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the d-Neumann operator N on M is obtained and the closedness ranges of dandd are presented. The
L?-setting and the Sobolev estimates of N on M are proved. We study the d problem with support
conditions in M for E-valued (p, k) forms, where = is the m-times tensor product of holomorphic line
bundle Z°™ for positive integer m. Moreover, the compactness of the weighted d-Neumann operator is
studied on an annular domain in a Stein manifold M = M, \Mz, between two smooth bounded domains
M, and M, satisfy M, e Ml, M, 1s weak Z(k), M, isweak Z(n— 1 —-k),1 <k <n-2withn > 3. In
all cases, the closedness of 8 and Fl , global boundary regularity for d and 6;, are studied.
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1. Introduction

Several complex variables involve the d problem, and Kohn solved this problem in 1963 for strongly
pseudoconvex domains. It is useful to use Sobolev estimates in various areas of mathematics, such
as complex geometry and partial differential equations on pseudoconvex manifolds. Introducing
a sequence of subelliptic multiplier ideals, he gave a sufficient condition for subellipticity in
pseudoconvex domains with real analytical boundaries. Catlin proved the most general result regarding
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subelliptic estimates for the d-Neumann problem. In [1], he showed that subelliptic estimates hold for
k-forms at 7, within a smooth and bounded pseudoconvex domain. Herbig [2] extended Catlin’s result
to a weak condition for boundedness in the sense of weight functions. Hérmander [3] and Folland-
Kohn [4] proved that subelliptic % estimate can be estimated on non-pseudoconvex domains. For more
details, we refer the readers to [5—12].

We are motivated to give subelliptic estimates for the d-Neumann problem on smooth bounded,
weak Z(k) domains on a Stein manifold for (p, k)-forms, with £ > 1 with values in holomorphic vector
bundles. Sobolev estimates of N on M for all §-closed (p, k)-forms. We also deduce some standard
compactness consequences.

Further, if E is the m-times tensor product of holomorphic line bundle Z*™ for integer m > 0, we
study the @ problem with support conditions in M for Z-valued (p, k)-forms with values in Z*™. This
problem had already been discussed on domains like: Strongly g-convex (or concave) [13], pseudo-
convex with C! boundary [14] and local Stein of the complex projective space [15]. We also refer the
readers to [13, 16-23].

Finally, we assume that M = M, \M, is an annular domain in a Stein manifold, between two smooth
bounded domains M, and M, satisfy M, € M, M, is weak Z(k), M, is weak Z(n—1—k), 1 <k <n-2
with n > 3. We prove a basic prior estimate for the weighted d-Neumann problem on M. This
estimate is validated for vector bundle forms. Moreover, we also study the global boundary of 9
within such domains. Cho [24] says global boundary regularity is obtained when M; and M, are
pseudoconvex manifolds. The boundary regularity and the closed range property of d were established
in [14,25,26] for 0 < k < n— 1 and n > 3. There are also pseudoconvex and non-pseudoconvex
domains in [15,27,28], as well as the author’s results [29-39]. Similar results can be found in [40,41].

The novelty of this study is the investigation of a sufficient condition for subelliptic estimates on
the weak Z(k) domain. Moreover, we demonstrate that d-Neumann operators are compact. In addition,
we examine a weighted d Neumann operator over an annular domain between two smooth-bounded
domains. Despite this, all results are obtained on weak Z(k) domains, which contrasts to previous
works that were based on strong pseudoconvex domains and non-pseudoconvex domains.

2. Notations and definitions

Let p,k > 0, n > 1 be an integer and let X be a complex manifold of dimension n. Let M € X be
a subset of X, and let p be its defining function. Let T'°(bM) be the complex tangent bundle to the
boundary bM, with T®'(bM) = T'O(bM). Suppose that Z* is the dual of a holomorphic line bundle
= over X. In local coordinates (z},zﬁ, . ,z?) on open covering {Vj}c; of X, Ely, is trivial. {f.} is a
transition function system of = in sense of {Vi}c;. A (p,k) forms o = {o;} on X is given by:

oj= T dz5" A dZP
j JCpD 9% j
Cp.Dx

where C, = (cy,...,cp) and Dy = (dy, ..., dy) are multiindices. A hermitian metric on X is
G= Z g,.5(2) dz‘fd?? .
oB=1
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Associate G with the differential form w = g Z’;ﬁ:l 8052 dz? A dEf of type (1,1). h = {h,} is
a hermitian metric of Z = {f,;} in sense of {V,}se, so that h, = |fu|*h, on V, N V. C;’k(M, )

is the complex vector space of C* E-valued (p, k)-differential forms on M. C;f’k(ﬁ, E) = {ul;;u €
Cox(X,E)}. The space of E-valued (p, k)-differential forms with compact support in M is denoted by
Dyx(M,E). %z : C;i’k(X, =) — Cl‘fp(X, =) is defined by %=z0 = h o, which commutes with the Hodge

star operator * : C;fk(X, =) — C;’;’_k,n_p(X, =), ¥z C;‘,’k(X, =) — C]‘f”p(X, =) satisfies

xz.0 = (h)'o = t(h)"\o = ho = xZ'0,
with %z.0 = )K;O'. Bp,k(ﬁ, E)={oc € C;’k(ﬁ, 2); x %= ol = 0}. The volume element related to

GisdV. 9 : C;f’k_l(M, ) — C;fk(M, =) is the Cauchy-Riemann operator and  its formal adjoint.
C;f’k(bM, 2) = C;‘fk(M, Z)/ Dyx(M, ). For 0,0 € C;‘fk(X, =),

(O',Q)dV:O'j/\*héj:(Tj/\* Xz Oj»

is the inner product. For o, 0 € C;‘jk(X, =),

are the global inner product and the norm, respectively. For o € C[’fk(M, E)and o € Dy _1(M, E), one
obtains _

< 190',@ >C;‘jk(ﬁ,3) =<, ag >C§k(ﬁ,3)’ (21)

Y =- XK= Kk 0 % X=.

Li,k(M, =) is the Hilbert space obtained by completing the space Cg‘,’k(ﬁ, =) under the norm ||o7||;. The
maximal closed extension of 9 is 8 : Llik_](M, =) — Llik(M, =), and d its Hilbert space adjoint.
O = Opx = 99 +09 : Dom(Opx, E) — ij’k(M, =) is the Laplace operator defined for Z-valued
forms. Dom(Q,, E) = {0 € L2, (M, E) : o € Dom(d,E) N Dom(d , E),do € Dom(d ,E) and o €
Dom(d, E)}. Hypx(E) = {0 € Dom(0p, B) : o = d 0 = 0. N = Ny : L) (M, E) — L7\ (M, E) is
the -Neumann operator and is given as

0 ifo e Hy (2,
Np,kO' = . —
vifo =0y, and v L H,(E).

For s € R, the Sobolev Z-valued of (p, k)-forms is given by W;k(M, =Z) with W*(M, E)-coefficients and

Plogh;
az;raz'f

llollwsz) their norms. The curvature form Zﬁﬁzl ( ) dz” A dZ? of = provides a Kahler metric

(2 (0] i
do® =Y, (_%) dz”d? on V.

Definition 1. A e-subelliptic estimate for the d-Neumann problem is satisfied at zo € M on k-forms,
€ > 0, if there exists a constant ¢ > 0 and a neighborhood V > z such that

lole < c (1B + 110 0 + llorl0)-
A% %% w
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Definition 2. /9, 10] A boundary bM is said to has the (k — P) property in 'V if for every T > 0, denote
T T T J—

by /l‘f < /lg S < /lf:_l the eigenvalues of the Levi form (¢l.Tj), there is a function ¢* € C*(M N'V)

with |¢T| < 1 on M and so that

=1
k ko
Za"“— o' >ConbMNYV,
j ji = )
=1 =1

where € > 0 and C > 0 does not depend on 6 and s.

Define the Levi form .Z as: V p € bM, with %(p) =0VvV1i<j<n-1.

S
Z(,)p) ; jkzl 5z 5, LT
Definition 3. [42] For 1 < k < n—1, bM is said satisfies weak Z(k) if there exists a real T € T''(bM)
satisfying

(1) IyP > (iy AY)T) > 0V y € 0" (bM).

(2) uoy + -+ + poy — LX) = 0 where uo, . .., uc,_ are the eigenvalues of L.

(3) M(T') # k.

Lemma 1. [42] For 1 < k <n- 2, let M C X be a bounded domain and B Cc X be_a bounded
pseudoconvex domain satisfies M C B. Then bM satisfies weak Z(k) if and only if b(B/M) satisfies
weak Z(n — k — 1).

If yuoy, ..., o,y are the eigenvalues of .Z, then one obtains
L(o,0) = (o + - + poy) |o.

Definition 4. A form o € L]ik(M, E) is supported in M if o vanishes on bM.
3. Main results

3.1. Subelliptic estimates

Theorem 1. With a smooth boundary, let M € C" be a weak Z(k) domain. Suppose that bM has the
property (k—P). Then, e-subelliptic estimates at zy hold for (p,k)-forms. That is, there exists ¢ > 0
such that .

lorlRvecan < C (101 (o + 18I (o) + 10 I () 3.1

Lg,k(M) L;k(M) Lg,k(M)
for o € Dy (M).

Proof. Let Bs = {z € M : =6 < p(z) < 0} be a strip, where 6 > 0 small enough. As in Khanh and
Zampieri [10],

2 2 a2 aF 2
ey oy < C (11 g, + 1002 g, gy + 19 1 5 1) (32)
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for o € D, x(Bs NM) with k > 1. From the compactness of bM, using a finite covering {A4},-; of bM
by neighborhoods A, as in (3.2), we have

lorReey < CAE: g, + 1001 g, + 10 I ) (3.3)
with u is supported in B;.
If p(z) < =6 and z € M\ By, taking y; € D(M) with y5(z) = 1. Using (3.3),
2 2 2
ol gy < fB 1oPdV + Iyl
112 o 2 2
< (Cr+2Co U ) + 19 Tl ) + llrlR)
_ 5112 2 2
= (C, +2C, st)(||acr||L§’k o + 10 I )
O

Theorem 2. Let Let M, X be the same as in Theorem 1. Let E be a holomorphic vector bundle, of rank
r, on X. Suppose that bM has the property (k — P). Then, there exists C > 0 satisfies

2 2 a2 a2
lorlRyeey < Cllorls g, + 18R g, + 18 0l o) (3.4)
for o € Dy (M, E).
Proof. By a local patching, one assume that {U j}j}’: , 1s a finite covering of bM. Extend the
subelliptic estimate (3.1) to E-valued forms. An orthonormal basis could be ey, e,,...,e, forz € U;;

Jj € J. Thus 0(z) = }/_, 0%(2) e,(z), where o“ are the components of the restriction of o~ on U;. Let
{Q}Tzo be a partition unity. This partition of unity is {y € Dyx(M), {; € Dpx(U), j = 1,2,...,m.

.....

For a given j, € I, let U be a neighborhood of a given boundary point &, € bM. Using o €
DM, E),1 <k<n-2,anda = 1,...,r, we get a subelliptic estimate from (3.1), for o|yny.

1000 Ryeiney S € Qoo (o) S €0(0, ).

Thus, subelliptic estimate for o|yny; is

I Reaney S € QU L) < €Q(0r, ).

Summing up over j, we get
2
loByecs,) < ¢ O, ).

Thus (3.4) follows. O

3.2. Compactness estimates

Lemma 2. [43] Let M € X be a weak Z(k) domain with C* boundary in Stein manifold X.
(1) Y constant € > O there exists t. > 0 and a C, > 0 satisfy ¥Vt > t. and o € Lﬁ’k (M,e~ ") n

Dom(é) N Dom (5: ) we have

— |2
0,0

2
L;_kw,e-w) .ol (3.5)

tLWL(M)”

Ly (Memte) = L2, (M.e™'9)

llor|I? < e(||5rr||2 +
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(2) there exists constants C > 0 and f > 0 satisfy ¥V t > f and o € Lg’k (M,e~'9) N Dom(d) N
Dom (5:) N (‘7—(tk(M))l we have
2

loll? < C |62 +0. 0 .
t 2 _
L} (Mete)

L} (Memt0) = L} (Me™'9)

(3) If bM is connected, Y constant € > O there exists t. > 0 so thatV t > t. and o € L]ik (M,e '9) N
Dom(d) N Dom (5: ) we have

— —x
ol <{WW + |

L} (Me'e) = L2, (M.e™t©)

2
L} (Me™t9)

Theorem 3. Let M € X be a weak Z(k) domain with C* boundary in Stein manifold X. Then the
compactness estimate for a holomorphic vector bundle E-valued (p,k) form holds on M. Then, Y
¢ > 0, there exists at > 0 and C., > 0 such that

o0z, < C(I91 0,0, + 10,1 0z, + o)) + Ce Nl (3.6)

woZ) woE) woE) wlE)’
for o € Dy (M, E).
Proof. As Theorem 2, for o € Z,x(M,Z), 1 < k < n— 2, over each o by applying (3.5) and adding
fora = 1,...,r, we get compactness estimate for o |~y
12001l < ¢ Q%400 Lo0r) + Celldoar Iy, -

< ¢ QYo, o) + Cello|ly-1-

For j =1, ...,m, for u|yn.;, we have

IZiell; < ¢ Q“(jor, o) + Celldjully, -
< ¢ QYo o) + Cellol, .
Let’s sum j up
Il < ¢ Q%o 0) + Celloly 1z, -

Thus (3.6) follows. i

Proposition 1. Assuming the same assumptions as Theorem 3, let us assume the following: ker(O, Z)
is finite dimensional and Ran(O, £) is closed in Li,k(M, Z) and there exists a bounded linear operator
N: Lf)’k(M, ) — Li,k(M, E) satisfies

(i) Ran(N, E) € Dom (0, E), NO =1 - H on Dom (0, E),

(ii) for o € L2\ (M, E), ¢ = 80 No-® 9 dNo & Ho,

(iii) NO = ON, and N0 =8 N.

(iv) Y o € L, (M, 5),

INllwoz) < Cllollwog),

(v)Ifo e le)’k(M, Z), with do = 0 (resp. o= 0), then d No (resp.5N0' ) gives the solution of

ou=o (resp. du= o) of minimal Lﬁ,k_1(M, Z)(resp. Lﬁ’kH(M, =))-norm.

AIMS Mathematics Volume 8, Issue 12, 31141-31157.
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Proof. Applying (3.6) at € = 1, for o € L2 (M, E) N Dom (3, E) N Dom (3 , =), one obtains

2
o1 < CUlotiyog, + 10010z, + 18 ol ). (37

Then, Npy : Lﬁ’k(M, 2 — WIl)’k(M, =). Following (3.7), every sequence {0'(1,}(‘;;’:l in Dom ((79, )N
Dom (@ ,E) with ||yl bounded, doy — 0 in L2, ,,(M,E) and 8 oy — 0 in L2, ,(M,E) as

¢ — oo, then (3.6) implies that ||a¢|| < C for some constant C. Thus, the inclusion map

wi ()
pk(M, ) — Lf),k(M, E) is compact. By Rellich Lemma, a subsequence of the sequence o
can be extracted which converges in the Lﬁ’k(M, =Z)-norm. Thus, following Theorem 1.1.3 in [3], for

o € Dom (9,E) N Dom (@ , E), o L ker(D, Z), ker(D, Z) is finite dimensional and one obtains

o0,z < C (00 |Ryo g, + 110 I

wo@E) = woE) wo@E ))

Then

||0'||WO( =) <C |||:10'||W0( =) for o € Dom (O, 8), o L ker(O, E). (3.8)

Since O is self-adjoint, thus following Theorem 1.1.1 in [3], one obtains
L}, (M,E) = Ran(0, E) @ ker(0, E) = 99 Dom(0,E) ® 9 0 Dom (0, E) @ ker(O, E).
According to (3.8) there’s a unique bounded operator N on L2 ox(M, E) that inverts O on ker(d, E)*.

Extend N to the whole L? »x(M, E) space by setting N = 0 on ker(D Z). The rest of the proof follows
Theorem 3.1.14 in [28]. O

Corollary 1. Assuming the same assumptions as Theorem 3, we have the following:
(i) the d-Neumann operator N exists and N : L2 ox(M,E) — w! px(M, E).

(ii) For o € Wé’k(M E), there exists u € W2k (M, E) with Ou =
(iii) N : Lﬁk(M, =) — L2 k(M 2) is compact.
Proof. (i) From (3.8), for o € L2 l((M Z) N Dom (8, )N Dom (8 ,E),

oty < C(1B010 g, + 10 TR, + oTRyoqs))

Thus, the existence of N : Li,k(M, E) — Wll)’k(M, =) follows.
— 1
(i1) From Eq (3.7), Y o € er,’k(M, =) Nker(9, E) and o L ker(O, Z), there exists a u € W;,k—l(M’ =)
with du = &
(ii1) To prove the compactness of N, since N = 0 on ker(O, £), it suffices to show compactness on
ker(O, E)*. When o € ker(O, E)* and hence No € ker(O, £)*, the integration by parts, inequality (3.8)
and the Cauchy-Schwarz inequality imply

N 0.z, + 16 Norll
Following (3.7)-(3.9), we get
INo|? ¥ < C(loNa|L;
w2

2 e =< N >y < ol INOllyie < lolos.  (39)

2 o H 10 NOToy + NG 2) < Kl s,

where K is a positive constant. Thus, by the Rellich Lemma, the compactness of N follows on
1
Lg’k(M, =), that is, the embedding of W;’k(M E) into L2 k(M Z) is compact. O
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3.3. Global regularity and closed range for d

Lemma 3. Assuming the same assumptions as Theorem 3. Let 1 <k < n—2, n > 3, then there exists
C > 0 satisfies for all o € ZPX(M,Z) with o L Wf’k(E), we have

By, < CATR o, + 182010 s, (3.10)

Proof. If for any v € N there exists a o, L H (), with [|o-,||; = 1 so that

oIz, = V(100 0z, + 19T 0.z )-

Combining with (3.6), we have

2 2
||0—V||W0(E) S C”O-VHWfl(E)

Then o, — o in L?, where o L WSVO = 5 (&) By (3.7) we have that o € HY(Z), a contradiction.

Thus (3.10) must hold ¥ o= L HPX(2). O

Using (3.10), as in [3,28], we have

Lemma 4. Assuming the same assumptions as Theorem 3. Let 1 <k <n—2, n > 3, then we have
(1) HP (E) is finite dimensional.
(2) O* has closed range in Lﬁ’k(M, =).

(3) p] (resp. 5: ) has closed range in L;k(M, =) and L;k (M, E) (resp. Lg,k—l(M’ 2)).

Proof. Following (3.10), every sequence {c,},7, in L;k(M, =) with ||o || is bounded and 50‘V —
0, (ioy — 0, one can extract a subsequence which converges in L;k(M, ). Since Lf)’k(M, ) >
W;’L(M, =) is compact, (3.7) implies that such a subsequence is convergent in Lg,k(M’ Z). Following
Theorems 1.1.3 and 1.1.2 in [3], implies that ?{f’k(E) is finite dimensional. Thus, 9 : Lﬁ’k(M, ) —
L, ,1(M,E) and a, : L2, (M,E) — L}, (M, E) have closed range. O

Theorem 4. Assuming the same assumptions as Theorem 3. Let 1 < k < n—2, n > 3, then for
oeC (M =), satisfying Ao = 0 in the distribution sense in X, there exists u € Cox-1(M, E), satisfies

(9u:0'mX.

Proof. The proof follows as [29,30]. i
4. Solution of the dbar problem with support conditions

Proposition 2. [43] Let M € X be a weak Z(k) domain with smooth boundary in a complex manifold
X. Assume that s > 0 is an integer, V is the covariant differentiation of type (0, 1) associated with the

metric G, and E®* is the s-times tensor product of a holomorphic line bundle . Suppose that there

AIMS Mathematics Volume 8, Issue 12, 31141-31157.
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exists a strongly plurisubharmonic function on a neighborhood U* of bM. We have

||80'||Lz Lz ||3 0'||Lz (M%) T ”VO'“L2 L(M,Z2%)
+ | BVl Z Pp_ g Gl g
v 4 0077 ICyBi
h Z 50 S1-RP)xo? _ oy,
7 JCoBx-1 ’
S
By=1

foro € Bp,k(M, E®%), so that o is supported in U*, and k > 1, where

= C D
”VO-”LZ (ME®) f Z gB V,BO-JC D ! kdv

op=1

and
Rgvy (Z gJ 0z V g/[f)

is the Riemann curvature tensor,

2

RO'V:_ o q=V

(log det g,,5),

is the Ricci curvature tensor, and the curvature tensor of E is given by

2

o Qv
8zj8zj

Yov = — (lOg h),

where 67 is the Kronecker’s delta.

Proposition 3. [43] With the same assumptions as in Proposition 2, let us assume the following: There
exists a constant C > 0 not depending on s and an integer sy > 0 so that for all s > sy, k > 1, we have

112 2 a2 a2 2 )
VO' — o < o o
” ”Lgk(M\ KE:@S) + (S SO)” ”Lgk(M\ K,E®S) = C(”(9 ||L[2),k(M’E®S) + ”65 ”Lﬁ,k(M’E@b) (4 1)
+ ||O-|| K"@s)’

where K = M\(M N V) is the compact subset of M.

Proposition 4. With the same assumptions as in Proposition 2, let us assume the following: There
exists a constant s, > 0 satisfies V' s > s,, the harmonic space 7-(; (E®®) has finite dimension and there
exists a constant Cy > 0 depending on s such that

Cy(l16a} + 118,011 (4.2)

lorli b nzon)

L} (M, "®S) L} (ME®%)
foro € L2 k(M E%) N Dom (6 E%) N Dom (85, E®) withk > 1

AIMS Mathematics Volume 8, Issue 12, 31141-31157.
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Proof. Using (4.1), the proof follows as in Saber [29, 30]. |

Proposition 5. With the same assumptions as in Proposition 2. Assume that there exists a positive
integer m* satisfies, for s > s*, k > 1, then there exists a bounded linear operator N* : l((M =2%) —
sz(M =) such that

(i) Ran(N®, E%%) ¢ Dom(0%, E%°), N°O0° = =1- IT° on Qom (%, 2%9),

(ii) for o € L2 ok (M, =%%), we have o = 88 N o @ 8 IN‘o @ [P0

(iii) N° = ON® and N® 85 = (?S N?,

(iv) N5, N, 5: N°® are bounded operators on L]%’k(M, =),

Proof. The proof follows as [3,28]. O

Theorem S. With the same assumptions as in Proposition 2. For a € L; (X, E%%), a is supported in
M, withk > 1, satisfying da = 0in X, there exists w € le)k (X, E%%), w is supported in M such that

ow=ainX.

Proof. Leta € sz(X =®%),  is supported in M, then & € sz(M Z%%). Following Theorem 2, N®
exists for n —k > 1. Define

n—p,n—k

= — % Xz0: O NS nepak Xzos * @, 4.3)
forw e Llik__l(M, =®%). Setw =0 inz(\M.
To solve 0w = « in X, first solve 0w = @ in M.

p+k

< 00, ¥=es * >12, Mz DP"* < @, %zes x d0 >12 (MEe)

if o € dom(d, =*). From the fact that 9° = 8 on Bpk(M =®%) and the density of Bpk(M =Z®%) in
Dom (4, Z2%) N Dom ((’) =#%), and from (4.3), we obtain

< 00, ¥zes * @ >12 (mzen =< @ 0, Xzwes %0 >12, Mz -
Thus, « is supported in M, implies 55(¥E®> *x @) =0 on M. Proposition 5(iii) implies

B, N3_ L Ckass % @) = 8, (%zo0 * @) = 0. (4.4)

npnkl

Thus, from (1.1), (4.3) and (4.4), one obtains

_ 1 8 NS .
OW = —0 % ¥gees 8Nn_p’n_k Xzes *
+k 4 o a5 ,
= (—l)p * XE@sasa N;—p,n—k Koes k A

4.5)
= (—1)p+k > XE*@ )EE@S *Q

=a.
Because w = 0in X \ M, forp € LIZ) (X, =®%), one obtains
< W 8 Q >L2 (X'_@“) =<< W aSQ >L2 (M—®;)—< *”@s * (9 Q, X=®s * W >L2 (M'—®s) .
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Since
¥zos kW= (“1PTRTTOND L e K a.
Equation (4.5) gives
<w, 5:@ 12, xz0%) = (=1)P*K < 9 Xzos %0, ¥zos * W 12, (=< aw,0 >12, Mz -
Thus .
<w, 0,0 ZL2 xEes) TS @0 12 (mEenTS< G0 212 (xEe) -
Thus dw = @ in X. O

5. Annular domains

5.1. Compactness estimates

Theorem 6. Assume that M = M;\M, is an annulus between two smooth bounded domains M, and M,
in a Stein manifold X of dimension n satisfy M, € M,, M, is weak Z(k), M, is weak Z(n — 1 — k) and
1 <k <n-2withn > 3. Let o0 be a smooth function on M satisfy o = u in a neighborhood of bM, and
o0 = —u in a neighborhood of bM,. Then, there exists ¢, T > 0 satisfy for every t > T with C, > 0, one
obtains
2 a2 " 2 2

tllo-llLﬁ,k(M’e—[g) < c ||ao-||L12),k(M’e—tg) + ||8t o-llL[Z),k(M’e—tg) + C[ ||0-||W71(M)? (5'1)
for o € Dy (M).
Proof. Asin [27,29] (resp. [30]). Let o be supported in a small neighborhood V of bM;. Let ({;;) be a
Levi matrix of a defining function { of M,. If U C M, one obtains

2 a2 2 2
||O—||W1(U) < C’ (”ao-llLlZ)k(U’eftg) + ||at UllLék(U’e—tg))’ fOr g€ @]Lk(U)' (5'2)
Following [25], one obtains
lloI? <oz, + Clioll (5.3)
L2, (Ueto) wi) T Ty '

If ¢ = >’ and using (5.2), (5.3), inequality (5.1) follows for o € Z,x(U) when UNbM = 2.
Since bM, is weak Z(k) as the boundary of M; and is weak Z(n — 1 — k) as a part of bM. Thus, for
o€ P, (UNM;)withl <k<n-1andV c >0, it follows that

2 —to .12 2t 2 2
t fU oPenteaV < e W0l ey + 0TI o o) + ClTRr ey B4
) : :

Let As, = {z € X : =01 < {(2) < 0}, where 6; > 0 is a number (depend on 7) small enough. From the
compactness of bM,, by using a finite covering {V,}*_, of bM, by neighborhoods V, as in (5.4), one

v=1
obtains
0] loPeedv <cdiboly (o v+ 190l P+ Cllerls (5.5)

2 2 - =LA
b, L2 (Bo.e L} (Bsy.e7te WA,

when o is supported in the strip Ay, .
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Since bM, is weak Z(n — 1 — k) as the boundary of M, and is weak Z(k) as a part of bM. Following
Lemma 3,

2 -t 2
‘ fU etV < CIRTIR, v 10T gy + O Rty 5
2

fOI'O'E@pk(UﬂMz) 1<k<n-2.
LetAs, ={z€X:0<¢ (z) < 02}, where 9, > 0 small enough. From the compactness of bM,, by a
finite covering {V,}°_, of bM, by neighborhoods V, as in (5.5),

loPeeav < cldol, o)+ 1071 a0y + Cllo ey, (5.7)
)
when o is supported in the strip Ay, .
Let As = As, U As, with 6 = min{d, 6,}. Thus, by (5.5) and (5.7), one obtains
t fA e edv < ¢ ||5(r||§§kmd,e_m) + 10, (f”i;k<Aa,e—m> + Cllorlly - (5.8)
s : :

The integral on M\As can be estimated by choosing ys € Z(M) withys(z) = 1,{(z) < =6 and z € M\ A
as

1
||’y60-||il2)’k(M\A6’e—tg) < k ||’y60—||€vl(M\A6) + ;H’y&o—”%vfl(M\A&) (5'9)
Because Q' is elliptic, by Garding’s inequality [28],

3 2 N 2
||750-||W (M) ”a(’yf)‘o-)”l‘g,k(M,e—lg) + ||at (ydo-)lng’k(M’eflg)

312 PN
< (”76(80-)||L2 (M,e=t9) + ||y6(at O-)HLZ (M,e~t0)
.k ) p.k ’

_ s (5.10)
2 2 2
41000071 4y + W00 gy + 001 30
||ao-||L2 (M ) + ||a O-”LZ (Me to) + C(i ||0-||L2 (Me to)*
Thus, from (5.8)—(5.10), one obtains
1 - —x 1
2 2 2 2 2
501 iy = SN sy < RABTIG: gy + IO ) + 60Ty (51D)
Thus, from (5.10) (5.11), we get
||0-||L2 (Me to) \ ! A |O-| € e dv+ l||y60-||L2 (ME [g) ||0-||L2 (Me to)
")
<@+ RGO 410y + 10 O iy + (Co )||a||w o
Thus (5.1) follows by choosing ¢ + kt < % and Ci+1 <& O

Theorem 7. Let X, E, M be as in Theorem 6. Then, the compactness estimate of the weighted -
Neumann problem holds on M for a holomorphic vector bundle Z-valued (p,k) form. Then, for all
¢ > 0, there exists a t > 0 and C. > 0 such that

el 4y < (||aa||L2 oz + 10, ol 1)+ Celloly i)

for o € Ty (M, E).

Proof. The proof follows as Theorem 2. O
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5.2. Global regularity up to the boundary
Lemma 5. With the same assumptions as in Theorem 7, let us assume the following: For 1 <k <n-2,

n > 3, there exists C > 0 satisfies\ o € IPX(M, Z) with o L Wf’k(E), we have

ol oy < 1B )y + 100IPs 2)- (5.12)

Lgyk(M,E) = Lg,k(M,E) Lg.k(M,E)
Proof. The proof follows as Lemma 3. O

By using (5.12), as Proposition 3.5 in [3], we prove the following theorem:

Lemma 6. With the same assumptions as in Theorem 7, let us assume the following: for 1 <k <n-2,
n > 3, we have

(1) 0 (resp. 0,) has closed range in L;k(M, E) and Lﬁ,k (M, E) (resp. Lf),k—l(M’ ),

(2) HP (E) is finite dimensional,

(3) O* has closed range in L;k(M, =),

(4) Ran(N*) € Domt, N*at = I — HP (E) on Dom(0t, B),

(5) for o € le)’k(M, =), we have o = 55:N0' ® 3 N0 @ H.o.

Proof. The proof follows as in [28]. O

By Lemma 6 (ii) and the density of C;‘,’ k(M, Z)in W';,k(M, Z), the following result is immediate.

Lemma 7. [44] With the same assumptions as in Theorem 7, let us assume the following: If f €
Cox(M,E)ywith 1 <k <n-2n2=3and N'f € C\(M,E), then for all s > 0, there exists constants
C, and T such that

IN® fllwsuz) < Coll fllwsauz), for every t > T
One can prove the following theorem by using the elliptic regularization method used in [44]:

Lemma 8. Assuming the same assumption as in Theorem 7, for every integer s > 0 and realt > T > 0,
N* is bounded from W, (M, E) into itselffor | <k <n-2,n23.

By Lemma and the density of C;‘jk(ﬂ, =) in W;,k(M, =), the following is immediate.

Corollary 2. Let M, = and X be the same as in Theorem 7. Then, if f € WIS)’k(M, H),s=0,1273,...
satisfies 5]‘ =0, wherel <k <n-2,n >3, there exits o € Wg’k_l(M, =) so that do = f on M and

lollwsaz) < Coll fllwsmz)-

Theorem 8. With the same assumptions as in Theorem 7, let us assume the following: for o €
Cox(M.E), 1 <k <n-—2,n 23, satisfying 0o = 0, there exists w € CJ (M, E), satisfies dw = o
in X.

Proof. The proof follows as [30,44]. O
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6. Conclusions

In this paper, we are concerned with the Sobolev estimates of the d-Neumann operator N and the
resulting results (Compactness and Global regularity, etc.). Existence theorems and Sobolev estimates
for the d and the d-Neumann operator on the weak Z(k) domain with C* boundary in an n-dimensional
Stein manifold X are fundamental results in complex analysis. In this way, we can gain a deeper
understanding of holomorphic functions, and we can implement tools to solve the d-equation more
efficiently.
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