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1. Introduction

It is very interesting to discuss the recognition problem for the classification of singularities due
to some equivalence relations. Classification for map germs under some equivalence relation, means
finding a list of map germs and showing that all map germs satisfying certain conditions are equivalent
to a map germ in the list. Recognition means finding some criteria that describe when a given map
germ is equivalent to a map germ belonging to some class or list. Classification and recognition of
singularities of map germs are well understood terms and have been subjects of a large number of
investigations in the literature [1,3-14].

Throughout this paper we deal with A-finite map germs from plane to space of corank at most
one at origin. Any map germ f from (C",0) — (C”,0) has a corank one if its Jacobian matrix at 0
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has rank equal to min(n, p) — 1. Let m, be a maximal ideal in the ring of holomorphic function germ
in two variables, denoted by O,, and p,q € m3 be function germs. A map germ having corank at
most 1 is A-equivalent to (x, p(x,y), g(x,y)). Mond [1, 2] studied the geometry and A-classification
of corank one map germs from surfaces to 3-spaces. He classified the map germs of corank at most
1 from (C2,0) — (C?,0) having codimension less than or equal to 6. In [2], three analytic invariants
C(f), T(f) and N(f) are associated to a map germ from (C?,0) to (C>,0), and together they constitute
a complete set of invariants for the A-classification of map germs in Table 1 of [1]. In this paper, we
present extensive results to characterize the A-finite map germs of corank at most one given in Table 1
of [2].

2. Preliminaries and some invariants

We use the notation C to denote the set of complex numbers. Let A(2,3) =< x,y > C[[x, y]]* be the
set of map germs from plane to space at origin. Let A = Autc(C?,0) X Autc(C?,0). Then, we have a
canonical action of A on A(2, 3) defined by

AXAQR2,3) = A2,3)

satisfying (¢, ¥), f) = o fo !

Definition 2.1. Let f;, /> € A(2,3). Then, f] is said to be A-equivalent to f5, if they lie in the same orbit
under the action of A, i.e., there exist two diffeomorphisms, y : (C*,0) — (C*,0) and ¢ : (C?,0) —
(C2,0), satisfying i o f; = f> o ¢. We use the notation f; ~4 f», if f is A-equivalent to f>.

Definition 2.2. Let f € A(2,3). The orbit map 6, : A — A(2,3) is defined as 6/(p,¥) = o f o ol
Exceptionally, we have 0,(id) = f. Let A, := Im(6;), and then the orbit of f under the action of A is
the image of ;. The extended tangent space to the orbit at f, 7 A is defined as

af of
T =< G gy >t +CILAL S ST

Definition 2.3. Let f € A(2,3) with tangent space Tﬂ;,f. The extended A-codimension at f is

defined as:
AR, 3)

ce(f) = coda’(f) := dimc T s
£

c.(f) exist with the restriction that f should be A-finite and has been implemented in the computer
algebra system SINGULAR (see library "classifyMapGerms.lib").

Lemma 2.4. Let f be a map germ from the plane to space at origin. If the corank of f is at most 1 at
0, then f ~n (x, p(x, y), q(x, y)) with p(x,0) = 0, ¢(x,0) = 0.
Definition 2.5. Let f be a map germ. Then, the multiplicity m(f) of f is defined by

Cllx, 1]

) = dime e ST

If f ~a (x, p(x,y), q(x,y)), then
Cllx, y1

<X, p,q>

m(f) = dimc
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Definition 2.6. Let f be a map germ from (C?, 0) — (C>,0) of corank 1 at 0. We define C(f) to be the
number of crosscaps which appear on the image of a stable perturbation. If f ~4 (x, p(x,y), g(x,)),
then (cf. [16])

Cllx, yll

o og
ady’ dy

C(f) = dime

Definition 2.7. Let f be a map germ from (C2,0) — (C3,0) of corank 1 at 0. We define T'(f) to be the
number of triple points which appear on the image of a stable perturbation. If f ~4 (x, p(x, ), g(x,y)),
then (cf. [16])

where I;(f) is the ideal in C x C*(= {(x,y,u, V) : x,y, u,v € C} generated by the following 4 functions:

p(x,y) — p(x,u) g(x,y) —g(x,u) 1 {p(x,y)—p(x,u)_p(x,y)—p(x,V)}
y—u ’ y—u "u—v y—u y—v ’

1 {Q(X,)’) - q(xa I/t) _ Q(X,)’) B Q(x, V)}
u-—v y—u y—v '

3. Characterization of map germs from (C?, 0) to (C*, 0) of corank at most 1

In this section we characterize simple map germs of corank 1 in terms of numerical invariants.
Table 1 depicts all map germs from plane to space of corank at most 1, codimension < 6 at origin, plus
some others (e.g, Sk, Bi, Cx and Hy, where k > 6). The following definition can be found in [1].

Definition 3.1. A map germ f from (C?,0) — (C?,0) is said to be A-simple if there is a finite number
of equivalence classes such that if f is embedded in any family F : (C* X p, (0, py)) — (C3,0), then, for
every (0, p) in a sufficiently small neighbourhood of (0, py), the germ of F(x,y, p) lies in one of these
equivalence classes.

Proposition 3.2. The map germs f from plane to space of corank < 1 at origin of codimension < 6,
plus some others (e.g, S, By, Cy and Hy, where k > 6), are given in Table 1.

Proof. For the proof, see [1,2]. O

Proposition 3.3. Let f be a map germ from plane to space of corank 1 at origin. Then, j*f is A-
equivalent to one of the following type:

(x, %, xy), (x,%,0), (x, xy,0), (x,0,0).
Proof. For the proof, see Proposition 4:2 [1]. O
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Table 1. Map germs from plane to space at origin.

Type Normal form Conditions
S (x,y,0) -
So (X, %, xy) -
P (x,y%,y> + xftly) k>1
By (x, y%, x2y + y*kh k>?2
Cy (x, %, xy* + xky) k>3
Fy (x,3%, Xy +y° -
H; (x, xy + y* 1,93 k>?2
Ps (x, xy + ¥, xy* + oyh) c# O,%,l,%
Py(3) (x, xy + 3%, Xy + 39" +5°) -
P4(3) (x, xy + %, 077 + 39" +5)) -
Py(1) (x, xy + 3%, xp% +y* £ ) -
O (x, xy + ¥, xp* + y%) k>4
Ry (x,xy + Y0 + by, xy* + y* + ¢y®) -
T, (x, xy + 3%, %) -
Xy (x, %, %y + xy% + ) -

The extended A-codimension, number of crosscaps and number of triple points play an important
role in the characterization of map germs from plane to space. These invariants are given in Table 2.

Table 2. The Invariants used for the characterization of the classification of map germs given
in Table 1.

Type A, — codimension = c.(f) c(f) T(f)
S 0 0 0
1
k+1

[\
S O O o O

Py(3)
P4(%)
Py(1)

L e e T T sl ~ o R i e
B W LW W R WW N W
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In the following propositions, we characterize the 2-jets of the map germ f from plane to space with
corank < 1 at origin in terms of number of crosscaps, C(f), and multiplicity, m(f).

Proposition 3.4. Let f be a map germ from plane to space with corank 0 at origin. If C(f) = 0, then
Jf is of type (x,y,0).

Proof. Let f = (x, p(x,y), q(x,y)). If

. Cl[x,y]]
C(f) = dlmcw =0,
then g—f g" is a unit. We may assume that ” is a unit. Using the inverse function theorem to the map
C? — C? defined by (x, p), we may assume that p(x,y) = y. Then, obviously, (x,y, g(x,y))~a(x,y,0).

O

Lemma 3.5. Let f be a map germ from plane to space with corank 1 at origin.

(1) If C(f) = 1, then m(f) = 2
(2) Fm(f) > 2, then C(f) > 2.

Proof. We may assume that f = (x, p(x,y), g(x,y)) with

p(x,y) = bory + § b, jx'y’,
i+>2
i>0,j>1

and
q(x,y) = cory + Z cijx'y’.

i+j>2
i20,/>1

If bo; # 0 or ¢ # 0, then 0” y Tesp. a_q is a unit. This implies

Cllx, 1]

dp dq
6y’ ay >

C(f) = dime = 0.

Since C(f) = 1, therefore we have < gp , Zq

that by, # 0, and then p(0, y) = bg,y*+ terms of higher order. This implies that

dimCLx 21
Mme———
<X,p,q>

>=< x,y >. This implies that by, # 0 or ¢p; # 0. Assume

m(f) = =2.

The second statement can be proved similarly. O

Proposition 3.6. Let f be a map germ from plane to space with corank 1 at origin. Then,

(1) if C(f) = 1, then type of Jf is (x,y*, xy);
(2) if C(f) = 2 and m(f) = 2, then type of j*f is (x,y%,0);
(3) if C(f) > 2 and m(f) > 2, then type of j*f is (x, xy,0) or (x,0,0). *

“If C(f) > 1, then the image of a stable perturbation is not a cone on its boundary. Thus, the stable perturbation is not equivalent to
a representative of the original germ, and hence the original germ was not stable.
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Proof. Let f be a map germ from plane to space with corank 1 at origin. Then, f can be written as
FOey) ~a (x, Z bi,jxiyj, Z Ci,jxiyj)-
i+)j>1 i+j21

By using the left coordinate change Y, = Y — b0 X, Z, = Z — c;oX, we get

i i
f&x,y) ~a (x,bory + Z bijx'y’, cory + § i jx'y’).
=2 =2
i>0,>1 i>0,>1

(1) If m(f) = 2, then we may assume that by; = co; = 0 and by, # 0. By using the left coordinate
change 7, = 7, - %Yl, we get

FO6,Y)~a(x, byxy + boyy* + Z d; i x'y!, axy + Z eijx'y)),

i+)23 i+)23
i>0,j>1 i>0,j>1
bi1 by

where, @ = ¢ — ”lb‘%. Now, if C(f) = 1, then ; # 0 otherwise, C(f) # 1. This gives

C11 Co2
ci# b;‘—(;"z and therefore @ # 0. Now, by using the left coordinate change Y5 = Y, — %Zz, we get

) ~alx, bey” + Z hi,jxiyj’ axy + Z ei,jxiyj)-
i+j>3 i+j>3
i20,/>1 20,21
This implies j2f is of type (x,y?, xy).
(2) If m(f) = 2, then from (1) we get

i biicor i
FO6,y)~a(x, biyxy + bpy* + Z b jx'y’, (c11 — )xy + Z d; jx'y’).

- b02 -

i+j>3 i+j>3

i20,j>1 i20,j>1

. by b ) .
Now, if C(f) > 2, then Cll 002 ; = 0 otherwise, C(f) < 2. This gives c¢y; = %, so we have
1 Cn
FO, )~ a(x, byyxy + boyy* + Z b; ix'y’, Z d; ix'y7).

i+j>3 i+j>3
i20,j>1 i>0,j>1

This can be written as

b . »
Jy)~alx, (y+%x)2+ Z bijx'y’, Z di jx'y’).

i+j>3 i+)>3
i>0,/>1 i>0,j>1
By using the transformationy — y — b—é‘x, we get
2 i i
S y)~alx,y” + Z bijx'y’, Z d; jx'y’),
i+j>3 i+)>3
i20,j>1 i20,j>1

and this gives that j> f is of type (x,y?,0).
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(3) If m(f) > 2, then we may assume that by; = co; = by, = cp» = 0, and thus

S, y)~alx, byixy + Z bi,jxiyj, cnxy + Z ci,jxiyj)-
i+j>3 i+j>3
i20,j>1 i20,j>1
If by; # 0, then, the left coordinate change Z, = Z — ZLI:Y gives,
Fy~atebuxy+ Y by, > dyxiy)).

i+j>3 i+j>3
i>0,j=1 i>0,7>1

This implies that, j>f is of type (x, xy, 0). If ¢;; = b;; = 0, then j2f is of type (x, 0, 0).
O

Proposition 3.7. Let f be a map germ from plane to space of corank 0 at origin. If j* f~a(x,y,0), then
fisoftype S.

Proof. This can be proved in a similar way as we proved Proposition 3.4. O

Proposition 3.8. Let f be a map germ from plane to space with corank 1 at origin and j* f~#(x, y*, xy).
Then, f is of type S ..

Proof. If j2f~a(x,y?, xy) , then

2 i\Jj i\Jj

SO Y)~alx, y™ + Z hi X'y, xy + § eijx'y’).
i+j>3 i+j>3
i0,j>1 i>0,j>1

Since f is 2-determined (see Theorem 4 : 3 [1]),

f(x’ y)N.ﬂ(xa yz’ X)’)
O

Proposition 3.9. Let f be a map germ from plane to space with corank 1 at origin, j*f~z(x,y%,0),
and C(f) = 2. Then,

(1) ifce(f) = 1, then type of fis S,;
(2) ifc.(f) =k, k > 2, then type of f is By

Proof. If j? f~a4(x,¥%,0), then by Theorem 4.1 : 1 [1],
Fy) ~a (6% ) a X'y ™),
i+j>1

We can write it as

2 3 2 3 S5 i 2j+1
J6Y) ~a (6,Y%, a01y” + a20X7y + ariXy” + ooy’ + Z a; i xy”’")).
i+j>3

TProposition 4.1 : 16(i) of [1] implies that c,(f) = 1 implies that f is of type S ;. Here, the assumption C(f) = 2 is not needed.
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If C(f) = 2, then ay # 0, otherwise, C(f) # 2. Take a, = 1, and then

FO03) ~a (3% 2y + gy + anaxy® +agay’ + Y @iy ).
i+j>3
(1) If c.(f) = 1, then ag; # 0, otherwise, c.(f) # 1. Since f is 3-determined, f(x,y) ~a (x,y*,y* +

x%y).
(2) If c.(f) = 2, then ap; = 0. This gives,

FO6Y) ~a (6%, ¥y + apixy’ + agay’ + Z a; i x'y* ).
i+j>3
Now, if ¢,(f) = k < co and j’ f ~# (x,y*, x%y), then it follows from Mond’s classification that,

Fx,y) ~a (x,3%, Xy + y*Hh.

O

Proposition 3.10. Let f be a map germ from plane to space with corank 1 at origin, j*f~a(x,y*,0),
and C(f) = 3. Then,

(1) if ce(f) =2, then type of [ is So;
(2) if c.(f) =3, then type of f is C3;
(3) if c.(f) =4, then type of f is F,.

Proof. If j?>f~a(x,y*,0), then by Theorem 4.1 : 1 [1], we can write it as

FY) ~a (63, ) apxiy™*h).

i+j>1
We can write it as

2 3 2 3 5 3 2.3 5 7 2j+1
FGy) ~a (x,y7, 00,1y +aroX"y+ a1 Xy +ag2y’ +azoxXy+a 1 X7y +ajpxy’ +apzy’ + Z a; ]xly .

i+j>4
If C(f) = 3, then a,p = 0 and a3 # 0, otherwise, C(f) # 3. So,

2 3 3 3 5 2.3 5 7 2j+1
fGy) ~a (x,y7, a0y +aixy” +azox’y +agpy” +ax 1 X7y +aipxy’ +apzy’ + § a; ;x'y* ).
i+j24

(1) If c.(f) = 2, then ay,; # 0. So, by using left coordinate change X = X, Y =Y, Z=Z7 - 21X7,

ao,1
we get
2

2 3 3 5 aiy . ,
fy) ~a (x,y", a0y +azpx’y + ap2y’ + (az; — a_)x y - P
0,1 0,1

aspdi, i

ajidoz, 5 Aar1dz1 3 3 aidip ; 2+1
+aip - )xy” = Xy +agay’ - + Z a; X'yt

ao,1 ao,1 o4

Since f is 4-determined,
f6y) ~a (6%, +xXy).
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(2) If c.(f) =3, thenap; =0and a;; # 0. Also, azo # 0, otherwise, f will not be A-finite. So, we
have

2 3 3 5 2.3 5 7 2+l
FCoy) ~a (x,y7,a1,1xy” +azpX’y + agoy’ + a1 Xy + ajaxy’ +aopzy’ + Z a; i x'y=).

i+j>4

Since f is 4-determined, f(x,y) ~4 (x,y%, xy* + x3y).
(3) If c.(f) =4, thenap; = a;; =0and ap, # 0. Also, azp # 0, otherwise, f will not be A-finite.
So, we have

2 3 5 2.3 5 7 i 27+1
JY) ~a (X, Y7, a30X°y + agpy’ + a1 X7y + ajpxy’ +apsy’ + Z a; jx'y’").
i+>4

Since f is 5-determined, f(x,y) ~4 (x,?, X}y + y°). |

Proposition 3.11. Let f be a map germ from plane to space with corank 1 at origin, j*f~z(x,y*,0),
and C(f) = k,3 < k < co. Then,

(1) if ce(f) = C(f) = 1, then f is of type S -,
(2) if ce(f) = C(f), then f is of type Cy.

Proof. Since j*f ~4 (x,y%,0),

FO03) ~a (3% D axy?Hh).

i+j>1

We can write it as

fy) ~a (x, )’2, aO,1y3 + az,oxzy + al,lxy3 + Clo,zy5 + 03,0363)7 + a2’1x2y3 + al,zxys + 00,3)’7 + Z ai,jxiy2j+l)-
i+j>4
If C(f) = k, then arpy = " = Ag-10 = 0 and ag o * 0. NOW, if Ce(f) = C(f) — 1, then aop | * 0,

otherwise, f will not be A-finite. This gives j3f ~4 (x,¥*,y?). Then, by Mond’s classification f is of

type f(x,y) ~a (x,y%, ¥ + x**1y).
If c.(f) = C(f), then ap; = 0 and a;; # O, otherwise, f will not be A-finite. This gives j3f ~a
(x,¥%,0). Thus, it follows from Mond’s classification that f is of type f(x,y) ~a (x,¥*, xy° + xXy). O

Proposition 3.12. Let f be a map germ from plane to space with corank 1 at origin, j*f~a(x, xy,0),
and C(f) = 2. If c.(f) = k, k > 2, then f is of type H,.

Proof. Since j*f ~4 (x, xy,0),

FO6Y) ~a (6 xy + a0 %y + @1oxy? + apay’ + Y @iy, by iy + biaxy? + bosy’ + ) by jxiy).

i+j>4 i+j>4
By using suitable left coordinate changes, we get

Jy) ~a (x, xy + Z ai,jxiyj, b2,1x2y + bl,2xy2 + 1?0,3)’3 + Z bi,jxiyj)*~

i+j>4 i+j>4
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If C(f) = 2, then b3 # 0. Take by3 = 1, we have

FO0y) ~a (rxy+ D @y, + by iy + biaxy? + Y bijxly).

i+jz4 i+j=4
It is easy to see that
iy bia iy
fGy) ~a (x, xy + Z a;;jx'y’, (y + TX)S + Z b; jx'y”).
i+j>4 i+j>4
Now, by using transformation y — y — %x, we get
Fy) ~a (x, xy + Z ai,jxiyj,yS + Z bi,jxiyj)~
i+j>4 i+j>4
This gives j f~a(x, xy, ). If c.(f) > 2, then by using Theorem 4.2.1 : 2(a) [1], we have

Fxy) ~a (x, xy +y*1 ).
O

Proposition 3.13. Let f be a map germ from plane to space with corank 1 at origin, j>f~a(x, xy,0),
and C(f) = 3. Then,

(1) ifc.(f) =4 and T(f) = 1, then f is of type P3 or P4(%) or Ty,
(2) if c.(f) =4 and T(f) = 2, then f is of type P4(1) or Qq;

(3) if ce(f) =5 and T(f) = 3, then f is of type Qs;

(4) if c.(f) = 6 and T(f) = 4, then f is of type Qg or Ry,

(5) ifc.(f) =kand T(f) = k — 2, then f is of type Oy, k > 7.

Proof. Since j*f ~4 (x, xy,0),

FO6Y) = (6 xy + @012y + @ oxy® + aosy’ + ) @i px'y, by Xy + biaxy? + bosy’ + D by x'y).

i+j24 i+j>4
If ¢.(f) = 4, then by3 = 0. Then, the coordinate changes X = X,Y = Y — a, XY, Z = Z — b, | XY gives

F(x,y) ~a (X, xy + ajoxy” +agsy” + Z a; j X'y, by axy* + Z b, jx'y7).

i+j24 i+j>4
If by, = 0, then the transformation x —, y — y + a;,)?, gives

fxy) ~a (x, xy + 610,3)’3 + Z ai,jxiyj’ b3,1x3y + bz,zxzyz + bl,3xy3 + y4 + Z bi,jxiyj)-

i+j>4 i+j>4

Thus, °f ~a4 (x, xy + a0,3y3, 0). Now, if C(f) = 3, then it follows from the Proposition 4.2.4 : 1 [1] f
must have a 4-jet equivalent to (x, xy + ¥, y*). Since f is 4-determined (see Theorem 4.2.4 : 2 [1]),

F(xy) ~a (x, xy +y°, v,
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If b, » # 0O, then the coordinate change X=XY=Y- (Z:—;)Z, Z=27 gives

FY) ~a (5 xy + agsy® + ) axly bioxy® + 3 bydy).

i+j>4 i+j>4

This implies
FPf ~a (x.xy + aozy’, by 2xy%).

Now, by the Lemma 4.2.2 : 1 [1], this type of f must have a 4-jet equivalent to (x, xy + y°, xy> + cy*).

(D) If c.(f) = 4and T(f) = 1, then f(x,y) ~a (x,xy + >, x3* + cy*), ¢ # 0, %, 1,2 or f(x,y) ~x
(x,xy +y*, xy* + 1y* + y°). These two types can be differentiated by computing their normal forms of
order 4 and finding c¢*. If ¢ # 0, 1,1, 2, then f is of type f(x,y) ~a (x,xy +y*, xy* + ¢y*), and if ¢ = 1,
then f(x,y) ~a (x, xy +y°, xy° + 5" +y°).

(2)If c.(f) = 4and T(f) = 2, then f(x,y) ~a (x, xy+y>, xy> +y* +y°) or f(x,y) ~a (x, xy+y*, xy* +
y”). These two types can be differentiated by computing their normal forms of order 4 and finding c. If
c =1, then f(x,y) ~4 (x,xy +y*,xy* + y* + y°) and, if ¢ = 0, then f(x,y) ~4 (x,xy + y*, xy* + 7).

(3) It is straightforward to prove.

(4) We have j*f ~z (x,xy + ¥*,xy?). If c.(f) = 6, then f(x,y) ~a (x,xy + y>,xy* + y'3) or
f(x,y) ~a (x,xy +y° + by’, xy* + y* + ¢y®). These two types can be differentiated by computing their
normal forms of order 3. If *f ~4 (x,xy + ¥y, xy?), then f(x,y) ~a (x,xy +y>,xy* + y'3), and if
Pf ~a (xxy, xy?), then f(x,y) ~q (x,xy + y° + by’ xy* + y* + ¢)°).

(5) Now if c.(f) > 6, and T(f) > 4, then from Theorem 4.2.2 : 7 [1] f(x,y) ~a (x, xy + y*, xy> +
y3k—5). 0

The next algorithm is useful to differentiate the types of P; and P4(%).

Algorithm 1 To differentiate P; and Py4(3).

Input: Ideal I = f,g,h.
Output: Ideal I = hy, hy, h3, the required normal form.

1: Define amap @, (x) = X 1<is j<pr2 @i X'V, @(V) = Xi<iv jepra bijx'y’, with parameters having degree
up to p + 2.
2: Define a 3 X 3-matrix 7" with entries as polynomials of degree p + 1 having parameters coefficients,
ie., T = (t;)), tij = Yo<rimes QijdmX'Y™, Qij1m ATE PArameters.
3. Define the expected normal form (x> + y?, xy?, 0).
X
4: Define J := o(I) - T| xy+y’
xy? +y*
5: Let K be the ideal generated by all the coefficients of J with respect to x, y.
6: Compute S, the standard basis of K.
7. if § =<1 > then
8 return((x, xy + y*, xy* + y");
9: if § #< 1 > then
10 return((x, xy + y°, xy* + 3y* +y°)).

This can be done by using Algorithm 1.
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Proposition 3.14. Let f be a map germ from the plane to space with corank 1 at origin, j*f ~ax
(x,xy,0), and C(f) = 4. If c.(f) =4 and T(f) = 1, then f is of type P4(%).

Proof. The proof is similar to the Proposition 3.13(2). m|

Proposition 3.15. Let f be a map germ from plane to space with corank 1 at origin, j*f ~# (x,0,0),
and C(f) =4. If c.(f) =4 and T(f) = 1, then f is of type X,.

Proof. Since j*f ~# (x,0,0),
f(x,y) = (x, az,]xzy + a],z)cy2 + a0’3y3 + h.o.t., bz,lxzy + bl,zxyz + bo,3y3 + h.o.t).

If C(f) =4 and T(f) = 1, then by 3 = O; thus,

f(x,y) = (x, az,lxzy + al,zxyz + ao,3y3 + h.o.t., bzglxzy + bl,zxyz + h.o.t).
By using the coordinate changes X = X,Y = Y — Z,Z = Z, we get

f(x,y) ~a (x, az,lxzy + al,zxy2 + a0,3y3 + h.o.t., bz,lxzy + bl,zxyz + h.o.t).
Thus,

Ff~a @y xy’ +x7).

Now, if T(f) = 1, then by using Proposition 4.3 : 2 [1], we get j*f ~4 (x,¥°, xy* + xy* + y*). As f is
4-determined, f(x,y) ~x (x,y°, xy* + xy* + y*). |

4. Singular examples

We have implemented the characterization in the computer algebra system Singular [15]. The code
can be downloaded from https://www.mathcity.org/files/ahsan/Proc-classifycoRank1Maps.txt. We
give some examples. The examples are constructed from the normals form by applying a generic
A-equivalence.

ring r=0, (x,y), (c,ds).

In the first example we have as an input the map f(x,y) = (f1, f>, f3), where
fl =X - y9
fr=xy —y* = X2y + xy* +° = 6xy° + 7 + 15x%y° — Txy” — 20x°y° + 21x%y7 + 15x%°
—35x°y7 — 6x°y® + 35x*y + x%° = 21x°y7 + 7a%y7 — &7y,
fi =xy* =y = 2x%y" + 2xy° + y* + %7 — X2y} — Ayt + 6x%y* + 90 — 44Xyt — 6x)°
+ x4+ 152%y° = 200°)° + 15x%° — 6x°y° + x50,
In SINGULAR this can be written as
ideal I=x-y,xy-y2-X2y+Xxy2+y6-6xy6+y7+15x2y6-7xy7-20%3y6+21x2y7+15x4y6
-35x3y7-6x5y6+35x4y7+x6y6-21X5y7+7x6y7-X7y7, Xy2-y3-2x2y2+2xy3

+y4+x3y2-X2y3-4xy4+6x2y4+y6-4x3y4-6Xy6+x4y4+15%x2y6-20x3y6+
15x4y6-6x5y6+x6Yy6.
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To compute the required type of map germs, we use the procedure:

classifycoRank1Maps(I);
f is of type R_4.
In the second example we have as an input the map f(x,y) = (fi, />, f3), where

L =x =3y +3xy — v — Xy + 07,
/i y+3xy—y y+xy
fr =y* — 6xy” + 6y° + 15x%y* = 32xy° + 13y* — 20x°y? + 70x%y° — 60xy* + 12y°

+ 15x*° — 80x°y + 111x%y* — 46xy° + 4y6 6x°y + 50x*y — 104)c3y4 + 68x%y

—16x°y* + 51x*y* — 48x%y° + 13x%° + 2x%° — 12x°y* + 16x%y° — 6x7y° + x%*
f3 =x'y = 9x*y? + 27xy® = 27y* = 3xty + 39x°y? — 165x%y° + 261xy - 107y’
+3x°y — 64x*y? +392x*y} — 900x%y* + 690xy° — 129y° — 1%y + 50x°y?

— 12xy° + x5?

— 255y 4 s,

— 480x*y + 1584x7y* — 1788x%y° + 559xy° + 18y — 19x°%y” + 334x°y — 1632x%y*
+2344x°y° — 353x%y° — 966xy” + 369y® + 3x’y* — 135x%y° + 1044x°y* — 1170x%y°
—3599x*y® + 7827x%y" — 4953 xy® + 983y” + 30x"y® — 421x%y* — 1536x°y° + 14993 x*y°

—32850xy” + 30105x%y® — 12036xy° + 1683y — 3x%y + 105x"y* + 4459x%y°

—34111x°y°

+90219x*y" — 111363x°y® + 67989x%y° — 19335xy'% + 1970y"" — 15x%y* — 6308x7y°
+54768x%y% — 177768xy" + 281724x*y® — 234871x3y9 +102165x*y'% — 21135xy"!
+ 1560y + x7y* + 6418x3y° — 66444x"y® + 262344x%y7 — 516858x°y® + 554289x*y°

—328825x%y!0 + 103815x2y” 15520xy"% + 800y" — 5004x°y° + 62201x%y°

—296004x"y" + 710046x°%y® — 945174x°y’ + 719565x*y!° 309010x3 1y 70310x2 12

— 7320xy" + 240y14 +3003x'%° — 45045x°y°® + 257400x3y" — 742830x"y

+1200815x°%° — 1131417x°y'% + 621640x*y"! 191810x3y12+30300x2y13 2000xy™ + 32y'
— 1365x'1y° + 25025x'%y° 172315x 7 +595650x%y® — 1154835x"y° + 1316875x%y"°

—892355x°y'! + 351070x*y'? — 74950x " +7480x2 14 _240xy" + 455x'%°

— 10465x"1y® + 87945x'%y 7 365310x9y8 + 845295x%y” — 1151415x7y!% + 940455x5y!!

— 454530x°y'? + 123255x*y" — 16560x°y'* + 800x2y15 105x"y° + 3185x%y°

—33540x'y” + 169510x'%y 8 —469315x%y” + 759285x%y'0 — 737220x"y"" + 427500x%y"?

— 141795x°y" + 24095x*y™* — 1560x°y'5 + 15x'*y> — 665x"3y® + 9230x'2y”

— 58250x'y® + 195195x'% — 375585xy'" + 430530x3y!! — 295140x"y'? + 116865x%y"3

—24175x°y™ + 1970x*y" — 1%y + 85x'4y% — 1725x"%y7 + 14290x'%y®

—59395x'y? + 137235x'0y!° 185645x9 4 149220x%y" — 69435x"y"? + 17055x°y'4

—1683x°y"% — 5x15y% + 195x!4y” — 2350x13y® + 12705x%y” — 36015x!1y!°
+57885x'0y! — 54420x%y"? + 29475y — 8455x"y!* + 985015 — 10x"°y’
+230x"y® — 1785x "y 9+6475x12 10 _12570x"y!" + 13870x'%y'% — 8705x°y"3
+2885x%y™ = 390x"y" — 10x"%y® + 145x'y — 735x13y1% 4+ 1780x!2y"!
—2330x!ly 12+1695x10 B _645x°y™ + 100x5y"° — 5x1%y% 4+ 45x14y10
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_ 145x13y11 + 230x12y12 _ 195x11y13 + 85x10y14 _ 15x9y15 _ xlSyl()
+ 5x14y11 _ 10x13y12 + 10x12y13 _ 5x11y14 + xl()ylS.

In SINGULAR this can be written as

ideal I=x-3y+3xy-y2-x2y+Xxy2,y2-6Xy2+6y3+15x2y2-32xy3+13y4-20x3y2+70x2y3
-60xy4+12y5+15x4y2-80x3y3+111x2y4-46xy5+4y6-6x5y2+50x4y3-104x3y4
+68x2y5-12xy6+x6y2-16x5y3+51x4y4-48x3y5+13x2y6+2x6y3-12x5y4+16x4y5
-6x3y6+x6y4-2x5y5+x4y6,x3y-9x2y2+27xy3-27y4-3x4y+39x3y2-165x2y3
+261xy4-107y5+3x5y-64x4y2+392x3y3-900x2y4+690xy5-129y6-x6y
+50x5y2-480x4y3+1584x3y4-1788x2y5+559xy6+18y7-19x6y2+334%x5y3
-1632x4y4+2344x3y5-353x2y6-966xy7+369y8+3x7y2-135x6y3+1044x5y4
-1170x4y5-3599x3y6+7827x2y7-4953xy8+983y9+30x7y3-421x6y4-1536x5y5
+14993x4y6-32850x3y7+30105x2y8-12036xy9+1683y10-3x8y3+105x7y4
+4459x6y5-34111x5y6+90219x4y7-111363x3y8+67989x2y9-19335xy10+1970
y11-15x8y4-6308x7y5+54768x6y6-177768x5y7+281724x4y8-234871x3y9
+102165x2y10-21135xy11+1560y12+x9y4+6418x8y5-66444x7y6+262344x6y7
-516858x5y8+554289x4y9-328825x3y10+103815x2y11-15520xy12+800y13
-5004x9y5+62201x8y6-296004x7y7+710046x6y8-945174x5y9+719565x4y10
-309010x3y11+70310x2y12-7320xy13+240y14+3003x10y5-45045x9y6
+257400x8y7-742830x7y8+1200815x6y9-1131417x5y10+621640x4y11-191810
x3y12+30300x2y13-2000xy14+32y15-1365x11y5+25025x10y6-172315x9y7
+595650x8y8-1154835x7y9+1316875x6y10-892355x5y11+351070x4y12-74950
x3y13+7480x2y14-240xy15+455x12y5-10465x11y6+87945x10y7-365310x9y8
+845295x8y9-1151415x7y10+940455x6y11-454530x5y12+123255x4y13-16560
x3y14+800x2y15-105x13y5+3185x12y6-33540x11y7+169510x10y8-469315x9y9
+759285x8y10-737220x7y11+427500x6y12-141795x5y13+24095x4y14-1560
x3y15+15x14y5-665x13y6+9230x12y7-58250x11y8+195195x10y9-375585x9y10
+430530x8y11-295140x7y12+116865x6y13-24175x5y14+1970x4y15-x15y5
+85x14y6-1725x13y7+14290x12y8-59395x11y9+137235x10y10-185645x9y11
+149220x8y12-69435x7y13+17055x6y14-1683x5y15-5x15y6+195x14y7-2350
x13y8+12705x12y9-36015x11y10+57885x10y11-54420x9y12+29475x8y13
-8455x7y14+985x6y15-10x15y7+230x14y8-1785x13y9+6475x12y10-12570
x11y11+13870x10y12-8705x9y13+2885x8y14-390x7y15-10x15y8+145x14y9
-735x13y10+1780x12y11-2330x11y12+1695x10y13-645x9y14+100x8y15
-5x15y9+45x14y10-145x13y11+230x12y12-195x11y13+85x10y14-15x9y15
-x15y10+5x14y11-10x13y12+10x12y13-5x11y14+x10y15;

To compute the required type of map germs, we use the procedure:

classifycoRank1Maps(I);
f is of type F_4,
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5. Conclusions

A classifier for map germs from plane to space in terms of codimension, crosscaps and triple points
has been given. Moveover, this classifier is implemented in the computer algebra system SINGULAR.

Availability of data and materials

The code used in this paper can be downloaded from: https://www.mathcity.org/files/
ahsan/ProcclassifycoRankl1Maps.txt.
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