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incidence, improved therapeutic rate, and hygiene facilities.
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1. Introduction

Fractional calculus (FC), which is defined as the advancement or modification of conventional
derivatives and integrals to non-integer order instances, has received considerable scholarly emphasis
in recent times. According to the research, numerous scientific and other physical processes involve
fractional derivatives, including ideological, aquifer, electrostatics, financing and hydrodynamics, to
highlight a few [1, 2].

Several researchers have explored the simulated predictions owing to the availability and
distinctiveness of fractional differential equation systems in diverse configurations, for example [3–6].
In FC, there are three types of fractional derivative/integral formulations: the Riemann-Liouville and
Caputo derivatives, which are a concatenation of power law (PL) functions [1], including the first
derivative; the Caputo-Fabrizio fractional derivative, which is a combination of the first derivative and
the exponential decay (ED) law [7], including the Deta-Dirac feature; and the Atangana–Baleanu
fractional derivative [8], which has a generalized Mittag-Leffler (GML) as a kernel [9–11]. The
majority of the relevant and purposeful formulations in the various configuration domains of such
fractional-order derivative formulations in the scope of FC, which includes numerical simulations
modelled with formulae utilizing these three types of kernels, can be found in significant relevant
scholarly studies in [12, 13] and the references cited therein.

Recently, ordinary differential equation (DE) and partial differential equation (PDE) solutions have
often been deployed to generate modeling techniques for multiple connections in healthcare,
biological, mechanical and technological procedures [14, 15]. The predominance and appropriateness
of numerical method techniques offer the cornerstone for assessing precision and investigating
pertinent natural occurrences. The investigation has indeed expanded to spatial complex issues [16],
that comprise hereditary attributes of dynamic interplay in physics and technology. The processes of
customary Itô-Doob form Markov decision DEs [17], stochastic PDEs [18], stochastic fractional
DEs [19], and stochastic fractional PDEs in ambiguous contexts [20] were characterized in the
framework of Itô-Doob type stochastic integral equations around 1960 for conspicuous
supercomputing specific applications. The Wiener data transformation [21] addresses the effects of
random environmental factors. This has been significantly explored by employing local stochastic
formulae [22]. We believe that researchers are progressively pursuing advancements of vital
constituent perceptions that devour the understanding of the initial estimate to its commensurate
approximate analytical consideration. Based on the aforementioned contextualized formation of
collaborative simulation and to incorporate auxiliary mapping and/or randomized perturbation
characteristics of interplay into the quantitative equations highlighted by DEs.

Furthermore, newly developed randomized evaluation procedures for financial data (stock price)
using a combination of classical computational models and randomized methodologies [23]. We need
to inform the developing mathematical algorithms by deliberately providing key significant
straightforwardly identified performance requirements or attributes to structure components in order
to improve this approach to more incredibly complex processes in the scientific world operating under
inherently functional and external randomized intervention. Rashid et al. [24] new estimates of a
stochastic fractal-fractional immune effector response to viral infection via latently infectious tissues
and [25] provided a detailed evaluation of the stochastic fractal-fractional TB model using the
Mittag-Leffler kernel and white noise.
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Cholera is a severe gastrointestinal disease induced by the consumption of contact sources of
bodily fluids containing the bacteria Vibrio cholera. Only V. cholerae o1 and o139 are documented to
result in cholera [26]. Highly virulent o1 (relatively significant, Vibrio cholera o139) gets through and
endures the body’s digestive enzyme resistance before penetrating the fluid coating that protects the
colonic epithelium [27]. Even before they inhabit the esophageal stomach, they generate cholera toxin
(that also provokes extracellular fluid volume efflux even by the small intestine’s vascular
endothelium), resulting in a plentiful, stress-free and mucilaginous gastroenteritis that can speedily
cause serious hyponatremia and fatality if intervention is not offered immediately. The proportion of
respondents who vomited in healthy participant studies was estimated to be 102 − 103 [28]. Vibrio can
be transmitted through human-to-human contact (e.g., faecal contamination) or through
human-to-environment contact (e.g., consuming polluted food and beverages from the environment).
These are the features of cholera, which belongs to the worldwide preventive pathogens as required
by the World Health Organization (WHO), in addition to being part of a group of viral infections as
specified by Chinese law for viral epidemic surveillance and prevention. Secretory alkaloids are used
by pancreatic bacteria to penetrate or damage the intestine epithelium. They can manipulate human
anatomy in a variety of ways, including intentionally causing illness, parthenogenesis, or encouraging
other procedures such as manipulating innate immunity, escaping from the mitochondrion and
penetrating human obstacles, to name a few.

Ecological phenomena have a substantial impact on the transmission of environmental infections.
Since Vibrio cholerae may move through liquids, such a modification in hydrological mechanisms has
had the ability to alter the dangerous poisoning in water. Climate change and storms, in addition to
moisture and its periodicity, can also speed up or slow down the transmission pathway [29]. However,
the environment where the virus’s spread into epidemic domains [30, 31], along with informal transit
and bacteria migrants on long journeys, (see Figure 1).

Figure 1. Primary penetration process of cholera disease.
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The vibrionaceae group has a number of clinically important pathogens that can promote gastritis.
Vibrio cholerae is the most well-known bacterium, transporting a wide range of compounds that cause
sickness. This bacteria is the cause of cholera, a small intestinal illness characterized by acute
gastroenteritis, nausea, and malnutrition. It is implicated in millions of instances and numerous
fatalities every year throughout the globe.

Seafood and zooplankton were identified as having cholera germs. Individuals afflicted with cholera
frequently experience diarrhea, and the risk of propagation is conceivable if this extremely watery
feces, informally known as “rice-water,” pollutes groundwater consumed by others. Figure 2 show
that a single intestinal cramping incident can multiply the amount of V. cholerae in the ecosystem by a
million species.

Figure 2. (a) Vibrio cholerae bacterium species. (b) Detecting cholera in a blood clot.

Susceptible people that relocate frequently potentially fall in touch with the virus in specific areas
and spread it to other regularly inhabited communities, which might or might not be affected. Infected
people may spread the illness by spewing microbes from their faces at a comparable time, especially
if they exhibit no symptoms [32]. As a result, untreated individuals significantly increase pathogen
intensities, which somehow spread within the hemodynamic network.

Personalized attempts to transmit deadly diseases are unacceptable. Professionals and perhaps
various researchers employ numerical articulation and simulation tools to obtain contemporary
documentation of the features and preventative strategies of infectious diseases and also to identify
sensitive perceptions, fluctuations in attribution configurations and estimations [29, 33, 34]. The
estimations concentrate on stratification for specific groups, such as vulnerability, contamination,
treatment and recovery as well as specific therapeutic measures such as treatment, immunization,
pasteurization and sanitation through enlightenment and immunization. When incidents occur,
medicine appears to be increasingly recommended, i.e., a relatively brief strategy for managing and
eradicating the sickness. Whenever it concerns disease avoidance and removal from the atmosphere,
education is the most appropriate option [35–41]. The filtration technique, sewage removal, regulatory
frameworks, hygiene practises and adequate sterilization are all aligned within the long-term
pathogen prevention and elimination plan. It is apparent that certain people are aware of and adhere to
the right cholera infection protection procedures, see; [42–46]. In the current state of contemporary
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knowledge, similar settlements are not recognized as a consistent framework of individuals from the
perspective of vulnerable, polluted, and treated individual categories in response to monitoring,
controlling, and extinguishing cholera behaviors. In this paper, we mainly concentrate on the simple
transmission channel, despite the fact that the virus’s stochastic fractional system dynamics.

The main aim is to demonstrate the control mechanism and analyze the cholera transmission
dynamics provided by considerably using the stochastic FDEs strategy, taking into account the
well-noted (Caputo, Caputo-Fabrizio, and Atangana-Baleanu derivative operators) are energized by
the recent discussion. In addition, we have established the existence-uniqueness of the positive global
solutions of the proposed model. Furthermore, the stochastic reproductive number and local stability
of the system are carried out. Novel numerical findings are illustrated with the aid of fractional
calculus. No one has previously utilized the idea of the randomized technique to fractional calculus in
cholera intricacy previously, as stated in the study. This study takes environmental aspects into
account and a randomized fractional framework of cholera evolution has been established. As a result,
this represents a new methodology. The incorporation of untreated individuals and associated
characterization in stochastic fractional DE will serve as a jumping-off point for researchers and
theorists engaging in simulating techniques.

This work is structured as described in the following: Section 2 represents the basic formulations
that can be utilized in the upcoming parts of the article. Section 3 configures the model and
investigates the qualitative properties of the proposed model. Section 4 consists of the
existence-uniqueness outcomes and integro-fractional procedure for the stochastic cholera epidemic
model. These are illustrated via the well-known fractional differential operators and the Newton
interpolation polynomial approach. In Section 6, we present our insights and conclusions.

2. Preliminaries

Here, we will examine several basic concepts and features of fractional calculus theory in this part,
which will be essential in the subsequent subsections.

Definition 2.1. ( [2]) The Caputo fractional derivative (CFD) is described as follows:

c
0Dφ

ξw(ξ) =


1

Γ(r−φ)

ξ∫
0

w(r)(x1)
(ξ−x1)φ+1−r dx1, r − 1 < φ < r,

dr

dξr w(ξ), φ = r.
(2.1)

Definition 2.2. ( [7]) The Caputo fractional derivative operator of order φ is described as follows:

CFDφ
ξ

(
w(ξ)
)
=
M(φ)

(1 − φ)

ξ∫
a1

exp
(
−
φ(ξ − x1)

1 − φ

)
w′(ξ)dξ, (2.2)

where w ∈ H1(a1, a2)(S obolev space), a1 < a2, φ ∈ [0, 1] andM(φ) signifies a normalization function
asM(φ) = M(0) = M(1) = 1.

Definition 2.3. ( [7]) The fractional integral of the Caputo-Fabrizio operator is defined as:

CFI
φ
ξ

(
w(ξ)
)
=

1 − φ
M(φ)

w(ξ) +
φ

M(φ)

ϱ∫
a1

w(x1)dx1. (2.3)
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Definition 2.4. ( [8]) Suppose w ∈ H1(0, a1) be the fractional Atangana-Baleanu derivative of mapping
w is stated by the subsequent integral:

ABCDφ
0,ξw(ξ) =

ABC(φ)
1 − φ

ξ∫
0

w′(ξ)Eφ

(
− φ

(ξ − s1)φ

1 − φ

)
ds1 (2.4)

having φ ∈ (0, 1), ABC(φ) is normalizing positive mapping admitting ABC(0) = ABC(1) = 1 and Eφ

is the Mittag-Leffler mapping [8].

Definition 2.5. ( [8]) The Atangana-Baleanu fractional integral form of the function w ∈ C1(a1, b1) is
defined as:

AB
a1
I
φ
ξw(ξ) =

1 − φ
ABC(φ)

w(ξ) +
φ

ABC(φ)Γ(φ)

ξ∫
a1

w(x1)(ξ − x1)φ−1dx1. (2.5)

3. Model configuration and analysis

The mechanism takes into account the total population ((P(ξ)) and categorizes it into four groups:
susceptibility (S(ξ)), infectious (I(ξ)), treatment (T(ξ)), and restored (R(ξ)). Susceptible people (S(ξ))
are these kinds of people who can not be contaminated. However, in the long run, it may get polluted.
Highly infectious individuals (I(ξ)) who have developed infectious disease symptoms and have the
potential to transmit the illnesses, intervention category (T(ξ)) involve all who take medication after
being colonized by infection for ξ > 0, and the healed cohort (R(ξ)) includes those who have recovered
from infection.

By gaining temporary immunity, the populace in the susceptibility group will enhance the evolution
of ϕ and alongside a preservation rate π from the restored compartment. Furthermore, its population
declines due to natural factors, resulting in a fatality incidence of ψ, as well as a translocation to the
contaminated cohort at a pace of δ. The prevalence of association of δ will boost the population in the
infected segment, in comparison to the randomly generated fatality incidence of ψ, epidemic resulting
mortality incidence of η, and transfer to the therapy cohort with the therapy value of ζ will decrease the
population. Assuming a ζ therapeutic incidence, a γ restoration speed, and a ψ spontaneous leading
fatality rate. The restored cohort’s community develops at a γ pace while shrinking due to natural risk
factors at a ψ rate and resiliency decline at a ϕ rate.

The system is influenced by the respective assumptions: based on biological population density,
the incidence and death are constant, but the incidence and death are not similar, all characteristics
are non-negative, most people in the society are susceptible, restorative intervention is implemented on
extremely infectious individuals, medicated people (people on therapies) do not communicate infection
symptoms to the susceptible global populace, there is transient leniency, and there is the illness on
restoration.

Considering the aforementioned explanations and premises, our system is informally depicted in
Figure 3. The specification and process model are used to generate the underlying stochastic
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mathematical description (3.1) of Figure 3:
Ṡ(ξ) = π + ϕR − (δI + ψ)S,
İ(ξ) = δIS − (ψ + η + ζ)I,
Ṫ(ξ) = ζI − (γ + ψ + ς)T,
Ṙ(ξ) = γT − (ϕ + ψ)R,

(3.1)

supplemented with ICs S(0) = S0, I(0) = I0, T(0) = T0, R(0) = r0.

Figure 3. Schematic configuration of cholera model.

We converted the mathematical approach in formula (3.1) to a stochastic approach because it did
not account for stochastic contextual parameters and did not have meaningful settings.

To expand, we multiplied formula (3.1) by dξ and add Brownian motion B ȷ(ξ) and the strength of
stochastic external conditions (ρ ȷ), So we achieve the desired stochastic system of cholera epidemic:

dS(ξ) =
(
π + ϕR − (δI + ψ)S

)
dξ + ρ1SdB1(ξ),

dI(ξ) =
(
δIS − (ψ + η + ζ)I

)
dξ + ρ2IdB2(ξ),

dT(ξ) =
(
ζI − (γ + ψ + ς)T

)
dξ + ρ3TdB3(ξ),

dR(ξ) =
(
γT − (ϕ + ψ)R

)
dξ + ρ4RdB4(ξ),

(3.2)

where ρ ȷ ≥ 0, ȷ = 1, 2, 3, 4 represents the strength of Brownian motion and B ȷ, ȷ = 1, 2, 3, 4 are
independent Brownian motion.

Suppose a complete probability space (Ω,F, {Fξ}ξ≥0,P) fulfilling the given assumptions (That are, it
is nondecreasing and right continuous whilst F0 have all empty sets P), indicating R+ = [0,∞), Rd

+ =

{v = (v1, ..., vd) | vi > 0, i ∈ [1, d]}. Also, there is an integral mapping F1(ξ) defined on [0,∞).
introducing Fu

1 = sup{F1(ξ) | ξ ≥ 0}, Fl
1 = inf{F1(ξ) | ξ ≥ 0}.

Next, we will examine at the d-dimensional stochastic DE

dX(ξ) = F1(X(ξ), ξ)dξ + U(X(ξ), ξ)dB(ξ), t ≥ t0,

subject to intial condition X(0) = X0 ∈ R
d, B(ξ) denotes a d-dimensional standard Brownian motion

presented on the complete probability space (Ω,F, {Fξ}ξ≥0,P). Suppose C2,1(Rd × [t0,∞];R+) the
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collection of all positive ℑ(v, ξ) on Rd × [t0,∞] such that continuous twice differentiable in X and
once in ξ. The differential operator L is proposed by [47]:

L =
∂

∂ξ
+

d1∑
ι=1

fι(X, ξ)
∂

∂Xι

+
1
2

d1∑
ι,κ=1

[
UT(X, ξ)U(X, ξ)

]
ικ

∂2

∂Xι∂Xκ

.

Now L imposed on a mapping ℑ ∈ C2,1(Rd × [t0,∞];R+), we have

Lℑ(X, ξ) = ℑξ(X, ξ) + ℑv(X, ξ)F1(X, ξ) +
1
2

trac[UT(X, ξ)ℑvvU(X, ξ)],

where ℑξ = ∂ℑ
∂ξ
,ℑv =

( ∂ℑ
∂v1
, ..., ∂ℑ

∂vd

)
, ℑvv =

( ∂2ℑ
∂vι∂vκ

)
d1×d1

. By the Itô technique, if X(ξ) ∈ Rd1 , then

dℑ(X(ξ), ξ) = Lℑ(X(ξ), ξ)dξ + ℑv(X(ξ), ξ)U(X(ξ), ξ)dB(ξ).

3.1. Global positivity of the solutions of the cholera model

In this section, we will demonstrate that our system acknowledges a unique positive solution that is
also bounded. For the sake of brevity, we define the stochastic model associated with the novel cholera
epidemic model as assuming it is biologically well-posed. It is important to note that the confirmation
illustrations for this portion and the entirety of the paper can be discovered in the literature; however,
we modify the formalism with our novel model here [48, 49].

Theorem 3.1. Let the initial value
(
S(0), I(0),T(0),R(0)

)T
∈ R4

+, then the solution(
S(ξ), I(ξ),T(ξ),R(ξ)

)T for all strict positive time of the model (3.2) exists, and is positive almost
surely (a.s).

Proof. Surmise thatK0 assumed to be the largest integer. Also, if (S0, I0,T0,R0) ∈ R4
+, then each factor

of (S0, I0,T0,R0) stays in
[ 1
k0
, 1
]
. For every integer K ≥ k0. Stopping time can be stated as follows:

Λk = inf
{
ξ ∈ [0,Λϵ] : S(ξ) ≤

1
k
, or I(ξ) ≤

1
k
, T(ξ) ≤

1
k
, R(ξ) ≤

1
k

}
,

Λ∞ = inf
{
ξ ∈ [0,Λϵ] : S(ξ) ≤ 0, or I(ξ) ≤ 0, T(ξ) ≤ 0, R(ξ) ≤ 0

}
. (3.3)

Our goal is to demonstrate that P(Λ = ∞), i.e., P(Λ < Q), f or Q > 0, in order to reveal lim
ξ 7→∞

sup P(Λk <

0) = 0.
Introduce a Lyapunov candidateU as

U(ξ) = ln
1

S(ξ)
+ ln

1
I(ξ)
+ ln

1
T(ξ)

+ ln
1

R(ξ)
.

Using the fact of Itô formula, for Q > 0, ξ ∈ [0,Q ∧ Λk] to X(ξ) =
(
S(ξ), I(ξ),T(ξ),R(ξ)

)
, we find

dU(ξ) = −
( 1
S(ξ)

dS(ξ) +
1

I(ξ)
dI(ξ) +

1
T(ξ)

dT(ξ) +
1

R(ξ)
dR(ξ) −

1
S2(ξ)

dS2(ξ) −
1

I2(ξ)
dI2(ξ)

)
.

Thus, we have

dU(ξ) = −
1

S(ξ)

{(
π + ϕR(ξ) − δS(ξ)I(ξ) − ψS(ξ)

)
dξ + ρ1S(ξ)dB1(ξ)

}
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−
1

I(ξ)

{(
δS(ξ)I(ξ) − (ψ + ζ + η)I(ξ)

)
dξ + ρ2I(ξ)dB2(ξ)

}
−

1
T(ξ)

{(
ζI(ξ) − (ψ + γ + ς)T(ξ)

)
dξ + ρ3T(ξ)dB3(ξ)

}
(3.4)

−
1

R(ξ)

{(
γT(ξ) − (ψ + ϕ)R(ξ)

)
dξ + ρ4R(ξ)dB4(ξ)

}
−

1
S2(ξ)

{(
π + ϕR(ξ) − δS(ξ)I(ξ) − ψS(ξ)

)
dξ + ρ1S(ξ)dB1(ξ)

}2
+

1
I2(ξ)

{(
δS(ξ)I(ξ) − (ψ + ζ + η)I(ξ)

)
dξ + ρ2I(ξ)dB2(ξ)

}2
. (3.5)

Setting A1 = π + ϕR(ξ) − δS(ξ)I(ξ) − ψS(ξ) ,A2 = ρ1S(ξ), A3 = δS(ξ)I(ξ) − (ψ + η + ζ)I(ξ) and
A4 = ρS(ξ)I(ξ), then (3.4) reduces to

dU(ξ) = −
1

S(ξ)

{(
π + ϕR(ξ) − δS(ξ)I(ξ) − ψS(ξ)

)
dξ + ρ1S(ξ)dB1(ξ)

}
−

1
I(ξ)

{(
δS(ξ)I(ξ) − (ψ + ζ + η)I(ξ)

)
dξ + ρ2I(ξ)dB2(ξ)

}
−

1
T(ξ)

{(
ζI(ξ) − (ψ + γ + ς)T(ξ)

)
dξ + ρ3T(ξ)dB3(ξ)

}
−

1
R(ξ)

{(
γT(ξ) − (ψ + ϕ)R(ξ)

)
dξ + ρ4R(ξ)dB4(ξ)

}
−

1
S2(ξ)

{
A2

1A
2
3ξ +A1A2dξdB1(ξ) +A2

2A
2
3dB1(ξ)

}
+

1
I2(ξ)

{
ϵ2I(ξ)ϵξ + ϵA4dξdB2(ξ) +A4dB2(ξ)

}
.

Observe that

dU(ξ) = −
{( π

S(ξ)
+
ϕR(ξ)
S(ξ)

− δI(ξ) − ψ
)
dξ + ρ1dB1(ξ)

}
−
{(
δS(ξ) − (ψ + ζ + η)

)
dξ + ρ2I(ξ)dB2(ξ)

}
−
{(ζI(ξ)

T(ξ)
− (ψ + γ + ς)

)
dξ + ρ3dB3(ξ)

}
−
{(γT(ξ)

R(ξ)
− (ψ + ϕ)

)
dξ + ρ4dB4(ξ)

}
−
{
ρ2

1 + ρ
2
2 + ρ

2
3 + ρ

2
4

}
dξ

−
{
ρ1dB1(ξ) + ρ2dB2(ξ) + ρ3dB3(ξ) + ρ4dB4(ξ)

}
.

After simplification, the aforesaid equation reduced to

dU(ξ) = HUdξ −
{
ρ1dB1(ξ) + ρ2dB2(ξ) + ρ3dB3(ξ) + ρ4dB4(ξ)

}
,

where
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HU = − π
S(ξ)−

ϕR(ξ)
S(ξ) +δI(ξ)+ψ−δS(ξ)+(ψ+ζ+η)− ζI(ξ)

T(ξ) +(ψ+γ+ς)− γT(ξ)
R(ξ) +(ψ+ϕ)+ρ2

1+ρ
2
2+ρ

2
3+ρ

2
4 = ∁.

As a consequence, we get

dU(ξ) ≤ ∁dξ −
{
ρ1dB1(ξ) + ρ2dB2(ξ) + ρ3dB3(ξ) + ρ4dB4(ξ)

}
.

Performing integration from 0 to Λk∧Q, it can be deduced that∫ Λk∧Q

0
dU(X(ξ)) ≤

∫ Λk∧Q

0
∁dξ −

{ ∫ Λk∧Q

0
ρ1dB1(ξ) +

∫ Λk∧Q

0
ρ2dB2(ξ) +

∫ Λk∧Q

0
ρ3dB3(ξ)

+

∫ Λk∧Q

0
ρ4dB4(ξ)

}
,

using the fact that Λk∧Q = min
{
Λn, ξ
}
. Performing the expectation on the aforementioned versions

results in

U
(
X(Λk∧Q)

)
≤ U(X(0)) + ∁

∫ Λk∧Q

0
dξ −

{ ∫ Λk∧Q

0
ρ1dB1(ξ) +

∫ Λk∧Q

0
ρ2dB2(ξ) +

∫ Λk∧Q

0
ρ3dB3(ξ)

+

∫ Λk∧Q

0
ρ4dB4(ξ)

}
.

This implies that

EU
(
X(Λk∧Q)

)
≤ U(X(0)) + ∁E ≤ U(X(0)) + ∁Q. (3.6)

AsU
(
X(Λk∧Q)

)
> 0, then

EU
(
X(Λk∧Q)

)
= E
[
U
(
X(Λk∧Q)

)
x1(Λk≤Q)

]
+ E
[
U
(
X(Λk∧Q)

)
x1(Λk>⊺)

]
≥ E
[
U
(
X(Λk∧Q)

)
x1(Λk≤Q)

]
. (3.7)

Further, for Λk, since certain factors of X(Λk), say (S(Λk)) including 0 < S(Λk) ≤ 1
k
< 1.

Thus,U(X(Λk)) ≥ − ln
(

1
k

)
, this allow us to writeU(X(Λk)) = ln

(
S(Λk)

)
≤ ln
(

1
k

)
.

As a result, from (3.7) and the previous expression, we have
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EU
(
X(Λk∧Q)

)
≥ E
[
U
(
X(Λk∧Q)

)
x1(Λk≤Q)

]
≥
{
− ln
(1
k

)}
. (3.8)

Combining (3.6)–(3.8), we have

EU
(
X(Λk∧Q)

)
≥ − ln

(1
k

)
P(Λk∧Q). (3.9)

It follows that

P(Λk∧Q) ≤
EU
(
X(Λk∧Q)

)
ln k

≤
U
(
X(0)
)
+ ∁Q

ln k
.

Taking limit sup k 7→ ∞ on (3.9), ∀ Q > 0, we find

P(Λk∧Q) ≤ 0 =⇒ lim
ξ 7→∞

P(Λk∧Q) = 0.

This is the intended outcome.

3.2. Ergodicity and stationary distribution (ESD)

Now, we review and examine the model’s (3.2) stationary distribution outcomes, which show that
the infections are eliminated or enduring.

Suppose there be a regular Markov technique in Rn+ for which the behaviour is as below:

dΦ(ξ) = b1(Φ)dξ +
u∑
r1

ζr1dΨr1(ξ).

The diffusion matrix takes the form

A(Φ) =
[
ai j(ϱ)

]
, ai j(ϱ) =

u∑
r1=1

ζ i
r1

(ϱ)ζr1
j (ϱ).

Lemma 3.1. ( [50]) Suppose there is a unique stationary distribution technique Φ(ξ). If there is a
bounded region involving regular boundary such that S , S̄ ∈ RdS̄ closure S̄ ∈ Rd satisfies the
following:
(a) The smallest eigenvalue for A(ξ) is bounded away from (0, 0) for the open region S having
neighbourhood.
(b) For σ ∈ RdS , the mean time τ is bounded and for every compact subset K ⊂ Rn, supσ∈k S στ < ∞.

Therefore, f1(.) is an integrable mapping containing measure π, then

P
(

lim
T 7→∞

1
T

T∫
0

f1(Φσ(ξ))dξ =
∫
Rd

f1(σ)π(dσ)
)
= 1, ∀ σ ∈ Rd.
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Let us describe another threshold value for forthcoming use:

Rs
0 =

πδζ(
ψ −

ρ2
1

2

)(
ψ + η + ζ −

ρ2
2

2

)(
γ + ψ + ς −

ρ2
3

2

) .
Theorem 3.2. For Rs

0 > 1, then the model (3.2) (S(ξ), I(ξ),T(ξ),R(ξ)) is ergodic. Also, there exist a
unique stationary distribution η(.).

Proof. We must first demonstrate the specified requirement M1 of Lemma 3.1 in order to verify the
Theorem, we state a non-negative C2-function H1 : R4

+ 7→ R+ of the form

H1 = S + I + T + R − ℘1 ln S − ℘2 ln I − ℘3 ln T, (3.10)

here the positive constants must be calculated afterwards. These constants will have to be discovered
later on. To interact with (3.10), we must first implement Itô strategy to the developed framework (3.2)
to obtain

L(S + I + T + R) = π − ψN − ηI − ςT. (3.11)

It follows that

L(− ln S) = −
π

S
+ (δI + ψ) −

ϕR
S
−
ρ2

1

2
,

L(− ln I) = −δS + (ψ + η + ζ)I −
ρ2

2

2
,

L(− ln T) = −
ζI
T
+ (γ + ψ + ς) −

ρ2
3

2
,

L(− ln R) = −
γT
R
+ (ϕ + ψ) −

ρ2
4

2
. (3.12)

Further, we express

L(H1) = L(S + I + T + R) − ℘1L(ln S) − ℘2L(ln I) − ℘3L(ln T). (3.13)

The replacement of values in the preceding equation generates the following formula

L(H1) = π − ψN − ηI − ςT + ℘1
π

S
− ℘1(δI + ψ) + ℘1

ϕR
S
+ ℘1

ρ2
1

2
+ ℘2δS − ℘2(ψ + η + ζ)I

+℘2
ρ2

2

2
+ ℘3

ζI
T
− ℘3(γ + ψ + ς) + ℘3

ρ2
3

2
−
γT
R
+ (ϕ + ψ) −

ρ2
4

2

≤ −4
(
℘1
π

S
℘2δSζ℘3(π + ϕ + ψ)

)1/4
+ (π + ϕ + ψ) − ℘1

(
ψ −

ρ2
1

2

)
− ℘2

(
ψ + η + ζ −

ρ2
2

2

)
−℘3

(
γ + ψ + ς −

ρ2
3

2

)
− ψN − ηI − ςT − ℘1(δI) + ℘1

ϕR
S
+ ℘2δS + ℘3

ζI
T
−
γT
R
.

Now, we suppose that

π + ϕ + ψ = ℘1
(
ψ −

ρ2
1

2
)
= ℘2
(
ψ + η + ζ −

ρ2
2

2
)
= ℘3
(
γ + ψ + ς −

ρ2
3

2
)
,
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where

℘1 =
π + ϕ + ψ(
ψ −

ρ2
1

2

) , ℘2 =
π + ϕ + ψ(

ψ + η + ζ −
ρ2

2
2

) , ℘3 =
π + ϕ + ψ(

γ + ψ + ς −
ρ2

3
2

) .
Consequently, we have

L(H1) ≤ −4
( πδζ(π + ϕ + ψ)4(
ψ −

ρ2
1

2

)(
ψ + η + ζ −

ρ2
2

2

)(
γ + ψ + ς −

ρ2
3

2

) − 4(π + ϕ + ψ)4
)1/4

+℘1

(
δI −

ϕR
S
)
+ ℘2δS + ℘3

ζI
T

≤ −4(π + ϕ + ψ)
[(

Rs
0
)1/4
− 1
]
+ ℘1

(
δI −

ϕR
S
)
.

Furthermore, one can achieve that

H2 = ℘4(S + I + T + R − ℘1 ln S − ℘2 ln I − ℘3 ln T) − ln S − ln R − ln T
+S + I + T + R
= (℘4 + 1)(S + I + T + R) − (℘1℘4 + 1) ln S − ℘4℘2 ln I − ln R − ℘4℘3 ln T,

here ℘4 > 0 is a constant that will be find afterwards. It is important to present that

lim inf
(S,I,T,R)∈R4

+\Uκ

H2(S, I,T,R) = +∞, as κ 7→ ∞,

here Uκ = (1
κ
, κ) × ( 1

κ
, κ) × (1

κ
, κ) × ( 1

κ
, κ). The upcoming process is to illustrate that H2(S, I,T,R) has

one and only one minimum value H2(S(0), I(0),T(0),R(0)).
The partial derivative of H2(S, I,T,R) regarding to S, I,T,R is as follows

∂H2(S, I,T,R)
∂S

= 1 + ℘4 −
1 + ℘1℘4

S
,

∂H2(S, I,T,R)
∂I

= 1 + ℘4 −
℘2℘4

I
,

∂H2(S, I,T,R)
∂T

= 1 + ℘4 −
℘3℘4

T
,

∂H2(S, I,T,R)
∂R

= 1 + ℘4 −
1
R
. (3.14)

It is simple to demonstrate that H2 has a unique stagnation point, which is determined by the mentioned
calculation: (

S, I,T,R
)
=
(1 + ℘1℘4

1 + ℘4
,
℘2℘4

1 + ℘4
,
℘2℘4

1 + ℘4
,

1
1 + ℘4

)
. (3.15)

Also, the Hessian matrix of H2
(
S, I,T,R

)
at
(
S(0), I(0),T(0),R(0)

)
is presented by the following

B =


1+℘1℘4

S2 0 0 0
0 ℘2℘4

I2 0 0
0 0 ℘3℘4

T2 0
0 0 0 1

R2

 . (3.16)
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The aforesaid connection clearly shows that B is a positive definite matrix. So, H2(S, I,T,R) has
lowest value (S(0), I(0),T(0),R(0)). Consequently, we can deduce from Lemma 3.1 and the continuity
of H2(S, I,T,R) that it has a unique minimum value around (S(0), I(0),T(0),R(0)) in the interior of
R4
+. Again, we introduce a non-negative C2 : R4

+ 7→ R+ as follow:

H1(S, I,T,R) = H2(S, I,T,R) − H2(S(0), I(0),T(0),R(0)). (3.17)

The implementation of Itô scheme and framework (3.2) will provide us with

LH1 ≤ ℘4

{
− 4(π + ϕ + ψ)

[
(Rs

0)1/4 − 1
]
+ ℘1

(
δI −

ϕR
S
)}
−
π

S
+ (δI + ψ) −

ϕR
S
−
ρ2

1

2

−δS + (ψ + η + ζ)I −
ρ2

2

2
−
ζI
T
+ (γ + ψ + ς) −

ρ2
3

2

−
γT
R
+ (ϕ + ψ) −

ρ2
4

2
, (3.18)

or finally we can express

LH1 ≤ −℘4℘5 + (℘1℘4 − 1)
ϕR
S
−
π

S
+ (γ + ψ + ς) − (ϕ + ψ) + +δI + ψ −

ϕR
S
−
ρ2

1

2

−δS + (ψ + η + ζ)I −
ζI
T
+ (γ + ψ + ς) −

γT
R
+ (ϕ + ψ) −

ρ2
1 ∨ ρ

2
2 ∨ ρ

2
3 ∨ ρ

2
4

2
, (3.19)

where ℘5 = 4(π + ψ + ϕ)
[
(Rs

0)1/4 − 1
]
> 0.

The description of a set is provided by

D =
{
S ∈
[
ε1,

1
ε2

]
, I ∈
[
ε1,

1
ε2

]
,T ∈

[
ε1,

1
ε2

]
,R ∈

[
ε1,

1
ε2

]}
, (3.20)

where ει, ι = 1, 2, are constants that are incredibly small and must be determined later. The region
R4
+ \ D is divided into ten regions as follows:

D1 =
{
(S, I,T,R) ∈ R4

+, 0 < S ≤ ε1

}
,

D2 =
{
(S, I,T,R) ∈ R4

+, 0 < I ≤ ε2, S > ε2

}
,

D3 =
{
(S, I,T,R) ∈ R4

+, 0 < T ≤ ε1, I > ε2

}
,

D4 =
{
(S, I,T,R) ∈ R4

+, 0 < R ≤ ε1, T > ε2

}
,

D5 =
{
(S, I,T,R) ∈ R4

+,S ≥
1
ε2

}
,

D6 =
{
(S, I,T,R) ∈ R4

+, I ≥
1
ε2

}
,

D7 =
{
(S, I,T,R) ∈ R4

+,T ≥
1
ε2

}
,

D8 =
{
(S, I,T,R) ∈ R4

+,R ≥
1
ε2

}
. (3.21)
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Clearly, R4
+ \ D =

⋃8
ι=1Dι, ι = 1, ..., 8. As a result, we will check H1(S, I,T,R) for each (S, I,T,R) ∈

R4
+ \ D. As a result of (3.19), it is not hard to conclude that

LH1(S, I,T,R), f or (S, I,T,R) ∈ R4
+ \ D =

8⋃
ι=1

Dι, ι = 1, ..., 8.

Case I. If (S, I,T,R) ∈ D1, then by (3.19), we have

LH1 ≤ −℘4℘5 + (℘1℘4 − 1)
ϕR
S
−
π

S
+ (γ + ψ + ς) − (ϕ + ψ) + +δI + ψ −

ϕR
S
−
ρ2

1

2

−δS + (ψ + η + ζ)I −
ζI
T
+ (γ + ψ + ς) −

γT
R
+ (ϕ + ψ) −

ρ2
1 ∨ ρ

2
2 ∨ ρ

2
3 ∨ ρ

2
4

2

≤ −℘4℘5 + (℘2℘4 + 1)
ϕ

ε1
−
π

ε1
≤ −1.

Case II. If (S, I,T,R) ∈ D2, then by (3.19), we have

LH1 ≤ −℘4℘5 + (℘1℘4 − 1)
ϕR
S
−
π

S
+ (γ + ψ + ς) − (ϕ + ψ) + +δI + ψ −

ϕR
S
−
ρ2

1

2

−δS + (ψ + η + ζ)I −
ζI
T
+ (γ + ψ + ς) −

γT
R
+ (ϕ + ψ) −

ρ2
1 ∨ ρ

2
2 ∨ ρ

2
3 ∨ ρ

2
4

2

≤ −℘4℘5 + (℘2℘4 + 1)
ϕ

ε1
− δε2 ≤ −1.

Case III. If (S, I,T,U) ∈ D3, then by (3.19), we have

LH1 ≤ −℘4℘5 + (℘1℘4 − 1)
ϕR
S
−
π

S
+ (γ + ψ + ς) − (ϕ + ψ) + +δI + ψ −

ϕR
S
−
ρ2

1

2

−δS + (ψ + η + ζ)I −
ζI
T
+ (γ + ψ + ς) −

γT
R
+ (ϕ + ψ) −

ρ2
1 ∨ ρ

2
2 ∨ ρ

2
3 ∨ ρ

2
4

2

≤ −℘4℘5 − γε1 −
ζε1

ε2
≤ −1.

Case IV. If (S, I,T,U) ∈ D4, then by (3.19), we have

LH1 ≤ −℘4℘5 + (℘1℘4 − 1)
ϕR
S
−
π

S
+ (γ + ψ + ς) − (ϕ + ψ) + +δI + ψ −

ϕR
S
−
ρ2

1

2

−δS + (ψ + η + ζ)I −
ζI
T
+ (γ + ψ + ς) −

γT
R
+ (ϕ + ψ) −

ρ2
1 ∨ ρ

2
2 ∨ ρ

2
3 ∨ ρ

2
4

2
≤ −℘4℘5 −

ε2

ε1
≤ −1.

Case V. If (S, I,T,U) ∈ D5, then by (3.19), we have

LH1 ≤ −℘4℘5 + (℘1℘4 − 1)
ϕR
S
−
π

S
+ (γ + ψ + ς) − (ϕ + ψ) + +δI + ψ −

ϕR
S
−
ρ2

1

2

−δS + (ψ + η + ζ)I −
ζI
T
+ (γ + ψ + ς) −

γT
R
+ (ϕ + ψ) −

ρ2
1 ∨ ρ

2
2 ∨ ρ

2
3 ∨ ρ

2
4

2
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≤ −℘4℘5 −
ϕ

ε2
≤ −1.

Case VI. If (S, I,T,U) ∈ D6, then by (3.19), we have

LH1 ≤ −℘4℘5 + (℘1℘4 − 1)
ϕR
S
−
π

S
+ (γ + ψ + ς) − (ϕ + ψ) + +δI + ψ −

ϕR
S
−
ρ2

1

2

−δS + (ψ + η + ζ)I −
ζI
T
+ (γ + ψ + ς) −

γT
R
+ (ϕ + ψ) −

ρ2
1 ∨ ρ

2
2 ∨ ρ

2
3 ∨ ρ

2
4

2

≤ −℘4℘5 −
ζε2

T
≤ −1.

Case VII. If (S, I,T,U) ∈ D7, then by (3.19), we have

LH1 ≤ −℘4℘5 + (℘1℘4 − 1)
ϕR
S
−
π

S
+ (γ + ψ + ς) − (ϕ + ψ) + +δI + ψ −

ϕR
S
−
ρ2

1

2

−δS + (ψ + η + ζ)I −
ζI
T
+ (γ + ψ + ς) −

γT
R
+ (ϕ + ψ) −

ρ2
1 ∨ ρ

2
2 ∨ ρ

2
3 ∨ ρ

2
4

2
≤ −℘4℘5 −

γε2

R
≤ −1.

Case VIII. If (S, I,T,U) ∈ D8, then by (3.19), we have

LH1 ≤ −℘4℘5 + (℘1℘4 − 1)
ϕR
S
−
π

S
+ (γ + ψ + ς) − (ϕ + ψ) + +δI + ψ −

ϕR
S
−
ρ2

1

2

−δS + (ψ + η + ζ)I −
ζI
T
+ (γ + ψ + ς) −

γT
R
+ (ϕ + ψ) −

ρ2
1 ∨ ρ

2
2 ∨ ρ

2
3 ∨ ρ

2
4

2

≤ −℘4℘5 −
γT
ε2
≤ −1.

In end, all of the preceding scenarios show that a positive constant B exists, so LH1(S, I,T,U) < −B <

0 ∀ (S, I,T,U) ∈ R4
+ \ D. Hence

dH1(S, I,T,U) < −Bdξ +
[
(℘4 + 1)S − (℘1℘4 + 1)ρ1

]
dB1(ξ)

+
[
(℘4 + 1)I − ℘1℘4ρ2

]
dB2(ξ) +

[
(℘4 + 1)T − ℘3℘4ρ3

]
dB3(ξ)

+
[
(℘4 + 1)U − ρ4

]
dB4(ξ). (3.22)

Suppose (S, I,T,U) = (u1, u2, u3, u4, u5) = ū ∈ R4
+ \D, the time χū, at which a path beginning at ū leads

to the setD, χn = inf{ξ : |X(ξ)| = n} and χn(ξ) = min{χū, ξ, χ
n}. Applying integration on (3.22) from 0

to ϕ(n)(ξ), considering expectation and Dynkins technique, we deduce that

EH1
(
S(χ(n)(ξ)), I(χ(n)(ξ)),T(χ(n)(ξ)),R(χ(n)(ξ))

)
− H1(ū)

= E

χ(n)(ξ)∫
0

H1
(
S(u1), IB(u1),T(u1),R(u1)

)
du1

≤ E

χ(n)(ξ)∫
0

−Bdu1 = −BEχ(n)(ξ). (3.23)
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As H(ū) is positive, thus

Eχ(n)(ξ) ≤
H1(ū)

B
. (3.24)

As a result, P{χε = ∞} = 1 and we can confirm that the suggested approach (3.2) is regular. Following
Fatou’s well-known lemma, we need

Eχ(n)(ξ) ≤
H1(ū)

B
< ∞. (3.25)

Clearly, supū∈K Eχ
ū < ∞, here K is a compact subset from R4

+. As a result, the second criterion of
Lemma 3.1 is fulfilled.

Moreover, the diffusion matrix of the model (3.2) is

B =


ρ2

1S2 0 0 0
0 ρ2

2I2 0 0
0 0 ρ2

3T2 0
0 0 0 ρ2

4U2

 . (3.26)

Selecting M1 = min
(S,I,T,U)

∈ D ∈ R4
+

{
ρ2

1S2, ρ2
2I2, ρ2

3T2, ρ2
4U2}, we illustrate

4∑
ι, ȷ=1

aι ȷ(S, I,T,U)ℓιℓ ȷ = ρ2
1S2ℓ2 + ρ2

2I2ℓ2 + ρ2
3T2ℓ2 + ρ2

4U2ℓ2 ≥ M1|ℓ|
2, (S, I,T,U) ∈ D̄,

where ℓ = (ℓ1, ℓ2, ℓ3, ℓ4) ∈ R4
+.

As a result, the (a) of Lemma 3.1 is satisfied. As a consequence of Lemma 3.1, the suggested
stochastic framework is ergodic and has a unique stationary distribution.

4. Intgro-fractional stochastic cholera epidemic model

In this paper, we transform the aforementioned framework to a stochastic process in order to
represent the randomness related to infectious ailment of cholera transmission. To accomplish this,
we add a stochastic element to the initial formulation, as well as the fractional derivative.

S(ξ) − S(0) =
1
Γ(φ)

ξ∫
0

(ξ − θ)φ−1F1(S, I,T,R, θ)dθ +
1
Γ(φ)

ξ∫
0

(ξ − θ)φ−1G1(S, θ)dB′1(θ),

I(ξ) − I(0) =
1
Γ(φ)

ξ∫
0

(ξ − θ)φ−1F2(S, I,T,R, θ)dθ +
1
Γ(φ)

ξ∫
0

(ξ − θ)φ−1G2(I, θ)dB′2(θ),

T(ξ) − T(0) =
1
Γ(φ)

ξ∫
0

(ξ − θ)φ−1F3(S, I,T,R, θ)dθ +
1
Γ(φ)

ξ∫
0

(ξ − θ)φ−1G3(T, θ)dB′3(θ),

R(ξ) − R(0) =
1
Γ(φ)

ξ∫
0

(ξ − θ)φ−1F4(S, I,T,R, θ)dθ +
1
Γ(φ)

ξ∫
0

(ξ − θ)φ−1G4(R, θ)dB′4(θ). (4.1)
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4.1. Existence-uniqueness outcomes for the proposed model

Now, the system’s (3.1) existence-uniqueness criteria are described. To provide it, we demonstrate
that for all ȷ ∈ 1, 2, 3, 4
(a)
∣∣∣F ȷ(χ ȷ, θ)

∣∣∣2 and
∣∣∣G ȷ(χ ȷ, θ)

∣∣∣2 ≤ Ω(1 +
∣∣∣χ ȷ∣∣∣2), this is the criterion of linear growth.

(b)
∣∣∣F ȷ(χ1

ȷ , θ) − F ȷ(χ2
ȷ , θ)
∣∣∣ ≤ Ω̄∣∣∣χ1

ȷ − χ
2
ȷ

∣∣∣2∣∣∣G ȷ(χ1
ȷ , θ) − G ȷ(χ2

ȷ , θ)
∣∣∣2 ≤ Ω̄∣∣∣χ1

ȷ − χ
2
ȷ

∣∣∣2.
For F1(S, ξ) = π + ϕR − (δI + ψ)S, G1(S, ξ) = ρ1S.

Furthermore, we have∣∣∣F1(S, ξ)
∣∣∣2 =

∣∣∣π + ϕR − (δI + ψ)S
∣∣∣2

≤ 3
(
π2 + ϕ2

∣∣∣R∣∣∣2 + δ2
∣∣∣I∣∣∣2∣∣∣S∣∣∣2 + ψ2

∣∣∣S∣∣∣2)
≤ 3
(
π2 + ϕ2 sup

ξ∈[0,v1]

∣∣∣R∣∣∣2 + δ2 sup
ξ∈[0,v1]

∣∣∣I∣∣∣2∣∣∣S∣∣∣2 + ψ2
∣∣∣S∣∣∣2)

≤ 3
(
π2 + ϕ2

∥∥∥R∥∥∥2)(1 + (δ2
∥∥∥I∥∥∥2
∞
+ ψ2)

∣∣∣S∣∣∣2
π2 + ϕ2

∥∥∥R∥∥∥2
)
,

under the assumption
(
1 +

(δ2
∥∥∥I∥∥∥2

∞
+ψ2)

π2+ϕ2
∥∥∥R∥∥∥2

)
< 1, then

∣∣∣F1(S, ξ)
∣∣∣2 ≤ Ω1

(
1 +
∣∣∣S∣∣∣2). (4.2)

It is clear that ∣∣∣G1(S, ξ)
∣∣∣2 ≤ ρ2

1
(
1 +
∣∣∣S∣∣∣2) ≤ Ω1

(
1 +
∣∣∣S∣∣∣2). (4.3)

Again, we have F2(I, ξ) = δIS − (ψ + η + ζ)I, G2(I, ξ) = ρ2I.
Also, we have ∣∣∣F2(I, ξ)

∣∣∣2 =
∣∣∣δIS − (ψ + η + ζ)I

∣∣∣2
≤ 2δ2

∣∣∣S∣∣∣2∣∣∣I∣∣∣2 + 2(ψ + η + ζ)2
∣∣∣I∣∣∣2

≤ 2δ2 sup
ξ∈[0,v1]

∣∣∣S∣∣∣2∣∣∣I∣∣∣2 + 2(ψ + η + ζ)2
∣∣∣I∣∣∣2

≤ 2δ2
∥∥∥S∥∥∥2

∞

∣∣∣I∣∣∣2 + 2(ψ + η + ζ)2
∣∣∣I∣∣∣2

≤ 2δ2
∥∥∥S∥∥∥2

∞

(
1 +

(ψ + η + ζ)2

δ2
∥∥∥S∥∥∥2

∞

)∣∣∣I∣∣∣2, (4.4)

under the supposition (ψ+η+ζ)2

δ2
∥∥∥S∥∥∥2

∞

< 1, then

∣∣∣F2(I, ξ)
∣∣∣2 ≤ Ω2

(
1 +
∣∣∣I∣∣∣2). (4.5)

It is clear that ∣∣∣G2(I, ξ)
∣∣∣2 ≤ ρ2

2
(
1 +
∣∣∣I∣∣∣2) ≤ Ω2

(
1 +
∣∣∣I∣∣∣2). (4.6)
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Moreover, we have F3(T, ξ) = ϱI − (ψ + γ + ς)T, G3(T, ξ) = ρ3T.
Also, we have ∣∣∣F3(T, ξ)

∣∣∣2 =
∣∣∣ϱI − (ψ + γ + ς)T

∣∣∣2
≤ 2ϱ2

∣∣∣I∣∣∣2 + 2(ψ + γ + ς)2
∣∣∣T∣∣∣2

≤ 2ϱ2 sup
ξ∈[0,v1]

∣∣∣I∣∣∣2 + 2(ψ + γ + ς)2
∣∣∣T∣∣∣2

≤ 2ϱ2
∥∥∥I∥∥∥2
∞
+ 2(ψ + γ + ς)2

∣∣∣T∣∣∣2
≤ 2ϱ2

∥∥∥I∥∥∥2
∞

(
1 +

(ψ + γ + ς)2
∣∣∣T∣∣∣2

ϱ2
∥∥∥I∥∥∥2
∞

)
, (4.7)

under the supposition (ψ+γ+ς)2

ϱ2
∥∥∥I∥∥∥2

∞

< 1, then

∣∣∣F3(T, ξ)
∣∣∣2 ≤ Ω3

(
1 +
∣∣∣T∣∣∣2). (4.8)

It is clear that ∣∣∣G3(T, ξ)
∣∣∣2 ≤ ρ2

3
(
1 +
∣∣∣T∣∣∣2) ≤ Ω3

(
1 +
∣∣∣T∣∣∣2). (4.9)

Furthermore, we have F4(R, ξ) = γT − (ψ + ϕ)R, G4(R, ξ) = ρ4R.
Also, we have ∣∣∣F4(R, ξ)

∣∣∣2 =
∣∣∣γT − (ψ + ϕ)R

∣∣∣2
≤ 2γ2

∣∣∣T∣∣∣2 + 2(ψ + ϕ)2
∣∣∣R∣∣∣2

≤ 2γ2 sup
ξ∈[0,v1]

∣∣∣T∣∣∣2 + 2(ψ + ϕ)2
∣∣∣R∣∣∣2

≤ 2γ2
∥∥∥T∥∥∥2

∞
+ 2(ψ + ϕ)2

∣∣∣R∣∣∣2
≤ 2γ2

∥∥∥T∥∥∥2
∞

(
1 +

(ψ + ϕ)2
∣∣∣R∣∣∣2

γ2
∥∥∥T∥∥∥2

∞

)
, (4.10)

under the supposition (ψ+ϕ)2

γ2
∥∥∥T∥∥∥2

∞

< 1, then

∣∣∣F4(R, ξ)
∣∣∣2 ≤ Ω4

(
1 +
∣∣∣R∣∣∣2). (4.11)

It is clear that ∣∣∣G4(R, ξ)
∣∣∣2 ≤ ρ2

4
(
1 +
∣∣∣R∣∣∣2) ≤ Ω4

(
1 +
∣∣∣R∣∣∣2). (4.12)

As a result, if the criteria of linear growth is satisfied,

min
{(

1 +
(δ2
∥∥∥I∥∥∥2
∞
+ ψ2)

π2 + ϕ2
∥∥∥R∥∥∥2

)
,

(ψ + η + ζ)2

2δ2
∥∥∥S∥∥∥2

∞

,
(ψ + γ + ς)2

ϱ2
∥∥∥I∥∥∥2
∞

,
(ψ + ϕ)2

γ2
∥∥∥T∥∥∥2

∞

}
< 1. (4.13)

The evidence described herein generally applies to fractional derivative and fractal-fractional
derivative models. Whenever the systems have categorized derivatives, fractional derivatives, and
fractal-fractional derivatives, we now describe the mathematical results.
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4.2. Numerical approximations

In this subsection, we illustrate numerical approximations utilizing the Newton
Polynomial technique [51].
Case-I (Classical case). Let us begin utilizing the classical differentiation. The randomized processes
are assumed to be differentiable in the sense that

dB ȷ(ξ) = B ȷ(ξ)dξ. (4.14)

For this, we have

S(ξn+1) = S(ξn) +
23
12
∆ξF1(ξn,Sn, In,Rn) +

5
12
∆ξF1(ξn−2,Sn−2, In−2,Rn−2)

−
4
3
∆ξF1(ξn−1,Sn−1, In−1,Rn−1) +

23
12
∆ξρ1S(ξn)

B′1(ξn+1) − B′1(ξn)
∆ξ

+
5
12
∆ξρ1S(ξn−1)

B′1(ξn) − B′1(ξn−1)
∆ξ

−
4
3
∆ξρ1S(ξn−2)

B′1(ξn−1) − B′1(ξn−2)
∆ξ

, (4.15)

I(ξn+1) = I(ξn) +
23
12
∆ξF2(ξn,Sn, In) +

5
12
∆ξF2(ξn−2,Sn−2, In−2)

−
4
3
∆ξF2(ξn−1,Sn−1, In−1) +

23
12
∆ξρ2I(ξn)

B′2(ξn+1) − B′2(ξn)
∆ξ

+
5

12
∆ξρ2I(ξn−1)

B′2(ξn) − B′2(ξn−1)
∆ξ

−
4
3
∆ξρ2I(ξn−2)

B′2(ξn−1) − B′2(ξn−2)
∆ξ

, (4.16)

T(ξn+1) = T(ξn) +
23
12
∆ξF3(ξn, In,Tn) +

5
12
∆ξF3(ξn−2, In−2,Tn−2)

−
4
3
∆ξF3(ξn−1, In−1,Tn−1) +

23
12
∆ξρ3T(ξn)

B′3(ξn+1) − B′3(ξn)
∆ξ

+
5

12
∆ξρ3T(ξn−1)

B′3(ξn) − B′3(ξn−1)
∆ξ

−
4
3
∆ξρ3T(ξn−2)

B′3(ξn−1) − B′3(ξn−2)
∆ξ

(4.17)

and

R(ξn+1) = R(ξn) +
23
12
∆ξF4(ξn,Tn,Rn) +

5
12
∆ξF4(ξn−2,Tn−2,Rn−2)

−
4
3
∆ξF4(ξn−1,Tn−1,Rn−1) +

23
12
∆ξρ4R(ξn)

B′4(ξn+1) − B′4(ξn)
∆ξ

+
5

12
∆ξρ4R(ξn−1)

B′4(ξn) − B′4(ξn−1)
∆ξ

−
4
3
∆ξρ4R(ξn−2)

B′4(ξn−1) − B′4(ξn−2)
∆ξ

, (4.18)

Case-II (Caputo derivative operator). Here, we surmise the case when Caputo’s fractional derivative
operator based on the power law kernel is utilized as
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S(ξn+1) = S(0) +
1
Γ(φ)

n∑
q=0

∫ ξq+1

ξq

(ξn+1 − θ)φ−1F1(S, I,R, θ)dθ

+
1
Γ(φ)

n∑
q=0

∫ ξq+1

ξq

(ξn+1 − θ)φ−1G1(S, θ)ρ1B′1(S, θ)dθ,

I(ξn+1) = I(0) +
1
Γ(φ)

n∑
q=0

∫ ξq+1

ξq

(ξn+1 − θ)φ−1F2(S, I, θ)dθ

+
1
Γ(φ)

n∑
q=0

∫ ξq+1

ξq

(ξn+1 − θ)φ−1G2(I, θ)ρ1B′2(I, θ)dθ,

T(ξn+1) = T(0) +
1
Γ(φ)

n∑
q=0

∫ ξq+1

ξq

(ξn+1 − θ)φ−1F3(I,T, θ)dθ

+
1
Γ(φ)

n∑
q=0

∫ ξq+1

ξq

(ξn+1 − θ)φ−1G3(T, θ)ρ1B′3(T, θ)dθ,

R(ξn+1) = R(0) +
1
Γ(φ)

n∑
q=0

∫ ξq+1

ξq

(ξn+1 − θ)φ−1F4(T,R, θ)dθ

+
1
Γ(φ)

n∑
q=0

∫ ξq+1

ξq

(ξn+1 − θ)φ−1G4(R, θ)ρ1B′4(R, θ)dθ.

As the scheme suggested by Atangana and Touffik [52], the mappings F1 and G1 are estimated
employing Lagrange polynomials. This results in

S(ξn+1) = S(0) +



(∆)φ

Γ(φ+1)

n∑
q=2

F1(Sq−2, Iq−2,Rq−2, ξq−2)(n − q + 1)φ − (n − q)φ

+
(∆ξ)φ

Γ(φ+2)

n∑
q=2

(
F1(Sq−1, Iq−1,Rq−1, ξq−1) − F1(Sq−2, Iq−2,Rq−2, ξq−2)

)
×
(
(n − q + 1)φ(n − q + 2φ + 3) − (n − q)φ(n − q + 3φ + 3)

)
+

(∆ξ)φ

2Γ(φ+3)

n∑
q=2

(
F1(Sq, Iq,Rq, ξq) − 2F1(Sq−1, Iq−1,Rq−1, ξq−1)

+F1(Sq−2, Iq−2,Rq−2, ξq−2)
)

×
{
(n − q + 1)φ

[
2(n − q)2 + (3φ + 10)(n − q) + 2φ2 + 9φ + 12

]
−(n − q)φ

[
2(n − q)2 + (5φ + 10)(n − q) + 6φ2 + 18φ + 12

]}
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+



(∆ξ)φ−1

Γ(φ+1)

n∑
q=2

(
G1(Sq−2, Iq−2,Rq−2, ξq−2)ρ1

{
B′1(ξq−1) − B′1(ξq−2)

}[
(n − q + 1)φ − (n − q)φ

]
+

(∆ξ)φ−1

Γ(φ+2)

n∑
q=2

(
G1(Sq−1, Iq−1,Rq−1, ξq−1)ρ1

{
B′1(ξq−1) − B′1(ξq−2)

}
−G1(Sq−2, Iq−2,Rq−2, ξq−2)ρ1

{
B′1(ξq−1) − B′1(ξq−2)

})
×
(
(n − q + 1)φ(n − q + 2φ + 3) − (n − q)φ(n − q + 3φ + 3)

)
+

(∆ξ)φ−1

2Γ(φ+3)

n∑
q=2

(
G1(Sq, Iq,Rq, ξq)ρ1

{
B′1(ξq) − B′1(ξq+1)

}
−2G1(Sq−1, Iq−1,Rq−1, ξq−1)ρ1

{
B′1(ξq) − B′1(ξq−1)

}
+G1(Sq−2, Iq−2,Rq−2, ξq−2)ρ1

{
B′1(ξq−1) − B′1(ξq−2)

})
×
{
(n − q + 1)φ

[
2(n − q)2 + (3φ + 10)(n − q) + 2φ2 + 9φ + 12

]
−(n − q)φ

[
2(n − q)2 + (5φ + 10)(n − q) + 6φ2 + 18φ + 12

]}
,

I(ξn+1) = I(0) +



(∆)φ

Γ(φ+1)

n∑
q=2

F2(Sq−2, Iq−2, ξq−2)(n − q + 1)φ − (n − q)φ

+
(∆ξ)φ

Γ(φ+2)

n∑
q=2

(
F2(Sq−1, Iq−1, ξq−1) − F2(Sq−2, Iq−2, ξq−2)

)
×
(
(n − q + 1)φ(n − q + 2φ + 3) − (n − q)φ(n − q + 3φ + 3)

)
+

(∆ξ)φ

2Γ(φ+3)

n∑
q=2

(
F2(Sq, Iq, ξq) − 2F2(Sq−1, Iq−1, ξq−1) + F2(Sq−2, Iq−2, ξq−2)

)
×
{
(n − q + 1)φ

[
2(n − q)2 + (3φ + 10)(n − q) + 2φ2 + 9φ + 12

]
−(n − q)φ

[
2(n − q)2 + (5φ + 10)(n − q) + 6φ2 + 18φ + 12

]}

+



(∆ξ)φ−1

Γ(φ+1)

n∑
q=2

(
G2(Sq−2, Iq−2, ξq−2)ρ2

{
B′2(ξq−1) − B′2(ξq−2)

}[
(n − q + 1)φ − (n − q)φ

]
+

(∆ξ)φ−1

Γ(φ+2)

n∑
q=2

(
G2(Sq−1, Iq−1, ξq−1)ρ2

{
B′2(ξq−1) − B′2(ξq−2)

}
−G2(Sq−2, Iq−2, ξq−2)ρ2

{
B′2(ξq−1) − B′2(ξq−2)

})
×
(
(n − q + 1)φ(n − q + 2φ + 3) − (n − q)φ(n − q + 3φ + 3)

)
+

(∆ξ)φ−1

2Γ(φ+3)

n∑
q=2

(
G2(Sq, Iq, ξq)ρ2

{
B′2(ξq) − B′2(ξq+1)

}
−2G2(Sq−1, Iq−1, ξq−1)ρ2

{
B′2(ξq) − B′2(ξq−1)

}
+G2(Sq−2, Iq−2, ξq−2)ρ2

{
B′2(ξq−1) − B′2(ξq−2)

})
×
{
(n − q + 1)φ

[
2(n − q)2 + (3φ + 10)(n − q) + 2φ2 + 9φ + 12

]
−(n − q)φ

[
2(n − q)2 + (5φ + 10)(n − q) + 6φ2 + 18φ + 12

]}
,

AIMS Mathematics Volume 8, Issue 2, 3484–3522.



3506

T(ξn+1) = T(0) +



(∆)φ

Γ(φ+1)

n∑
q=2

F3(Iq−2,Tq−2, ξq−2)(n − q + 1)φ − (n − q)φ

+
(∆ξ)φ

Γ(φ+2)

n∑
q=2

(
F3(Iq−1,Tq−1, ξq−1) − F3(Iq−2,Tq−2, ξq−2)

)
×
(
(n − q + 1)φ(n − q + 2φ + 3) − (n − q)φ(n − q + 3φ + 3)

)
+

(∆ξ)φ

2Γ(φ+3)

n∑
q=2

(
F3(Iq,Tq, ξq) − 2F3(Iq−1,Tq−1, ξq−1) + F3(Iq−2,Tq−2, ξq−2)

)
×
{
(n − q + 1)φ

[
2(n − q)2 + (3φ + 10)(n − q) + 2φ2 + 9φ + 12

]
−(n − q)φ

[
2(n − q)2 + (5φ + 10)(n − q) + 6φ2 + 18φ + 12

]}

+



(∆ξ)φ−1

Γ(φ+1)

n∑
q=2

(
G3(Iq−2,Tq−2, ξq−2)ρ3

{
B′3(ξq−1) − B′3(ξq−2)

}[
(n − q + 1)φ − (n − q)φ

]
+

(∆ξ)φ−1

Γ(φ+2)

n∑
q=2

(
G3(Iq−1,Tq−1, ξq−1)ρ3

{
B′3(ξq−1) − B′3(ξq−2)

}
−G3(Iq−2,Tq−2, ξq−2)ρ3

{
B′3(ξq−1) − B′3(ξq−2)

})
×
(
(n − q + 1)φ(n − q + 2φ + 3) − (n − q)φ(n − q + 3φ + 3)

)
+

(∆ξ)φ−1

2Γ(φ+3)

n∑
q=2

(
G3(Iq,Tq, ξq)ρ3

{
B′3(ξq) − B′3(ξq+1)

}
−2G3(Iq−1,Tq−1, ξq−1)ρ3

{
B′3(ξq) − B′3(ξq−1)

}
+G3(Iq−2,Tq−2, ξq−2)ρ3

{
B′3(ξq−1) − B′3(ξq−2)

})
×
{
(n − q + 1)φ

[
2(n − q)2 + (3φ + 10)(n − q) + 2φ2 + 9φ + 12

]
−(n − q)φ

[
2(n − q)2 + (5φ + 10)(n − q) + 6φ2 + 18φ + 12

]}
,

and

R(ξn+1) = R(0) +



(∆)φ

Γ(φ+1)

n∑
q=2

F4(Tq−2,Rq−2, ξq−2)(n − q + 1)φ − (n − q)φ

+
(∆ξ)φ

Γ(φ+2)

n∑
q=2

(
F4(Tq−1,Rq−1, ξq−1) − F4(Iq−2,Tq−2, ξq−2)

)
×
(
(n − q + 1)φ(n − q + 2φ + 3) − (n − q)φ(n − q + 3φ + 3)

)
+

(∆ξ)φ

2Γ(φ+3)

n∑
q=2

(
F4(Tq,Rq, ξq) − 2F4(Tq−1,Rq−1, ξq−1) + F4(Tq−2,Rq−2, ξq−2)

)
×
{
(n − q + 1)φ

[
2(n − q)2 + (3φ + 10)(n − q) + 2φ2 + 9φ + 12

]
−(n − q)φ

[
2(n − q)2 + (5φ + 10)(n − q) + 6φ2 + 18φ + 12

]}
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+



(∆ξ)φ−1

Γ(φ+1)

n∑
q=2

(
G4(Tq−2,Rq−2, ξq−2)ρ4

{
B′4(ξq−1) − B′4(ξq−2)

}[
(n − q + 1)φ − (n − q)φ

]
+

(∆ξ)φ−1

Γ(φ+2)

n∑
q=2

(
G4(Tq−1,Rq−1, ξq−1)ρ4

{
B′4(ξq−1) − B′4(ξq−2)

}
−G4(Tq−2,Rq−2, ξq−2)ρ4

{
B′4(ξq−1) − B′4(ξq−2)

})
×
(
(n − q + 1)φ(n − q + 2φ + 3) − (n − q)φ(n − q + 3φ + 3)

)
+

(∆ξ)φ−1

2Γ(φ+3)

n∑
q=2

(
G4(Tq,Rq, ξq)ρ4

{
B′4(ξq) − B′4(ξq+1)

}
−2G4(Tq−1,Rq−1, ξq−1)ρ4

{
B′4(ξq) − B′4(ξq−1)

}
+G4(Tq−2,Rq−2, ξq−2)ρ4

{
B′4(ξq−1) − B′4(ξq−2)

})
×
{
(n − q + 1)φ

[
2(n − q)2 + (3φ + 10)(n − q) + 2φ2 + 9φ + 12

]
−(n − q)φ

[
2(n − q)2 + (5φ + 10)(n − q) + 6φ2 + 18φ + 12

]}
,

Case-III (Caputo-Fabrizio derivative operator). Here, we assume the case when Caputo-Fabrizio
fractional derivative operator depend on the exponential decay kernel is utilized as

S(ξ) − S(0) =
1 − φ
M(φ)

F1(S, I,R, ξ) +
φ

M(φ)

ξ∫
0

F1(S, I,R, θ)dθ

+
1 − φ
M(φ)

G1(S, I,R, ξ)B′1(ξ) +
φ

M(φ)

ξ∫
0

G1(S, I,R, θ)B′1(θ)dθ,

I(ξ) − I(0) =
1 − φ
M(φ)

F2(S, I, ξ) +
φ

M(φ)

ξ∫
0

F2(S, I, θ)dθ

+
1 − φ
M(φ)

G2(S, I, ξ)B′1(ξ) +
φ

M(φ)

ξ∫
0

G2(S, I, θ)B′1(θ)dθ,

T(ξ) − T(0) =
1 − φ
M(φ)

F3(I,T, ξ) +
φ

M(φ)

ξ∫
0

F3(I,T, θ)dθ

+
1 − φ
M(φ)

G3(I,T, ξ)B′3(ξ) +
φ

M(φ)

ξ∫
0

G3(I,T, θ)B′3(θ)dθ,

R(ξ) − R(0) =
1 − φ
M(φ)

F4(T,R, ξ) +
φ

M(φ)

ξ∫
0

F4(T,R, θ)dθ

+
1 − φ
M(φ)

G4(T,R, ξ)B′4(ξ) +
φ

M(φ)

ξ∫
0

G4(T,R, θ)B′4(θ)dθ.

For ξ = ξn+1 and ξ = ξn, we have
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S(ξn+1) = S(ξn) +



1−φ
M(φ)

[
F1(S(ξn), I(ξn),R(ξn), (ξn)) − F1(S(ξn−1), I(ξn−1),R(ξn−1), (ξn−1))

]
+

φ

M(φ)

{
23
12∆ξF1(S(ξn), I(ξn),R(ξn), (ξn))

+ 5
12∆ξF1(S(ξn−2), I(ξn−2),R(ξn−2), (ξn−2))
−4

3∆ξF1(S(ξn−1), I(ξn−1),R(ξn−1), (ξn−1))
}

+



1−φ
M(φ)

[
G1(S(ξn), I(ξn),R(ξn), (ξn))

B′1(ξn+1)−B′1(ξn)
∆ξ

−G1(S(ξn−1), I(ξn−1),R(ξn−1), (ξn−1)) B′1(ξn)−B′1(ξn−1)
∆ξ

]
+

φ

M(φ)

{
23
12∆ξρ1G1(S(ξn), I(ξn),R(ξn), (ξn))

B′1(ξn+1)−B′1(ξn)
∆ξ

+ 5
12∆ξρ1G1(S(ξn−2), I(ξn−2),R(ξn−2), (ξn−2)) B′1(ξn−1)−B′1(ξn−2)

∆ξ

−4
3ρ1∆1ξG1(S(ξn−1), I(ξn−1),R(ξn−1), (ξn−1)) B′1(ξn)−B′1(ξn−1)

∆ξ

}
,

I(ξn+1) = I(ξn) +



1−φ
M(φ)

[
F2(S(ξn), I(ξn), (ξn)) − F2(S(ξn−1), I(ξn−1), (ξn−1))

]
+

φ

M(φ)

{
23
12∆ξF2(S(ξn), I(ξn), (ξn))

+ 5
12∆ξF2(S(ξn−2), I(ξn−2), (ξn−2))
−4

3∆ξF2(S(ξn−1), I(ξn−1), (ξn−1))
}

+



1−φ
M(φ)

[
G2(S(ξn), I(ξn), (ξn))

B′2(ξn+1)−B′2(ξn)
∆ξ

−G2(S(ξn−1), I(ξn−1), (ξn−1)) B′2(ξn)−B′2(ξn−1)
∆ξ

]
+

φ

M(φ)

{
23
12∆ξρ2G2(S(ξn), I(ξn), (ξn))

B′2(ξn+1)−B′2(ξn)
∆ξ

+ 5
12∆ξρ2G2(S(ξn−2), I(ξn−2), (ξn−2)) B′2(ξn−1)−B′2(ξn−2)

∆ξ

−4
3ρ2∆1ξG2(S(ξn−1), I(ξn−1), (ξn−1)) B′2(ξn)−B′2(ξn−1)

∆ξ

}
,

T(ξn+1) = T(ξn) +



1−φ
M(φ)

[
F3(I(ξn),T(ξn), (ξn)) − F3(I(ξn−1),T(ξn−1), (ξn−1))

]
+

φ

M(φ)

{
23
12∆ξF3(I(ξn),T(ξn), (ξn))

+ 5
12∆ξF3(I(ξn−2),T(ξn−2), (ξn−2))
−4

3∆ξF3(I(ξn−1),T(ξn−1), (ξn−1))
}

+



1−φ
M(φ)

[
G3(I(ξn),T(ξn), (ξn))

B′3(ξn+1)−B′3(ξn)
∆ξ

−G3(I(ξn−1),T(ξn−1), (ξn−1)) B′3(ξn)−B′3(ξn−1)
∆ξ

]
+

φ

M(φ)

{
23
12∆ξρ3G3(I(ξn),T(ξn), (ξn))

B′3(ξn+1)−B′3(ξn)
∆ξ

+ 5
12∆ξρ3G3(I(ξn−2),T(ξn−2), (ξn−2)) B′3(ξn−1)−B′3(ξn−2)

∆ξ

−4
3ρ3∆1ξG3(I(ξn−1),T(ξn−1), (ξn−1)) B′3(ξn)−B′3(ξn−1)

∆ξ

}
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and

R(ξn+1) = R(ξn) +



1−φ
M(φ)

[
F4(T(ξn),R(ξn), (ξn)) − F4(T(ξn−1),R(ξn−1), (ξn−1))

]
+

φ

M(φ)

{
23
12∆ξF4(T(ξn),R(ξn), (ξn))

+ 5
12∆ξF4(T(ξn−2),R(ξn−2), (ξn−2))
−4

3∆ξF4(T(ξn−1),R(ξn−1), (ξn−1))
}

+



1−φ
M(φ)

[
G4(T(ξn),R(ξn), (ξn))

B′4(ξn+1)−B′4(ξn)
∆ξ

−G4(T(ξn−1),R(ξn−1), (ξn−1)) B′4(ξn)−B′4(ξn−1)
∆ξ

]
+

φ

M(φ)

{
23
12∆ξρ4G4(T(ξn),R(ξn), (ξn))

B′4(ξn+1)−B′4(ξn)
∆ξ

+ 5
12∆ξρ4G4(T(ξn−2),R(ξn−2), (ξn−2)) B′4(ξn−1)−B′4(ξn−2)

∆ξ

−4
3ρ4∆1ξG4(T(ξn−1),R(ξn−1), (ξn−1)) B′4(ξn)−B′4(ξn−1)

∆ξ

}
.

Case-IV (Atangana-Baleanu derivative operator). Here, we assume the case when
Atangana-Baleanu fractional derivative operator depend on the Mittag-Leffler kernel is utilized as

S(ξ) − S(0) =
1 − φ
M(φ)

F1(S, I,R, ξ) +
φ

ABC(φ)Γ(φ)

ξ∫
0

(ξ − θ)φF1(S, I,R, θ)dθ

+
1 − φ
ABC(φ)

G1(S, I,R, ξ)B′1(ξ) +
φ

ABC(φ)Γ(φ)

ξ∫
0

(ξ − θ)φ−1G1(S, I,R, θ)ρ1B′1(S, θ)dθ,

I(ξ) − I(0) =
1 − φ
ABC(φ)

F2(S, I, ξ) +
φ

ABC(φ)Γ(φ)

ξ∫
0

(ξ − θ)φF2(S, I, θ)dθ

+
1 − φ
ABC(φ)

G2(S, I, ξ)B′2(ξ) +
φ

ABC(φ)Γ(φ)

ξ∫
0

(ξ − θ)φ−1G2(S, I, θ)ρ2B′2(I, θ)dθ,

T(ξ) − T(0) =
1 − φ
ABC(φ)

F3(I,T, ξ) +
φ

ABC(φ)Γ(φ)

ξ∫
0

(ξ − θ)φF3(I,T, θ)dθ

+
1 − φ
ABC(φ)

G3(I,T, ξ)B′3(ξ) +
φ

ABC(φ)Γ(φ)

ξ∫
0

(ξ − θ)φ−1G3(I,T, θ)ρ3B′3(T, θ)dθ,

R(ξ) − R(0) =
1 − φ
ABC(φ)

F4(T,R, ξ) +
φ

ABC(φ)Γ(φ)

ξ∫
0

(ξ − θ)φF4(T,R, θ)dθ

+
1 − φ
ABC(φ)

G4(T,R, ξ)B′4(ξ) +
φ

ABC(φ)Γ(φ)

ξ∫
0

(ξ − θ)φ−1G4(T,R, θ)ρ4B′4(R, θ)dθ.
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As the scheme suggested by Atangana and Touffik [52], the mappings F1 and G1 are estimated
employing Lagrange polynomials. This results in

S(ξn+1) = S(0) +



1−φ
ABC(φ)F1(S(tn), I(tn),R(tn), ξn) +

φ(∆)φ

ABC(φ)Γ(φ+1)

n∑
q=2

F1(Sq−2, Iq−2,Rq−2, ξq−2)

×(n − q + 1)φ − (n − q)φ + φ(∆ξ)φ

ABC(φ)Γ(φ+2)

n∑
q=2

(
F1(Sq−1, Iq−1,Rq−1, ξq−1)

−F1(Sq−2, Iq−2,Rq−2, ξq−2)
)(

(n − q + 1)φ(n − q + 2φ + 3)

−(n − q)φ(n − q + 3φ + 3)
)
+

φ(∆ξ)φ

2ABC(φ)Γ(φ+3)

n∑
q=2

(
F1(Sq, Iq,Rq, ξq)

−2F1(Sq−1, Iq−1,Rq−1, ξq−1) + F1(Sq−2, Iq−2,Rq−2, ξq−2)
)

×
{
(n − q + 1)φ

[
2(n − q)2 + (3φ + 10)(n − q) + 2φ2 + 9φ + 12

]
−(n − q)φ

[
2(n − q)2 + (5φ + 10)(n − q) + 6φ2 + 18φ + 12

]}

+



1−φ
ABC(φ)G1(S(tn), I(tn),R(tn), ξn)ρ1

{
B′1(ξn+1) − B′1(ξn)

}
+

φ(∆ξ)φ−1

ABC(φ)Γ(φ+1)

n∑
q=2

(
G1(Sq−2, Iq−2,Rq−2, ξq−2)ρ1

{
B′1(ξq−1) − B′1(ξq−2)

}
×
[
(n − q + 1)φ − (n − q)φ

]
+

φ(∆ξ)φ−1

ABC(φ)Γ(φ+2)

n∑
q=2

(
G1(Sq−1, Iq−1,Rq−1, ξq−1)

×ρ1
{
B′1(ξq) − B′1(ξq−1)

}
− G1(Sq−2, Iq−2,Rq−2, ξq−2)ρ1

{
B′1(ξq−1) − B′1(ξq−2)

})
×
(
(n − q + 1)φ(n − q + 2φ + 3) − (n − q)φ(n − q + 3φ + 3)

)
+

φ(∆ξ)φ−1

2ABC(φ)Γ(φ+3)

n∑
q=2

(
G1(Sq, Iq,Rq, ξq)ρ1

{
B′1(ξq+1) − B′1(ξq)

}
−2G1(Sq−1, Iq−1,Rq−1, ξq−1)ρ1

{
B′1(ξq) − B′1(ξq−1)

}
+G1(Sq−2, Iq−2,Rq−2, ξq−2)ρ1

{
B′1(ξq−1) − B′1(ξq−2)

})
×
{
(n − q + 1)φ

[
2(n − q)2 + (3φ + 10)(n − q) + 2φ2 + 9φ + 12

]
−(n − q)φ

[
2(n − q)2 + (5φ + 10)(n − q) + 6φ2 + 18φ + 12

]}
,

I(ξn+1) = I(0) +



1−φ
ABC(φ)F2(S(tn), I(tn), ξn) +

φ(∆)φ

ABC(φ)Γ(φ+1)

n∑
q=2

F2(Sq−2, Iq−2, ξq−2)

×(n − q + 1)φ − (n − q)φ + φ(∆ξ)φ

ABC(φ)Γ(φ+2)

n∑
q=2

(
F2(Sq−1, Iq−1, ξq−1)

−F2(Sq−2, Iq−2, ξq−2)
)(

(n − q + 1)φ(n − q + 2φ + 3)

−(n − q)φ(n − q + 3φ + 3)
)
+

φ(∆ξ)φ

2ABC(φ)Γ(φ+3)

n∑
q=2

(
F2(Sq, Iq, ξq)

−2F2(Sq−1, Iq−1, ξq−1) + F2(Sq−2, Iq−2, ξq−2)
)

×
{
(n − q + 1)φ

[
2(n − q)2 + (3φ + 10)(n − q) + 2φ2 + 9φ + 12

]
−(n − q)φ

[
2(n − q)2 + (5φ + 10)(n − q) + 6φ2 + 18φ + 12

]}
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+



1−φ
ABC(φ)G2(S(tn), I(tn), ξn)ρ2

{
B′2(ξn+1) − B′2(ξn)

}
+

φ(∆ξ)φ−1

ABC(φ)Γ(φ+1)

n∑
q=2

(
G2(Sq−2, Iq−2, ξq−2)ρ2

{
B′2(ξq−1) − B′2(ξq−2)

}
×
[
(n − q + 1)φ − (n − q)φ

]
+

φ(∆ξ)φ−1

ABC(φ)Γ(φ+2)

n∑
q=2

(
G2(Sq−1, Iq−1, ξq−1)

×ρ2
{
B′2(ξq) − B′2(ξq−1)

}
− G2(Sq−2, Iq−2, ξq−2)ρ2

{
B′2(ξq−1) − B′2(ξq−2)

})
×
(
(n − q + 1)φ(n − q + 2φ + 3) − (n − q)φ(n − q + 3φ + 3)

)
+

φ(∆ξ)φ−1

2ABC(φ)Γ(φ+3)

n∑
q=2

(
G2(Sq, Iq, ξq)ρ2

{
B′2(ξq+1) − B′2(ξq)

}
−2G2(Sq−1, Iq−1, ξq−1)ρ2

{
B′2(ξq) − B′2(ξq−1)

}
+G2(Sq−2, Iq−2, ξq−2)ρ2

{
B′2(ξq−1) − B′2(ξq−2)

})
×
{
(n − q + 1)φ

[
2(n − q)2 + (3φ + 10)(n − q) + 2φ2 + 9φ + 12

]
−(n − q)φ

[
2(n − q)2 + (5φ + 10)(n − q) + 6φ2 + 18φ + 12

]}
,

T(ξn+1) = T(0) +



1−φ
ABC(φ)F3(I(tn),T(tn), ξn) +

φ(∆)φ

ABC(φ)Γ(φ+1)

n∑
q=2

F3(Iq−2,Tq−2, ξq−2)

×(n − q + 1)φ − (n − q)φ + φ(∆ξ)φ

ABC(φ)Γ(φ+2)

n∑
q=2

(
F3(Iq−1,Tq−1, ξq−1)

−F3(Iq−2,Tq−2, ξq−2)
)(

(n − q + 1)φ(n − q + 2φ + 3)

−(n − q)φ(n − q + 3φ + 3)
)
+

φ(∆ξ)φ

2ABC(φ)Γ(φ+3)

n∑
q=2

(
F3(Iq,Tq, ξq)

−2F3(Iq−1,Tq−1, ξq−1) + F3(Iq−2,Tq−2, ξq−2)
)

×
{
(n − q + 1)φ

[
2(n − q)2 + (3φ + 10)(n − q) + 2φ2 + 9φ + 12

]
−(n − q)φ

[
2(n − q)2 + (5φ + 10)(n − q) + 6φ2 + 18φ + 12

]}

+



1−φ
ABC(φ)G3(I(tn),T(tn), ξn)ρ3

{
B′3(ξn+1) − B′3(ξn)

}
+

φ(∆ξ)φ−1

ABC(φ)Γ(φ+1)

n∑
q=2

(
G3(Iq−2,Tq−2, ξq−2)ρ3

{
B′3(ξq−1) − B′3(ξq−2)

}
×
[
(n − q + 1)φ − (n − q)φ

]
+

φ(∆ξ)φ−1

ABC(φ)Γ(φ+2)

n∑
q=2

(
G3(Iq−1,Tq−1, ξq−1)

×ρ3
{
B′3(ξq) − B′3(ξq−1)

}
− G3(Iq−2,Tq−2, ξq−2)ρ3

{
B′3(ξq−1) − B′3(ξq−2)

})
×
(
(n − q + 1)φ(n − q + 2φ + 3) − (n − q)φ(n − q + 3φ + 3)

)
+

φ(∆ξ)φ−1

2ABC(φ)Γ(φ+3)

n∑
q=2

(
G3(Iq,Tq, ξq)ρ3

{
B′3(ξq+1) − B′3(ξq)

}
−2G3(Iq−1,Tq−1, ξq−1)ρ3

{
B′3(ξq) − B′3(ξq−1)

}
+G3(Iq−2,Tq−2, ξq−2)ρ3

{
B′3(ξq−1) − B′3(ξq−2)

})
×
{
(n − q + 1)φ

[
2(n − q)2 + (3φ + 10)(n − q) + 2φ2 + 9φ + 12

]
−(n − q)φ

[
2(n − q)2 + (5φ + 10)(n − q) + 6φ2 + 18φ + 12

]}
,
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and

R(ξn+1) = R(0) +



1−φ
ABC(φ)F4(T(tn),R(tn), ξn) +

φ(∆)φ

ABC(φ)Γ(φ+1)

n∑
q=2

F4(Tq−2,Rq−2, ξq−2)

×(n − q + 1)φ − (n − q)φ + φ(∆ξ)φ

ABC(φ)Γ(φ+2)

n∑
q=2

(
F4(Tq−1,Rq−1, ξq−1)

−F4(Tq−2,Rq−2, ξq−2)
)(

(n − q + 1)φ(n − q + 2φ + 3)

−(n − q)φ(n − q + 3φ + 3)
)
+

φ(∆ξ)φ

2ABC(φ)Γ(φ+3)

n∑
q=2

(
F4(Tq,Rq, ξq)

−2F4(Tq−1,Rq−1, ξq−1) + F4(Tq−2,Rq−2, ξq−2)
)

×
{
(n − q + 1)φ

[
2(n − q)2 + (3φ + 10)(n − q) + 2φ2 + 9φ + 12

]
−(n − q)φ

[
2(n − q)2 + (5φ + 10)(n − q) + 6φ2 + 18φ + 12

]}

+



1−φ
ABC(φ)G4(T(tn),R(tn), ξn)ρ4

{
B′4(ξn+1) − B′4(ξn)

}
+

φ(∆ξ)φ−1

ABC(φ)Γ(φ+1)

n∑
q=2

(
G4(Tq−2,Rq−2, ξq−2)ρ4

{
B′4(ξq−1) − B′4(ξq−2)

}
×
[
(n − q + 1)φ − (n − q)φ

]
+

φ(∆ξ)φ−1

ABC(φ)Γ(φ+2)

n∑
q=2

(
G4(Tq−1,Rq−1, ξq−1)

×ρ4
{
B′4(ξq) − B′4(ξq−1)

}
− G4(Iq−2,Tq−2, ξq−2)ρ4

{
B′4(ξq−1) − B′4(ξq−2)

})
×
(
(n − q + 1)φ(n − q + 2φ + 3) − (n − q)φ(n − q + 3φ + 3)

)
+

φ(∆ξ)φ−1

2ABC(φ)Γ(φ+3)

n∑
q=2

(
G4(Tq,Rq, ξq)ρ4

{
B′4(ξq+1) − B′4(ξq)

}
−2G4(Tq−1,Rq−1, ξq−1)ρ4

{
B′4(ξq) − B′4(ξq−1)

}
+G4(Tq−2,Rq−2, ξq−2)ρ4

{
B′4(ξq−1) − B′4(ξq−2)

})
×
{
(n − q + 1)φ

[
2(n − q)2 + (3φ + 10)(n − q) + 2φ2 + 9φ + 12

]
−(n − q)φ

[
2(n − q)2 + (5φ + 10)(n − q) + 6φ2 + 18φ + 12

]}
.

5. Results and discussion

Simulation results for framework (3.2) are performed in this part utilizing classical, Caputo, Caputo-
Fabrizio, and Atangana-Baleanu fractional derivatives in the Caputo sense, respectively. The input
variables used in simulation studies are summarized in Table 1, with the attribute settings of φ and δ
modified. When RS

0 < 1, the disease-free equilibrium point is shown to be robust, but unstable when
RS

0 > 1. Numerical configurations are developed by applying the strategy of Atangana and Touffik [52].
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Table 1. Parameter’s specifications and their explanations for cholera epidemic model.

Parameters Explanation Data estimated References

π Acquisition rate 0.0013 Estimated
δ Interaction rate 0.011 [53]
ψ Natural death rate 0.000025 [54]
ϕ Immunity reduction level by the cured one 0.003 [55]
ς Illness with a high mortality rate T(ξ) 0.04 Estimated
ζ Intervention rate of infectious persons 0.115 [56]
η Illness with a high mortality rate I(ξ) 0.015 [56]
γ People cured have better recovery rate 0.2 [56].

Figures 4 and 5 show the various cohort stochastic solutions and cholera bacteria concentrations in
an aqueous reservoir presented by the Caputo fractional derivative formulation. The overall number
of people and the number of people who are secure have converged and are approaching the current
population, whilst the number of susceptibility, contaminated, and restored people, as well as the
cholera microbe density, has swiftly fallen and is now nonexistent. This suggests that the infection is
eradicated when the incidence rate of susceptibility and restored people to the preserved group, as a
result of sanitary adherence, cholera pathogen consumption, and interaction with
immune-compromised victims, exceeds the number of recruits.

As with cholera illnesses, the best treatment necessitates a very strategic approach over the course
of ξ = 100 days within the Caputo-Fabrizio derivative opertor, as illustrated in Figures 6 and 7.
Furthermore, Figures 6 and 7 show that when an epidemic begins, a significant amount of hygiene is
beneficial in reducing the outburst of transmission when fractional-orders decreases. Figures 6 and 7
also demonstrates that using extremely high measures of confinement at the start of temporarily is
especially effective in preventing mortality in symptomatic infected communities. To protect
susceptible groups from acquiring contamination, educational attainment is also maximized. Best
scores on all handling functions for up to ξ = 100 days demonstrate the severity of the congenital
cholera sickness in this occurrence. When the number of cholera leptospirosis cases is not too
significant, the effectiveness of prevention increases. As shown in Figures 6 and 7, these three
regulations affect highly contagious communities and bacterial populaces to decline considerably.

Furthermore, Figures 8 and 9 show how cholera sickness transmission can be detected after it has
been suppressed for ξ = 100 days using the Atanagana-Baleanu fractional derivative in the Caputo
sense. Figures 8 and 9 show that the proportion of the community that is susceptible has decreased since
the earliest times when fractional-order decreases significantly. This is attributable to the large number
of susceptible individuals that interacted with vibrio cholerae infested environments and hence acquired
contaminated. Regulating literacy has also led to a considerable reduction in susceptible population
densities. Figures 8 and 9 show that the community level of literacy has developed since the prehistoric
period and is adversely proportionate to the statistical level of susceptible people. Moreover, according
to preventive management, the prevalence of estimated incidence, particularly symptomatic, begins to
plummet. When the level of preventive regulation is increased from start to end ξ = 100 days, more
symptoms of infectious communities are quarantined than several susceptible people are contaminated.
Incubation is efficacious in curing affected individuals and allowing them to recuperate swiftly. Due to
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the sheer number of infectious individuals that are recovering, it looks like the population proportion
of restored people has been increasing since the start of time.
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Figure 4. (a) Stochastic behaviour of susceptible class S(ξ). (b) Stochastic behaviour
of infected class I(ξ) for multiple fractional-orders using power-law kernel and small
randomization density.
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Figure 5. (a) Stochastic behaviour of treated class T(ξ). (b) Stochastic behaviour of restored
class R(ξ) for multiple fractional-orders using power-law kernel and small randomization
density.
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Figure 6. (a) Stochastic behaviour of susceptible class S(ξ). (b) Stochastic behaviour of
infected class I(ξ) for multiple fractional-orders using exponential decay kernel and small
randomization density.
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Figure 7. (a) Stochastic behaviour of treated class T(ξ). (b) Stochastic behaviour of
restored class R(ξ) for multiple fractional-orders using exponential decay kernel and small
randomization density.
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Figure 8. (a) Stochastic behaviour of susceptible class S(ξ). (b) Stochastic behaviour of
infected class I(ξ) for multiple fractional-orders using generalized Mittag-Leffler kernel and
small randomization density.
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Figure 9. (a) Stochastic behaviour of treated class T(ξ). (b) Stochastic behaviour of restored
class R(ξ) for multiple fractional-orders using generalized Mittag-Leffler kernel and small
randomization density.

Figures 10 and 11 presented the simulation of various fractional-operators involving susceptible,
infectious, treated, and recovered classes, which are used to be responsible for administering technical
challenges with the goal of reducing the number of infectious people, pathogens, and the expense
of purification, education, and incarceration. To illustrate the effectiveness of the specified setting,
the numerical simulations are closed in harmony with the deterministic model investigated by [47].
According to the findings, the incidence of cholera individuals and bacteria surged dramatically at times
during the case without control. The measures decreased the number of people infected with bacteria
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in the population, reducing the cholera endemic. This shows that cholera management techniques such
as hygiene, awareness, and improved confinement can have a positive impact on reducing the disease’s
transmission.
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Figure 10. (a) Simulation behaviour of stochastic fractional model for the susceptible class
S(ξ). (b) Simulation behaviour of stochastic fractional model for the infected class I(ξ) and
small randomization density.
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Figure 11. (a) Simulation behaviour of stochastic fractional model for the treated class T(ξ).
(b) Simulation behaviour of stochastic fractional model for the restored class R(ξ) and small
randomization density.

6. Conclusions

In this article, we presented and extensively illustrated a cholera infection modelling technique
incorporating fractional stochastic strategies. We discussed some fundamental properties of the

AIMS Mathematics Volume 8, Issue 2, 3484–3522.



3518

model, including the boundedness and existence of a unique positive global solution of the
system (3.2) which shows that the problem is well-behaved. Moreover, by constructing a suitable
Lyapunov function and applying the Itô formula, we calculated the unique ergodic and stationary
distribution. We also showed that whenever the white noise intensity is small enough and the
reproduction number

Rs
0 =

πδζ(
ψ −

ρ2
1

2

)(
ψ + η + ζ −

ρ2
2

2

)(
γ + ψ + ς −

ρ2
3

2

) > 1,

then the stochastic model (3.2) has a unique stationary distribution Since the stochastic model
analyses stochastic environmental aspects or incorporates the randomization mechanism into account,
it is generally more authentic (closer to the true solution) than the classical system [47]. By analyzing
the classical and fractional stochastic approaches, the numerical simulation studies have been
reviewed and assessed utilizing Matlab programming. The findings illustrate that the
Atangana-Baleanu derivative operator is more realistic to the exact findings as compared to Caputo
and Caputo-Fabrizo due to the inherited features of the kernel. We believe that the high intensity of
cholera therapy leads substantially to the eradication of epidemic infections in the environment, as
does streamlining processes. Further implementations are being developed to illustrate the
significance and applicability of this technique. We attempt to explore a model formation under
various time scales and fractal-fractional operator in our next ongoing project, which will include an
instance involving 0 < φ < 1

2 .
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