 0 < p € C, and
d(uo, G"ug)| < (1 = Dol

where
Nl + \/§N4 Nl + \/§N5

1— V2R, — V2R, 1= V2K, - @g)}

then, there exists a unique point u* € B(uy, p) such that u* = Fu* = Gu".

A = max{(
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Proof. Take 81 =8, =--- =N, =Fand R =R, =--- =R, =G, in Theorem 2. |

Corollary 11. Let (‘W,d) be a complete bi-CVMS and 3 : ‘W — ‘W. Suppose that there exist
N1, N2, N3, R, N5 € [0, 1) with 8; + V2 (R; + 83 + 284 + 285) < 1 and T satisfies

d (ud"u)d (o, 3"0) LN d(o,3"u)d (u,2"0)
1 +du,p)

n n <.
d(Z"u, I'0) =i, ¥id(u, ) +¥p——— d (u,0)

d(u,3"u)d (u, 2"0) LN d(o,3"u)d (0, 2"0)
1+duo) > 1+du0)

+N4

for all uy, u,0 € B(uy,p), 0 < p € C, and
|d(uo, 3"up)l < (1 = Dol

where

Nl + \/§N4 ) ( Nl + \/ExS )}
1— V2R, — V2R, 1= V2R, — V25

then, there exists a unique point u* € B(uy, p) such that u* = Ju".

A = max{(

Take m = nand F = G = J in Corollary 10.
5. Applications

In this section, we show the importance and applicability of the established results.
Let W = C([a, b],R), a > 0 where C|a, b] denotes the set of all real continuous functions defined
on the closed interval [a,b] and d : W X W — C, is defined as follows:

d(u,0) = (1 + 1) (lu () — 0 ()

forall u,p € W andt € [a, b], where |-| is the usual real modulus. Then, (W, d) is a complete bi-CVMS.
Consider the Urysohn integral equations

1 b
u(t) = 4 f Ki(t, s,u(s))ds + g(1), (5.1

b
u(t) = ﬁ f Ky(t, s,u(s))ds + g(t), (5.2)

where K|, K, : [a,b] X [a,b] X R — R and g : [a,b] — R are continuous and ¢ € [a, b]. We define
partial order <;, in C, as u (¥) <;, o (¢) if and only if u < p.

Theorem 3. Define the continuous mappings 3\, 3,: W — W by

1 b
() = Ef Ki(t, s,u(s))ds + g(1),

1 b
Jou(t) = - f K>(t, s,u(s))ds + g(1),
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forall t € [a, b]. Suppose the following inequality

K1 (2, 5, u(s)) — Ka(t, s,0(5)] < Ny u(s) — o(s)]
holds, for all u,0 € W with u # o and 8,<1; then, the integral operators defined by (5.1) and (5.2)

have a unique common solution.

Proof. Consider

1
1+i)|——
(1 +1iy) b—a

b b
(1 + i) [Fu(®) — T2h()| f Ki(t, s, u(s))ds — f Ks(t, s, h(s))ds

b
< (+d) bi—a f |K1<r,s,u(s))—Kz<r,s,h(s>)|ds)
NEG
< avi); f u(s) — o(s)| ds
-
< p(L+i)lu(s) — o(s)].

Thus,
d (Jlu, JZQ) 51'2 Nld(u, Q)

Now with 8, = N3 = 84 = N5 = 0, all the assumptions of Theorem (1) are satisfied and the integral
equations (5.1) and (5.2) have a unique common solution. O

6. Conclusions

In this article, we have utilized the notion of bi-CVMS and secured common fixed point results for
rational contractions on a closed ball. We have derived common fixed points and the fixed points of
single valued mappings for contractions on a closed ball. We expect that the obtained consequences in
this article will form up to date relations for researchers who are employing in bi-CVMS.

The future work in this area will focus on studying the common fixed points of single valued and
multivalued mappings in the setting of bi-CVMS. Differential and integral equations can be solved as
applications of these results.
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