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Abstract: We present a stabilizer-free weak Galerkin finite element method (SFWG-FEM) with
polynomial reduction on a quasi-uniform mesh in space and Alikhanov’s higher order L2-1, scheme
for discretization of the Caputo fractional derivative in time on suitable graded meshes for solving
time-fractional subdiffusion equations. Typical solutions of such problems have a singularity at the
starting point since the integer-order temporal derivatives of the solution blow up at the initial point.
Optimal error bounds in H' norm and L? norm are proven for the semi-discrete numerical scheme.
Furthermore, we have obtained the values of user-chosen mesh grading constant r, which gives the
optimal convergence rate in time for the fully discrete scheme. The optimal rate of convergence of
order O(h**! + M~?) in the L®(L?)-norm has been established. We give several numerical examples to
confirm the theory presented in this work.
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1. Introduction

In this work, we consider the following time fractional diffusion equation (TFDE) with zero
Dirichlet boundary value:

gD‘;u(x, 1) — V- (Ax)Vu(x, 1) = f(x,1), Y(x,t)e Qr :=QXxJ,

u(x, Dlga =0, Vt e [0,T], (1.1)
l/t(x, O) = g(x)? Vx e Q,
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where Q C R? be a bounded polygonal domain with its boundary 622, J = (0, T] is the time interval
with the final time 7', A(x) = (a;;(x))2x2 is a symmetric positive definite matrix-valued function in Q, g
and f are given sufficiently smooth and gD(; denotes the Caputo fractional derivative of order « [1],

1 ! ou(x, s)
Cna — s
D )= ——— t— —ds, € (0,1). 1.2
§ Du(x, 1) r(l_a)f()( )y ——ds. a1 (1.2)
In particular, we assume that the function A(x) satisfies
kviv<viAv <kpv'v, Vv eR?, (1.3)

where k; and k, are positive constants.

We introduce the left-hand sided and right-hand sided Riemann-Lioville fractional integrals and
the left-hand sided and right-hand sided Riemann-Lioville fractional derivatives, respectively, defined
by [1]

oD u(x, 1) = r( ) f (t— ) 'u(x, s)ds, a =0, (1.4)
D7%u(x, t) = @ j; (s — ) 'u(x, s)ds, a >0, (1.5)
gD‘}u(x, 1) = ﬁg f (t— ) “u(x,s)ds, ae€(,1], (1.6)
fD(;u(x, 1) = —)8tf (s =) “u(x,s)ds, ae€(0,1]. (1.7)

We will use the following identity from [1] in our analysis

SDJu(x,t) = § Dfu(x, 1) + M(X—’O)r—“ (1.8)
T =olr Tl-a) :

In recent decades, many physical phenomenon or processes in science and engineering have been
modeled using fractional partial differential equations since they describe better memory effect and
hereditary properties (see, [2—5] and references therein). The TFDE considered in this paper is obtained
from the classical diffusion problem by taking a fractional derivative of order « in the place of the first-
order time derivative. TFDEs are obtained from a fractional Fick law describing transport equations
with long memory [6]. The TFDE is formulated by a linear integro-differential equation. Several
analytical and numerical techniques have been considered for solving TFDE in the literature. The
Fourier transform method, the Laplace transform method, the Mellin transform method and the Green
function technique are some examples of the analytical approach (see [1,7] and references therein).
In general, the analytical solutions of fractional differential or partial differential equations are not
available; thus one must construct a numerical method for solving this equation. Many papers have
investigated robust numerical approximations to the time fractional diffusion equations or sub-diffusion
problems [8-18]. The TFDEs with the Caputo derivatives have been solved by the widely used L1
method in [8—11, 19, 20]. The compact difference methods [12, 14, 16,21] have been considered to
improve the order of time approximation, and spectral methods [9, 17, 18] have been proposed for
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improving the accuracy in the space discretization. High order numerical methods [22—-27] have been
presented for solving fractional partial differential equations. However, typical solutions of (1.1) have
an initial layer when + — 0 and the first order time derivative of the solution blows up at r = 0. Since
the solution is singular at + = 0, one should construct a reliable and efficient numerical scheme in
time [1]. Furthermore, the forcing function f in our model problem may blow up at the starting point
t = 0 even though u(x, t) is a continuous function in time. Thus, one needs to pay attention to the case
f(x,0) when proposing a numerical method for solving the problem (1.1). As a remedy, we use the
Alikhanov’s L2 — 1, method on graded meshes to approximate the time derivative in (1.1) for higher
order convergence.

Our aim of this paper is to combine the L2-1, method [28] due to Alikhanov for time discretization
of the Caputo fractional derivative on graded temporal meshes with the SFWG-FEM in space on
quasi-uniform meshes to develop a robust scheme to solve the TFDE (1.1). The weak Galerkin
finite element method first appeared in [29] for solving the second order elliptic problems. The
novelty of this method lies on the definitions of weak function space and weak derivatives such as
weak gradient operator on this weak function space. This renders the method more applicable in
defining finite element space and mesh constructions; for example, one uses completely discontinuous
function spaces in the approximation and polygonal meshes. In the last decade, this method has been
applied to solve a variety of differential equations, e.g., parabolic problems [30, 31], second order
elliptic problems [32-39], Stokes equations [31], Maxwell equations [40] and fractional differential
equations [41, 42]. The stabilized-free weak Galerkin method is introduced in [43] for solving
second-order elliptic partial differential equations. This new method does not have a stabilization
component, which is essential in discontinuous approximations to enforce the jump across the element
boundaries. Also, the stabilization term is needed to ensure the coercivity of the WG-FEM. The
absence of stabilization terms in numerical methods makes the formulation much simpler and provides
much flexibility in implementation. The main idea of the SFWG-FEM is to use a higher degree of
polynomials in computing weak differential operators for the strong connectivity of weak functions
on element boundaries. In [44] and [45], the authors applied the SFWG-FEM to second-order elliptic
equations and proved that the method has supercloseness convergence in an energy norm and L>-norm
on triangular meshes. For more discussions of the method, we refer the interested readers to [43,46,47].
Further, in [48] the authors derived the semi-discrete SFWG-FEM formulation in space and presented
the stability results and error estimates. Then, they established the fully discrete SFWG-FEM by
discretization of the time using the L2-1, formula to approximate the fractional time Caputo derivative
in uniform meshes. However, Alikhanov’s higher order L2-1,, formula has a rate of convergence 3 — «
on a uniform mesh if the solution is smooth enough, while this rate of convergence reduces to first
order for the case where the typical solutions with a weak singularity at the starting point. As pointed
out in [49, Theorem 2.1], the smooth solutions exist only under acceptably restrictive data. These
observations and facts lead to using the L2-1, formula on graded meshes in time and SFWG-FEM in
space in this paper. We show the order of convergence result that gives second-order convergence in
time and an optimal rate of convergence in space.

The remaining parts of the paper are organized as follows. Section 2 introduces a semi-discrete
SFWG-FEM. Stability and error analysis of the semi-discrete method are presented. The fully-discrete
SFWG-FEM and its stability and error analyses are given in Section 3. We present several numerical
examples to support the theory in Section 4. Finally, we close the paper with some concluding remarks
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in Section 5.
Throughout the paper, we use the following notations. ||u|| represents the L>-norm of a function u
in Q and (u,v) := fQ uvdx denotes the L? inner product. For D C Q, the classical Sobolev spaces

are denoted by H*(Q2) with s > 0 an integer and the corresponding norm [|u||; p and semi-norms |u|;.
Further, the space L*(J; H*(Q)) with the norm

[Vllk.o = ess supl[v(:, )]l (1.9)

is used. When D = Q, we do not write D in the subscript.
2. Semi-discrete scheme

We start with discretization of (1.1) only in space using a SFWG finite element method. Let 7,
be a partition of the domain Q consisting of polygons with a set of shape-regular requirements given
in [29]. Let &, be the set of all edges in 75, and &) = &\ 9Q be the set of all interior edges. For any
element K€ 7, hg is the diameter of K and the mesh size h = maxger, hk.

We first formulate the weak form of (1.1): For any r € (0, T], we seek a solution u(x, 1) € HOI(Q)
satisfying

{ (SDgu,w) + KV, Vw) = (f,w),  Yw € H)(Q), 2.1)

uy(0) = The,

where m,g is the L? projection of the function g on the weak Galerkin finite element space defined
below.
For given integers k > 1, the weak Galerkin finite element space S associated with 77, is defined
by
Sy ={w ={wo, wp} : wolk € Pi(K), wple €Pr1(e), e CIK,K €Ty}, (2.2)

and its subspace S 2 is given by
SY ={w={wp,wp} €Sy :w, =0 ondKNIQVK € T}, (2.3)

where P, (K) is the space of polynomials with degree of at most k on an element K and P;_;(e) is
the space of polynomials with degree of at most kK — 1 on an edge e C 0K. Observe that w;, of
v = {wg, wp} is allowed to have different value from the trace of w, on the boundary of each element.
The configuration of the SFWG-FEM scheme consists of (Pk(K), Pi_i(e), P j(K)d) with j =d+ k- 1.
Using the definition of the classical definition of weak gradient given by (2.4), the configuration of the
SFWG-FEM (Pk(K), Pi_1(e), P j(K)d) delivers only sub-optimal spatial accuracy in both energy norm
and the L? norm, presented in Table 1 ( [50]).

Table 1. Weak gradient calculated by (2.4), || - || = O (W) and || - || = O (k™).
Pp(K) Pr_1(e) [Prs1 (K)]d r r
k=1 k=1 k=1 0 0
k=2 k=2 k=2 1 2
k=3 k=3 k=3 2 3
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2
The standard definition for a weak gradient V,,u € [P j(K)] of a weak function u = {ug, up} is a

unique polynomial on each K € 77, satisfying [29,43,51]

2

(Vait, V) = = (o, V - Dy + (up, T - MYz Vr € [Py(K)) (2.4)

Following the ideas in [52], we shall use a different definition of weak gradient given by (2.5) for the
2
SFWG-FEM using the configuration (Pk(K ), Pr_1(e), [P (K )] ) With this new definition, our proposed

SFWG-FEM has optimal order spatial convergence rates in the energy and L? norms, presented in
Table 2.

Table 2. Weak gradient calculated by (2.5), || - |[r = O (") and || - || = O (h"™).
Pu(K) Pr-i(e) [Prc1 (K] r r
k=1 k=1 k=1 1 2
k=73 k=3 k=3 3 4

For each w = {wy, wp} € S; U H'(Q), we define the weak gradient operator V,,w € [P;(K)]* of the
weak function w on K as a unique polynomial on K satisfying the following equation

f V,wddx = f Vwod dx + f Tp(wo — wp)$ - nds, Vo € [P/(K)]?, (2.5)
K K oK

where n is the unit outward normal vector to K. In (2.5), we let wy = w and w, = w if w € H'(Q).
Here, m, is the L*-projection onto P;_;(e) for any e € &,. Let my be the L*-projection onto the space
Py(K) for any K € 7 and define m,u = {mou, m,u} € S, for any u € H'(K). For any K € 7, we
denote by I, : [L*(K)]* — [P;(K)]* the L*-orthogonal projection defined by fK(HhT - 7)o dx = 0,
Yo € [P;(K)]>. From now on we take j = k + 1.

We have the relation between the weak gradient and the projection I1j, stated in the following lemma.

Lemma 2.1. For anyv € H'(K) and K € T, one has
V., () = 11, V.
Proof. From (2.5) and integration by parts, one has for r € [Py, (K)]?
(Vympv, 0 = (Vmov, 1) + (mp(mpy — mov), T - Mg
= —(mov, V- 1)k + (Mo, T - M)gg + (7Y — MV, T - MYy
= -, V- 1)k +(my, T - Mok
= (Vv,0)x — (v, 1 - Mg + TV, T - M)og
= (I, Vv, )k,
where we used the definitions of projections my 7, and I1,. The proof is completed. O
For simplicity, we will use the following notations.

(z, W7, = Z(Z, W)k = Z fzw dx, and (z,w) = Z(z, Wk = Z f 7w ds.
K oK

KeTy, KeTk KeTy, KeTy,
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For u = {ug, u,} € S, and w = {wy, wp} € S}, we define the bilinear form as
Ay(u, w) = (AV,,u, VW‘“)Th' (2.6)

Based on the weak form (2.1), the semi-discrete SFWG-FEM for the problem (1.1) is to find a
numerical solution uy(¢) = {ug (1), up (1)} : (0, T] = S 2 such that

{ (gD‘;uo,h,wo) + Ay (up, ) = (f, wo), (2.7)

up(0) = mpg,

for all w = {wy, wp} € S).

We define two energy norms || - ||g and || - ||; 4, respectively: For w = {wy, wp} € S 2,

1/2
ol := (Z ||wa||%<) : (2.8)

KeTy,
12
llwlh 2= [Z IVewollx + hx' Is(wo — wplize | - (2.9)
KeT),
The following lemma shows the equivalence of the two norms defined above.

Lemma 2.2. For any w = {wy, wp} € S 2, there are two constants ay, a, > 0 such that
allwllip < llwllg < asllwll (2.10)

Proof. To avoid repetition, the interested reader is refereed to [52, Lemma 3.2] for the proof. O

Lemma 2.3. There is a constant C > 0 such that, for any w € S 2
Ap(w, w) = Cllllz. 2.11)

Proof. The proof follows from from the definition the bilinear form A,(-, -) given by (2.6) and (1.3). O

In order to analyze convergence and stability properties of the time-fractional partial differential
equation, we introduce some function spaces.

Let H*(J) denote the classical fractional Sobolev space with the norm [|-||«(;. We denote the spaces
of infinitely differentiable functions and compactly supported infinitely differentiable functions on J
by C*(J) and C’(J), respectively. Let (C*(J) be the the space of infinitely differentiable functions on
the interior of J with compact support in J. Now, the closure of the space (C*(J) in the norm || - ||ge(
for @ € (0, 1) defines the Sobolev space (H*(J). The following Sobolev spaces can be found in [53]
and [54]. The set A denotes the closure of a set A.

Definition 2.1. /53] Define H}(0,T) := C7(0,T) in the norm || - ||zeo,r) defined by

1/2
2 2
Mizzor) = (M r) + Pieorn)

where Vlpzo.r) = lIRDIVII120.1)-
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Definition 2.2. [53] Define H?(0,T) := C;(0,T) in the norm || - ||y« o,y defined by

1/2
2 2
Mizzor = (Mg r) + Wieorn)

1/2
_|¢r R
where |[Vlgeo.1) = |(oD7Vs D(;V)LZ(O,T)‘ .

Lemma 2.4. [53] For a € (0, 1), the spaces H(J), H!(J), Hy(J) are equal and their norms || - || g2 (),
|| . ”Hf(]) and ” . ||H6f(_]) are equivalent.

Lemma 2.5. [55]If0<a<2,a# 1, u,ve HY?(J), then we have
(§D(;”’ V)LZ(J) = (gDC;/zu’ fD;/ZV)LZ(J)-
Lemma 2.6. [54] For a > 0 and u € H*(J), we have

—an s —ap2
(D71t DT10) 125 = COS(T@)|oo DT il

where i1 is the extension of u by zero outside of J.

For a nonnegative real number « and the Sobolev space Y with the norm || - ||y, define the space
HY(J3Y) = {u : [luC, 0lly € H* ()},

with respect to the norm

u a(J- = M‘,t ” .
ol == | a0l |,

We also adapt the following notations:
T T
(W, V) 2x0) = f W, V)2 dt, (U, V)27, = f (u, v)r,dt,
0 0

T T
2 2 2 2
wmwmmzﬁnm%mm mmmw:£|MML

The broken Sobolev space H* (7},) is denoted by H* (7,) := {v € L*(Q): vg € H(K), VK¢ 771}
The following theorem ensures the well-posedness of the semi-discrete SFWG-FEM (2.7) and the
stability estimate for ¢ > 0.

Theorem 2.1. For any a € (0,1) and f € Li(J;L*(Q)), the solution u, of the semi-discrete

2
problem (2.7) satisfies the following stability estimate with q = oo
a
leto nll o222y < Cllflzacrzzcy + glz@llE™ e (2.12)

Proof. Choosing v = uy, = {ug, up} in (2.7), then using (1.8) and the coercivity of the bilinear form
A/’l('7 ')’ we get

gr

(§D502 t0s) + Cllly < (Frt0) + (e =5

L Uop)s (2.13)
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where we have used that u(x,0) = g(x) and A,(uy, u,) > C ||uh||%. Employing Lemma 2.5 to the first
term on LHS of (2.13), knowing that ||uh||125 > 0, and using Cauchy-Schwarz inequality on the right side

of (2.13), we obtain

t—(l’

R 2 R 2
KD o0, RDu0.) < |1l ol 20y + )||g||Lz<g)||uo,h||Lz<Q>.

I'l -«
Integrating the above expression with respect to #, we get

-

R 2
(ODCTZ/ uOh,t C; uOh)LZ(QT) = f (||f||L2(Q)”u0h||L2(Q) + ||g||L2(Q)||u0,h||L2(Q)) dt.

I -a
By Lemma 2.4, we obtain

—a
R 2
D s D o) g, < f (flaliosloa + 7=

Employing Holder inequality on the left side of the above inequality gives
R ya/2 2 -
(OD(;/ U ODT/ Uo 1) 205y < C(||f||Lq(J;L2(Q)) + llgllz2o)llt al|L‘1(J))”uO,h”LP(J;LZ(Q))»
2

where g = = and p = T—o
a —-a
With the aid of the facts that (see, e.g., [53])

~

R /2 2
8D Vll20y = Mgony, v €0 H(),
and the embedding theorem from [56]
2
H* (J) = LP(J), ”uo,h”LP(J;LZ(Q)) < C||M0,h||Hﬂ/2(1;L2(Q)),

one can conclude that

2 —
leto.l o2z < CUA oz + gzl oo o allzor 2oy

||g||L2(Q)||M0,h||L2(Q)) dr.

(2.14)

from which the desired result follows after dividing both sides of the above inequality by

20l rer2(s:12(2)- Thus, the proof is completed.

O

Lemma 2.7. Let u be the solution of the problem (1.1). Then, for any w = {wy, wp} € S 2, we have

=(V - (AVu), wy)s, = (AV,(mu), V,,0)7, = Z(u, w),
where Z(u, w) := Zi(u, w) + Zr(u, w) + Z3(u, w) with

Z (I/t, w) = (Avw(ﬂ'hu) - AVM, wa)‘Th’
Z(u, w) = ((AVu — 11,(AVu)) - n, mywo — wp) ,

Z3(u, w) = (AVu - n, wy — mpwyp) .

(2.15)

(2.16)
(2.17)
(2.18)
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Proof. Using integration by parts, we have for any w = {w, wp} € S 2

—(V - (AVu), wo)s, = (AVu, Vay),. — (AVu -n,wy — wyp)

= (AVu, Vwo)ﬂ —(AVu - n, mpwy — wp) — (AVu - m, wy — mpwo), .19)
where we have used that wy|3o = 0 and AVu is single value on &;,.
Using the definition of projection I1;, one has
(AVu, V). = (IT(AVu), V). . (2.20)
On the other hand, it follows from the definition of weak gradient (2.5) that
(ITu(AVu), V,,w),. = (II(AVu), V). + (mp(wp — wo), I1,(AVu) - m). (2.21)

From (2.20), (2.21) and using the definitions of I1, and 7,, we have

(AVu, V), = (T(AV4), V,,w),, + (mp(wo — wy), TT,(AV) - m)
= (AVi, V,,0),, + (mp(wo — wy), TT,(AVu) - m) 2.22)
= (AVu, V), + (mpwo — Wy, [1,(AVu) - n).

Plugging the above equation (2.22) into (2.19) yields
=(V - (AVu), o), = (AVu, V,w)y + (mpwo — wp, I1,(AVu) — AVu) - n) — (AVu - n, wy = mpwy),
which gives (2.15). Thus, we complete the proof. O

Next, we present an error equation for the discretization error e,(t) = {eg (1), epn(t)} := {mou(t) —
uo (1), mpu(t) — up 5(¢)}. This error equation plays an important role in our error analysis.

Lemma 2.8. Assume that u(t) is the solution of the problem (1.1) and u;(t) is the solution of the semi-
discrete problem (2.7) for t € (0, T). Then, we have for any w = {wy, Wy} € 52

(§ DSeop, wo) + Anlen, ) = Z(u, w). (2.23)
Proof. Multiplying the first equation in (1.1) by a test function wy of w = {wy, Wy} € 52 yields
(§ DFu, wo)y, = (V - (AVW), o)y, = (f, o)
From (2.15) in Lemma 2.7, we obtain
(§ Do, wo)g, — (AV,(myu), V). = (f wo)r, + Z(u.w), (2.24)

where we have used that (§Dju,wo), = (§D$mou, wo)y which follows from the definition of
projection 7.
Subtracting the first equation in (2.7) from (2.24), we get

(§ Dfeon wo)y, — (AVyen, Vyw)y = Z(u.w), YweS),

which is the desired result (2.23). Thus, we complete the proof. O
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For w € H'(T), we have the trace inequality (see, e.g., [29])
lwl? < C (il + helVolly). (2.25)

The following approximation results will be used in the sequel.

Lemma 2.9. [29] Let u be the solution of the problem (1.1) and assume that T, is shape regular. Then,
the L? projections my and 11, satisfy

D (e = moully + B3IV (= mowlly) < CR VIl 0 <5 <k, (2.26)
KeTy,
D (IVu = T, Vully +  (Vu = TL,Vul} ) < CHIlul?,,,  0< s <k. (2.27)
KeTy,

Lemma 2.10. Assume that w € H**'(Q). Then, for any w = {wy, wp} € V}?, one has
1Z(w, )| < ChlWllellwllg-

Proof. Using Cauchy-Schwarz inequality, (1.3), Lemmas 2.1 and Lemma 2.9 we obtain

2w, @)l = | 3" (AT m0) = V), w0 = mpe00),
KeTy,

<C Z Al ooy T, Ve — VM”LZ(T)”VW(U”LZ(T) (2.28)
KeTy,

k
< Chofwllgrs @llwllg-

It follows from the Cauchy-Schwarz inequality, the trace inequality (2.25), (1.3), (2.10) and Lemma 2.9
that

Zaw, )l = | Y AV = TLATW) - 17,00 - @3 )y
KeTy,

< C ) IAVw = TLAVWl ko llmwo = wpllzan
KeTy,
12 B 12 (2.29)
< C( D hllAVw = TLAYWIE o) (D i Il = 03llaiop)

KeTy, KeTy,
k
< Cho|wll g @llewll p

k
< Chowll e llwll g,
where we have used that

> hllAVw — TAVWIZ, o < D (AW = TLAVWIE . + B AV = TL(AVW)], 1)
KeTy, KeTy

< CH Wl @, (2.30)
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From Cauchy-Schwarz inequality, the trace inequality (2.25), (1.3), (2.10) and Lemma 2.9 that

Z30w, @)l = | D (AW 1, w0 = mp0)

KeTh
=| > AW - T AT - 1, w0 = Tyw0)y
KeTh
<C Z IAVw — Hk—l(AVW)||L2(aK)||7ThCUo - wo||L2<a1<)
KeTy
) 1/2 4 ) 1/2
< C( D" hellAVw = T AV 0.) (D A Imowo = woll2s o)
KeTy, KeTy,
1/2 _ 1/2
< C( D hlKVw =T (AW o) (D Hilimowo = ol + IV Growo = wolagp,)
KeTy, KeTy,

k
< CH |l gyl VIl

< Chk||W||Hk+l(Q)||w||E,
(2.31)

where IT,_, is the L? projection operator onto the space [P;_;(K)]* on each K € 77, and we have used the
fact ||mpwo — wollr29x) < llmowo — woll29k) and above estimate (2.30). Combining the estimates (2.28),
(2.29) and (2.31) finishes the proof. O

We now study the estimate for the error e,(¢) of the numerical scheme (2.7) in the || - || g-norm.

Theorem 2.2. Let u be the solution of the problem (1.1) and u,, be the solution of the semi-discrete

problem (2.7). Suppose that u,%* € L*(0,1; H*'(T})) for any fixed t € J. Then, we have the error

estimate

ou
llexlle < C(g, u, E)hk, (2.32)

where C(g, u, ') depends on the norms of g, u and ;.

Proof. For a fixed t € J, choosing w = ¢, in (2.23) yields
(§ Deons eon) + Anlens en) = Z(u, ey).
The coercivity property (2.11) of the bilinear form A,(:, -) and Lemma 2.10 imply that
1
(6 D7 eon eon) + lleally; < CHMllullryllenlle < Ch* lullan g + Sllenlly-
Hence, we have

1
(6 D eon eon) + llenlly < Ch lulle g (2.33)

Since ¢,(0) = 0, one has gD?eo,h = gDC;eo,h, thus integrating (2.33) with respect to ¢ and using
Lemma 2.5, we have

! !
lleonllrar 020 + f lex(s)Il ds < Ch*" f (I, ds. (2.34)
0 0
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Now, taking v = 66” in (2.23) gives

Oe Oe, Oe
(XDSeq, ‘;’h)+Ah<eh, ’)—Z( h)

or, equivalently

-B Oeo,h 8eO,h 1d

d ou
r g E)t) Sdr Ap(en, ep) = _Z(u,eh)_Z(E’eh),

where we have used the fact that §D%eq, = §D% 162(;" gD;ﬁa‘g;h with B := 1 — a (see, e.g., [1,57]).

Hence, integrating on the time domain, using the adjoint property of the Riemann-Lioville fractional
integrals and then Lemma 2.6, we get

(oD

_B/2 — 1 toa
f oS/ 2)leD; 072 gy dx + Sllenlly < Zu(r), en(0) + f |Z(8—bt‘(s>,eh<s>)| ds,
Q 0

where e, is the zero extension of e, in (0, 7]. Using the fact that cos(n3/2) is non-negative for
B €(0,1) and Lemma 2.10, we obtain

T Ou
el < CRM Ul llenlls + Chkf ”E(S)Hkﬂlleh(s)”E ds
0

" Ou 1 1
< CR*(lu@)I2,, + f =, ds) + =llealls + = f llexll ds.
o Ot 2 2 Jo

Appealing (2.34), one has
! ! au
IIehII%SCth(IIM(t)HiH+f (I, dS+f IIE(S)H,%H ds). (2.35)
0

Note that u(r) = u(0) + [5 %(s) = g + [ %(s). Thus, we get

ou
lu@llk+1 < 18llks1 +f ||(9—(S)||k+1 ds,
0 t

which combined with (2.35) gives

! ! au
IIehII§SCh2k(|IgIIi+1+fIIM(S)IIiH dHfllg(S)lliﬂ ds).
0 0

We complete the proof. m|

The optimal error rate in the L>-norm can be derived by introducing the elliptic (Ritz) projection
E; : Hy(2) — S} defined as follows. For any w € Hy(Q) [58]

AEw,$) = (=V - (AVW), o), Vo = {¢o, #} € S ). (2.36)

In fact, E,w is the WG-FEM solution of the corresponding elliptic equation that has exact solution w.
Note that E,w = {Egw, E,w} for any w € Hé(!)), where Egw is the WG-FEM solution in the inside of
elements and E,w is the trace on &;,.

The following error bounds for the elliptic projection E, follow from [52, Theorem 4.4 ] and [52,
Theorem 4.5].
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Lemma 2.11. [52] Suppose that w € Hé(Q) N HYY(T3). Then, the elliptic projection E;, defined
by (2.36) has the following error estimates

k
IExw — mpwllp < ChE W]k,

ket 1
IEow — mowl| < CA* Wl

We now state and prove the error estimate of a semi-discrete scheme in L2-norm.

Theorem 2.3. Let u € H*'(Q) and u;, be the solution of the problem (1.1) and the semi-discrete
problem (2.7), respectively. Then for any fixed t € (0, T], there holds

k+1),C
0,5 (2) = mou(Ollgrer20,1:12(0)) < Ch " lo DTN 220011 ())- (2.37)

Proof. We first split the error e;,(t) := &(t) + 0,(t), where

&) = 1600, &), &0 i= uop — Eou, & = upp — Epu, (2.38)
0,(t) = {6(1), 6,(1)}, 6y := Eou — mou, &y = Epyu — mpu. (2.39)

It follows from Lemma 2.11 that
160ll 21007229 < CHMIS Dl 22141 2y - (2.40)

We shall bound &, using the semi-discrete problem (2.7), the definitions of the elliptic projection (2.36)
and the projection 7, as follows. For any ¢ = {¢o, #»} € S?, we have

(§ DG &0, d0) + AnEnr d) = (§ DGt > d0) + An(utn, ¢) — (6 DT Eo, do) — An(En, ¢)
= (¢ DJu, ¢o) — (§ D} Eo, ¢o)
= (mo(§ Djw), ¢o) — (§ DS Eo, ¢o)
= —(§ D60, ¢o).

Choosing ¢ = &, in the above equation, we get
(§ Do, €0) + Anén &) = —(§ D360, &).
Since &,(0) = 0, one has gDOT‘ 0 = gD(}fo and Lemma 2.5 implies that
(6D &0, £D5E0) + 1€ < 11 D3 Golllol-

Recalling that
R 2 ~ 2
1507y [l20.0) =Ml ¥v € 0H2(0,T),

we get

2 2 C
W0l s 0702009, + (IR 20y < CUIS D3 Bulliz o lIéollizioy-

Applying the arithmetic mean inequality yields
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2 2 c
160ll 020,120y + Uil 120y < Cllg D7bollzzconlIgo(S)z2cr 1 (7

1 T
< CISDL N g+ 5 [ IO s
0

1 T 2
< CISDL R g, + 5 [ (o) ds
0

1
< ClIS D50l g, + 5 (IIE) o

where we have used the equivalent of the norms (2.10) in the last inequality. From (2.40), we obtain

1
2 2 2(k+1)C 2
Wollor20,7:0200) + 5 UllE)20) < Ch IS DUl i

which proves the desired result. O
3. Temporal discretization

In order to present semi-discrete numerical scheme, we discretize (1.1) in time direction. We
investigate time discretization using the well known L2 — 1, formula on graded meshes to deal with
the singularity of solution at r = 0.

m
Let M > 0 be a natural number. We define temporal graded meshes by setting 7, = T(M)’ for

m=0,1,..., M, where r > 1 is a user-chosen grading constant. Similar temporal graded meshes have
been investigated in the literature, e.g, [59, 60]. The graded constant r will influence the convergence
rate; thus we take it such a way that the rate is optimal as presented below.

One can easily show that

tw > 2ty form=1,...,M—1, (3.1)
and
Ty =ty =ty = T"M " for m=1,..., M. (3.2)

Form=0,1,...,M —-1and o € [0, 1], let t,,s, = t,, + 0T+1. Following the ides of [28], the Caputo
derivative ng;u in (1.1) at ¢t = t,,,, is approximated using the L2 — 1, formula.

C
tn+or

SD‘;M (o) = 0% U = Cppit™ — Z (cm,p — cm,p_l) u? for m=0,...,M—1. (3.3)
p=0

Here, co = 7;'doo, ¢m-1 = 0 and for m > 1 one has

ot (dno = fino) if p=0,
Cmp =9 Tprt (dm.p + fnp-1 = fm,p) if 1<p<m-1,
T;ll (dm,m + fm,m—l) if p=m,

where
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1-a
g 1-a

1 Im+o
dpm = ————— tnio —0)dl = ——— fi >0,
N F(l . Q’) L ( + ) r(z _ a/)Tm-H or m

1 ! -
dm’p:mftp (tyhio —60)“dd for m>1,andO0O<p<n-1,

R 2
T(1 - @)ty —1,

tp+l
f (tnee = O (7= tpe1p) dOfor m>1,and0<p<m-1.
t

P

fm,p

The following technical lemmas will be useful in the later analysis.

Lemma 3.1. /28, Corollary 1] Assume that 0 < o < 1. we have the following coercivity property of a
function Z(-, t) on the graded temporal mesh {(t,)M

m=0’

1
(O_Zm+l + (1 _ O')Zm,éa Z) > —0¢ ||Z||2 fOl" m = O, ce ,M - 1.

tm+or - 2 tn+o

Lemma 3.2. [61, Lemma 7] Let w € C[0,T] N C3(0,T]. Suppose that |w(d)(t)| < C(1 + 1% for
d=0,1,2,3andt € (0,T]. Then

w{:(y < CM—min{ra,3—f¥} fOl’j = 0,...,M_ 1’
{l’}s < CM—min{r(l,3—CY} fors = 1,...,j, "Vhenj2 1’

where
Wi =T, sup W Mplforj=1,... .M -1, (3-4)
ne(tjstj+1)

and

Wi =TT T sup WG for2<s < < M-l (35)

Ue(tsfleJrl)
M

Lemma 3.3. [61, Lemma 5] Assume that 1 > o > 1 — a/2. Then for any function {Vf }j:O’ one has

|Vk+1| < |V0| +I'(1 - (Z)mfi})axk {tr(:wo—ég,,ﬂrlvl} fork=0,...,M—1.

Lemma 3.4. [6], Lemma 1] Suppose o = 1 — a/2. Assume that t;,y < Ct; for j > 2 and 7,/75 < p,
where p is any fixed positive constant. Then for any function v(t) € C*(0, T), one has

,,,,,

Sy v="Dfv (tjw)) < Crjg, (wi” + max {wﬂs}) forj=0,...,M~-1,

where W' and !* are given by (3.4) and (3.5), respectively.
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4. Fully discrete numerical scheme

We now formulate the fully discrete L2-1, SFWG-FEM for the problem (2.1) as follows: find

wptt = g u)t'y € S such that

{ (87 uop von) + (AV,ily" " Vovy) = ("7, von),  Yvi = Vou Veu) € S}, @

0 _
uh - ﬂ-hg,

where u,"” = ou)"! + (1 — o)u) and ™ = f(-, tyse) form =0,1,..., M - 1.
We will prove that the L? stability of the fully discrete L2-1,, SFWG-FEM (4.1). First, we give a
Poincare-type inequality in the WG finite element space S 2.

Lemma 4.1. [62] There is a positive constant C independent of the mesh such that
llwoll < CIVllE,  Yv = {wo, wp} € S

Lemma 4.2. Let {u{;}ﬁ o be the solution of the fully discrete problem (4.1). Then

ra-aTe _
Tmf‘ﬁ]”f I? form =0,...,M - 1.

||Mm+1| < lu 0h||
Proof. Form =0, ..., M — 1, choosing v, = u;"" in (4.1) yields

012
(6 l/l()h,MOh ) + ||unh || = (fm+0' u()h

Im+or

Invoking Lemma 3.1, we obtain

|2 :
2 Sy Muonll® + 1V, I < (f™, ugy). (4.2)

Using Cauchy-Schwarz inequality, the Young’s inequality and Lemma 4.1, we obtain
m,o 1 m+o
™ gy ) < W™ Mg 1| < 1Vl 7117 + lef [
Using this inequality in (4.2) gives

6(1

tn+o

1
2 2
lluonll” < Ellf'"mll

Thus, from Lemma 3.3, one has

1 2
i I < NI + (1 = @) max {15, o)
0 12 r'd-aor m+o (|2
< |lu + ————— max
” O’h” 2 0<m<M-1 ”f ”
which completes the proof. O

AIMS Mathematics Volume 8, Issue 12, 31022-31049.



31038

We now prove an error estimate for the fully discrete L2-1, SFWG-FEM (4.1). For the error
analysis, similar to (2.38), we split the error

W = &+ O (4.3)

where &' = u" — Eju™ and 6)' = E,u™ —u;'. The estimation of &' follows from Lemma 2.9, and thus we
shall estimate ;" as follows. From (1.1) and (4.1), form = 0,..., M — 1 we have Yv, = {vo, vy} € S,?,

(6, . Bon,von) + (AV,6,°7,V,,vp)

tn+o

= (0, . Eou,von) + (AV,Epu™?,V,,vy) = (6, uop, von) — (AVyu;™”, Voyvp)

= (Eo6;, . u,von) + (AV,Ewu™, V,,vy) = (f"7, vo,)

= ((Eo — mo)d;, u,von) + (mo(6; u+V - (AVU™),vo,) = (mof™7, von) 4.4)
= (mo(Eo — )6, _u,vop) + (mo(07 u+V - (AVU™),vo;)

— (mo(§ DFU™ = V - (AVU"™)), vo,)

tmto
= ( — ﬂo(5gn+a§0 + Rm+o- + (Dm+0')’ VO,h)’

where @7 = DSy — 57 " and R™7 =V - (AVu™7) = V - (AVu"™).
The following theorem shows convergence of the L2-1, SFWG-FEM in the norm L*(L?).

Theorem 4.1. Assume that o = (2 — @)/2. Let u™ and uj' be the solutions of (1.1), (4.1), respectively.

alu(" t)
Assume that u € L™ (J; HY(Q) N H*'(Q)),§Dgu € L (J; HY(Q) 0 H*'(Q)) and <cd+
17 for 1 = 0,1,2,3. Then there exists a constant C such that
m _ ..m < — min{ra,2} k+1
max [ —ui|| < € (M + ). (4.5)

Proof. Letm € {0, 1, ..., M} be a fixed number. Taking v, = 6,"” in (4.4) yields

Oy . bon Oy ) + (AVLO7, V,6007) = —(ﬂo(cﬁwfo +R™7 + d)’"”), O )-

From Lemma 3.1 and Cauchy-Schwarz inequality, one has

1 o
5%, 160,411 < llmoBIlIl6G, I,

Im+o

where 8 := 67 & + R"" + @7, Now using the fact that the stability of the L* projection in L*-

norm [63] and the triangle inequality, we have

1 « 2 « m+o m+o r
500 1604l < C(1I85,,, &oll + IIR™ 7 + [19™*1) max 16y,

2 tm+o tm+o

Thus, Lemma 3.3 and ug, — Eouo = 0 imply that

g 1> < C max {1 (6“ + ||R*|| + d)”") max ||6&5 .|l
[yl OsisM—l{ oy, &oll + ] I+l | }1951\4” Al

i+0 tivo
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Therefore, one has

livo

m a 17 i+o i+o
max (1651 < € max (17,,(115%, oll + IR+ @) (4.6)

We shall estimate each term in (4.6) individually as follows. We first note that ||[Eo®"*7|| < ||®"*“|| and
Lemma 2.9 give that
167 &oll = 1167 &0 — 6 DFéo + g Di&oll

livo it

=16¢, u— §Djultive) — Eo(87, u — § Du(ting)) — § D3&oll

<D™ + |Eg@™ || + CH IS DFu™ g
< QO™ + CH IS DY ull pos v (2 -

4.7)

Now, from Lemma 3.4 and Lemma 3.2 we get

0<i<M-1 0<i<M-1

max {0 ) < € man {1} 4
<CM~ min{ra,3—a}_

We next consider the second term maXy<;j<y—i {tf‘w ||7€””||} in (4.6). When i = 0, the assumption
llu(n)|| < C implies that

CIRN < CF* ~ M, 4.9)
where we have used that 1, = M™". Taylor’s theorem [61, Lemma 9] and the assumption that
62252’ ) < C(1 +1°2) < C12, for each i > 1 yield
IR < Crf 1 < Gy MR 272 < Cri M,
where we have used (3.1) and (3.2). Therefore,
M2 fori=1,....M-1ifr> 1/,

@ i+o <
fieo IR < C{ M2 = M fori=1,...,M-1if1 <r<1/a

This result, together with (4.9), gives

Jmax {f IR} < CMmmnie, (4.10)

From (4.6)—(4.10), one can conclude that

max ||| < € (M- 4 ) (4.11)

1<m<M

Combining (4.11), Lemmas (2.9) and (4.3) gives the desired result (4.5). The proof is now
completed. O

Corollary 4.1. Assume that ra > 2. Then the error between the numerical solution u,' computed by
L2 — 1, SFWG-FEM scheme (4.1) satisfies

||um - ugfh” < C(thr1 + M‘z) form=0,1,..., M.
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Proof. From Theorem 4.1 and r > 2/a, one has ||u’" - ugh” <C (h"” + M‘Z) for each m. The result
now follows. The proof is now completed. m|

The convergence order O (M ‘2) in time for the L2-1, SFWG-FEM proved in Corollary 4.1 is higher-

order than the O (M ‘(2“”) temporal rate obtained by the well-known L1-WG-FEM. The O (hk”) spatial
convergence rate of the numerical methods is optimal in L*(Q).

5. Numerical results

In this section, we present some numerical experiments to show that our theoretical results are valid.
For easy implementation and to avoid much algebra, we take 7 = 1 and Q7 = [0, 11> x (0, 1]. In the
following examples, we have first divided the domain £ into squares and then further divided these
squares into triangles by connecting the diagonal lines (as illustrated in Figure 1). We use the space of
piecewise linear polynomials on the triangles and constant polynomials on the edges. We aim to verify
the spacial and temporal accuracy of the L2-1, SFWG-FEM scheme (4.1) on graded meshes. In the
numerical solutions, the L2-1, SFWG-FEM solution u}" = {ug'fh, quh} is computed by the scheme (4.1).
We compute the temporal errors e, = {eg,e,} = {" — ”81,;,’ u™ — quh} in the L* (L2)—n0rm using the
following formula

leoll 2y = max [l (x. ) = ugh|

where we have used 5-point Gaussian quadrature rules on time mesh interval for each m to approximate
||u (x, ) — ug’h“. The order of convergence (OC) is computed using the following formula

u—ulll .
0C = log, ( e, il

_m
”” ”o,zh“ 1=(12)2M

Figure 1. Uniform triangulation of the domain.
Example 5.1. Let A = 1in (1.1). We take f(x,y,t) so that the problem (1.1) has the following solution
u(x,y, ) = (% + ) sin(rx) sin(nry),
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where 0 is a fractional number.

If 6 € (0, 1), then the solution # will have a weak singularity at ¢t = 0. That is, the integer-order
derivatives of u with respect to the time will blow up at the starting point.

We first fix M = 2000 which is small enough to avoid the time discretization errors and take the
mesh size h = %m, m = 1,2,3,4,5,6. We present the spatial errors at # = 1 in the energy and L?
norms and their orders of convergence is shown in Table 3 when @ = 0.4 and 6§ = 2. The orders of
convergence listed in this table show that the proposed method has the optimal convergence order of

O(K*) in the energy norm and O(A**!) in the L? norm, as stated by Corollary 4.1.

Table 3. Spatial error histories and the rates of convergence at t = 1 of the SFWG-FEM
using P, element for Example 5.1 on triangular meshes.

Take M =2000,0 =2, =04,r =1

N lleallg oC lleoll OoC

4 1.47E + 01 - 4.30E - 03 -

8 2.98E + 00 2.30 SA41E - 04 2.99

16 6.66E — 01 2.16 6.75E - 05 3.00

32 1.60E — 01 2.05 8.43E - 06 3.00

64 4.16E - 02 1.95 1.06E - 06 2.99
Expected OC 2.00 3.00

Then, we fix the mesh size /4 in space so that the errors in time dominate the errors in space. The
results in Table 4, Table 5 and Table 6 show that the rate of convergence is of order O(M~?), which is in
perfect agreement with Corollary 4.1. In these tables, when r = r,,,, we observe that the computed OC
is slightly bigger than the expected ones. The reason for this is that the optimum value of the grading
constant yields a better approximation in L?> norm for the problem having a weak singularity at the
initial point. Observe that if the regularity parameter 6 € (0, 1), then one cannot achieve the optimal
convergence rate using the uniform mesh or non-optimal grading constant r due to the singularity of
the solution at ¢ = 0.

Table 4. Time error histories and the rates of convergence of the SFWG-FEM for
Example 5.1 on triangular meshes.

Take h = /64,0 =08, =04

r=1 Topt = 5/2 r=3
M lleoll oC lleoll oC lleoll oC
16 2.85E - 03 - 5.72E - 04 - 4.73E - 04 -
32 1.75E - 03 0.70 1.43E — 04 2.00 1.18E — 04 2.00
64 1.04E - 03 0.75 341E - 05 2.07 2.96E - 05 2.00
128 6.10E — 04 0.77 8.31E — 06 2.03 7.23E - 06 2.03
256 3.55E - 04 0.78 2.08E — 06 2.00 1.79E - 06 2.01
Expected OC - 0.8 . 2.00 - 2.00
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Table 5. Time error histories and the rate convergence of the SFWG-FEM for Example 5.1
on triangular meshes.

h=mn/64,0 =05, =0.2

r=2 r=5/2 Fopt = 4
M lleoll OoC lleoll OoC lleoll OC
16 3.06E - 03 - 4.03E - 03 - 4.07E - 03 -
32 1.74E - 03 0.81 1.84E - 03 1.13 1.92E - 03 1.08
64 9.03E - 04 0.95 8.53E - 04 1.11 6.88E — 04 1.48
128 4.54E - 04 0.99 3.67E - 04 1.21 1.90E - 04 1.86
256 221E-04 1.04 1.43E - 04 1.36 5.01E - 05 1.92
Expected OC 1.00 1.25 2.00

Table 6. Time error histories and the rate convergence of the SFWG-FEM for Example 5.1
on triangular meshes.

h=n/64,0=0.5, r=2/60

a=2/3 a=4/5
M lleoll oC lleoll oC
16 5.36E - 03 - 6.55E - 03 -
32 2.49E - 03 1.10 3.02E - 03 1.11
64 8.84E — 04 1.50 1.07E - 03 1.50
128 241E-04 1.86 2.93E - 04 1.87
256 6.23E - 05 1.95 741E - 04 1.98
Expected OC 2.00 2.00

Example 5.2. Let K = 0.1 in (1.1). The function f(x,y,t) is taken so that the exact solution of the
problem (1.1) is

u(x,y,0) = (17 + 1) (e(1 = 0)y(1 = y)e™,

where 6 is a regularity parameter.

In this example, we take M = 2000 so that the spatial error dominates the error in time. Table 7 lists
the computed errors at ¢ = 1 in the energy and L? norms and their orders of convergence. These rates of
convergence displayed are in good agreement with the theory predicted by Corollary 4.1. These rates
show that the optimal orders of convergence are obtained.

Next, we fix the spatial step size 4 = 1/300 to ensure that the temporal errors dominate the errors in
space. We compute ||u" — Mgth =2y of L2-1, SFWG-FEM and their rates of convergence in Table 8
and in Table 9 for various values of @. These rates of convergence displayed are in good agreement with
the theory predicted by Corollary 4.1. Further, Table 8 displays that the optimal rate of convergence
O(M™?) is only obtained by the values of the grading constant r > 2/6.
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Table 7. Spatial error histories and the rate convergence at t = 1 of the SFWG-FEM for
Example 5.2 on triangular meshes.

Fix M =2000,0 =2, =04,r =1

N lleall OC lleoll OoC

4 2.62E + 00 - 7.51E - 04 -

8 6.56E — 01 2.00 9.56E - 05 297

16 1.65E - 01 1.99 1.20E - 05 2.99

32 4.18E - 02 1.98 1.50E - 06 3.00

64 1.06E - 02 1.97 1.88E — 07 3.00
Expected OC 2.00 3.00

Table 8. Time error histories and the rate convergence of the SFWG-FEM for Example 5.2
on triangular meshes.

h=1/300,6 =0.8,a =0.2

r=1 Yopt = 5/2 r=3
M lleoll OoC lleoll OoC lleoll 0oC
16 1.25E - 04 - 2.07E - 05 - 3.95E - 05 -
32 7.65E - 05 0.70 5.61E - 06 1.88 1.10E - 05 1.84
64 4.57E - 05 0.74 1.61E — 06 1.80 2.96E - 06 1.90
128 2.68E - 05 0.77 4.35E - 07 1.89 8.11E - 07 1.87
256 1.54E - 05 0.80 1.12E - 07 1.96 2.14E - 07 1.92
Expected OC 0.80 2.00 - 2.00

Table 9. Time error histories and the rate convergence of the SFWG-FEM for Example 5.2
on triangular meshes.

h=1/300,6=0.8, r=2/0

a=2/3 a=4/5
M lleoll OoC lleoll oC
16 4.27E - 05 - 5.37E - 05 -
32 1.99E - 05 1.10 2.42E - 05 1.14
64 6.98E - 06 1.50 8.58E - 06 1.50
128 1.92E - 06 1.86 2.32E - 06 1.89
256 4.93E - 07 1.96 5.79E - 07 2.00
Expected OC 2.00 2.00

In Example 5.3 we use triangular meshes with hanging nodes to illustrate the advantage of the

SFWG method in treating irregular meshes shown in Figure 2.
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Figure 2. Triangulation of the domain with hanging nodes.

Example 5.3. Let Q= (0,1)>, A=1,T = lin(1.1) and f(x,y,t) be given such that the exact solution
u(x,y,t) = t* sin(mrx) sin(ry).

In order to show the advantage of the SFWG method in dealing with the triangular meshes with
hanging nodes, we report the measured errors in the energy and L? norms in Table 10. The results
show the flexibility of the SFWG-FEM in treating hanging nodes in meshes, while the standard finite
element method cannot be easily applied without any /p refinement, which makes the computations
formidably expensive.

Table 10. Spatial error histories and the rates of convergence at ¢t = 1 of the SFWG-FEM
using P, element for Example 5.3 on triangular meshes with hanging nodes.

Take M = 2000, = 0.3, r =2/«

N lleall OC lleoll OoC
16 4.53E - 01 - 1.26E - 02 -
32 1.18E - 01 1.99 1.56E - 03 3.01
64 2.94E - 02 2.00 1.94E - 04 3.00
128 7.32E - 03 2.00 2.43E - 05 3.00
256 1.83E - 03 2.00 3.03E - 06 3.00
Expected OC 2.00 3.00

6. Conclusions

In this paper, we studied the SFWG-FEM in space and L2-1, method in time for the fractional
diffusion problems on graded meshes in time. We derived optimal error estimates of semi-discrete in
the L? and H' norms and fully discrete numerical schemes in the L?> norm. Because of the singularity
at the initial time, graded meshes in time were used, and the optimal values of the grading constant
gave the second order convergence in time. Various examples were carried out to verify the theory
presented in this work. We will investigate the method of this paper to fractional diffusion problems
with time-dependent diffusion coefficient in future work.
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