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1. Introduction

In this paper, we primarily focus on investigating different properties of generalized (p, g)-elliptic
integrals and the generalized (p,q)-Hersch-Pfluger distortion function. In recent years,
mathematicians have made significant progress in studying inequalities and various properties related
to complete elliptic integrals, especially Legendre elliptic integrals and generalized complete elliptic
integrals of the first and second types [3, 4, 5, 10, 11, 23, 26].

We first introduce some necessary notation. For complex numbers a, b, c with ¢ # 0,-1,-2,..
and x € (-1, 1), the Gaussian hypergeometric function [9] is defined as follows:

= (a,n)(b, n) x_”
(c,n) n!’

AR

F(a,b;c;x) =2 Fi(a,b;c; x) = (1.1)
n=0
where (a,n) = a(a+1)---(a+n—1) is the shifted factorial function for n € N*, and (a,0) = 1 fora # 0.

As we all know, ,F(a, b; c; x) has many important applications in the theory of geometric functions
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and several other contexts [19]. Many special functions in mathematical physics are special or limit
cases of this function [1]. Bhayo studied a new form of the generalized (p, g)-complete elliptic integrals
as an application of generalized (p, g)-trigonometric functions [6]. In recent years, the generalization
of classical trigonometric functions has attracted significant interest [20, 8]. For this, we need the
generalized arcsine function arcsin,, ,(x) and the generalized r,, ,. For p, q € (1, o), set

, T dr
arcsin,, ,(x) = j(; a_m x € [0, 1],
and the generalized 7, , is the number defined by

1
. dt 2
ﬂp,q = 2arC51np,q(1) = zﬁ m - gB(l B l_?’ 5)’

where B is the beta function. For Rex > 0 and Rey > 0, the classical gamma function I'(x) and beta
function B(x, y) are respectively defined as

_TMI()

_ ~ —tx—1
F(x)—f; e 't dr, B(x,y)—r(x+y).

Clearly, arcsin, ,(x) is an increasing homeomorphism from [0, 1] onto [0, 7, ,/2], and its inverse
function is the generalized (p, ¢)-sine function sin, , is defined on the interval [0, 7, ,/2]. Moreover,
the function sin, , can be extended to the interval [0, 7, ,] by

sin, ,(x) = sin,, (7, , — X), x € [n,,/2,7].

sin, , can be also extended to the whole R, and the generalized (p, g)-sine function reduces to the
classical sine function for p = g = 2.

Applying the definitions of sin, ,(x) and 7, ,, we can define the generalized (p, g)-elliptic integrals
of the first kind ., , and of the second kind &, ; by

rol? dr : dt
cﬂvhf\ :f
" 0 (1 —rd sinz,q(t))l_l/p o (I —=r)Vr(1 — raga)l-1/p

and

"pal? p L1 =\
&, = 1 —-risin? () dt = dr
= [T (1= o) = [ (55

respectively, for p,g € (1,00), r € (0, 1).
As a special case of the Gaussian hypergeometric function, these generalized (p, g)-elliptic integrals
can be represented by Gaussian hypergeometric functions [15] as
n 11 I 1
Hpg = Ty, (r):ﬂzFl(l——,—;l——+—;rq)
pPyq pPyq 2 P q p q D
Ky = A1) = Hp (1) (-2

T
%Mm>§,%whw
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and

2

n
Epq = Epg(r) = %ZFI -

gplﬁq = éa;,q(r) = 6pq(r') (1.3)
Tpg
gp,q(o) = 7, éop,q(l) =1,

where p,g € (1,00), r € (0,1), ¥ = (1 — rq)”q. If p = g = 2, we can derive the classical complete
elliptic integrals 2" and &, which are well-known complete elliptic integrals of the first kind and
second kind, respectively. These complete elliptic integrals play an important role in many branches
of quasiconformal mapping, complex analysis, and physics.

In 2017, Yang et al. [24] showed that the ratio JZ (r)/ In(c/r’) is strictly concave if and only if
c=¢"3on(0,1), and # (r)/ In(1 + 4/r") is strictly convex on (0, 1).

In 2019, Wang et al. [22] presented the convexity of the function (& — rzji/a’)/ > and some
properties of the function a.%,(r*) with respect to the parameter a.

In 2020, Huang et al. [13] established monotonicity properties for certain functions involving the
complete p-elliptic integrals of the first and second kinds. They also presented the inequality /2 —
log2 +log(l + 1/r") + a(l = 1) < JZ,(r) <m/2 —log?2 + log(1 + 1/r") + B(1 — r’) which holds for all
r € (0, 1) with the best possible constants @ and 5. Moreover, these generalized elliptic integrals have
significant applications in the theory of geometric functions and in the theory of mean values. More
properties and applications of these integrals are given in [7, 13, 17, 21, 22, 24, 25].

The generalized (p, g)-elliptic integrals of the first kind .7, , and of the second kind &), ; satisfy the
following Legendre relation:

Frd 6} 1)+ K (D)6, = H (1), (1) = 2. (1.4)

This relation has important applications in many areas of mathematics and physics, including
celestial mechanics, quantum mechanics, and statistical mechanics. when p = g = 2, the equation
reduces to the classical Legendre relation.

Inspired by the papers [22], [24] and [13], we can consider extending the results of 2 (r), #,(r)
and 7,(r) to the generalized (p, g)-elliptic integrals of the first kind ./, .

A generalized (p, g)-modular equation of degree & > 0 is

2Fi(a,bye;1 —s7) thl(a,b;C; )

- 1 1.
2F1(Cl, b, c, Sq) 2F1(a, b, c; rq) , r e (0, )’ ( 5)

which a, b,c > 0 with a + b > c. Using the decreasing homeomorphism p,, : (0, 1) — (0, o) defined
by

’
Tpyq ‘)gp,q(” )

,Up,q(”) = Tm,

for p,q € (1,00). The function u, , is called the generalized (p, q)-Grotzsch ring function, we can
rewrite (1.5) as

U g(5) = bty (), 1€ (0, 1), (1.6)
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The solution of (1.6) is given by

5 = @RI = 15N/ K. (1.7)

For p,q € (1,00), r € (0,1), K € (0, 0), we have
PRI + @l () = 1. (1.8)

The function ¢}?(r) is referred to as the generalized (p, g)-Hersch-Pfluger distortion function with
degree K = 1/h. For p = g = 2, the functions u,,,(r) and ¢7?(r) reduces to well-known special cases
that Grotzsch ring function u(r) and Hersch-Pfluger distortion function ¢k (7), respectively, which play
important role in the theory of plane quasiconformal mappings.

In 2015, Alzer et al. [2] studied the monotonicity, convexity, and concavity properties of the
function u(r*)/a, and established various Grotzsch ring functional inequalities based on these
properties.

In [3], the authors focused on studying the properties of the generalized Grotzsch ring function
Ha(r) and the generalized Hersch-Pfluger distortion function ¢%(r). They derived various inequalities
involving u,(r) and r~"¥ &% (r) by utilizing the monotonicity, concavity, and convexity of the functions
pa(r), VK g (r), Jog (1/g(e™)), and g (rx) /().

In 2022, Lin et al. [16] explored the monotonicity and convexity properties of the function u,, ,(r)
and obtained sharp functional inequalities that sharpen and extend some existing results on the modulus
of u(r).

Inspired by the papers [3], [12], and [16], our motivation is to extend the existing results of the
functions ¢k(r) and ¢%(r) to the generalized (p, g)-Hersch-Pfluger distortion function. Our goal is
to gain the properties of the generalized (p, g)-Hersch-Pfluger distortion function and derive sharp
functional inequalities for this function.

Our main objective of this paper is to investigate various properties of the generalized
(p, g)-elliptic integrals and the generalized (p, g)-Hersch-Pfluger distortion function. We specifically
focus on establishing complete monotonicity, logarithmic, geometric concavity, and convexity
properties of certain functions involving these generalized integrals and arcsine functions.
Additionally, they derive several sharp functional inequalities for the generalized
(p, q)-Hersch-Pfluger distortion function, which improve upon and generalize existing results. Apart
from the introduction, this paper consists of three additional sections. Section 2 contains some
preliminaries as well as several formulas and lemmas. In Section 3, we present some of the major
results regarding the generalized (p, q)-elliptic integrals and provide their proof. In Section 4, we
study the generalized (p, q)-Hersch-Pfluger distortion function, and present some of the major results
and provide their proof.

2. Preliminaries
In this section, we present several formulas and lemmas that have been extensively utilized in the

paper. These formulas and lemmas play a crucial role in the analysis and proofs of the major results.
Throughout this paper, we denote p, g € (1, 00), r € (0,1) and » = (1 — r9)"/4.
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Lemma 2.1. [16] Derivative formulas:

_
dApy  Epg— 11K,

D dr rr'd
d&,, q(&,q— H04)
@) dpq _ 4\%pq pa).
r pr
3) ditp,4(r) _ ﬂzzw
dr 4rr"1,/“£?fq’
@) d (5},,[1 - Vq%f[ht]) 3 (-9 (f%/p,q B éap,q) +plg = Dridt,,
dr Bl pr ’
(5) d (%/p’q ~ éa”’q) _p=qr')épq+ (g =Py
dr B prr'd '

Based on the derivative formula Lemma 2.1, we derive the derivative formulas of the function go’;gq(r)
in the following lemma.

Lemma 2.2. Let p,q € (1, 00), then

Opi"(r) _ SS9 Kpg()H54(8) 1 581 Hp4(5) K”/q%pfq(s)2
or 9N (1) K rrt g,  (r)? Py )

forre (0,1).

Proof. By the definitions of s = go’;(’q(r), Hpq(S) =ty 4(r)/K, and the derivative formulas of %), ,(r), we
can derive the following equation

2 2
Tra Js 1 Mg

Ass A (P I KA 7
then the derivative formulas of ¢%?(r) is following. m|

Lemma 2.3. [4] For p € [0,0), let I = [0, p), and suppose that f,g : I — [0, o) are functions such
that f(x)/g(x) is decreasing on I \ {0} and g(0) = 0, g(x) > 0 for x > 0. Then

fOx+y)(gx) + () < glx + y)(f(x) + f(),

for x,y,x +y € I. Moreover, if the monotoneity of f(x)/g(x) is strict, then the above inequality is also
strict on I \ {0}.

The following result is a monotone form of L’Hopital’s Rule [4] and will be useful in deriving
monotoneity properties and obtaining inequalities.

Lemma 2.4. [4] For —c0o < a < b < oo, let f,g : [a,b] — R be continuous on la,b], and be
differentiable on (a,b). Let g'(x) # 0 on (a, b). If f'(x)/g'(x) is increasing (decreasing) on (a, b), then
so are

[f(x) = f(@]/[g(x) — g@)] and [f(x) - f(D)]/[8(x) - g(D)].
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If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

The following lemma presents some known results of generalized (p, g)-elliptic integrals, which
can be utilized to prove the main results of this paper.

Lemma 2.5. [14] For p,qg € (1,00), r€(0,1),a=1-1/p,b = a + 1/q, then the functions
Epqg(r) =119, 4(1)

(1) h(r) = - is strictly increasing and convex from (0, 1) onto (ar, 4/(2b), 1).
_ éap,q(r) - r,q%,q(r) . . .
(2) hy(r) = ” " is strictly decreasing from (0, 1) onto (0, a/b).
ri 2, o(r

(3) h3(r) = r'°J,,(r) is decreasing(increasing) on (0,1) iff ¢ > a/b (¢ < 0 respectively) with

h3((0, 1) = (0,732,/4/2) UCC; a/b.
(r) = &p4(r)

4 h — p.q pq

(4) hy(r) )

(5) hs(r) =112, (r)] &, ,(r) is strictly decreasing from (0, 1) onto itself.
Lemma 2.6. Forr € (0,1), K, p,q € (1,), let s = ¢ (r),1 = cp’fﬂ((r).

(1) The function f(r) = J, ,(s)] K, 4(r) is increasing from (0, 1) onto (1, K).

is increasing from (0, 1) onto (1/(gb), 1).

3p—4 . _ s/q/2=)£/p,q(s)2 . .
(2) For g > - the function g(r) = W is decreasing from (0, 1) onto (0, 1).
Proof. (1) According to the Lemma 2.1, we have
/ %7 (s) ’ / ’ /
ji/p%q(l")f (l’) = Wq,(’ﬁ) {«//i/p’q(S) [(gop,q(s) -8 qe//i/p’q(S)] - Ji/p,q(r) [gp,q(r) - r q%,q(”)]} .
P9
Denote

Ar) = ] ()| Epg(r) = P H54(r)|
Epg(r) — r’q,%/p,q(r)]

-t 0| 20

By applying Lemma 2.5(1)(3) and considering s > r, we can conclude that f;(r) is increasing.
Hence, we can determine that f’(r) is positive. Therefore, we can deduce that f(r) is an increasing
function. For the limiting values, we have ,11,%1 f(r)=1and rll)l‘}l_ f(r)=K.

(2) Let

81(r) = A (1) [qr1. (1) = 4(E,0(r) = F054(r))]
Epg(r) — ’"/q%,q(’")]
1A q(r) ‘

= P () K1) [q -4

By differentiation, we have
S" 2 4(8) K p g(r)

rq/2 292 1 - —
[ A g ()18 (1) 2rr"1/2e/”i;’,q(r)

(&1(s) —gi(r).

Ifg> 3;’%14, g1(r) 1s increasing by Lemma 2.5(2) and (3), thus g’(r) is negative for s > r. Hence g(r)
is decreasing, the limiting values follow from the definitions (1.2) and (1.7)
liI(I)l+ g(r) =1, lir{l_ g(r)=0.

O
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Lemma 2.7. Forr € (0,1) and p,q € (1, ), the inequality

MK, (r? 1

>
N(r) q
holds.
Proof. Let M(r) = rqu’q(r)z/N(r), M;(r) = N(r)/(r'K, ,(r)), we have

1
r {I%%,q(") ((gop,q(”) - ”lq‘%/p,q(r)) + Ep.g(r) (%’q(r) B gp’q(r))

- (% —g+ 1) rq%,q(r)gp,q(r)}
_q Epqg(r) =117, 4(7)
-4 .

4 5p,q(r)%’q(r) — Epg(r) B (CI

- —qg+1|& .
Fidgy  \p 7 ) pa(")
According to Lemma 2.5, we have

Q7pq

1
M(r) < % + q(l - 1;) Epq(r) < < g, 4(1),

and

M(r) = K, o(r)/M(r) > 1/4.

Lemma 2.8. Forr e (0,1), p,q € (1, ), the function

1 ~ Epqg(r) =117, 4(1)

") = oein 1K, (1)

is strictly increasing from (0, 1) onto (0, o).

Proof. By differentiation, we have

3 1 B N(r)
rQog(1/n) (vt )

~ N(r) [rql{p,q(r)z_(rq/z . (l))zl
e (o) A2 | N\ ) )

where N(r) = %J{/p,g(r) (Epar) = P98 (1) + 6 (1) (Hp (1) — é;,,q(r))—(% —q+ 1) 19 (1) (1),
Let hy(r) = r/?log(1/r), h3(r) = ', then hy(r) = hy(r)/h3(r), and hy(17) = h3(17) = 0.

’

mr 1

W)~ qri?

[g log(1/r) — 1].
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31205

By Lemma 2.4, the function A,(r) is strictly increasing from (0, 1) onto (0,1/g). According to
Lemma 2.7, we conclude that rqu,q(r)2 /N(r) > 1/q. Therefore, it is easy to check that h(r) is
increasing. For the limiting values, lir(1)1+ h(r) = 0. Since

'q

li =
1 log(1/7)

lim 179,41 = 0, g, Jim () = oo,

we have

1 4y
lim A(r) = lim {r ra(r)

im o Togtifry (G r'q%q(”)} -

3. Generalized (p, g)-elliptic integrals

In this section, we present some of the main results regarding the generalized (p, g)-elliptic integrals.

Theorem 3.1. For p,q € (1, 0), the function F,,(r) = (5’[;’[](1’) - rq%:q(r))/r’q is concave on (0,r;)
and convex on (ry, 1) for some point rj € (0, 1).

Proof. Let F(r) = (&,4(r) = r'?%, ,(r))/r? , by the definitions (1.2) and (1.3), which can be expressed
as

F(r) =

Epa(D) = 1" Hpg(1) _ Tpg [ 11
rq 2rq pa qa

am
+ it = P4 Fa,bia+b+1;r,
)(Vl ) 2(a+b)2 1(a a r?)

witha =1 —-1/p,b = 1/q. This implies that
g,;,q(”) - ”qez/,,',q(r) _ an,,

— . . 7q

F,q(r) = o 2(a+b)2F1(a,b,a+b+1,r ).

By differentiation, we have
F (R =- “bampg ML @+ 1,b+ Lia+ b+ 279,

P4 2(a+b)a+b+1)
Hence,
B 2(a+b)a+ b+ l)F,, "

azbqﬂp,q 2
Db +1

= (- F s bt at b2y - T DOED 20 b0 piaia b3,

a+b+2
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31206

According to [4, Theorem 1.19(10)],
SFi(a,b;c;x) = (1 = x) P Fi(c—a,c—b;e;x) (a+b>c,a,b,c>0),

we have

B 2@+ b)a+b+1)
a*bgn,,,

Fy ()

gla+ )b +1) g2
-

a+b+2
JFila+1,b+1;a+b+2;r?) qg (a+1D)b+1)
ZJFila+1,b+1;a+b+3;r7) g-1 a+b+2 |
3.1

=(q— Dri % F (a+ 1,b+ 1;a+b+2;r) Fila+1,b+1;a+b+3;r

=(g-Dr'"*F(a+1,b+ 1;a+b+3;r%

Let

2Fila+1,b+1;a+b+2;5x) Do An X"

F = = )
1) 2Fila+ L,b+ l;a+b+3;x) Y7, byx”

it is easy to obtain that F'{(x) is strictly increasing from (0, 1) onto (1, c0), since

a, a+b+2+n
— = > 1.
b, a+b+2

Similarly, we can deduce that

HzFl(a+1,b+1;a+b+2;r"1)_ g (a+DHb+1)
2Fila+1,b+1;a+b+3;r9) q—1 a+b+2

is strictly decreasing from (0, 1) onto (%, oo). Therefore, the sign of F)/ (r) changes from

negative to positive on (0, 1) by (3.1), we know that there exists r; € (0, 1) such that F', ,(r) is concave
on (0, ;) and convex on (ry, 1). O

Theorem 3.2. For p,q € (1,00), r € (0,1), @ > 0, Let H, ,(a) = a X, ,(r"), G, (@) = JH,,(r")/a.
Then

(1) The function a — H, /(«a) is strictly increasing and log-concave on (0, o),

(2) The function a — 1/H, /(@) is strictly convex on (0, 00);

(3) The function a — G, (@) is strictly decreasing and log-convex on (0, co).

Proof. (1) Lett = r®, then dt/da = tlogr < 0, and

dH,, () Ep () = 197, 4(1)
e Hq() +a o logr
Epg(t) — 110, (1) 1
— p,q(t) _ _p4 o D-q log(—)
~ 1 1 Ep () — 197, (1)
= pq(Dlog (?) [log(l D K,

Hence, the monotonicity of H, ,(a) follows from Lemma 2.8.

AIMS Mathematics Volume 8, Issue 12, 31198-31216.
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By logarithmic differentiation,

A(lo2Hyy@) _ 1 G0~ 11Ky (4

da a 11K, (1) r
1 1 1L Epg(n) = 106,,4(0)
~ 87 ) |Tog(1/0) K, |

It is not difficult to verify that d(log H,, ,(«))/da is strictly increasing with respect to # by Lemma 2.8,
and is strictly decreasing with respect to a. Thus the function o — H, (@) is strictly increasing and
log-concave on (0, c0).

(2) Since t = r*, then a = log(1/1)/log(1/r). Differentiating 1/H, ,(«) yields

d( 1\ 1 N[ 1 &) -9,
da (Hm(a)) = T,y tra0log (?) [log(l R0 ]
1 1
= —WKM(I) log(;) h(t) (3.2)

_ _(10 l)zL

~ %% log(1/0K, (1)’
where A(?) is defined in Lemma 2.8. Let f(r) = log(1/r)K, ,(r), fi(r) = log(1/r), fo(r) = 1/K, 4(r), We
clearly see that fi(1) = f,(1) = 0, then

fi(r) B r1K p,q(r)z B r4 r'1K p’q(r)z
fzi(r) gp,q(r) - r/q%,q(r) gp,q(r) - r/qf%/p,q(r) rd '

which is decreasing follows from Lemma 2.5(1),(3). Hence the function f(r) is decreasing from (0, 1)
onto (0, c0) by Lemma 2.4. Therefore, it follows from Lemma 2.8 and (3.2) that the function @ —
1/H, ,(a) is strictly convex on (0, o).

(3) Since t = r?*, and dt/da = tlog r < 0, simple computations yields

dG, () 1 [éap,q(t) — 11, (D) log r - Ji/p,q(t)]
@

da a 14
_ l [éap,q(t) — 197, (1) log 7 — J4(1) log r]
a v logt

_%,q(t)logr[gp,q(;)—r'q%q(r)+ 1 ]
B 19.2),.4(1) log(1/1) ]’

a

Epqg(r) — 117, 4(7) N 1

Let g(r) = K, () Tog(1/r)’ we have
2 /2 2
e N foma (o 0
rit! (log(1/r))" A (r? | N() r r

is positive by Lemma 2.8, where the defition of N(r) is in Lemma 2.8. Hence the function g(r) is
increasing from (0, 1) onto (0, o). Since log r < 0, the monotonicity of the function G, (@) follows
immediately.

AIMS Mathematics Volume 8, Issue 12, 31198-31216.
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Since log G, ,(a) = log %, ,(t) — log @, by differentiation, we obtain that

d(10gGpy(@) &, (1) - 155,40 o]

da 14K, (1)
Epq(t) = 110, 4(1) o logr
= y— ——
11K, 4(1) logt
Epq(1) 1 }
=logr|—24—" —1+ .
& [rqu,,,,,(z) log(1/7)

(3.3)

It follows from (3.3) and Lemma 2.5(5) that d (log G p,q(a)) /da is strictly decreasing with respect to

t. Therefore, G, ,(@) is log-convex on (0, co) with respect to a.

O

Next, we apply Theorem 3.2 to obtain the inequality involving the generalized (p, g)-elliptic

integrals 7, ,.

Corollary 3.1. For p,q € (1, 00).
(1) Let a, B be positive numbers with a > 8 > 0. The double inequality

1 < M < g
Hpq(r®) B
holds for all r € (0, 1).
(2) Inequality
ylog(1/x)log(1/y)
g (ND) 2 23 S [y ) )
holds with equality if and only if x = y for all x,y € (0, 1).
(3) Inequality
4 1 1

<
logl /(o)1 g (y13) 10200 K@) 102(1/3) )

holds with equality if and only if x =y for all x,y € (0, 1).
(4) Let a, B be positive numbers with « > 3 > 0. The double inequality

B _ o)
a  H,,(rY)
holds for all r € (0, 1).
(5) Inequality
1 1 K (X)) K4 (y)
Hra (V) < 3 log (x_y) \/log<1/x> log(17y)

holds with equality if and only if x = y for all x,y € (0, 1).
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Proof. (1) By utilizing the monotonicity of the function H, ,(«) stated in Theorem 3.2, along with the

monotonicity of the function ., ,(r), we can establish that &%, ,(r*) > B.%, ,(r*). Consequently, the
double inequality holds.

(2) Since the function a — H, () is strictly log-concave on (0, o0), we can deduce that

logH,, (#) > % (1og Hyy(@) + 1og Hy.y(B) = Hyg (#) > JH,()H, ()

with equality if and only if @ = g for @, 8 > 0. For x,y € (0, 1) and set
o _logl/x) . log(l/y)
log(1/r)’ log(1/r)’
Simple computations yields

log(1 log(1
Hy (@) = @y (r) = %%gm, Hyo(B) = By (1) = %%qm, (3.4)

HP»‘]

a+p\  Tlog[l/(xy)]
( 2 )_5 log(1/r) Hpa(NX). (3.5)

Hence, the inequality

Viog(1/x) log(1/y)
Hoa (V) 2 25 e Vo) Hoa)

hold with equality if and only if x = y.
(3) Since the function a — 1/H, ,(«) is strictly convex on (0, c0), we get

;J( o1 ) (3.6)
Hyy(22) = 2\Hpg@) " H,ylB) |

P9
with equality if and only if @ = 8 for @, 58 > 0. Set
o = Logd/x) _ log(1/y)
log(1/r)’ log(1/r)’

From (3.4)—(3.6), we conclude that the inequality hold with equality if and only if x = y.

(4) Since the function @ = G, () is strictly decreasing, and the monotonicity of the function
) 4(r), we have

g (r") < %/p,q(’ﬁ)
@ B

(5) Since the function @ — G, 4(a) is log-convex on (0, c0),

1

logG,, (#) < 5 (102 Gpy@) + 108 Gy(B) = G (#) < G, (@)G,,B)
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with equality if and only if @ = 8 for @, 8 > 0. Set

oy = Logd/x) _ log(1/y)
~log(1/r)” T log(1/r)

Simple computations yields

Hpq(r")  log(1/r)
a  log(1/x)

Hpq(r’) _log(1/r)
B log(1/y)

Gp,q(a) = jg/p,q(x)v Gp,q(ﬁ) = %,q(y)a

a+pB\ _ 2log(1/r)
Gra(*57) = Togl1/ G~ P V)

Hence, the inequality

Hpg(X)Hpg(y)
log(1/x)log(1/y)

g (V) < élg(iy)\/

hold with equality if and only if x = y. O

Remark 3.1. In [22], Wang et al. provided the proof for the convexity of the function (& — r* %) /1"
and presented certain properties of the functions a.%,(r*) and 1 /a ¢, (r") with respect to the parameter
a. It is worth noting that Theorem 3.1 and Theorem 3.2(1),(2) can be reduced to [22, Theorem 1.1,
Theorem 1.3]if p=q = 1/a.

4. Generalized (p, g)-Hersch-Pfluger distortion function

In this section, we study the complete monotonicity, logarithmic, geometric concavity and convexity
of the generalized (p, g)-Hersch-Pfluger distortion function, and present some of the main results about

2
Px -
Theorem 4.1. For K, p,q € (1,00), and q > 5, leta =1 - 1/p,b = 1/q, f, g be defined on (0,1] by
F(r) = 1 VRQRIr), g(r) = 1Kl ().

Then f is decreaseing from (0, 1] onto [1,ebR(“’b)(1‘1/ K)), and g is increasing from (0,1] onto
( PR@H(1-K) 1]_

S

Proof: Let s = (,DI;(’q(r), then f(l’) = ma

we have

K () = %FI/K_I [(M)z - 1]‘

r'112 2, (r)

Hence,

F 1|5
[0y~ Kr(\riP ) |

AIMS Mathematics Volume 8, Issue 12, 31198-31216.
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According to Lemma 2.6(2), f’(r) is negative. Combine with f(17) = 1 and by [18, Theorem 2],

r—0*

. 1
lim log( ”KS) = rlir(% [(,up,q(s) + log s) X (,up,q(r) + log r)]
1
= bR(a,b)|1 - —=].
@ni-%)
Lett = go’l’}‘f,((r), thus r = ¢%?(r) and

g = by K -1 = (Kl ) " = fay K.

According to the monotonicity of f(r), g(r) is increasing on (0, 1]. The limiting values can also be

derived from [18, Theorem 2].

O

Next, we utilize Theorem 4.1 to derive the inequality concerning the generalized (p, g)-Hersch-

Pfluger distortion function ¢}7.

Corollary 4.1. For K, p,q € (1,), and q > 3p 4

(1) The double inequality

yleta=1-1/p,b=1/q, then

B s R bR(a,b)(1-1/K 1/K
|e2?(r) = ()| < b7 (Ir = s) < RPN g1/

hold with equality if and only if r = .
(2) The double inequality
|l (r) = @ ()] = @l (Ir = sl) = P — oK

hold with equality if and only if r = s.

4.1)

4.2)

Proof. (1) According to Lemma 2.3 and the monotonicity of the function f(r) = r"/%%9(r), we can

conclude that
o+ ) < () + o)
for x,y € (0,1). Setr = x+yand s =y, we get
[ok7(r) = ()| < @ (r = s
bR(a,b)(l—l/K))

According to f(r) is decreaseing from (0, 1] onto [1, e

X bR(a,b)(1-1/K 1/K
’,’(q(lr—sl)ée (a,b)( /)|F—S|/

with equality if and only if r = s.
(2) By Lemma 2.3 and the monotonicity of g(r), we have

@1k + @) < @l (x +y)

, we obtain that
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for x,y € (0,1). Set r = x + yand s = y, we obtain that

et r) = @l )] = @l (r = s)

with equality if and only if r = s.
According to g(r) increasing from (0, 1] onto (ebR(“’b)(l‘K), 1], we get

QDI/K (|r S|) > ebR(a,b)(l—K)|r _ SlK

with equality if and only if r = s. Therefore, the double inequality (4.2) hold. O

Theorem 4.2. For K, p,q € (1,), q > ﬂ the function f(x) = log(l /gof(q(e‘x)) is increasing and

convex on (0, o), g(x) = log (1 /go1 ; K(e x)) is increasing and concave on (0, 00), and
2
ek (e () < (e (V)
2
AT = (¢l (Vrr))
with equality if and only if K = 1 for each r,t € (0, 1).

Proof. Letr = e™*, s = ¢®(r), according to the Lemma 2.6, we have

S/q/z%,q(s) )2

oy = L
f(x) = X (r,q/z%’q(r)

is positive and increasing with respect to x. Thus f is increasing and convex. Therefore,

X+y 1
1(52) < 50@+ fon.

and putting r = e™*, ¢ = e, we obtain
2
GRINRA(t) < (cp’,’gq ( \/rt)) ,

with equality if and only if K = 1 for each r,t € (0, 1). The proof for g(x) follows a similar approach.
O

Theorem 4.3. For K, p,q € (1,0), g > 3}5’%14, r € (0,1), the function f(x) = ¢p'(rx)/l?(x) is

increasing from (0, 1) onto (r”K,gqu(r)) while function g(x) = gol/K(rx)/gol/K(x) is decreasing from

(0, 1) onto ((pl/K(r) r ) In particular,

@ (rt) < G (e’ (1),
@ (rt) = @) (el (),

with equality if and only if K = 1 for each r,t € (0, 1).
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Proof. Lett = rx,u = ¢¥(t), s = o7 (x),

u [(”lq/z%,q(”) )2 _ ( s’qﬂ%,q(s) )2]

f(x) = Ksx t’q/z%,q(l‘) x’Q/Z%,q(x)

then

£ (P )\ (5P ()
)~ Kx (r’q/%,q(r)) ‘(x'q/%,qu)) '

59/ zc)i/p,q(s)

X’Q/z%’q(x)
(0, 1). For the limiting values, by using L’Hopital’s Rule, we get

Since ¢t < x and is decreasing with respect to » by Lemma 2.6, f’(x) is positive on

lim f() = '/, lim h(r) = ().

Since the monotonicity of the function f(x), along with the definition of the function c,o’,’gq(r), we
obtain

eRI(rt) < @RIk (1),

with equality if and only if K = 1 for each r,t € (0, 1). The proof for g(x) follows a similar approach.
As a result, we will omit the detailed proof. O

Theorem 4.4. For K, p € (1,0), r € (0,1), ¢ > 3 and p > L2 the function f(r) defined by

q*-2q-1’

arcsin (go’lz’q(r))

arcsin (r'/K)

f(r) =
is strictly decreasing from (0, 1] into [1, el=1/ K)bR(”’b)), the function g(r) defined by

arcsin ((p’l’ ﬂ((r))

arcsin (rX)

g(r) =

is strictly increasing from (0, 1] into (e(l‘K)bR(“’b), 1], wherea=1-1/p,b=a+1/q.

Proof. Let s = gai’q(r), fi(r) = arcsin(s), f>(r) = arcsin (r”K), f(r) = fi(r)/ f2(r). Since f1(0) = £2(0) =
0, we have

filny s (1-r7K 12 s 4(5)
le(,,) Uk 1 — g2 r/q—1<%/p,q(,,)2'

s/q—l t%/p,q(s)z

RO

according to the Lemma 2.1 , we have

ST g (8)2 o (1)
)

[ (P (r) = — (fa(s) = fa(r)),
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where

Fur) = A (1) (g = D98, (1) = 2 (8 (1) = 9.5,
Epq(r) — r’q,}iﬁ,,q(r)]
4. 4(r) .

= P (1) K (1) [(q -1)-2

Using Lemma 2.5(2) and (3), we can observe that f4(r) is positive. Consequently, we can deduce that
f3(r) is decreasing. As a result, we obtain that f(r) is decreasing on the interval (0, 1] by Theorem 4.1.
Furthermore, it can be deduced that the monotonicity of g(r) is similar to that of f(r). O

Remark 4.1. Theorems 4.1 to 4.4 can be seen as variations and extensions of the results presented in
[3, Theorem 1.14, Theorem 1.15, Theorem 6.7, Theorem 6.13]. When p = q = 1/a, the results obtained
in Theorems 4.1 to 4.4 can be reduced to those obtained in [3].

5. Conclusions

In this paper, we investigate the properties of the generalized (p, g)-elliptic integrals and the
generalized (p, g)-Hersch-Pfluger distortion function. Through our analysis, we have established
complete monotonicity, logarithmic, geometric concavity, and convexity properties for certain
functions involving these integrals and arcsine functions. These properties provide valuable insights
into the behavior of these functions. Furthermore, we have derived several sharp functional
inequalities for the generalized (p,q)-elliptic integrals and the generalized (p, g)-Hersch-Pfluger
distortion function. These inequalities not only improve upon existing results but also generalize
them.
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