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Abstract: For an integer 7 > 0, the hth order Randi¢ index for a simple graph G is defined as
R'G) = Y, \/WW where 7 extends over all paths of length 2 in G and v;(r) denotes the
degree of the i-th vertex of the path 7. In this paper, we showed that the Ath order Randié¢ index R*(T')
of a double starlike tree T (a tree with two vertices of degrees m;,m, > 2) is completely determined
by its branches of length < 4. As a consequence, we proved that the double starlike trees with equal

h-Randi¢ index are isomorphic, except for some special values for m; and m,.
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1. Introduction

In mathematical chemistry, a topological index is a numeric quantity derived mathematically in a
direct and unambiguous manner from the structural graph of a molecule, which is used to characterize
some properties of a molecular graph. It is also a graph invariant since isomorphic graphs have the
same value for a given topological index.

Many topological indices have been developed through the years and related successfully to
physicochemical properties of organic molecules [1,2]. In order to define the concept of branching
in molecular species [3,4], Randi¢ [5] introduced in 1975 a topological index—the connectivity index
(now called the Randi¢ index), defined for a simple graph G as

1
R'(G) = _
@ Z,r“ Vvi(m)va ()

where 7 extends over all paths of length 1 and v;(7r) denotes the degree of the i-th vertex of the path 7.
Note that for a path with (n + 1) vertices and n edges, both of the vertex and edge can appear exactly
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once. It has become one of the most widely used and most successful in applications to physical and
chemical properties [6]. For a review of historical details and a further bibliography on the chemical
applications of the Randi¢ index see [7-10].

For an integer 2 > 0, the connectivity index of order £ (also called 4-Randi¢ index) [11] is defined
as

1
R"G) = ,
@ Z V()2 (70) - - - V1 (77)

where 7 extends over all paths of length /2 in G and v;(r) denotes the degree of the i-th vertex of the
path 7.

Higher-order Randi¢ indices are of great interest in the theory of molecular graph theory and some
of its mathematical properties have been reported in [12]. Examples of non-isomorphic trees 7 and 7’
such that R"(T) = R"(T") for all h > 0 exist [13]. However, it will not occur in starlike trees, i.e. trees
that have a unique vertex of a degree greater than 2. In fact, Rada and Araujo [14] proved that starlike
trees which have equal i-connectivity index for 4 > 0 are isomorphic.

Very recently, by a relation on trees with respect to edge division vectors, Song and Huang [15]
found some sufficient conditions to determine whether some trees with the same topological index
value are isomorphic or not. Further, several classes of trees, including balanced starlike trees and
double star § ,, ,, are uniquely determined by edge division vectors.

This leads naturally to determine 4-Randi€ index of a double starlike tree, i.e., a tree that has only
two vertices of a degree greater than 2. In this paper, we will show that for every integer 7 > 0,
the higher-order Randi¢ R"(T) of a double starlike tree T is completely determined by its branches
of length < h. As a consequence, we show that almost all the double starlike trees that have equal
h-Randic index for all 4 > 0 are isomorphic.

2. Some conceptions for double starlike trees

Let G be a graph. The maximum vertex degree and the number of i-vertices (an i-vertex is a vertex
of degree i) will be denoted by A(G) and k;(G), respectively. For an integer m > 2, a starlike tree T is
a tree for which k(7') = A(T) = m. The set of all starlike trees on n vertices with the maximal degree
m is denoted by Q, .

For two integers m;,m, > 2, a double starlike tree T is a tree with an edge uyv, such that the
components of T — {ugvo} are two starlike trees T, and T, with their maximal degrees m; — 1 and
my — 1, respectively, where dr(up) = m; and dr(vo) = my. If ny = |V(T,,)| and n, = |V(T,,)|, then
ny +ny, = n = |V(T)|. A double starlike tree is displayed as in Figure 1. The set of all double starlike
trees on n vertices with two adjacent branching vertices of degrees m; and m, are denoted by Q,,,;, », -
Specifically, if one of the values m; and m, is 2, then the double starlike tree is a starlike tree.

For any two vertices u,w in T, we use [u, w] to represent the shortest path connecting u and w,
and keep in mind that the number of edges in [u, w] is called the distance. Let T € Q. m,. If
{uy,uz, - -+ ,uy, -1} 1s the set of 1-vertices in 7,,, an [-branch of T, is a path [uo, u;] of T,, such that
d(up,u;) = I. There is a similar definition for 7,,. We denote by r/(T") and s,(T) the numbers of
[-branches in T}, and T, respectively (see Figure 1).

Based on the notations introduced above, we clearly have the following relations:

ri+rnttr,=m—1, si+s+o+ s, =mp -1,
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rA+2n4 -4+t =n =1, s1+20+--+hs,=m—1, nj+n=n,

where #; and 1, represent the length of the longest branch in 7, and T, respectively.

5 uo

Figure 1. The double starlike tree.

3. Higher-order Randi¢ index for double starlike trees
In this section, we will determine the higher-order Randi¢ index of double starlike trees.

Theorem 3.1. Let T € Q, ,,, m,, where m; # my. Then

RT) = (my + m)(1 — —=) 4 — L,

V2N N e
As a consequence, if T" € Qi i, then RY(T) = RU(T") if and only if m; = m\ and my = n,.

Proof. 1t is not difficult to obtain that k(7)) = m+my =2, kp(T) = n—m; —my and k,,, (T') = k,,,(T) = 1.
Hence,

1 1 1
R(T)=(my+my—=2)- 1+ (m—my —my) - — + +
(T) = (my +my —2) (n—my —my) >t v v
1 1 1
= (m; +my)(1 — - 2.

AR v
Let f(m,my) = (m; + my)(1 — \f) + —= + —s- Clearly, m; + m; € N, and \/;mi + \/mez ¢ N*. If
R(T) = R%(T"), then we have

my +my = my + mj. 3.1)
R SRS B

+ = + . 3.2)

Vi \n \m] \m)
In the following, we show that m; = m| and m, = m). Assume that m; # m| and m, # m), thus
my # m| # my # m,. For convenience, let a = +/m, b = \/m,, c = \Jm} and d = /m/. Without loss
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of generality, assume b < d < ¢ < a. From equations (3.1) and (3.2), it can be concluded that

ac a-c a—-c d+b

db d-b d—-b a+c

Therefore,
ac d+b

db  a+c
On the other hand, according to b < d < ¢ < a, we have ac > bd anda+c > b +d, i.e.,

ac d+b
—_— > ,
db a+c

a contradiction. Therefore, the assumption is not valid and the proof is done. O

In the following, the set of all rational numbers is denoted by Q and the set of all irrational numbers
isR- Q.

Theorem 3.2. Let T € Q, ,,, m,, where m; # my. Then

1 1 1 1 1 1 1 1
RU(T) = S (= = =t 5~ —2)s
Vi Nzm 2N Nm Nam 2 R
-2 -1 -1 1
[m1 T o e —(my +my) + - 1].
\/5 \/2m1 \/2m2 \/mln’Zz 2

Consequently, for T’ € Q,  y, where m| = my and my = my, if R"(T) = R'(T"), then

(i)ry =r|and s, = s when my=2ormy =2;

(i) r; = ri and s\ = s\, except for the case \Jm, \Jmy € R—Q and V2m;, V2m, € Q, whenm;,m; > 3.
Proof. Note that % Z;.Z'r:ll d(ug, u;) + % Z;’fs_lll d(vo,v;) = %(n —r; — 51 — 2). Keeping the notation of
RY(T), we have

mi—1

Rl(T)=Z . | —+ (d(uo, D=2)+ 21m1]

i=r1+1

S1 my—1
1 1
+ + — + 5 (d(vo,vi) —2) + +
; vy ,:SZIH | vz 2o \/2’7’!2] Vi
1 1 11 1 1 11

\Vm B V2my 2 A2 Nmy  \2m, 2 A2
_ | my+my-2 my—1 my—1
where A(n, my,my) = [ : ‘/; + \/1271 + \/227 W
For convenience, let a = (— - \/2—7 + > — \f) and b = ( N + \F)
(i) If one of m; and m, is 2 assume that m; = 2. Then R(T) = ar; + bs1 + A(n,my, my). We can
immediately deduce s; = 5] from the condition RY(T) = R'(T"). In this case, we have r| = r; = 1 and

a=0.
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(ii) If my,my > 3, from R'(T) = R'(T"), we obtain that ar| + bs; = ar| + bs. If r; = r/(or 5, = s}),
then we can obtain that s; = s} (or r; = r}), the theorem is true. In the following, we will deduce a
contradiction under the assumption of r; # r| and s; # s]. Denote

51— S

= =1 (3.3)

a
b re—r

Let’s discuss in three cases according to whether /m; and +/m, are rational numbers.

Casel. \m; =ce Qand \Jm, =d € Q.
From Equation (3.3), it can be concluded that

[ T
g _c cV2 2 V2 _;
b Tl _ 1, 1_ 17"
d J\2 + 2 V2
and we get t = 42 — 4D - pythermore, we have ¢ = d, i.e., m; = m,, which contradicts with
g = Wdr2) T ddr)” ) = d, 1.e.,, my = my,

my # ms.

Case2. \Jm; =ce Qand \m, € R - Q.
Subcase 2.1. \2m, =d € Q.
From Equation (3.3), it can be concluded that

1_
c

a
7 1 1
b Vmy  d
_d(ce+2) _ d(c+1)
Thus, we gett = a2 = adD
Subcase 2.2. \2m, € R - Q.

By Equation (3.3), we obtain

1.e.,c+ 1 =c+ 2, acontradiction.

1o 1o

a ¢ V2 2 V2

A A B
vz V2my 2 \@

and we have 1 = <2 = o which implies V2(2 +¢) = Vi — (2+¢) = 0, i, ¢ = ~2 and
—+/ma—1)c

my, = 0, a contradiction.

Case3. \m; e R—Q, \ym, e R— Q.

Subcase 3.1. \2m; =ce€ Q, V2m, € R - Q.
By Equation (3.3), we obtain

—_

1
\mz 2my 2 V2

Then we have ¢t = <2 = —M, i.e., m; = 2, which contradicts with m; > 3.
¢ c(V2- ymy-1)

Subcase 3.2. V2m; e R- Q, V2m, € R - Q.
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By Equation (3.3), we obtain

SIS NI B
a _ Nm om0 2 N2
b L _ L . i_1 &
\my 2my 2 A2
1
W \/Zm . . . .
Similarly, it can be concluded that r = 1 = , 1.e., m; = m,, which contradicts with m; # m,.
‘/"TZ \/2m

Therefore, taking into account the above situations, we obtain that r; = | and s; = s/, except for
the case v/m;, \/my € R— Q and V2m,;, V2m, € Q. m]

Next, We will extend this result to R"(T'), where h > 2.

Let uy and vy be the m;-vertex and m,-vertex of T (see Figure 1). Let P, represent the set of all
paths of length 2in T, N = {0, 1, 2, - - - } as the set of natural numbers and the function ¥ : P, — Ni*1
by Y(m) = (vi(m),- -, viue1(1)), where v;(;r) denotes the degree of the i-th vertex of the path 7.

We first consider all paths in P, that contain u, or v, as an end-vertex, or do not contain u, and vy.
There are twelve possibilities for the images under ¥ of these paths:

X1:(1,2,"',2,m1), Xi:(l,2,---,2,m2),
—_———— —_———
h-1 h—1
X2:(2"”’2’m1)’ Xé:(za”"zamZ)a
——— ———
h h
X;=2,-,2), X5=(2,---,2),
———— —_———
h+1 h+1
Xy =(1,2,---,2), X;=(1,2,---,2),
—— ———
h h
X5:(1’2"" ’2’m1’m2)a X§:(192» 92»m2’m1)’
—— ——
h-2 h-2
Xe=(2,--,2,m,my), Xé:(2,--~,2,m2,m]).
——— —_——

h—1 h-1

We then consider all paths in P), that contain only one of u, and vy, but not as an end-vertex. In this
case the image of ¥ is as follows:

Yl(a):(lyza"'72aml923""2)7 Y{(a):(laza"'529m2729""2)7Whereosa§h_2'
———— A [ N—
a h—1-a a h—1-a
Ya(@) = (1,2, ,2,mp, 2, 2, 1), ¥j(@) = (1,2, ,2,mp, 2, ,2,1), where 0 < a < & — 1,
—— — —— ——
a h-2-a a h=2—a
Y3(a):(2"”’2,m1529'” 2)a Y,(a):(za""zam272"" 2),Wherel§a§%.
\_\,.._/ ;\,.._/ \.ﬁ,.._/ \.\,..._/
ha h—a

Finally, cons1der all paths in P, that contain both vy and ug, but not one as an end-vertex. In this
case the image of ¥ is as follows:

Zi(a)=(1,2,---,2,my,my, 2, ,2), Zi(a)= (1,2, ,2,my,my,2,--- ,2), where 0 < a < h-3.
\.\,_._/ ;\,__/ \W__/ ~—_—
a h—2—-a h-2-a
Zr(a)=(1,2,--- ,2,my,mp,2,---,2,1), whereO<a<h 3.
R/_/ H/—’
h—3-a
Zz(a) = (2,-- 2 mi,my, 2 ,2),wherel <a<h-2.
W H,_/
a h—1-a
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Now, let’s prove our main result.
Theorem 3.3. Let T € Q,,,, m,, where my # m,. Then

, 1 1 1 1 1 1
RI(T) = ( - n L .
\/Qh‘lml \/thl \/2h+1 Vzh \/2h_1m2 \/2hm2

1
— ——=)sp + Ah,n,my,my, 1y, 81,0, Fhet, She1)s

NE T

where A(h,n,my,my, 1y, Sy, ,¥n_1,S,—1) IS a real number determined by the values of h,n,m,

my, -« s p—1, Sp—1-

Proof. Clearly, R"(T) is determined by the numbers [¥~' (X)), [¥"'(X)), ¥~ (Yi(a)l, ¥"'(¥/(@)),
[¥-!(Z:(a))| and |‘P‘1(Zlf (@))|, where [¥~!(W)| represents the number of elements in the inverse image
of Wunder VP, i.e.,

1 1
RNT) = 97 (X))l ———= + ¥ (X} —=+ ¥ (X2)|

1
2m=1m, : 2-1m, V2hm,

1 gy -1 1 gy L
\/_1+|‘P (Xg)IWH‘I’ (X4)|@+I‘P (X4)|@

+ 197 (X))

1
\/2hM2

+ 197 (X5)]

1 1
+[P(X + |V — 4+ P (X)) —
| (SN\/W' <5>|m| s
h—2 1 h-2 1
+ P Ix ¥y + ) YY) ——
| <6>|m Z| “WW Z| H@l—mes

Ll_l /1_1

+Z"P (@) W+Z|T V(@) ——

+Z"P (Ya(@)|

1
\V22m, V2'my
h-3

1 1 1

+ ) V' Zi(@)———=+ ) ¥ Z (@) —

\/2 Z e \/2’1‘2m1m2 ; ( l(a \lzh_lemz
h-2

1
Y (Z e vz ——
+Z| \Zo(@) m Z;I s

We can express [~ (X))l, [¥~' (X)), ¥~ (Y(@)l, ¥~ (Y/(@))|, ¥~ (Z(a))| and [P~ (Z/(a))| in terms
of ry, sy, -+ , 1, 55 by a counting argument together with the reduction formulas as follows:

+Z"1’ V(@) ——

XD = s [PTHXD] = 50,

h h
W X = rpsy + ooty =y =1 = Z rn [P =my — 1 - Z Siy

i=1 i=1

131 n
W Xl = ris + 2 4+ (= b= Dy = =(h+ 1) D i+ i,
i=h+1 i=h+1
h h

:—(h+1)[m1—I—Zri]+[n1—1—2irl~],

i=1 i=1

AIMS Mathematics Volume 8, Issue 12, 31186-31197.



31193

h h
WX = ~(h+ D[my = 1= ) si| + [ = 1= ) s, where ny +ny = n,
i=1 i=1
h h
Xl == 1= ), T =m 1= ) s,
i=1 i=1
W Xs)| = rrs [PTHXD] = s
h-1 h-1

WX =rp+ -t =m—1— Z riy XN =~ 1 - Z S

i=1 i=1
h—1-a
. h-1
ra+l(m1_1_;ri), 1f0£a<T,
(V@) = VA
Farr(my —2 — ; r), if ——<as<h-2.
h—1-a
. h-1
Sast(my — 1 — Z‘ s if0<a<——,
(Y] (@) = = .
Sas1 (M — 2 — ; s). if ——<a<h-2
h
Fa+1Th-1-as if0<ac< 5—1,
[ (V)| = 2
5”a+1(1”a+1 -1, ifa= %— L.
Sa+1Sh—1-a» if0<ac< 5~ I,
! (V@) = 2
Esa+l(sa+1 - 1), ifa= E -1
h—a a h—1
[ml—l—Zri][ml—Z—Zri], lflﬁaST,
@) = - = ,
E[ml—l—;r,-][ml—Z— L I’l], ifazi.
h—a a h—1
[mz—l— s,][mz—Z—Zs,-], fl<a<——o,
P (Yy(@))| = - =
1 h
E[mz—l—Zsi][mz—Z— s,], ifa=-
i=1 i=1
h-2-a

¥ Z{ @) = s (mi = 1= ) r), if0<a<h-3,

i=1
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P (Za(@)| = FariSh-2-a» IfO<a<h-3,
a h—1-a
W Zs(@)l = (mi— 1= r)(m—1- ) ), ifI<a<h-2.
i=1 i=1
We can see that [~ (Xy)l, [¥7' (X)L, [¥7' (Y (@)l [P~ (Yi(@)I, ¥~ (Z(a))] and [P~ (Z)(a))| depend
on the numbers h,m,ry, sy, - ,r,_1,5,-1 forallaand i = 5,6 andj = 1,2, 3; while fori = 1,2,3,4,
[P-!(X;)| and I‘P‘l(X;)I depend on the numbers h,m,ry,sy,- - ,r; s, Hence, by grouping in a
convenient way we can get

h
R T) = A(h,n,my,ma, 11,81, , p-t, Sp—1) + p(h, my, my, vy, Sp),

where A(h,n,my,my,r, Sy, -+ ,ru-1,8,-1) 1s a real number determined by the values of h,n,m,
Mo, T1, 81,0 5 Fhet, Sh-1, and

1 1 1 1
l’l(h9 my, my, rp, Sh) = ( - + - )rh
\/2h_1m1 \/2hm1 \/2h+1 @
( 1 1 N 1 1 )
_ _ s,
\/ 2=1m, \/ 2hm,  N2h1 AR
Thus, the theorem holds. O

Example 34. LetT € 918,7,4 with I’](T) =3, rz(T) =2, I"3(T) =1, Sl(T) = 2 and S4(T) = 1, where
my = 7,my = 4. In order to calculate R*(T), we first determine the number of paths of each type:

P XDI =73 =1, [¥7(XDI =53 =0,

3
WXl =m = 1= ) =0, W)= 1,
i=1
3 3
WXl = =B+ Dmy = 1= > ni| + [m = 1= ) in] =0, w731 =0,
i=1 i=1
3
Xl =m = 1= ) =0, WX = 1,
i=1
WXl = =2, [TNXD)| =5, =0,
2
WXl =my = 1= =1, X = 1,
i=1
2

[P~ (Y1 (O)] = ri(my — 1 - Z r) =3, W)= ra0m =2-rn) =4,
i=1
2

O] = s10ma = 1= > 5) = 2,7 (¥(D)] = s2my =2 = 51) =0,
i=1
W (V200 = riry = 6, [¥7(Y3(0)] =0,
2

W) = [my = 1= ) m][mi =2 =] =2, () =0,

i=1
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¥ Z(O)] = ri(my = 1= 51) =3, ¥ (ZO)| = s10m —1-1)=6
¥ (Za(O)] = 151 = 6, WHZ(DI = (my =1 =r)my—1-5)=3

Hence, we obtain from Theorem 3.3

1 1 1 1 1 1 1 1 1
RNT) = \/12_8+0\{E+0\{5_6 N 1\/E+0\/1_61+0%1+—8+12\/§
+0\/15_6+\/lli ‘/T 14)@:(2+0)1\/—1_6+6ﬁ+0%
21\/%14-0\/_1+3\/_+6\/_+6@+3 =
EAET-AP T A v A e i

Theorem 3.5. Let T, T’ € Q, ,u, m,,» where my # my. Then T and T' are isomorphic if and only if

(i) R(T) = R(T") for all h > 0, where min{m,, m,} = 2; or

(ii) RM(T) = RM(T") for all h > 0, where m;,my > 3, except for the case \Jmi, \m; € R — Q and
V2my, \2m; € Q.

Proof. The necessity is clear, we only need to prove sufficiency. Assume that 7,7’ € €, »,. Since
RYT) = RXT’), by Theorem 3.1, m; = m/ and my = m),. Now, from R'(T) = R'(T”) and Theorem
3.2, we have r; = r| and s; = s, where min{m,,m,} = 2, or where m;,m, > 3, except for the case
\mi, \Jm; € R — Q and \2my, V2m, € Q. Next, applying Theorem 3.3 for h = 2, we get

1 1 1 1 1 1 1

( - + - )2+ ( - + - )so + A4
\/Zlm] \/22m1 \/? @ \/2]m2 \/221’I’L2 @ @
( 1 1 N 1 1 W+ ( 1 1 N 1 1 Vs, + 1
= - - r - - Ry
V2im N2m NZ N2 \2tm, N2m, VB V2
i.e.,
( 1 1 +1 1 Yo+ ( 1 1 +1 1 )
- — = —)r - - ——=)s
VI NZm 2 N2 Nm Im 2 N2
1 1 1 1 1 1 1 |
+ - — )+ + = ——)s)
Va2 2w am 2B

By a proof process similar to Theorem 3.2, we have r, = r} and s, = ;. Continuing this process by
repeated use of Theorem 3.3 and Theorem 3.2, we can conclude that r; = r/ and s; = s; forall i € N.
Therefore, T and T’ are isomorphic. O

Finally, let T € €, m,- If min{m;,m,} = 2, then T is a starlike tree, 1.e., T € Q,,, where
m = max{m;,m,}. From Theorem 3.3 and Theorem 3.5, we have the following corollaries which are
given in [14].

Corollary 3.6. [14] LetT € Q,,,,. Then

1 1 1 1
h = — — DY
R (T) - ( \/2’1—1m \/zhm + \/2h+1 @)Sh + /l(h’ n,m,sy, » Sh—l)’
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where A(h,n,m, sy, -, s;_1) is a real number determined by the values of h,n,m, sy, - , Sj_1.

Corollary 3.7.[14] Let T, T’ € Q,,,,. Then T and T’ are isomorphic if and only if R"(T) = R'(T") for
all h > 0.

4. Conclusions

In this paper, we mainly investigated the Ath order Randi¢ index R"(T) of the double starlike tree
T, which is a tree with two vertices of degrees my, m, > 2. First, the formula of the Ath order Randi¢
index R"(T) has been completely determined by its branches of length < h. Second, it was taken that
m; # my, and we have shown that almost all the double starlike trees T € Q,,,;, », With equal ~-Randi¢
index for all 42 > 0 are isomorphic. In addition, some results of starlike trees have been obtained, which
were given in [14].

These results lead to a natural question, which we pose as a problem.
Problem 3.8. Which index can determine isomorphism of double starlike trees T € Q,,,, m,, Where
mp; = myp ?
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