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Abstract: For a set X and an integer r > 0, let ( ; ) denote the family of subsets of X that have at

most r elements. Two families A C ( ;) and B C ( ng ) are cross t-intersecting if |A N B| > ¢ for all
A € A,B € B. In this paper, we considered the measures of cross 7-intersecting families A C ( fr)

BC ( SXS ), then we used this result to obtain the maximum sum of sizes of cross z-intersecting separated
families.
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1. Introduction

For a set X, the power set of X (the set of subsets of X) is denoted by 2%. For integer r > 0, the

family of r-element subsets of X is denoted by (f), and the family of subsets of X of size at most r is

denoted by (X). Let [n] = {1,2,-++ ,n}. For & € 2/ and 0 < i < n, define
FO={FeF:|F|=i}

A family F c 2% is said to be t-intersecting if |F; N F,| > t for every F, F, € F. If A, B c 2X are
families such that [A N B| > ¢t forall A € A, B € B, then A and B are said to be cross t-intersecting.
When ¢ = 1, we usually omit 7.

The following theorem by Erdds et al. is a basic result in the extremal set theory.

Theorem 1.1. ([1]) Let n, k and t be positive integers withk > t > 1 and let F C ([Z]) be a t-intersecting

family, then
n—t
<
1< (k - t)
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forn > ny(k, 1).

For ¢t = 1, the exact value
notk,t)y =(k—t+ 1)(t+1) =2k

was proved in [1]. For ¢ > 15, it is due to [2]. Finally, Wilson [3] closed the gap 2 < t < 14 with a
proof valid for all 7.

Hilton and Milner [4] obtained the maximum sum of sizes of cross intersecting families A, B C ([Z]),
which was the first result on the sizes of cross intersecting families.

Theorem 1.2. ([4]) Let n and k be integers. Suppose that n > 2k, A, B C ([Z]) are cross intersecting

and nonempty, then
-k
|ﬂ|+|B|s(Z)—(nk )+1,

and the equality holds if A = {[k]} and

[n]

B:{Be(k

) : BN k] # 0}.
It should be mentioned that Frankl and Tokushige [5] determined the maximum sum of the sizes of

cross intersecting families A C ([f]) and B C ([Z]), and the maximum of |A| +|B| for cross z-intersecting

families A C (["]) and 8 C (["]) were established in [6]. Recently, Borg and Feghli [7] solved the

r s

analogous maximum sum problem for the case where A C ([” ) and B C ([S”j)

<r

Theorem 1.3. ([7]) Let n, s and r be integers withn > 1, 1 < r < 5. Suppose that A C ([”]) and

<r

BC ([”]) are cross intersecting and nonempty, then

wemer S(0-(7)

and the equality holds if A = {[r]} and

[n]

<s

B:{Be( ):Bﬂ[r]i(b}.

In this paper, we consider the cross #-intersecting families in the setting of measure. For a function
w: [k] — R, (the set of all positive reals) and a set A C [k], we consider the measure w(A) = w(|A]).
Moreover, for A c 2 let

W(A) = Z w(A).

AeA

Quite a few results for measures of intersecting and cross intersecting families are known [8—11].
In particular, Guapt et al. [10] determined the maximum sum of ., wi(#;) for the nonincreasing

function w;: [k] — Ry and p-cross r-intersecting families 71, %, -+ ,F, C 2, where families

F1, Fas -+, F, C 28 are called p-cross r-intersecting if | Niepy) Fil > ¢ for all F; € 7, i € [p.
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Given positive integers t,r, s,m,k witht < r < kand r < m < s < k, define the families

K(m,r,t) = {Ke (ik]) KN [m]] > t},

<r
S(m,s):{S e([k]): [m] CS}.
<s

It is easily checked that K'(m, r, t) and S(m, s) are cross t-intersecting.
We first obtain the maximum sum of measures for cross 7-intersecting families A C ([S"j) and B C

[n]
(Ss)'
Theorem 1.4. Let A C (Z‘l) and B C (Z‘}) be nonempty cross t-intersecting families withk > r > s > t.

Let w: [k] — R.o be nonincreasing, then
w(A) + w(B) < max {glnfg(s w(K(m,r, 1)) + w(S(m, 5)), trgrell}r w(K(m, s,1)) + w(S(m, r))} .
Let n and k be integers and
X=XuXu-- WX, |Xi=n.

We assume that the elements of X; are ordered and let v; denote its smallest elements. For 1 < r < k,
define

X
w(n,k,r):{He( ):|HﬂX,-|Sl,1$isk}.
r

A family ¥ c H(n, k, r) is called a separated family. For ¥, G c H(n, k, r), we say that they are cross
t-intersecting if |[F NG| > tforall F € ¥,G € G.

By applying Theorem 1.4 with a specific function w: [k] — R, we obtain the maximum of |F |+ |G|
of cross -intersecting separated families ¥, G C H(n, k, r).

Theorem 1.5. Let n, k, r and t be integers withn > 2, k > r > t. Suppose that ¥,G C H(n,k,r) are
nonempty and cross t-intersecting, then

171+ 161 < [Fol +1Gol,

where
% = {F € W(n’ka r): |F N {vl’VZa"-’vr}l > t}’ go = {{vl’V27---’vr}}-

2. Proof of Theorem 1.4

The shifting technique will be used in this section. For # ¢ 2" and 1 < i < j < k, define the
shifting operation
Sij(F) ={Si;(F): F e ¥},
where
(F\{jhuli}, ifjeFi¢ Fand (F\{j)U{i} ¢ T;
F, otherwise.

Si,j(F) = {
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It is well known ([12]) that S; ; maintains ||, the #-intersecting property and the cross t-intersecting
property. We say that a family F c 2 is initial if S; (F) = F forall 1 < i < j < k. It is proved
in [12] that by applying the shifting operation repeatedly, every family becomes an initial family.

A family A C (Z‘j) is called monotone if A € A, B D A and |B| < r imply B € A. Given a family
AcC ([k ) let (A), be the up-set of A defined by

<r

k
(A), = {F € (L ]): there exists A € A such that A C F}.
r

Our proof is based on the generating set method, which follows [9, 13]. We recall some well-known
notions for the generating set method.
Let A C ([g) (A+0and A + (Z‘g)) be a monotone family. A generating set of A is a minimal set

(for containment) G € A. The generating family of A consists of all generating sets of ‘A. The extent
of A is the maximal element appearing in a generating set of A. The boundary generating family of

A consists of all generating sets of A containing its extent. For a monotone family A C ([g) with
generating family G, it is easy to see that A = (G),.

The following result follows from the definitions of the generating family and initiality, and a
detailed proof can be found in [14].
Lemma 2.1. Let A C ([Skj) be a monotone initial family with extent m > 2, generating family G and

boundary generating family G. For any H C G, let

G=G\H, G =G \H)U{H\ {m}: H € H]},

then
"N o _ [m+1,k]
ﬂ\(g)r—{HUT.HGW, TE(SV—|H|)} (2.1
and
. B ) [m+1,k]
(G )r\&zl—{(H\{m})UT.Heﬂ, Te(gr—|H|+1)}' (2.2)

Now, we are in the position to prove the main result.

Proof of Theorem 1.4. Let A C ([k]) and B C ([k]) be nonempty cross z-intersecting families with

<r <s
w(A) + w(B) maximal. Since the shifting operator preserves the cross f-intersecting property and
preserves w(A) + w(B), we may assume that both A and B are initial. By the maximality of w(A) +
w(8B), we may also assume that A and B are monotone.

Suppose that A has extent m;, generating family G, and boundary generating family G, and 8 has
extent m,, generating family G, and boundary generating family G». Since G, c Aand G, C B, we
see that G| and G, are cross t-intersecting.

Since A and B are nonempty and cross f-intersecting, |F| > ¢ for any F € A U B. It follows that
mp >tandmy > t.

AIMS Mathematics Volume 8, Issue 12, 30910-30921.
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Claim 1. nmy; = my.

Proof. Suppose that m; # m,. By symmetry assume that m; > m, > ¢, then let

G =G \G)UIG\{m}: G eG).
Note that m; ¢ B for any B € G, then G and G, are cross t-intersecting, implying that (G} ),, B = (G»)
are also cross f-intersecting. Since (G}), 2 A and w(j) > 0, we see that
w((G)r) + w(B) > w(A) + w(B).
This contradicts the maximality of w(A) + w(B). m|

Let m; = m, = m. We may further assume that A C ([g) and B C (Z‘;) are nonempty Cross f-
intersecting families with w(A) + w($) maximal and m minimal. That is, for any cross z-intersecting

families A’ c (1), 8 ¢ (1) with

W(A) + w(B) = w(A) + w(B),
if A’ and B’ have extent m’, then m < m’ holds.
Claim 2. IfA € G, and B € G, satisfy |[ANB| = t, then AU B = [m] and |A| + |B| = m + t.

Proof. Note that {m} € ANB. We show that AUB = [m] follows from initiality. Indeed, x € [m]\(AUB)
would imply
A =(A\{mhUu{xte A

and
A"NBl=[(AnB)\{m}| =1-1,
a contradiction. Now, |A| + |B| = m + ¢ follows from |A| + |B| = |A N B| + |A U B]. O
If m = t, then

G =G = {11}
It implies that both ‘A and B are #-star. Thus,
w(A) + w(B) = w(K(t, 1, 1)) + w(S(2, 5)),

and we are done.
Now, we may assume that m > ¢ + 1 and distinguish the four cases.

Case 1. If G # 0, then
[t-11U{m} e G c A

By initiality, we have
[, t=-1Ju{e+ 1}, [t=1]Uu{t+2},---,[t=1]U {m} € A.

Since A and B are cross r-intersecting, then [m] Cc B for any B € B. It follows G, = {[m]} and
t < m < s. Since B is monotone, then

B =(G2)s = S(m, s).

AIMS Mathematics Volume 8, Issue 12, 30910-30921.
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By the maximality of w(A) + w(B), we infer that A = K(m, r,t) and
W(A) + w(B) = w(K(m,r, 1)) + w(S(m, s)).
Note that in this case, t < m < s holds. Thus,

w(A) + w(B) < lr<na<x w(K(m,r, 1)) + w(S(m, s)).

Case 2. If g_(;) # (, by a similar argument as in Case 1, we obtain that
w(A) + w(B) = w(K(m, s,1)) + w(S(m, r))

and t < m < r. Thus,
W(A) + w(B) < max w(K(m, s,1)) + w(S(m, r)).

Case 3. There exists a, b with a + b = m + t and exactly one of Q_(la) and Q_(zh) is nonempty.

Without loss of generality, assume that Q_(I“) # (. By Case 1, we assume that a > ¢+ 1. Let
G =G \G)UIG\{m}: GeG).

By Claim 2 we infer that G/ and G, are cross t-intersecting. Thus (G/), and B are cross r-intersecting,
then A ¢ (G}), and w(j) > 0 for j € [k] imply

w({G'1)r) + w(B) > w(A) + w(B)

contradicting the maximality of w(A) + w(B).
Cased. Forall a,b > t + 1 witha + b = m +t, both G” and G are nonempty or both G\’ and G
are empty.

By Cases 1-3, we may assume that Q_(lt), Q_(l'"), _(2’) and g‘;’") are empty in this case. We claim that
G\ G and G, \ G, are nonempty. g‘ﬁ"” = 0 and G| # 0 imply that there exists G € G; C A and

|G| < m. Since A is initial, A’ = [|G|] € Aand m ¢ A’, then A’ (or a subset of A’) belongs to G, \ G1.
Similarly, G, \ G is nonempty.

Since G1. G, # 0, there exists a,b > £ + 1 with a + b = m + ¢ and both G, and G are nonempty.
Let

G =G \GHUIG\{m): GeG"), G,=6:\GY
and

" =GI\G, G = (G \GYYUIG\ im}: G e GY).

By Claim 2, (G}), and (G)), are cross t-intersecting and (G{'), and (G}, are cross t-intersecting.
By Lemma 2.1 we have

i k- o k- ,
WG + WG = w(A) + w(B) - 1G] Y (]. _'Z)w(j) G Y (J. B a'f 1)w(J) (2.3)

b<j<s a—1<j<r

AIMS Mathematics Volume 8, Issue 12, 30910-30921.
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and

- k — - k —
WG +W((G3)) = W) +w(B) ~ 1G] ) (j _’Zf)w(j) +167"] (]. o 1)w<j>. (24)

a<j<r

Since w(j — 1) > w(j) > 0, we obtain

3 (Ao 3 o= 3 0 3 (5o

a-1<j<r a<j<r a<j<r+1 a<j<r
k—m
>
B (r +1- a)w(r)
> 0. (2.5
Similarly,

k- =
> (j_le)w(j)— > (j_]Z)w(j) > 0. (2.6)

b-1<j<s b<j<s

Adding (2.3) and (2.4) and using (2.5) and (2.6), we obtain that

1
3 (WG + w(Ga)s) + wGY)n) + WGy )s) — WA) + w(B))

16 k—m \ k—m\
2 {Z (j—a+1)w(”_z(j—a)w(’)]

a—-1<j<r a<sj<r
@S’)l[ ( k—m ) (k—m) ]
+ — . w(j) — . w(j)
2 b-1<j<s j-b+l1 bszjs:s j-b
> 0. 2.7)

By the maximality of w(A) + w(B), we have

w({G1)r) + w({Gs)s) < w(A) + w(B), w((G)),) +w(G5)s) < wA) + w(B).

Combining (2.7), we obtain the following claim.

Claim 3. If both Q_ga) and Q_(Zh) are nonemptyanda+b =m+t a,b>t+1, then

w((G)r) + w((Gh)s) = w(A) + w(B),

where
G =G \GHUG\m:GeGV). Gy=6:\G)

(b)
2

Now, we make the foregoing operation for all nonempty pairs g'(f” and G, witha + b = m + t and

we will obtain a pair of new generating families. Define
G =GI\GNUIG\{m}:GeGl), G, =G \G

AIMS Mathematics Volume 8, Issue 12, 30910-30921.
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We claim that (G7), and (G ), are cross t-intersecting. Note that G, C G| and G, C G». For G € G\ G|
and F € G5, wehavem ¢ G,m ¢ F and G U {m} € G,. Since G, and G, are cross f-intersecting,

IGNF|l=|(GU{m)NF|>t,

then G| and G are cross t-intersecting. Thus, (G}), and (G), are cross t-intersecting.
Claim 3 shows that

w({G1)r) + w((Ga)s) = w(A) + w(B).

Moreover, m ¢ G for all G € G} UGj, then the extents of (G7), and (G),s are less than m, contradicting
the minimality of m. O

3. Cross t-intersecting separated families

The shifting operation can also be used in separated families. Let ¥ c H(n,k, r) be a separated
family on X = X; w X, w- .- w X;. Recall that the elements of X; are linearly ordered foreach 1 <i <k
and v; is the minimal element of X;. The shift S ., is allowed to apply on # only if x, y are in the same
X; and x < y. A separated family # C H(n, k, r) is called initial if S, () = F for all x, y in the same
X; and x < y. Similarly, by applying the allowed shifting operation repeatedly, every separated family
becomes an initial family.

For aset H € H(n, k,r), define

A(H) = {l cHN Xi = {V,‘}}.

For ¥ c H(n,k,r), let
AF) ={AH) : H € ¥},

AF) C ([k]).

<r

then

The following reduction Lemma will be used in the proofs. Frankl and Fiiredi [15] showed the
result for an intersecting family ¥, and we gave a cross t-intersecting version of the reduction lemma
in [14].

Lemma 3.1. (reduction lemma [14, 15]) Suppose that F,G C H(n, k,r) are cross t-intersecting and
both initial, then A(F ) and A(G) are cross t-intersecting.

When r = s, we may obtain the maximum value of w(A) + w(B) from Theorem 1.4 by some
calculations.

[k

<r

Proposition 3.2. Let k,r and t be positive integers with k > r > t, and ‘A, B C (
cross t-intersecting. Let w: [k] — R, be nonincreasing, then

) be nonempty and

W(A) + w(B) < w(K(r,r, 1) + w(S(r,r)),

where

Sr,r)={[r]}, K@,r1) = {F € (Lkl) JFN[r]] = t}.

AIMS Mathematics Volume 8, Issue 12, 30910-30921.
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Proof. We will prove the result by showing that for # < m < r, the following inequality holds:
w(K(m,r, 1)) + w(S@m, r)) <w(Km+1,r,1) + w(S(m + 1,r)).

By the definition of S(m, r) for j + m < r, the subfamily of S(m, r) consisting of the elements of
S(m, r) with size j + m is

S(m, 1)U = {[m] UR:Re ([k] \j[m])}.

We obtain that

r—m k—m r—-m—1 k—m—l
S S 1 = 1
w(S(m,r)) —w(Sm+1,r)) = Zw(]+m)( i ) JZ:: w(j+m+ )( )

Jj=0

Recall the definition of K(m, r,t). It is easy to see that K(m,r,t) € K(m + 1, r,t), and
_ (KT . _
Km+1,r,0) \ K(m,r,t) =< F € Sk [FN[m]=t—landm+1€F,.
<r

Thus we have

WK m + 1,7.1)) — wK(m, . 1)) = Zw(]+t)( ! 1)(k e 1) (3.2)

Jj=0 J

Byr—t>r—mand w(j+1t) > w(j+ m), it follows that

Y S R L S

By (3.1)—(3.3), we obtain that

w(K(m, r, 1)) + w(S(m, r)) < w(m+ 1,r,1) + w(S(m + 1,r)).

Therefore,
max w(K(m, r, 1)) + w(S(m, r)) = w(K(r, r,)) + w(S(r, r)).
t<m<r
By Theorem 1.4, the proposition holds. O

Using the reduction lemma and assigning specific measures in Proposition 3.2, we may obtain the
maximum of || + |G| for cross t-intersecting separated families ¥, G C H(n, k, r).

AIMS Mathematics Volume 8, Issue 12, 30910-30921.
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Proof of Theorem 1.5. Let F,G C H(n,k, r) be cross t-intersecting families with maximal |7 + |G].
Since the shifting operating preserves the cross f-intersecting property, we may assume that both # and
G are initial. By the Reduction lemma, A = A(F ) and B = A(G) are cross t-intersecting. Moreover,

ﬂ,Bc([k]).

<r

By the maximality of |¥ |+ |G|, we further assume that # and G form a saturated pair; that is, adding
further sets would destroy the cross #-intersecting property, then

(k=i , Nk =1 ;
_ 0 i — () — 1)y
|¢L};Jﬂ|@_}n 1y, @|O§JB|L_Jn 1y~

To put it another way, if cross #-intersecting pairs A, B C ([ﬁ) are given, then we can uniquely construct

cross t-intersecting and saturated pairs ¥, G € H(n, k, r). B

Thus,
(k—1 . k=1 .
|ﬂ+@=§]ﬂ% fW—DH+§]@% jm—wf
0<i<r r= O<i<r =t

Let :
w(i) = (k - l.)(n -1, ielkl,
r—1

then it is easy to see that
171 + 1G] = w(A) + w(B).

Since n > 2 and k > r, we have w(i) > 0. By
k—i - [(k—i-1 ,
moz( jm—DHz( f )m—DH”=w0+u
r—i r—i—1
then w(i) is nonincreasing. Applying Proposition 3.2 with
k—1i ,
w@z( jm—nH,iem,
r —
we obtain that

|F| + 1G] < max {w(ﬂ) +w(B): A, B C (Lk]) are Cross t—intersecting}
<r

<w(K(r,r, 1) + w(S(r,1))

= [Fol +1Gol,
where
Fo={F e Hn,k,r): |[F N {vi,va,...,v,}| >t}
and
Go = {vi,va,.. ., v}
Thus, the theorem holds. i

AIMS Mathematics Volume 8, Issue 12, 30910-30921.
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4. Conclusions

In this paper, we discussed the measures of cross z-intersecting families. By applying the main result
with a specific weight function w, we obtained the maximum sum of the sizes of cross t-intersecting
separated families.
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