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1. Introduction

The idea of metric spaces, as well as the Banach contraction principle, provide the foundation of
fixed point theory. Thousands of academics are drawn to spaciousness by axiomatic interpretation of
metric space. There have been several generalizations on metric spaces thus far. This demonstrates the
beauty, allure, and growth of the notion of metric spaces.

Zadeh [1] developed the concept of fuzzy sets. The adjective “fuzzy” appears to be a popular and
common one in recent investigations of the logical and set theoretical underpinnings of mathematics.
The key explanation for this rapid rise, in our opinion, is simple. The world around us is full of
uncertainty for the following reasons: the information we gather from our surroundings, the concepts
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we employ, and the data arising from our observations or measurements are, in general, hazy and
erroneous. As a result, every formal representation of the real world, or some of its properties, is
always an approximation and idealization of the actual reality. Fuzzy sets, fuzzy orderings, fuzzy
languages, and other concepts enable us to handle and investigate the degree of uncertainty indicated
above in a strictly mathematical and formal manner. The fuzzy set notion has succeeded in moving
many mathematical structures within its concept. The concept of continuous norms was established
by Schweizer and Sklar [2] The concept of fuzzy metric spaces was developed by Kramosil and
Michalek [3]. They extended the concept of fuzziness to traditional conceptions of metric and metric
spaces via continuous norms and contrasted the results to those derived from other, particularly
probabilistic, statistical extensions of metric spaces. The fuzzy version of the Banach contraction
principle in fuzzy metric spaces was introduced by Garbiec [4]. UrReham et al. [S] demonstrated
several a — ¢ fuzzy cone contraction findings using an integral type.

Only membership functions are dealt with in fuzzy metric spaces. Park [6] constructed an
intuitionistic fuzzy metric space that is utilized to deal with both membership and non-membership
functions. Konwar [7] introduced the idea of an intuitionistic fuzzy b-metric space and demonstrated
various fixed point theorems. In [8], Kiricsci and Simsek established the concept of neutrosophic
metric spaces, which are utilized to deal with membership, non-membership, and naturalness.
Simsek and Kiricsci [9] demonstrated some incredible fixed-point solutions in the framework of
neutrosophic metric spaces. In the setting of neutrosophic metric spaces, Sowndrarajan et al. [10]
demonstrated certain fixed point findings. Hussain, Al Sulami, and Ishtiaq [11] developed the concept
of neutrosophic rectangular metric space and established fixed point theorems on it.

The idea of an orthogonal set, as well as many various types of orthogonality, has several
applications in mathematics. In 2017, Eshaghi Gordji, Ramezani, De la Sen, and Cho [12] proposed
a new notion of orthogonality in metric spaces and offered a framework to expand the findings in the
setting of metric space with new orthogonality and also proved several fixed point theorems. Eshaghi
Gordji and Habibi [13] modified the concept in 2017 to establish the fixed point theorem in generalized
orthogonal metric space. Many writers [14—29] have explored orthogonal contractive type mappings
and gotten significant results.

In this paper, we present the concept of an orthogonal neutrosophic rectangular metric space and
prove fixed-point theorems.

2. Preliminaries

In this section, the authors provide some definitions to understand the main section.

Definition 2.1. (See [6, Definition 2.1]) A binary operation =: [0,1] x [0,1] — [0, 1] is called a
continuous triangle norm if:

(1) txv=vsxu forall,v € [0,1];

(2) *is continuous;

(3) tx1 =y, forall L €[0,1];

(4) 0*v)xn=1%(vxn), forall t,v,n € [0,1];

(5) Ift<nandv <0, witht,v,n,d € [0,1], thent+v < nx*D.
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Definition 2.2. (See [6, Definition 2.2]) A binary operation o: [0,1] X [0,1] — [0, 1] is called a
continuous triangle co-norm if:

(1) tov=vou forall,v e|0,1];

(2) o is continuous,

(3) to0=0, forall €[0,1];

(4) tLov)yonp=1o(von),foralliv,nel0,1];

(5) Ift<nandn <d, witht,v,n,d € [0,1], thentov <nob.

Definition 2.3. (See [7, Definition 2.1]) Take I' # (. Let = be a continuous t-norm, o be a continuous
t-co-norm, b > 1 and 'V, @ be fuzzy sets on I' X I' X (0, +00). If (I, ¥, D, =, o) fullfils all o, M € I" and
v, > 0:

(D) Y, M+ Plo MO < 1;
(11) ¥(o, M,{) > 0;
(I1l) ¥Y(o, M, ) = 1 ifand only if o = M;
(1V) ¥(0, M, 0) = ¥(M,0,0);
(V) (o, 1, b(& +v)) = ¥(o, M, ) * V(M. 1, v);
(VI) ¥(0, M, ") is a non-decreasing function of R* and lim;_,,, ¥ (0, M,{) = 1;
(VII) ®(0, M, () > 0;
(VIII) (0, M, () =0 ifand only if o = M;
(IX) P(0, M, {) = DM, 0,0);
(X) D(0,11,0({ +v)) < P(o, M, () 0 DM, 1, v);
(XI) D(o, M, ) is a non-increasing function of R* and lim;_, ... P(0, M, ) = 0.
Then, (I, ¥, ®, *, o) is an intuitionistic fuzzy b-metric space.

Definition 2.4. (See [8, Definition 3.1]) Let I' # 0, * is a continuous t-norm, o be a continuous t-co-
norm, and ¥, @, y are neutrosophic sets on I' X I' X (0, +o0) is said to be a neutosophic metric on I', if
for all o, M, u € T, the following conditions are satisfied:

(1) ¥(0, M, Q) + P(o, M, 0) + x(0, M, {) < 3;

(2) ¥, M) >0;

(3) Y0, M,0) = 1 forall ¢ > 0, ifand only if o = M;
(4) Y. M, ) = ¥(M,0,0);

(5) Yo, +v) = ¥(o, M, O) + (M, i, v);
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(6) ¥(o, M,"): (0, +00) — [0, 1] is continuous and lim;_,,, ?(0, M, ) = 1;
(7) Do, M, ) < 1;
(8) D(0, M,0) =0 forall £ >0, if and only if o = M;
(9) Do, M, () = (M, 0,0);
(10) ®(o, . & +v) < Plo, M, {) 0o DM, u, v);
(11) ®(o, M, -): (0, +00) — [0, 1] is continuous and lim,_, ,, (o, M, ) = 0;
(12) x(0, M, 0) < 1;
(13) x(0, M, ) = 0 for all £ > 0, if and only if o = M;
(14) x(0, M, 0) = x(M,0,);
(15) x(o:p, & +v) < x(0, M, ) o x(M, i, v);
(16) x(0, M,*): (0, +00) — [0, 1] is continuous and lim;_, .« x(0, M, {) = 0;
(17) If £ <0, then ¥(0, M, ) = 0, D(0, M, ) = 1 and (0, M, 0) = 1.
Then, (I, ¥, ®, x, *, o) is called a neutrosophic metric space.

Definition 2.5. (See [11, Definition 12]) Let I' # 0 and = be a continuous t-norm, o be a
continuous t-co-norm and (¥, D, D) be neutrosophic sets on I' X I' X (0,+00) is said to be a
neutrosophic rectangular metric on I', if for any o,u € I’ and all distinct x, M € I'\{0, u}, then the
following conditions are satisfied:

(i) Yo, M, ) + Do, M, ) + Do, M, ) < 3;
(ii) Y(0, M,0) > 0;
(i) Y0, M,0) = 1 forall £ > 0, if and only if o = M;
(iv) Yo, M, ) = ¥(M,0,0);
(v) ¥Ylo.u.d +v+ @) > ¥lo, M, 0) + (M, x,v) x P(x, 1, @);
(vi) P(0, M,-): (0, +00) — [0, 1] is continuous and lim;_, ,, ¥(0, M, ) = 1;
(vii) D(o, M, Q) < 1;
(viii) ®(0, M, ) =0 forall { > 0, if and only if o = M;
(ix) (o, M, ) = DM, 0,0);
(x) Do, . ¢ + v+ @) < Do, M, {) o DM, x,v) 0 B(x, 1, @);
(xi) D(0, M, -): (0, +c0) — [0, 1] is continuous and lim;_, .., D(0, M, ) = 0;
(xii) D(o, M, L) < 1;
(xiii) D(0, M, &) =0 forall ¢ > 0, if and only if o = M;
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(xiv) Do, M, {) = DM, 0,0);

(xv) D(o,u, ¢ + v+ @) < D(o, M, ) o DM, x,v) o D(x, u, @);

(xvi) D(o, M, -): (0, +00) — [0, 1] is continuous and lim;_, ... D(0, M, ) = 0;
(xvii) If { <0, then ¥ (o, M,{) = 0, D(o, M, {) = 1 and x(0, M, ) = 1.

Then, (I, ¥, @, D, , 0) is called a neutrosophic rectangular metric space.

Example 2.1. Let I' = DU T, where D = {0, %, %, ‘—11}, T =[1,2]andd : I X I' — [0, +0) as follows:

d(o, M) = d(M,0) forall o, M e T,
d(0, M) =0 ifand only if o = M,

and
d(0,4) =0(3,4) =0.2,
d(0, ) = d(3, 3) = 0.02,
(0, 1) =0d(3, 1) = 0.5,

274
d(o, M) = |o — M|, otherwise.

Define ¥, D, D: I' X I X (0,+00) — [0, 1] as

4
BU ,M7 = T A
@M= e m
p(0, M) 2(0, M)
1 ’ ) = T A D ) ) = .
(e M,0) T 0 M) (0 M, ) z

Then, we have

Yo, u,{ +v+w@) = P, M, ) « P(M, x,v) x P(x,u, @).

Do, i, { + v + @) < Do, M, {) o D(x, 1, v) 0 D(x, u, @).

D(o,u, ¢ + v+ @) < D(o, M, ) o DM, x,v) o D(x, u, @).

Then (I, ¥, D, D, *,0) is a neutrosophic rectangular metric space with continuous t-norm t * A = (A
and continuous t-co-norm t o A = max{t, A}.

On the other hand, Eshaghi Gordji et al. [12] introduced the basic concept as follows:

Definition 2.6. (See [12, Definition 2.1]) Let I" be a non-empty set and binary relationas L C I X T
If L satisfies condition

there exists oo € I': Yo € l,0Loy) or (Noe€l,A oylo),
then, (I, L) is said to be an orthogonal set(O-set).
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Example 2.2. (See [12, Example 2.4]) Let I' = Z. Define the binary relation L on I’ by m_Ln
if there exists k € Z such that m = kn. It is easy to see that OLn for all n € Z. Hence, (I', L) is an O-set.

Definition 2.7. (See [12, Definition 3.1]) Let (I, L) be an O-set. A sequence {0g}sen is called an
orthogonal sequence (O-sequence) if

(VB,08Lop+1) or (VB,0p+11L0p).

Definition 2.8. (See [12, Definition 3.2]) A mapping w: I' — I is orthogonal continuous (O-
continuous) in o0 € I' if for each O-sequence {0glgen C I' such that og — 0, wog — we. Also w is
said to be L-continuous on I' if w is L-continuous at each o € I'.

Definition 2.9. (See [12, Definition 3.10]) Let (I, L) be an O-set. A mapping w: I' — I is said to be
L-preserving if woLwM, then oL M.

Ishtiaq, Javed, Uddin, De la Sen, Ahmed, and Ali [30] introduced the notion of an orthogonal
neutrosophic metric spaces and proved fixed point results on orthogonal neutrosophic metric spaces as
follows

Theorem 2.1. (See [30, Theorem 3]) Let (I, ¥, ®, D, x,0, L) be an O-complete neutrosophic metric
space such that

(lim P, M0 =1,
{—+00

lim @, M,{) =0,
{—+0o0

lim D(o, M, ) =0,
{—+00

forall oo M e I'and { > 0. Let w: I' — I be an L-continuous, L-contraction and L-preserving
mapping. Then w has a unique fixed point say o, € I'. Furthermore

glim Y(wPo,04,0) =1,

—-+00

glim D(P0,04,0) = 0,
—+00

éVlim D(0,04,8) =0,
—+00

forallooM eI and ¢ > 0.

Motivated by the above work, we introduce the notion of an orthogonal neutrosophic rectangular
metric space and prove fixed-point theorems.
3. Main results

In this part, we present orthogonal neutrosophic rectangular metric space and demonstrate some
fixed-point results.

Definition 3.1. Let I" # 0 and * be a continuous t-norm, o be a continuous t-co-norm and ¥, @, and D
be neutrosophic sets on I' X I' X (0, +00) is said to be a orthogonal neutrosophic rectangular metric
on T, if for any o,u € I' and all distinct x, M € I'\{0, u}, the following conditions are satisfied:
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(i) Y(o, M,{) + P(o, M, L) + D(o, M, () < 3 such that oL M and M_Lo;
(ii) ¥ (0, M, ) > 0 such that oL M and M Lo;
(iii) ¥Y(o, M,{) = 1 forall > 0, if and only if o = M such that oL M and MLo;
(iv) Y(o, M,{) = ¥ (M, p,) such that oL M and M _Lp;
(v) Y(o,u,l +v+@) = Vo, M, ) « P(M, x,v) x VY (x,u, @) such that oLy, 0oL M, MLx and ¥ Lu;

(vi) (o, M,-): (0,+00) — [0, 1] is continuous and lim;_,,.. ¥ (0, M,{) = 1 such that oL M and
MLo;

(vii) P(0, M, ) < 1 such that oL M and MLp;
(viii) @(0, M, ) =0 for all { > 0, if and only if o = M such that o L M and M Lp;
(ix) D(o, M, ) = P(M, o, ) such that oL M and M_Lo;
(x) Do, u, ¢ + v+ @) < Do, M, ) o DM, x,v) o (x,u, @) such that oLy, 0oL M, MLx and x Lu;

(xi) Do, M,-): (0,+00) — [0,1] is continuous and lim;_, .., P(0, M,{) = 0 such that oL M and
MLo;

(xii) D(o, M, ) < 1 such that oL M and MLo;
(xiii) D(o, M, ) =0 forall £ > 0, if and only if o = M such that o LM and M Lp;
(xiv) D(o, M, ) = D(M, o, ) such that oL M and M_Lp;
(xv) D(o,u, ¢ +v+@) < Do, M, ) o DM, x,v) o D(, u, @) such that o Ly, 0o LM, MLx and xLyu;
(xvi) D(o, M,-): (0,+00) — [0, 1] is continuous and lim;_,.. D(o, M,{) = 0 such that oL M and
MLo;

(xvii) If { <0, then ¥ (0, M,{) = 0, D(o, M, {) = 1 and x(0, M, () = 1 such that oL M and M Lp.
Then, (I,¥,®,D,*,0,1) is called an orthogonal neutrosophic rectangular metric space(O-
neutrosophic rectangular metric space).

Example 3.1. Let I = {1, 2, 3,4} and a binary relation 1. by oL M iff o+ M > 0. Define ¥, D, D: I X
I' X (0,+00) > [0,1] as

1 fo=M
W(@,M,o:{ . e

Famgane U otherwise,

if o=M,

if otherwise,

0,
@(Q, M, {) = { max{o, M}

{+max{o, M}’

and

0, if o=M,
D(Q’ M’g) = {M
¢

, If otherwise,

Then, (I'¥, D, D, x,0, L) is an orthogonal neutrosophic rectangular metric space with continuous
t-norm v * v = v and continuous t-co-norm, 1 o A = max{t, A}.
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Proof. Here, we prove (v), (x) and (xv) others are obvious.
Leto=1,M=2,2x=3and u = 4. Then

(+v+w _ {tv+w
[+v+m+max{l, 4] +v+oT+4

Y(1,4,{+v+w@) =

On the other hand,
5,,(1’2’4) _ 4 __ & _ ¢ ’
{+max{l,2} (+2 (+2
v U U
sv(z,3, ): - -
v v+max{2,3} v+3 v+3
and
() () ()
91(3,4, ): - - .
) o rmax(3,4] w+4 w4
That is,
{+v+w S 14 v ()

(+U+T+3 (+2 v+3 wm+4

Then, the above is satisfies for all £, v, @ > 0. Hence,

Yo, u,{ +v+w@) > P, M, ) « P(M, x,v) x P(x,u, @).

Now,
1,4 4
®(1,4, +v +w) = max{l, 4) - .
(+v+wm+max{l, 4} (+v+wm+4
On the other hand,
@(124)_ max{l,2} 2 2
) 4 max{l,2) 42 (+2
max{2, 3} 3 3
@(2,3, ): -2 -
v v+max{2,3} v+3 v+3
and
max({3, 4} 4 4
®(3, 4, ): - - .
( O Timax(3.4] w+4 w+4
That is,
4 < { 2 3 4 }
— < max .
l+v+wm+4 T (+2v+3 w+4
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Hence,
Do, . ¢ + v+ @) < Do, M, {) o D(x, 1, v) o (3, u, @),

for all £, v, @ > 0. Now,

1
D3 +v+ oy mxtb3 3
(+v+wm (+tv+ o

On the other hand,
1,2 2 2
@(1’2’4): max{l, 2} e
4 ¢ <
pfo.sa) = TR 33
v v v
and
D(3,4,w)= max{3, 4} _ i _ i
w T W
That is,
3 2
< max{—, -, —}
{+v+w 4
Hence,

Do, u, L + v+ @) < D(o, M, L) o DM, x,v) o D(x, u, @),

forall /,v > 0. Hence, (I, ¥, @, D, %, o, 1) is an orthogonal neutrosophic rectangular metric space. O

Remark 3.1. The preceding example also satisfies for continuous t-norm ¢ * A = min{t, A} and
continuous t-co-norm t o A = max{t, A}.

Example 3.2. Let ' = DU T, where D = {0, 3,1, 1Y and T = [1,2]. Define a binary relation L by

»2°3%4
ol Miffo+ M>0andd: T XTI — [0,+00) as follows:

d(o, M) = d(M,0) forall o, M e T,
2o, M)=0 iff 0=M,

and
50, 1) = (. 4) = 0.2,
50, 1) = o(4, 1) = 0.02,
20, 1) = (1, 1) = 05,

d(0, M) = lo — M|, otherwise.
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Define ¥V, D, D: I' XTI X (0,+00) — [0, 1] as

¢
y’ N s = T o
@M= oM
p(0, M)
@ N N = T o
@M= oM
D
Do, M.{) = (QEM).

Then, we have

VYo, +v+@) 2 (o, M, ) » (M, x,v) « V(x, 1, @),
Do, 1, L + v+ @) < Do, M, ) o D(x, 1, v) o D(x, 1, @),

Do, u, L + v+ @) < D(o, M, L) o DM, x,v) o D(, u, @).

Then (I, ¥, D, D, %, 0, L) is an orthogonal neutrosophic rectangular metric space with continuous t-
norm v x A = tA and continuous t-co-norm t o A = maxf{t, A}.

Definition 3.2. Let (I, ¥, D, D, *,0, L) is an orthogonal neutrosophic rectangular metric space and
{0p} be an O-sequence in I'. Then {0z} is said to be:

(a) an orthogonal convergent(O-convergent) exists if there exists o € I such that

ﬁlim ¥Y(0p,0,0) = 1,ﬁlim D(03,0,0) = O,ﬁlim D(og,0,) =0 forall ¢>0;
—+00 —+00 —+00

(b) an orthogonal Cauchy sequence(O-Cauchy sequence), if and only if for each A > 0, > 0, there
exists By € N such that

BU(Q,B’ OB+M> g) 2 1 - Aa @(Qﬁ’ OB+Ms g) < Aa ®(Qﬁ’ OB+Ms é/) <A for all ﬁ$ a2 ﬁo'

If every O-Cauchy sequence is convergent in I', then (I, ¥, ®, D, x,0, 1) is called a complete
orthogonal neutrosophic rectangular metric space.

Definition 3.3. Let (I, ¥V, D, D, x,0, L) is an orthogonal neutrosophic rectangular metric space, an
open ball is then defined B(o,, () with center o, radius v,0 <t < 1 and { > 0 as follows:

B, t,0)={Mel: Yo, M )>1—-1,D(0, M, ) <1,D(0, M,{) <t}

Theorem 3.1. Every open ball is an open set in an orthogonal neutrosophic rectangular metric space.

Proof. Consider B(f,r,{) be an open ball with center f and radius r. Assume v € B(i,r, ).
Therefore, R(,d,¢) > 1 — 1,81 Dd,0) < 1,8(td,0) < r. There exists % € (0,¢) such that
R(EDE) > 1 -1,8EDd L) <1, DD, %) < rdueto R(E,d,0) > 1 —r. If we take 1y = R(E, b, %),
then forrg > 1 — 1, e € (0, 1) will exist such that ry > 1 — e > 1 — 1. Given 1y and € such thatyy > 1 — €.

Then 1,15, 13,14,15,16 € (0, 1) will exist such that rgx1; *1, > 1 —€,(1 —1rg)o(l —13)0 (1 —14) < €
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and (I —vp) o (1 —15) o (1 —15) < €. Choose r7 = max{ry, 1,13, 14,15,%6}. Consider the open ball
B0, 1 - 17,%). We will show that B(d,1 — 17,%) € B(E1,0). If we take v € B(d, 1 — 17, %), then
R(9,0, %) > 17,8(8,0, ) < 17,8(3,,§) <17 and R(®, 0, 5) > 17, K(2, v, §) <17, B(d, 0, 5) < 17. Then

R(t,0,0) > Rik.q, %) « R(g,0,

4 4

3
R(t,0,0) < N(t, g, 5) o N(g, D, 5) o N(d, v, g) <(I=r)o(l-1r7)0(l-17)

<(I-1rp)o(l-13)0(l—14)<e<r,

B(t,0,0) < Blg, 50 B(0,2.5)0 8005 (1 =10)0 (1 =10 (1 1)

g)*?%(b,n,g)Zro*r7*r72r0*r1*r221—e>l—r,

<=-r)o(l-15)0(1-15) <€<T.

It shows that v € B(f,1,{) and B(d, 1 — 17, %) € B(E, 1, ). O
Theorem 3.2. Every orthogonal neutrosophic rectangular metric space is Hausdorff.

Proof. Let (I, 'V, ®, D, *, 0, 1) is an orthogonal neutrosophic rectangular metric space. Let p and M be
any distinct points in I". Then, 0 < ¥ (o, M,{) < 1,0 < @(0, M,{) < 1 and 0 < D(o, M, ) < 1. Put
1 = ¥ M), 1-1 = B0, M.), 1 =13 = Do, M. ) and 1y = (0,9, 5), 1 =15 = P(0, 8, 5). 1 16 =
D(o,a, %) and r = max{r;,1 —1,,1 —13,14,1 — 15,1 —16}. For each ry € (v, 1), there exists r; and rg such
thatvry *1v7 %17 > 19, (1 —15) 0o (1 —13)o (1 —13) <1 —1pand (1 —rg) o (1 —1rg) 0o (1 —15) <1 —1p. Put
Y9 = max{r7, rg} and consider the open balls B(p, 1 — 1o, %) and B(M, 1 — 19, %). Then, clearly

B(p, 1 — Yo, g) ﬁB(M, 1 — Yo, g) = (.

Suppose that v € B(p, 1 — 19, g) NBM, 1 — 1, %). Then,

1= Rp.0.0) = R, §> « Rg, M, §> « R(M, v, §>
2Ty kL9 kg 2Ty *T7 %17 219> 1,
1t = X(0,0,0 < Nip.8, ) 0 Ng, M. §) o XM, %)

<(I-15)0(l —r9)o(l—19)
<(I-1s5)o(l—rg)o(l —rg)
Sl—r0<1—r2,

1=t = B(p,0,0) < Blp,0, 5) 0 Blo, M. 5) 0 B0, )

< (1 =1e) o (1 =19) o (I —19)
<1 =xg)o(l—15)0(l —rg)
Sl—r0<1—r3,

which is a contradiction. Hence, (I, ¥, @, D, *, o, 1) is Hausdorff. m]
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Lemma 3.1. Let {0g} be an O-Cauchy sequence in orthogonal neutrosophic rectangular metric space
(I,¥,®,D,*,0, 1) such that oz # 0, whenever a,3 € N with B # «. Then the O-sequence {0g} can
converge to, at most, one limit point.

Proof. Contrarily, assume that oo — o and o4 — M, for o # M. Then,

im0 ¥(05.0.0) = 1,1img_y 0 D05, 0. ) = 0,1img oo D(0p. 0. ) = 0, and limg_ o ¥(05. M, O)=1,
limg_, 0o P05, M, {) = 0, limg_, ..o D(0p, M, ) = 0, for all £ > 0. Suppose

(0, M, {) = ¥(0,08,{) * ¥ (08, 08+1, &) * ¥(0p+1, M, {)
- 1*x1x1, as pB,— +oo,

@(Qa M’ g) < ¢(Q’ Ops {) © ¢(Qﬁ’ QBH’{) ° ¢(QB+I’M’ g)
— 00000, as pfB,— +oo,

D(0, M, ) < D0, 08, L) © D(0p,0p+1,4) © D(p+1, M, )

— 00000, as B — +oo.

Thatis Y(o,M,0) 2 1% 1x1=1,D(0,M,{) <00000 =0and D, M,l) <00000 =0. Hence,
o=M. O

Lemma 3.2. Let (I, ¥, D, D, x,0, L) is an orthogonal neutrosophic rectangular metric space. If for
some O < o < 1 and for any o, M e I, > 0,

¢

(o

¢

Y(o, M, ) > ‘P(Q, M, ), Do, M, () < @(Q, M, p

e Mmoo mi) 61

then o = M.
Proof. (3.1) implies that

Vo MO = Vo.M, %) 9o MO < Bo. M, ) Do M.2) < Do M, ) Bt >0
g (0X (oL
Now,
Y, M,0) > lim ‘P(Q, M, i) =1,
B—+o0 O‘ﬁ
d(o, M,{) < lim QD(Q, M, i) =0,
B—+o0 O'ﬂ
D(o, M, {) < lim @(g, M, i) ~0,7> 0.
B—s+00 oB
Also, by Definition of (iii), (viii), (xiii), that is, 0 = M. O

Definition 3.4. Let (I, V, D, D, *,0, L) be an orthogonal neutrosophic rectangular metric space. A
mapping w: I' — I is an othogonal neutrosophic rectangular contraction type-1(L-neutrosophic
rectangular contraction type-1) if there exists 0 < o < 1 such that

¥ (wo, wM, ) = ¥(0, M, D),
D(wo, oM, ) < (o, M, ) and D(wo,wM,d() < D(o, M, ), (3.2)

forall o, M € " with oL M and ¢ > 0.
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Theorem 3.3. Let (I, ¥, D, D, x,0, L) be a complete orthogonal neutrosophic rectangular metric
space and w: I' — I be a mapping satisfying

(a) w is an L-neutrosophic rectangular contraction type-1;
(b) wis an L-preserving.
Then w has a unique fixed point.

Proof. Since (I, 1) is an O-set,
dooel':(Voel,0loy) or (Yoe€l, 00Ll0).
It follows that 0y Lwog or weyLoy. Let
01 = W0, 02 = WOI = WX0, ooy Opr1 = WO = W g

for all g € N U {0}.
If 05, = 0p,+1 for any By € NU {0}, then it is clear that g, is a fixed point of w. Assume that gz, # 0g,+1
for all By € N U {0}. Since w is L-preserving, we have

08yL0p+1 O Opy+1-10p,

for all By € N U {0}. This implies {og} 1s an O-sequence. Since L-neutrosophic rectangular contraction
type-1, we obtain

¥Y(08,08+1,0¢) = Y(wop-1,wos, o) > ¥Y(0p-1,08,{) = y’(@ﬁ—zaQﬁ—l, g)
4 4
> 5”(@,3—3,9,3—2, F) 22 T(QO,QI, F)’
D(08, 0p+1,0¢) = P(wop-1, W, 0¢) < P(0p-1,08,{) < ¢(Qﬁ—2,Qﬁ—1, g)
4 4
< q§(9ﬁ—3,Qﬁ—2, OTZ) <. < 45(90791, ﬁ)’
and
D(0g, 0p+1,7¢) = D(wop-1, wog, ) < D(0p-1,08,{) < D(Qﬁ—ZaQ,B—I, g)
4 4
< Z)(Qﬁ—a,Qﬁ—z, ;) <0 < @(Qo,Ql, %)
We obtain
(0. 0p+1,0¢) = ‘P(Q 0 L )
B> EB+1> = 0> 1> O_ﬁ_l s
4
D(0p, 0p+1,0¢) < ¢(QO,Q1, ﬁ),

D501, 50) < Dlvs01, =) (3.3)
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Using (v), (x) and (xv), we have the following cases:
Case 1. Wheni = 2a + 1, i.e., i is odd, then

lP(Qﬁ,szaH,lf) 2 lP(Qﬁ, Op+1, g) * T(Qﬁ+1,9ﬁ+2, g) * T(Q,B+27Qﬂ+2a+l, g)
4 4 4
Y’(Qﬁ, OB+1>» 3) * l1’(9,/3+1,Q[3+2, g) * lAI/(Qﬁ+2,Qﬁ+3, ?)
Op+3,0B+4> 55 32 * T\ Op+4s OB+2a+1> 55 32
4 4 4
T(Qﬁ, OB+1>» 3) * T(Qﬁﬂ, OB+2» g) * 5U(Qﬁ+2,Qﬁ+3, ?)
L 0\, w ¢ ¢
Op+3>Op+4> 75 32 * L\ Op+4, Op+5> 73 33 * P\ 0p+s, Op+6> 33 33
W(Qﬁ+6’ Op+2a+1>» 3{3 )
. ¢ ¢ ¢
(QB,QB+2a+1,{) > ¥ 05, 0p+1> 5 e d Op+150B+2> 5 x ©Op+250B+3 ?

{ {
(Q,B+3,Qﬁ+4, 32) * SU(QB+4’Q,6+5’ 33) * Y’(Qﬂ+5,9ﬁ+6, 3 )

3(1

* W(Qﬁm,gmzaﬂ, ) -k W(Qﬁna 2, Op+20-1> {)
* BU(

4 4
Qp+2a-1-Qps2 35 | * P\ 0p+200 Opr20+1> = 3

@(Qﬁ’Qﬁ+20+l’ {) < ¢(Q5,Qﬁ+1, g) © @(Q,B+1,Qﬂ+2, g) © @(Qﬁ+2,9ﬁ+2a+1, g)
4 4 4
< ¢(Qﬁ,Qﬂ+1 ) §) o ‘p(Qﬁn » 0125 §) o q5(9ﬁ+2,9ﬂ+3, ?)
© cp(Qﬂ+3, Op+4, :i) gzj(Q,B+4’ Op+2a+1>» %)
4 { 4
< ¢(Qﬁ»@ﬁ+l’ 3) o @(QB+29Qﬂ+% 32) o ¢(Qﬁ+3,Qﬁ+4, ?)
- ¢ £ ¢
O PN 0pB+4,0p+5, ? od 0p+5> OB+6> ? od 0pB+6> OB+2a+1>» ? >
g g 4
¢(Qﬂ,Qﬁ+2a+1,§) <o 08> 0p+1> § o OB+1> 0p+2> § od ©OB+2> 0p+3> ?
4 4 4
o D\ 0p4+3,08+4» 55 32 o D|0p+4, Op+5s ? o D|0p15, 0p+6s ?
0 (Qﬂ+6,Qﬁ+2a+1, 3) ° 0 ¢(Qﬁ+2a 2> 0B+2a-1> 3{,)
© ¢(Qﬁ+2a 1> OB+2a» %) o ¢(Qﬁ+2m OB+2a+1>» %),

and

D(0p, Op+20+1,4) < @(Qﬁ, Op+15 g) o D(Qﬁﬂs 0p+25 g) o D(Q,mz, Op+2a+1> g)
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< Z)(Qﬁ, OB+1>» g) © Z)(Q/,m, Op+2, g) © Z)(Q/j+2’ Op+3» %)
oD 4 4
©p+3:Qp+d» 33 o D\ 0+4» Ops20+1> 3
4 4 4
< D\ og, 0+1, 3 o D|0p+1,0p+2, 3 o D|0p+2, 0p+35 32

5 4 4 4
o Op+3,08+4> 55 32 oD Op+4>0B+5, ? oD 0p+550B+6> ?
o D(Qﬁ+6’ OB+2a+1» %),

4 4 4
D(Qﬂ,Qﬁ+2a+1,§) <D 05, 0B+1> 5 oD Op+150pB+2> 5 oD ©Op+250B+3» ?

5 4 4 4
© Op+3,0B+4> 55 32 oD Op+4,0p+55 ? oD Op+5, 0p+6> ?
o D(Qﬂ+6’Qﬂ+2a+1a 3i) e D(QB+2L1/ 2, 0p+20-1> ;)
A 4 ¢

Qp+2a-1Qps2 35 | © D\ 0p+205 Op+20+15 30 )

Using (3.3) in the above inequalities, we deduce
¥ (08 0p+20+1,4) 2 Y’(Qo,gl, {_ ) ‘1’(90,91, 3 ) IP(QO»QlaL)
3071 30P 320h+1
* S”(@o,gl, 32—{&2) * Y’(Qo,gl, ﬁ) * W(@o,gl, #)
* (QOan, 7 ﬁ+5) sk T(QO’QI’ ﬁ) lP(QOan, ﬁ)

* SU(QO’QI’ 30 ,B+2(y 1)

4 4 4
D(0, Ops2a+1,{) < ¢(QO’Q1’ 30b-1 ) o (p(Qo,Ql, 3 ﬁ) (15(00’91’ 320-ﬂ+1)
4 4 {
o @(QO,QI, W) o ¢(Q0,Q1, W) ° Q(Qo,Ql, 33O-ﬁ+4)
{
o (QO o1, o ﬁ+5) .0 @(QO, 01, 3afa-ﬁ+2&—3)

¢
o Q(QO’ Q1 30 ﬁ+2(l 2) QD(QO’QI’ 3 gB+2a-1 )’

D(Qﬁ’ Q,B+2a/+]a{) < D(QO’ Q1 3 g_ ) D(QO’QI’ 35/3) D(QO,Ql’ 320{3"'1)
{ 4 ¢
o Z)(Qo Q1> 33 ﬁ+2) 9(90’91’ 330.ﬁ+3) ° @(90’91’ 330-,6'+4)
l ¢
© D(QO’ 01, 33 ﬁ+5) 0 D(QO’QI’ 3(1/O-ﬁ+2(l—3)
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g 4
© D(QO’QI’ W) ° @(90,91, W)
Case 2. When i = 2a, i.e., 1 is even, then
4 4 4
T(Q[%Qﬂ+2m§) > Y 0B>Op+15 § x Op+1,08+25 § * Op+25 Op+2as 5
T(Qﬁa Qﬁ+l’ g) * T(Q,B+1,Qﬁ+2, g) T(Qﬁ+2’ Qﬁ+3’ %)
w 4
,3+37Qﬂ+47 32 * Qﬁ+4’ Q,B+2a/’ 32
9”(9,3,@/3“, g) * T(Q,B+1»Qﬂ+29 g) Yj(@ﬂ+2,9ﬂ+3, 3—{2)
x ¥ £ x* ¥ é
Q,B+37 OB+4> 75 32 Op+4,0B+5, 33 0p+5, 0B+6> 33
(Qﬁ+6,Qﬂ+2a, 33)
4 4 {
(0, 0p+20-{) = V|08, 0p+1, 3 * Y\ 0p+1,0p+2, 3 * Y\ 0p+2,0p+3 3

4 4
(Q,B+%Qﬁ+4’ 32) * T(Qﬁ+4,Qﬁ+5, 33) * 5”(@/3+5,Qﬁ+6, B )

=

%

cx U ¢
0pB+6> OB+2a> 77 33 OpB+2a-45> OB+2a-3> 7.7 a1

£ Y, w ¢
Op+2a-3>OB+2a-2> 5.7 a1 Op+2a-25> Op+2a» 31 )

4 4 4
D(0p, 01205 {) < ¢(Qﬁa@ﬁ+1, 3) o ¢(9ﬁ+1,Qﬁ+2, 3) o ¢(0ﬁ+2,Qﬁ+2m g)
< ¢(Qﬁ7 Q,B+17 g) o ¢(Qﬁ+l,Q,E+2’ g) © ¢(Qﬁ+27 Q,B+37 %)
o ® 4 4
Qp+3,0prd» 37 o D\ 0p+4,08+2a> 3
< ¢(Qﬁ’ Qﬁ+1’ g) o gD(Q,B+1’Qﬁ+2’ g) o ¢(QIB+2’ Qﬁ+3’ %)
o @ ¢ ()] 4 0] ¢
0pB+3,0B+4> 75 32 O P\ 0p+4,0pB+55 ? © PN 0p+5,0B+6> 5
@ 4
° 0p+6> Op+2a> ? s
@ 4 4 4
(98> 0+20> ) < D 0p, Op+15 3)° D\ 0p+1> Op+2> 3)° D\ 0p+2, Op+3> 3
0@ 4 @ 4 4
0pB+3>0p+4» ? O P\ 0p+4,0B+55 ? od OB+5> Op+6> 5
4
o D|0g+6, Op+2a> =5 33 -0 D\ 0g12a-4> Op120-3> 57—

3a 1
@ ¢ £
© P\Op+20-3, Op+20-2> 3,77 3a-1 o Op+2a-2> Op+2e> F s
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and

D(0p, 0p+20>¢) < D(Q,&QBH, %) ° D(Q,B+1»Qﬁ+2, g) ° @(Qﬁ+2, OB+2as g)
<D ¢ ¢ ¢
= 08> 0B+1> 5 o D\ 0p+1>0p+25 g o D\ 0p+2, 043> ?
5 £ £
O 2NOp+30p+4s 75 32 °© D\ 0p+4> Op+2as 32
<D ¢ ¢ ¢
= ©Op> Op+15 § oD Op+1,0B+2» g oD Op+2,0B+3» ?
D £ ¢ ¢
©Op+3> OB+4, ? o D\ 0p+4, 0p+55 ? o D\ 0p+5, 0p+6> 5
o D(gﬂ+6’ Qﬁ+2(ra 3_{;;)9
. £ £ ¢
(08, 08+20- ) < D\ 0p, 01, 3)° D\ 0g+1,08+25 3)° D\ 0p+2508+3» 3
D £ ¢ £
Op+3,Qpr4r 37 | © D\ 0p+4> 0p+5s 33)° D\0p+5> 0p+65 33
© D(Q,B+6a@ﬁ+2m 3—§3) ©---0 Z)(Qﬁ+2a—4, Op+2a-3> i)

301—1
oD ¢ 4
OB+20-3> 0B+20-2> 7,7 3o o D 0p+20-2: Op+20s )

Using (3.3) in the above inequalities, we deduce
. 4 4
(Q,B',Q,E+2a/, {) > Y ©0, 01, 305~ 1) * ¥ 00,01, 37— 308 * ©0,01, 320-ﬂ+1
{ 4 4
©0, 01, 33 PS5 90,01, 3a-1gp+2a-5

Ve 4
* 5”(90,91, W) * SU(QO’QI’ 3a-1B+2a-3 )’

<

4 ¢ 4
D(0p, 0p+2a>¢) < ¢(Q0,Q1, W) o ¢(QB+139B+2’ ﬁ) ° QS(QO’QD W)
4 4 4
° ¢(Qo’91, W) ° @(QO,Qla W) ° ¢(QO’Q1, W)
o &
Pl00, 01, 35775 3o ,6+5 Q0,01 2.7 p+2a—5

4
° ¢(QOan’ 3a- 10_ﬁ+20 4) ¢(QO’QI, W)

and

4 g 4
D(0p, 0p+20:{) < D(QO,Q1, W) o D(Q,3+1,Qﬁ+2, ﬁ) o D(Qo,Ql, W)
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4 4 4
> Dlever grp7m) * Dlever 3757 Dl 575
{ {
o D(Qo,Ql, W) 0---0 D(Qo,Ql, W)
OD ; oD ;
©0,01, 30_10_ﬁ+2(l_4 ©0, 01, 3(1—10-,B+2(1—3 '
As 8 — 400, we deduce
ﬁhm SU(Qﬁ,Qﬁ_H,[:) =1lx1%x---%x1= 1,
—+00
Jim_ #(05.001:.0)=0000---00=0
—+00
and

ﬁlim D(op,0p+i:{) =0000---00=0.
—+00

Therefore, {0g} is a Cauchy sequence. Since (I, ¥, @, D, *, 0, 1) is a complete orthogonal neutrosophic
rectangular metric space, we can find

lim oz = 0.

B—+o0

Using (v), (x) and (xv), we get

4 g 4
Y(0,wo,{) > l[/(Q, 05> 5) * S[/(Qﬁ,QﬂH, g) * IP(Q,BH, wo, g)

o) o) Hlonn
S R

- 1x1x1=1 as S — +oo,

Do, wo, &) < Cp(@’Qﬂ’ é) ° 915(@/3,9,8“’ éV) o ¢(Qﬁ+1,w9, 5)

3 3 3
- oo ) ot ot
4
< oo ool o o)
—00000=0 as fB— +o0
and
4 ¢ 4
D(o, wo, ) < Do, g, 3)° D\ og,0p+1> 3)° D 0p+1, wo, 3
4 4 4
- ofe0£)o D000 ) oferen
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< Z)(Q, 05, g) o Z)(Qﬁ—l’gﬂ’ g) © D(Q/”Q’ %)

—00000=0 as f— +oo.

Hence, wo = 0. Let 0,1 € I be two fixed points of w and suppose that w0 = o # n = «’n for all
B € N. By choice of gy, we obtain

(Qolg and QO_LT]) or (QLQO and 7]_1_90).

Since w is L-preserving, we have
(aﬁgola)ﬁg and aﬁQOJ_wﬁn)or(aﬁQJ_aﬁQO and a)ﬂnla)ﬁgo)
for all n € N. Since L-neutrosophic rectangular contraction type-1, we have
_ \ _ 4
1> ¥(n,0,0) = Y(wn,wo,) 2 ¥ me. )= 4 wr), we,
o & 4
2 ¥no =)z 2 S”n,g,—ﬁ —1 as S — +oo,
o o
0 < P(n,0,0) = Plwn, we,{) < <15(77, 0 g) = 45(6077, w0, g)

SQ(naQ’é)S”'S¢(U,Q’O%)_)O as ﬁ_)+oo’

and
_ g\ _ 4
0<DMm,p,¢) = D(wn, wo, ) < Dln,o, o Dl wn, we, p
< D(n,g,%) <-- < D(n,g,i) —0 as S — +oo,
o op
by using (iii), (viii) and (xiii), 0 = 1. mi

Definition 3.5. Let (I, ¥, D, D, *,0, 1) be an orthogonal neutrosophic rectangular metric space.
A map w: I' — I is an orthogonal neutrosophic rectangular contraction type-2 (L-neutrosophic
rectangular contraction type-2) if there exists 0 < o < 1, such that

1 1
Faoom o = wemo ') G4
B(wo, wM, ) < o d(o, M, 0), (3.5)
and
DPo,PM, ) < cD(o, M, ), (3.6)

forallo, M e I" withoL M and ¢ > 0.
Now, we prove the theorem for O-NRT(orthogonal neutrosophic rectangular) contraction.

Theorem 3.4. Let (I, ¥, D, D, *,0, L) be a complete orthogonal neutrosophic rectangular metric
space. and w: I’ — I be a mapping satisfying
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(a) w is an L- neutrosophic rectangular contraction type-2,
(b) wis an L-preserving.
Then w has a unique fixed point.
Proof. Since (I, L) is an O-set,
dooel':(Yoel,0loy) or (o€l 00Lo)

It follows that oy Lwoy or woy-Loy. Let

01 = WOy, 02 = WO| = WX, ...... ,O0p+1 = WO = oo

for all B € N U {0}.
If og, = 0p,+1 for any By € NU {0}, then it is clear that pg, is a fixed point of w. Assume that oz, # 0p,+1
for all By € N U {0}. Since w is L-preserving, we have

0y-LOp+1 O 0py+1-10g,

for all By € N U {0}. This implies {0z} is an O-sequence. Since w is an L-neutrosophic rectangular
contraction type-2, we have

1 1 1
- -130[ ]: LA
yj(Qﬁ7 Qﬁ+la g) T(wQﬁ—lanﬁa g) W(Qﬁ—lagﬁa {) T(Qﬁ—l’gﬁa g)
. ! < g +(1-0)< L +o(l-0)+(1-0)
< —-0)< o(l-o - o).
Y(0p,08+1,0)  ¥(0p-1,08,0) Y (0p-2,08-1,4)
Continuing in this way, we get
1 o?

O"B_ll— Oﬁ_zl— 1_ 1_
¥ (0s,0+1,¢) = ¥(00,01,¢) + (I-0)+ d-0)+--+0c(-0)+1-0)

<————— + (P + PP+ DA -0)
¥(00,01,4)
<—+(1 - 0"8)
T(QO& 01, é)
We obtain
1
< T(Qﬁa Qﬁ+1’g)’ (37)
o
Tanon T (1 =07
D(08,08+1, ) = P(wop-1, WEg, {) < oP(0p-1,08, ) = P(WO-2, WO-1, )
< 0P D(0p-2,05-1,0) < -+ < TP D(00, 01, ) (3.8)
and

D(0g, 0p+1, &) = D(wop-1, wop, §) < 0 D(0p-1,08,¢) = D(wop-2, WO-1,{)
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< 0 D(0p-2,0p-1,{) < -+ < P D(o, 01, ). (3.9

Using (v), (x) and (xv), we have the following cases:
Case 1. Wheni = 2a + 1, i.e., i is odd, then

Y (0, 012041, {) = T(Qﬁ,gﬁﬂ, g) * W(Qﬁﬂ,gmz, g) * y’(Qﬁ+2,Qﬁ+2a+1, g)
T(Qﬁ, OB+1>» g) * T(Qmu@mz, g) * 5U(Q[>’+2,Qﬁ+3, %)
* ¥ ¢
Op+3,0B+4> 55 32 Op+45 OB+2a+15 =5 32
T(Qﬁa@ﬂﬂ, g) * W(Qﬁﬂ,gﬁu, g) * l1’(@/3+2,Qﬁ+3, é)
v 4 £
0B+3,0B+4> 75 32 * L'\ OB+4>0B+5> 53 33 * V| 0p+s, Opr6> =3 33
( OB+65 OB+2a+1>» 33)
g g 4
¥(0p, 0pr2a+1,{) = ¥\ 0p, 0p+1> 3 * Y\ 0p+1, Ops2s 3 * ¥\ 0p+2, 0p+3» 32

4 4
(Qﬁ+3,Qﬂ+4, 32) * T(Qﬁ+4,Qﬁ+5, 33) * ‘P(Qms,gﬁm, 33 )

3&

<

%

4
* 5”(@,5'+6,Qﬁ+2a+1, 3) -k Y’(sza 2 Op+2a-1> 5 )

4 4
Qp+2a-1-Opr2a> 35 | * Y\ 0gs20> Opr20+1> == 3 )

¢(Qﬁ,Qﬁ+2a+1, < ¢(Q,8aQﬁ+l, g) © ¢(Q,B+1aQﬁ+2, g) © q5(Qﬁ+2,Qﬁ+2a+1, g)
4 4 4
< @(Qﬁ,QﬁH , 5) o @(Qﬁn » 08125 5) ° ‘p(sz,Q;m, ?)
o £ £
Qp+3,Qprd» 37 o D|0p+4,08+20+15 32
< ¢(Qﬁ,9ﬁ+1, g) o ¢(Q,B+laQB+2’ g) o ‘15(Qﬁ+2,Qﬁ+3, é)
4 4 4
° D|0p+3,0p+45 =5 32 o D|0p+4,0p+5, 3 o D|0p+5,0p+6 3
o ¢(Qﬂ+6,9ﬁ+2a+1, %),
o e e ¢
(98> Op+20+1>4) < D\ 0p, 0p+15 3)° D\ 0p+1> Op+25 3)° D\ 0p+2, Op+3» 3
o Yy o ¢ 4
0pB+3,0B+4> 55 32 O P\ 0p+4,0pB+55 ? od 0p+5>0B+6> ?
4
Qﬂ+6aQﬁ+20+1’ 33 0@ Op+2a-2> OB+2a—15 & 3a

g ¢
© ¢(Qﬁ+2a 1> Op+2as 7) ¢(9ﬁ+2a,gﬁ+za+1, 3(1)
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and

D(0p, Op+20+1, &) < @(Qﬁ,QﬁH ) g) o @(Q,6+1, Op+25 g) o D(Qﬁ+2, Op+2a+15 g)

< Z)(Qﬁ, 0p+15 g) o D(Q/,m, 0p+25 g) o Z)(Q,mz, 0B+3> %)

o D(Qﬁ+3, Op+4» 3%) © @(Q,3+4, OB+2a+1>» 3—{2)

< 'Z)(Qﬁ7 Qﬂ+1’ g) © Z)(Qﬁ+lagﬁ+2’ g) © D(Qﬁ+2’ Q,B+3, %)

© @(Qﬁ+3’9ﬁ+4’ é) °© z)(Q/3+4, 0p+5> %) ° D(Qﬁ+5, 0p+6> é)
°© D(Qﬁ+6’ OB+2a+1>» %),
D ¢ 4 £
9p> Qp+20+1,6) < D\0p> Ops1 3 © D\@p+1>Op+2s 3 o D\ 0p+2, 0p+3 32

© D(Qﬁ+3’9ﬁ+4’ é) ° z)(Q,B+4, 0p+5> %) o D(Qms, 0p+6> %)

32
. 4 ¢
Qp+6:Qp+2a+1> 33| @+ © D\ 0g+20-2> Op+20-1> 30
. ¢ ¢
Qp+2a-1>Qps2 35 | © D\ 0p+205 Op+20+15 30 )
Using (3.3) in the above inequalities, we deduce
( $) =z : 1
a+1s = *
o G2 P r(-0f) —Z it (1-oP)
Y’(@o,gl,f;) T(QO»Ql,g)
1 1
* ob+2 * oB+3
—5 —+(1-0f2) —T—— +(1 —0F*3)
T(QO’QL;Z) ¥ 90391,3’(2)
1 1

*
2+ (1-of) 2t (1 -0

5”(90,91,3’[3) ‘[’(90,91 3%)

1 1
* -
afs (1 — gB+6) ot (1 — gB+20-2)

e e 3k %k
5”(90,@1,3(3) ‘11(90,91,3%)

1 1
* b
P (1 = gBrenly (] e

5”(90,91,3%) 5"(@0,91,3%)

D(0p, Op+2a+1,4) < 0ﬁ¢(@o,91, g) o O'ﬂH@(QO’QI, g) o a’ﬁ+2(p(go,gl, %)
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o 0ﬂ+3¢(90,91, {) 0'ﬂ+4¢(go,91, {) O'ﬁJrS@(QO 01, 3{3)

32 3
0 0'ﬂ+6(15(go,gl, 3%) oo 0ﬁ+2&_2¢(go,gl, 3%) o a’ﬁ+2“_1(15(go,gl, 3%)
o a’ﬂ+2“¢(go,gl, 3%)
and
D(9p, 0pr2a+1,4) < U"BD(QO»QD g) o 0*3“1)(@0,91, éV) o 0”’3*21)(90,91, 34 )
£ )
£)eosfon EJo -t

33
+2a—-1 { +2a {
oo’ D\eo-ers 37 oof Dleo-o1: 37 )

© Oﬁ+3D(QO’ 01,

© 0ﬁ+5@(90,91,

Case 2. When i = 2a, i.e., i is even, then
4 4 4
lP(Qﬁ’ Qﬁ+2m§) > Y 08> OB+15, § * ¥ 0p+1>0p+2» § * ¥ Op+2> Op+2a> g
5”(9/5,@/;“, g) * YI(Q,BH»Q[HZ, g) * Yj(@ﬁ+2,9ﬁ+3, 3—i)
T g
OB+3>0B+4> 75 32 * T\ OB+4> OB+2as 55 32
T(Q,B? Q,B+17 g) * SU(Q,B’+1,QIE+27 g) * SU(Q,B+27 Qﬁ+37 %)
x* ¥ 4
Q,B+3»Qﬂ+4, 32 OB+4>0B+55 77 33
L I
Qﬁ+5,Qﬁ+6, 33 Op+6> OB+2a» 3 )
g 4 4
SI’(Qﬁ, Qﬁ+2m§) > Y 08> OB+1, 5 * 0p+1>0p+2» § * ¥ Op+2,0B+3» ?

4 4
(Q,B+3»Qﬂ+4a 32) * Sf'(Q,/5+4,Qﬁ+5, 33) * 9’(9&5 Op+6> 33 )

A

%

y/ {
0B+65 OB+2a> 57 33 <% | Og+20-45 OB+20-3s 57 o1
* T\ OB+2a-3> OB+2a-2> 7,1 o1 s P\ 0p+20-25 Op+20s 37 )

¢(0ﬁ7 Qﬁ+2a’ é/) < Q(Qﬁ, Qﬁ+1 ’ g) o ¢(QB+1 ,Qﬁ+27 g) o ¢(QB+2’ Qﬁ+2a, g)

< ‘D(Q/j,QﬂH, g) o ¢(9ﬁ+1»Qﬂ+2, g) o ¢(9ﬁ+2»Qﬂ+3, 3—{2)

<

o ¢(Qﬁ+3, OB+4» %) © gb(Q,B+4’ Op+2a> 32
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4 4 {
< ‘D(Q,/,%,Q/m, §) o ¢(9ﬁ+1»Qﬂ+2’ §) © ¢(9ﬁ+2»QB+3, ¥)
. {
OB+3>0p+4> 75 32 Op+4> Op+5> ?
4
(Qﬁ+5,Qﬁ+6, 33) @(Qﬁ+6,9ﬁ+za, 5),
- £ £ ¢
(Qﬁ,9ﬁ+2m§) <o ©OB>0p+15 § o Op+1,08+25 § o Op+2,0p+35 ?
° ¢(Qﬁ+39 Qﬁ+4a 342) o ¢(Qﬁ+4, Qﬁ+59 3{5) © ¢(Qﬁ+5a Q,B+69 %)
o (Qﬁ+6a@ﬁ+2a’ 33) + 0 ¢(Qﬁ+2a—4,9ﬁ+2a—3, %)

g g
° @(Q/ﬂza 35 Op+2a-2> 3a- 1) ¢(Qﬁ+2a—2,Qﬁ+2m F)’

and

D(Qﬁa Qﬁ+2&7 g) < D(Qﬁ7 Q,B+17 g) o Z)(Q,B+17QIB+27 g) o D(Q,B+27 Qﬂ+2a/, g)
-5 ¢ ¢ ¢
< 08> OB+15 § oD Op+1,0p8+25 5 3 oD Op+2,0B+3> 55 32
© D(Qﬂ+3’ Qﬁ+49 3{2) o Z)(QIB+47 Qﬁ+2(la )
< D(Qﬁ,gﬁ+17 g) o D(Q,B+1’Q,B+27 g) D(Q,B+27Qﬂ+3’ 3§ )
o D(Qﬂ+3’ Op+4» 3{2) © z)(Q,B+4’ OB+5> 53 ) (Qﬁ+5’ OB+6> %)
o D(Qﬁ+6’ Qﬁ+20{9 3_4;)’

5 ¢ ¢ ¢

(08, 0p+20> &) < D\ 0g, 0p+1 3)° D\ 0p+1,0p+25 3)° D\ 0p+2-0p+3 3
5 ¢ ¢ ¢

°© D\ 0p+3,0p+4> 55 32 oD OB+4> Op+5> ? oD OB+5> 0B+6> ?
o D(Qﬁ+6,Qﬁ+2a, 3—{3) -0 D(QB+2(1 4> OB+2a-3 35 1)

4 4
o D(QB+2& 3> Op+2a-2> 3a- 1) D(Qﬁ+2a—2,9ﬁ+2a, ﬁ)

Using (3.3) in the above inequalities, we deduce
1 1
* B+1
+(1-0f) —F——+1-0%")
5”(90@,%)
1 1
* B2 * oB+3
— I+ (1 -0?) —F——+ (-0

'1’(90,91,3%) '1’(.90,@1,3%)

yj(Qﬂ’ Qﬂ+2a’ é/) 2 B
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1 1
% %
— (1o — (] — B
5”(90,91,3’(3) 7’(@0,91,3%)
1 1

*

L (1 - o) L (1 — gBr2ed

5”(@0,@1,;3) W(@Oa@l 30#—')

1 1
%
S (1 = gBr2ed) (] B2y
5”(90@1,3@‘:1)

v QoﬁQl,Sa‘vl)
Z)(Qﬁ’gﬁ+2(la g) < OﬁD(Q(),Qh :é;) o Oﬁ 'Z)(Qﬁ+]7gﬁ+2’ é/) O-ﬂ+2D(QO7Qb 3§ )
Oﬁ+3D(QO9Ql’ 34/2) Oﬁ+4@(@0a O1, 3{3) O—ﬁ+51)(90’ O1, %)
° 0ﬁ+6D(Qo,Q1, 53) -0 gt 41)(@0,@1, 35 1)

Oo-ﬁ+za SD(QO’QI, 35_ )00ﬁ+2a/ ZD(QO,Q]’ 351)

%

D(08, 0p+20-{) < Uﬂ@(@o,Ql, g) o gP* q5(95+1,9ﬁ+2, 5) o 0ﬁ+2¢(90791, 5 )
S (T R A
Oo_ﬁ+5¢(9 0 §)oaﬁ+6¢(g 0 5) o g B2 4¢(Q 0 4 )
0sY1> 33 0> 1> 33 (IS Ja- 1
o gt 3®(Q0,Ql, 35_ )0 ofre 2@(90@1, 35 1)
As B — 400, we deduce

ﬁllm T(Qﬂ,gﬁ+i,§) =1%1l%---%= 1’
—+00

ﬂlim D(0p,0p+,{) =0000---00=0,
—+00
and
ﬁlim D(op,08+i,{) =0000---00=0.
—+00

Therefore, {0} is a Cauchy sequence. Since (I, ¥, @, D, %, o, 1) be a complete orthogonal neutrosophic
rectangular metric space, we can find

lim g = 0.

B—+eo
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Using (v), (x) and (xv), we get

1 | < 1 1 o
_— - <g|l—— — - —_— -
Yj(wQﬁ’wQ’ g) yj(Qﬂ’Q’ 4) Y/(Qﬁ’g’ g)

1
= < Y(wog, wo, ).
Y’(Q 0:8) +t(l-0)

Using the above inequality, we obtain

¢ ¢ ¢
(0, wo,{) > ‘I’(Q,Qﬁ, §) * S”(Qﬁ’Q,BH» 5) * T(Q,BH’CUQ’ 5)

4 4 4
= I‘H(Q’Qﬁ’ §) i sU((”Qf“l’wgﬁ’ 5) i sU((‘)Qﬁ’wg’ 5)
{ 1 1
Z g/(g, Qﬁ’ 5) %k o7 ES -

P(00,01,5)+(1-0F
(0001, 5)+(1-0%) w(gﬁ,g,g)m-a)

—1*x1x1=1asp— +oo,

D(0, wo, ) < @(Q,Qﬁ, )o @(Qﬂ’Q/jH’ )o ¢(9ﬁ+1,w9,§)
4 ¢
D\ 0, >3 045600,8 1 WO 3 ocbwgﬁ,wg,g

< cb(g, 0p> g) oo ¢(Q/3—1’QB’ g) ° ‘qu(gﬁ’g’ g)

—00000=0asf — +o0
and
Do, we,{) < D(Q 9 )0 D(Qﬂ,gﬁﬂ, )o D(QBH,(UQ’ g)
< D(Q, ) o Z)(a)gﬁ 1, WOg, g) o Z)(a)gﬁ, wo, g)

g - g 4
< @(Q’Qﬂ, §)°0'ﬁ @(Qﬁ—l’Qﬁ,g)OU@(QB’Q’ g)
—00000=0as B — +co.

Hence, wo = o. Let o,n € I be two fixed points of w and suppose that w’o = o # n = «Pn for all
B € N. By choice of gy, we obtain

(QOJ_Q and QOJ_n) or (QJ_QO and 77_1_@0).
Since w is L-preserving, we have

(LL)BQ()J_U.)BQ and wﬁQOJ_an)or(aﬁgJ_wﬁQO and afnJ_wﬁgo)
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for all n € N. Since _L-neutrosophic rectangular contraction type-2, we have

1 1
- ]l=— 1
¥(0,n,0) ¥(wo,wn, {)

1
<1
: "[ V0.1 0) ]< Yond)

which is a contradiction.
D(0,1,8) = P(wo, wn, §) < oP(o,n,4) < Do, n, L),

which is a contradiction and

D(o,n, ) = D(we, wn, ) < oD(e,n, L) < D(o,n, L),

which is a contradiction. Therefore, we must have ¥(o,n,{) = 1, ®(0,n,{) = 0 and D(o,n,¢) = 0,
hence, 0 = 1. O

Example 3.3. Let I' = [0, 1]. Define the binary relation L onI" by oL Miff o+ M > 0and ¥, ®,D: I'x
I"'x(0,+00) — [0, 1] by

4
' . B
.M, CTlo M
lo - M|
0} =— "
(0 M, ) Ttlo M
Do, M, () = lo ;Ml,

for all o,M € I with oM and { > 0. Then, (I,¥,®,D,*,0,1) is a complete orthogonal
neutrosophic rectangular metric space with continuous t-norm ¢ * v = v and continuous t-co-norm
t o v = max{t, v}.

Define w: I' — I by w(o) = % and take o € [%, 1), then

1-5¢2 1-5M
Y (wo, wM,dl) = 5”( - 7 ,0'{)
3 o4 _ od
o+ | o of e
ol Tol 14
> = > = ¥Y(o, M, ),
ol M Talrlo- M Crle-M @M
1-5¢ 1-5M
@(wg,wM,cr{)zQ( T ,0'5)
1-5¢ 1-5M
= [57e=5M|
! ! I
TS
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o 5e-5M o lo- M|
CTol+150—5M T Dol + o - M|
lo— M|

.
“Tro-m - PeMO

and

1-5¢ 1-5M
7 7
1-57¢ _ 1-5"M

j5¢-5"M,
7 7 =

ol ol

5 =5 _lo- M|
Bl Tol - o<l

lo ;M' = D(o, M, 0).

Therefore w is an orthogonal neutrosophic contraction type-1. Clearly w is an L-preserving. Hence,
all the hypothesis of Theorem 3.3 are fulfilled, and 0 is the only fixed point for w.

D(wo, wM,dl) = D( ,o( )

<

4. Application to Fredholm integral equation

Suppose I' = C([¢, a], R) is the set of real value continuous functions defined on [, a].
Suppose the integral equation:

o(t) = A(1) + 5fa O(t,v)o(t)dv  for 1,0 € [c,al, “4.1)

4

where 6 > 0, A(v) is a fuzzy function of v: v € [¢,a] and U: C([¢,a] X R) — R*. Define the binary
relation L on I' by oL Miff o+ M >0and ¥, D, D: I’ X I' X (0, +c0) — [0, 1] by

¢
y/ b M b = b
(0. M0 = P ot — M@

¢
b M), =1-
e MO0 = 1= 5 T lotm - M)

and

-M
Do), M(1),0) = S‘Eﬂw’

for all o, M € I" with oL M and ¢ > 0, continuous t-norm and continuous t-co-norm define by ¢ = v =
t-vandt¢ov = max{t,v}. Then (I, ¥, P, D,*,0)is a complete orthogonal neutrosophic rectangular
metric space. Suppose that |O(t, v)o(7) — O(t, ) M(7)| < |o(t) — M(7)| for o, M € I, € (0,1) and
V1,0 € [¢, a]. Also, let O(t, v)(0 f( ) dv) < o < 1. Then, the integral Eq (4.1) has a unique solution.
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Proof. Define w: I' — I by

wo(T) = A (1) + 6fa O(r,v)o(t)dv  forall t,v € [c,a].

9

Clearly w is an L-preserving. Now, for all o, M € I" with o L M, we deduce

_ a¢
Fwe@ M- 70 = S8 ST e — oM

ol

T el L+ A (D) +6 [ O 0o — A~ [ Oz, v
x4
= sup : :
relcal 0L +16 [ V(r, 0)o(T)do = 8 [ V(7, )o(T)d0|
ol
= sup g
relcal 0f + [U(z, 0)o(7) — VT, )M(D)|(S [ dD)
4
= R T o — M)
> ¥(o(1), M(7), ),
D(wo(t), wM(7),0) = 1 — sup ¢
relea] 0 + wo(T) — wM(7)]
ol
=1- sup a a
releal 0 + | A (1) + 6 [ U(x, 0)0(1)d0 — A(T) = 6 [ U(T, )o(T)d0)
o{
= l —
e o +16 [ U(r,v)o(r)dw — & [ U(r, v)o(t)do|
o4
=1- sup -
relcal 04 + [U(T, 0)o(7) — VT, )M(D)|(S [ o)
4
1 —
=T A T e - M)
< &(o(1), M(7), D),
and
Diwo(), wM(x),00) = sup 220~ MO
7€[c,a] ol
B | A (1) +6 ["U(x, 0)0(t)d0 = A(T) = 6 [ U(x, 0)o(t)do|
" et ¢
B 6 [*U(x, v)o(r)do — 6 [ U(T, )o(r)dD)
- TSEEEJ o4
[U(7, v)o(r) — VT, ) M(D)|(S [ bv)
= sup
T€[c,a] O-{
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< lo(7) — M(7)|
T€[c,a] é’
< ¥(o(1), M(7),0).

Therefore, w is an orthogonal neutrosophic contraction type-1. Hence, all the conditions of
Theorem 3.3 are satisfied and operator w has a unique fixed point. O

Example 4.1. Assume the following non-linear integral equation.

1 (!
o(t) = |sinTt| + 7 f vo(v)dv, forall ve][0,1].
0

Then it has a solution in I'.

Proof. Let w: I' — I be defined by

1 1
wo(t) = |sint| + 5‘[ vo(v)dv,
0

and set O(t,0)o(1) = %Dg(o) and O(t,0))M(1) = %DM(D), where o, M € I', and for all 7,v € [0, 1].
Then, we have

[0(7, )o(7) — U(7, ) M(7)|

= I%DQ(D) - %DM(D)l

- §|Q(n) — M()| < lo(0) = M(v)|.

LM ppp = L(W2 _ @y 1 ! it

Furthermore, see that 7 fo vdD = 7( 5 5 ) = =0 < 1, where 6 = 5. Hence, it is easy to see that
all other conditions of the above application are easy to examine and the above problem has a solution
inl. |

5. Application to electric circuit differential equation

Let us consider a series electric circuit which contain a resistor (R, Ohms) a capacitor (C, Faradays),
an inductor (£, Henries) a voltage (V, Volts) and an electromotive force (&, Volts), as in the following
scheme, Figure 1.
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/ R L ¢
— A\t |
VR VL -« VC ™
» 1% .
vy
()
N
Figure 1. Series RLC.
Considering the definition of the intensity of electric current 7 = % , where M denote the electric
charge and t-the time, let us recall the following usual formulas
o Vg =1R;
o Vo =2
oV L= Lfl—{

Since in a series circuit there is only one current flowing, then 7 have the same value in the entire
circuit. Kirchhoff’s Voltage Law is the second of his fundamental laws we can use for circuit analysis.
His voltage law states that for a closed loop series path the algebraic sum of all the voltages around any
closed loop in a circuit is equal to zero. The Kirchhoft’s Voltage Law states: “the algebraic sum of all
the voltages around any closed loop in a circuit is equal to zero”.

The main idea of the Kirchhoft’s Voltage Law is that as you move around a closed loop/circuit,
you will end up back where you started in the circuit. Therefore you back to the same initial potential
without voltage losses around the loop. Therefore, any voltage drop around the loop must be equal to
any voltage source encountered along the way. The mathematical expression of this consequence of
the Kirchhoff’s Voltage Law is: “the sum of the voltage rises across any loops is equal to the sum of
voltage drops across that loop”. Then we have the following relation:

M

dl
IR+E+£E = V().

We can write this voltage equation in the parameters of a second-order differential equation as follows.

d*M am M

L e + RT + Il = V(t), with the initial conditions, M(0) = 0, M/(O) =0, 5.1
where C = 3 and 7 = 2 - the nondimensional time for the resonance case in Physics. The Green

function associated with Eq (5.1) is the following:

—seV if0<s <t <1,

—teTEVif0<t<s < 1.

g(t.s) = {
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The seccond order differential Eq (5.1) can be rewrite as the following integral equation by using
the above conditions, we have

t
mﬂifQ@QMQ®MaMmHEWJ] (5.2)
0

and f(s,-) : [0,1] X R — R is a monotone non decreasing mapping for all s € [0, 1].
Let I' = (C[0, 1],R) be the set of all continuous functions defined on [0, 1]. Define the binary
relation L on I"by oL Miff o+ M >0and ¥, @, D: I' X ' X (0,+00) — [0, 1] by

4
Y(o(), M(D), ) = ’
(). M@).0) = sup s

¢
Do), M(D),0) =1 - ’
(@), M(9),0) e T+ 10 — M)

and

P — M@
D(o(F), M(),0) = 031[11)] @()—{(N,

for all o, M € I" with o L M and ¢ > 0, continuous t-norm and continuous t-co-norm define by exb = ¢b
and ¢ o b = max{e,b}. Then (I, ¥, ®,D,,0, L) is a complete orthogonal neutrosophic rectangular
metric space. Further, let us give the main result of the section.

Theorem 5.1. Let w: I' = I" be a mapping such that the following assertions hold:
(i) G: [0,1]> —= [0, o) is a continuous function;

(ii) §(s,-): [0, 1]XR — R is a monotone non decreasing function for all s € [0, 1] such that o, M € T,
we have the inequality:

[f(t, 0) = f(t, M) < lo(t) - M(DI;

(iii) [} Gt 9)ds <o < 1.
Then the voltage differential Eq (5.1) has a unique solution.

Proof. Define w: I' — I by

t
wo(t) = f G, 5)i(s,0(5))ds, where t € [0, 1].
0

Clearly w is an L-preserving. Now, for all o, M € I" with o L M, we deduce
od
su
com 7 + lwg(® — @ M)
od
sup - -
€0l o +| [[ Gt 9)i(s,0(9))ds — [ Gt 9)i(s, M(s))ds]

?(wo(t), oM(1), 5¢)
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sup " 7
€. of + [ G, 95, 0(9)) - (s, M(s))Ids
ol
o) L + 15, 0(5)) — 15 M(S))]
{
= S 7+ lo — M)
(o(t), M(1). ).

v

o
D(wolt t =1-
(wo®), oM(1), d) clom o + [wot) — oM@

=1- sup - 7¢ -
€01 ol +| [ Gt 9)i(s, 0()ds — [ G(t, 9)i(s, M(s))ds|

=1- sup : e
tel0.1] gf + fo G, 9)li(s, 0(5)) — (s, M(5))lds

¢
1_
= R T o — M|

< D(o(1), M(1), ),

and

lwo(t) — wM(t)|
sup
te[0,1] ol
wlﬂgﬂm@mm%—ﬂgﬁmawmmm
te[O,IT] ol
R 6.9 006 - (s Ms) s
te[O,Il)] ol

lo(t) = M(®)]
sup ————
te[0,1] 4
< D(o(), M), ).

D(wot), oM(t), od)

IA

Therefore, all the hypothesis of Theorem 3.3 are satisfied and w has a unique fixed-point and the
differential voltage Eq (5.1) has a unique solution. O

6. Conclusions and future work

In this paper, we introduced the concept of orthogonal neutrosophic rectangular metric space and
prove fixed point theorems. Recently, Khaelehoghli, Rahimi and Eshaghi Gordji [24, 25] introduced
R-metric spaces and obtained a generalization of Banach’s fixed point theorem. It is an interesting open
problem to study the relation R instead of orthogonal relation and obtained neutrosophic rectangular
metric space results on R-complete neutrosophic rectangular metric spaces.
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