AIMS Mathematics, 8(12): 30487-30500.
DOI: 10.3934/math.20231557
AIMS Mathematics Received: 17 July 2023

Revised: 09 October 2023

Accepted: 30 October 2023
http://www.aimspress.com/journal/Math Published: 09 November 2023

Research article

Solutions for Schrodinger equations with variable separated type nonlinear
terms

Xia Su* and Chunhua Deng
Faculty of Mathematics and Physics, Huaiyin Institute of Technology, Jiangsu 223003, China
* Correspondence: Email: 11050078 @hyit.edu.cn.

Abstract: In this paper, we consider the following semilinear Schrodinger equation:

—Au+ V(x)u = a(x)g(u) for x € RV,
u(x) = 0 as |x| — oo,

where a(x) > 0 for all RY. Under some different superlinear conditions on g(u), we obtain the existence
of solutions for the above problem. In order to regain the compactness of the Sobolev embedding, a
competing condition between a(x) and V(x) is introduced.
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1. Introduction and main results

In this paper, we consider the existence of solutions for the following semilinear Schrodinger
equation:

{ —Au+ V(xu = f(x,u) forxeR", (1.1)

u(x) -0 as x| — oo.

Due to its important applications in mathematical physics, Eq (1.1) receives much attention from
mathematicians to look for its solutions. For example, (1.1) is also known as the Gross-Pitaevskii
equation, which can be simulated in the Bose-Einstein condensate (see [3]). In high dimension, this
equation has also been considered by some physicians (see [6]).

In the last two decades, with the development of variational methods and critical points theory,
many mathematicians used the variational methods to show the existence and multiplicity of solutions
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for problem (1.1) and obtained many interesting results [1,2,4,5,7-12,15,17, 19,20, 22]. Using this
method to deal with problem (1.1), one of the difficulties is to get compactness of the embedding
from the working space to L>(R"). The periodic and coercive conditions are introduced to regain the
compactness. In this paper, we mainly consider the coercive case. The following coercive conditions
on V(x) is first introduced by Rabinowitz in [9].

(V) V € C'(R",R) and there exists a V > 0 such that V(x) > V for all x € RY;

(V2) V(x) — oo as |x] — oo.

However, (V) and (V>) are so strong that many functions cannot be involved with them. Then, many
mathematicians tried to relax these conditions. For example, in [16], V is required to be of C class and
V(x) > =V, with V; > 0, which generalized condition (V;). In order to generalize condition (V>),
Bartsch and Wang in [2] introduced the following condition:

(V) inf exv V(x) > 0 and for every M > 0, the set Z;; = {x € R : V(x) < M} has finite Lebesgue
measure.

Condition (V3) has been used by many mathematicians to obtain the existence and multiplicity of
solutions for problem (1.1). Under (V3), V may not have a limit at infinity. In 2000, Sirakov [11]
introduced the following condition on V to guarantee the compactness of embedding.

(V) For any r > 0 and any sequence {x,} C R" which goes to infinity,

n—oo u€A,

lim inf f (IVul? + V(x)u?)dx = +00,
Bl‘l

where A, = {u € Hé(Bn)llluH 2, = 1} and B, = B(x,, r) is the open ball with center x, and the radius r.

It has been shown in [11] that condition (V,) is weaker than (V,) and (V3). Moreover, V is allowed
to change sign. In [11], f is required to satisfy the following growth condition:

(AR) There exists ¢ > 2 such that
!
tf(x,t) > 1F(x,t) =1 f f(x,v)dv>0 forall xeR" and reR\ {0}
0

Condition (AR) is a classical condition introduced by Ambrosetti and Rabinowitz, which provides
a global growth condition of f at both origin and infinity. (AR) also plays an important role in showing
the boundedness of Palais-Smale sequences and the geometrical structure of the corresponding
function. However, the (AR) condition is so strict that many functions do not satisfy this condition.
By replacing (AR) with the following condition, Wan and Tang [16] obtained existence of solutions for
problem (1.1).

(MC) there exists a constant § > 1 such that OF (x,1) = F (x, st) for all (x,7) € R¥ xR and s € [0, 1],
where F(x,1) = f(x, )t — 2F(x, ).

In this paper, we consider a class of variable separated nonlinear functions that has received limited
attention from researchers, as mentioned in [11]. Our purpose is to establish the existence of solutions
for (1.1) by introducing novel conditions to replace (AR) and (MC). Additionally, we provide examples
to highlight the distinctions between our theorems and prior ones. Precisely, we assume that f is a
variable separated function defined as follows:

f(x,1) = a(x)g(), (1.2)
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where a(x) is allowed to go to zero at infinity.
Let G(r) = fot g(v)dv. Now we state our main results.

Theorem 1.1. Suppose that (1.2) and the following conditions hold:
(g1) There exists Vy > 0 such that V(x) > V; for all x € RY;
(2) a(x) € Ly (RN) and a(x) > 0 for all x € RY;

(g3) % — 0 as x| = oo;

(g4) There exist v > 2 and dy, po > 0 such that
gt —vG(t) > —dit* forall |t > pe;

(gs) There exists d» > 0 such that G(t) > —d,t* for all t € R;
(g6) 8(1) = o(|t]) as t — 0;

(87) G()/1* = +0o0 as |1| — oo;

(gs) There exist 5 > 1 and d3 > 0 such that

a(x) < ds(V(x)5 + 1) forall x e RV
(g9) There exist € (2,5%) and dy > 0 such that
8] < du(f) + 111°™")  forall t €R,

where f* = 35 — 55 if N 2 3, B = +o0 if N = 1, 2.

Then, problem (1.1) possesses at least one nontrivial solution.

Remark 1.1. Condition (g3) is a mixed condition and the function a(x) = ﬁ is allowed in
Theorem 1.1 if V(x) = 1, which means a(x) can vanish at infinity. In some most recent paper, the
authors also considered the vanishing cases. In 2020, Toon and Ubilla [13] obtianed the existence of
positive solution for Schrodinger equation, where V(x) is required to be vanishing at infinity and (g3)
is also needed. By strengthening (g3) with

(g3) For any 6 € (0,1], w(x) := a(x)V=(x) > 0 satisfies w(x) — 0 almost everywhere (a.e.) as
x| — oo.

Toon and Ubilla [14] obtained solutions for a class of Hamiltonian systems of Schrodinger
equations. However, in our theorem, we remove the vanishing property of V and only need the
competition condition (g3). In another paper, Wu, Li and Lin [18] introduced a new coercive condition
on V to obtain the existence of (1.1) with asymptotically linear nonlinearities. Our theorems can not
involved in above results since, besides (g3), we also introduced some new superlinear conditions. In
the following remark, we give some examples to show the differences.

Remark 1.2. As we know, there are many superlinear condition on f, which are weaker than the (AR)
condition. However, in most papers, the following condition is required:

(SQ)G() = g()t — 2G(1) > 0 for any t € R.

In Theorem 1.1, we drop this condition.

Theorem 1.2. Suppose that (1.2), (g1)—(g3), (g6)—(gv), (S Q) and the following conditions hold:

(g10) There exist constants ds, l, > 0 and k > [% such that

|G(1)]
t2

G(t) zdS( ) for all |t > I.

Then, problem (1.1) possesses at least one nontrivial solution.
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Remark 1.3. Condition (gy9) is introduced by Ding and Luan [4], which is used by many
mathematicians to obtain the existence and multiplicity of solutions for problem (1.1).

Theorem 1.3. Suppose that (1.2), (g1)—(g3), (g6)—(g9), (S Q) and the following condition holds:
(g11) there exist constants u > %, Ao € (0, 1), dg, d7 > 0, 5 € [2,B") and r, > 0 such that

2

gDt + GAL) — G(t) > —de M |tf — dz 2%, YA€ [0, 2], || > re.

Then, problem (1.1) possesses at least one nontrivial solution.

Remark 1.4. When dg = d7 = 0 and r, = 0, (g11) goes back to the condition introduced by Tang

in [12]. As the author said in [12], (g11) unifies the (AR) and the following weak Nehari type condition:
(WN) t — g(t)/|t] is increasing on (—o0,0) U (0, c0).

By an easy computation, we see that (gy,) is weaker than (g4).

Remark 1.5. From (g,)—(g3), there exists A > 0 such that
a(x) < AV(x) forall xeR".

Remark 1.6. There are examples satisfying conditions of Theorems 1.3, but not (g4) or (g19). Setting
2<p<2,0<e<p-2, consider

G@t) = |tI” + a(p — 2)|t1"~ sin*(|#[/ ). (1.3)
1/e
For any y > 2, let max {O, g} <a<landt, = (6 (mr + %”)) / , then,

g(tn)tn - yG(tn)
A

1
= S [e-pIl +ap=2)p —y = Ol sin’(1,1/€) + alp - Vs’ sin(2ln,|/e)]

ap-2)p-y-¢€
2|,

= |t/ [(p —y)—alp-2)+

IA

1
Sl =» - a(p -2,

— —00 as n — o0,

Hence, (1.3) does not satisfy (g4). Moreover, for |t| large enough and any k > 1, we have

(l (t)t—G(t))( £ )K
28 G0l

(1 + asin(2|7/€)) +

a(p =2 = e)sin’(l1l/ )
|t

< 27\ (p -2

< 2°(L+a)(p =22,

Ifp> 3% - /ﬁ = " and k > [% we can deduce that p — k(p — 2) < 0. Then, we can not find

ds > 0 such that (g10) holds. Next, we show that (1.3) satisfies (g11). Obviously,
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2

2
801 =G

2 2
= [EP — AP + a(p - 2) [3@ — €)sin*(|t|/€) — AP Sinz(lﬂlle/e)] |t[P~<
a(p -2
+“(+)W sin(2/1[¢/€)

2

A
< S(p+alp-2(p-e+a(p-2) |#l”,

and forall t € R,

_ N
%g(t)t—G(t) = L 22|r|1’ (1 +asinlf /o) + L2 ;l)jm (i /€>]
> L ; 2|r|1’ [1+ asin(lt/e)]
1
> Z(1-a)p -2,

which implies
2

gt + G(A) = G(1) 2 %(1 —a)(p =2l

for A small enough. Hence, we see (g11) is fulfilled with dg = d; = 1.
2. Preliminaries

Set
E:= {u e H'RY): fR N(IVu|2 + V(x)u')dx < oo}
with the inner product
(u,v) = LN (Vu - Vv + V(x)uv)dx

and the norm |ju||> = {u, u). Then E is a Hilbert space. For any 2 < p < 2*, we denote

1/p
||u||p=(f Iul”dx) ,
RN

where 2" = % if N>3,2" = +c0if N = 1,2. Since we have (g;), the embedding theorem shows that
E — LP(R") continuously for p € [2,2*], which implies that there exists a constant C,, > 0 such that

llull, < Cpllull (2.1)

forall u € E. For any b(x) > 0 and 2 < g < 2%, let L](R", R) be a weighted space of measure functions

under the norm as follow:
1/q
g = [ seonaea) 22)
RN
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Lemma 2.1. Under assumptions (g,), (g3) and (gg), the embedding E — LI(RN,R) is continuous for
all g € [2,B*] and compact for all g € [2, ).

Proof. Since 2 < 8* < 2*, by (gg) and (2.1), for any u € L{(R", R) with g € [2,8*], we obtain
lulll, = f a(x)|u|’dx
a RN

ds f V(x) ul?dx + f Iulqu)
RN RN
p-1

Ve S
d; f V(x)u“dx lu| 2T dx +d3CZ||u||q
RN RN

IA

IA

IA

Bg-2

Ba=2
(.7, + o),
ﬁ_

which implies that the embedding is continuous. Moreover, there exists a constant K, > 0 such that
lleell o < Kp|lual| (2.3)

forall u € E and g € [2,B*]. Next, we prove the compactness of the embedding. Let {u;} C E be a
sequence such that u; — u in E. Subsequently, we show that ; — u in LI(RY,R) for all g € [2,5%).
By Banach-Steinhaus theorem, there exists M; > 0 such that

sup |lugll < My and |lu|| < M. 2.4)
keN

It follows from (g3) that for any € > 0, there exists T > 0 such that
a(x) < eV(x) (2.5

for all |x| > T. We can deduce from (2.4) and (2.5) that

f a()|u, — ulPdx < sf V(xX)|ux — ulrdx < 2sf V(x)(ui + uP)dx
|x[=T |x[=T

IxI>T

2e(llugl® + Nlull®) < 4M, . (2.6)

IA

for all k € N. Moreover, by Sobolev’s theorem, there exists ky > 0 such that
f a()|ue — ul*dx < ¢ 2.7)
[x|<T

for all k > ko. From (2.6) and (2.7), we obtain u; — u in L2(RV,R) as k — oo, which shows that the
embedding from E to L2(RY,R) is compact. By the Gagliardo-Nirenberg inequality the embedding
from E to L{(R",R) is also compact for g € (2,5%). O

The corresponding functional of (1.1) is defined on E by

I(u)

! f (Vul* + V(x)u*)dx — f F(x, u)dx
:Z RN RN

= 1||u||2— f a(x)G(u)dx. (2.8)
2 2N
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Lemma 2.2. Suppose that (g1), (g3), (g5), (g¢), (g3) and (gy) hold, then the functional I is well defined
and of C' class with

(I'(w), vy = (u, vy = Y (), v), (2.9)

for all v € E, where y(u) = fRN F(x,u)dx. Moreover, the critical points of I in E are solutions for
problem (1.1).

Proof. First, we show [ is well defined. By (g¢), for any & > 0, there exists o > 0 such that
gl < eltl, || <o (2.10)
We can deduce from (2.10), (g¢) and (go), for any & > 0, there exists M, > 0 such that
8| < &lfl + M|r”™',  VteR, (2.11)
and
IG(t)] < ef* + MJtlf, VteR. (2.12)
By (2.3) and (2.12), we have

f |F(x,u)ldx
RN

f a(x)|G(u)|dx
RN

< sf a(x)uzdx+Mgf a(x)|ul*dx
RN RN

< eK3llull* + MK (lullf
< 00,
which means that I is well defined. It is standard to see that / is C' on E and (2.9) holds. O
From Lemma 2.2, we can obtain
'), u) = |lull® - f S (Cx, uyudx. (2.13)
RN

For the reader’s convenience, we state the classical Mountain Pass Theorem as follow.

Lemma 2.3. (Mountain Pass Theorem, see [10], Theorem 2.2) Let E be a real Banach space and
I : R — RY be a C'-smooth functional and satisfy the (C) condition that is, (u ;) has a convergent
subsequence in W'"*(R,RN) whenever {I(u))} is bounded and ||I'(u;)||(1 + |lu;|[) — O as n — oco. If

(i) 1(0) = 0O;

(ii) There exist constants o, @ > 0 such that ligp o) > @;

(iii) There exists e € E \ BQ(O) such that I(e) < 0,
where B,(0) is an open ball in E of radius o centred at 0, then I possesses a critical value ¢ > «
given by

= inf I
c lggr max (g(s)),

where

I'={geC(0,1,E) : g(0) = 0, g(1) =e}.
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3. Proofs of the main results

In this section, we use the Mountain Pass Theorem to show the existence of critical points of
which help us to prove Theorems 1.1-1.3. In Lemma 3.1, we show that the (C) condition is
fulfilled for I under the conditions of Theorem 1.1. In the Step I and Step 2, we show [ satisfies
the conditions (i)—(iii) in the Mountain Pass Theorem. In Lemmas 3.3 and 3.4, we show that / satisfies
the (C) condition under the conditions of Theorems 1.2 and 1.3 respectively.

Lemma 3.1. Suppose that (1.2) and (g,)—(gy) hold, then I satisfies the (C) condition.

Proof. Assume that {u,} C E being a sequence such that {/(u,)} is bounded and ||I"(u,)||(1 + |[u,]]) = O
as n — oo. Then, there exists a constant M, > 0 such that

()l < Mo, I (u)lI(L + lluy]l) < Mo (3.1

Now we prove that {u,} is bounded in E. Arguing in an indirect way, we assume that ||u,|| — +co as
n — oo. Setz, = ”Z—” then ||z,|| = 1, which implies that there exists a subsequence of {z,}, still denoted

by {z,}, such that z, — zo in E. By (2.8) and (3.1), we get

F(x,uy) 1’ ' I(uy,) M,
dx——=|=|—- < , 3.2)
fRN P 20 P TP
which implies that
F(x,u, 1
f (x uz)dx — — as n — oo, 3.3)
Ry [ty 2

The following discussion is divided into two cases.

Case 1: 7o £ 0. Let Q = {x € R"| |zo(x)| > 0}. Then we can see that meas(Q) > 0, where meas
denotes the Lebesgue measure. Then there exists J > 0 such that meas(A) > 0, where A = Q () Y,(0)
and T,(X) = {x € RY : |x — x| < r}. Since ||u,|| — +o0 as n — oo and |u,| = |z,| - ||u,]|, then we have
lu,| — +o0asn — oo forae. x € A. Leta; = inf ey, ) a(x) > 0. By (1.2), (g5), (g7), (3.1), Remark 1.5
and Fatou’s lemma, we can obtain

lim inf f Flouw) o iminf f a0Guy) |
RN RN

n—e0 [l n—e0 [l
G n . . G n
= liminf f LG 1 4 i inf f AGl) )
nooo Joo lugll =0 JRMA |I7M]
.. G(uy .
> a hmmff (u2)|zn|2dx—d2hmsupf a(x)|z,|*dx
nooo Ja o |uy n—oo RM\A
G(u, )
> qa; liminf (uz)lande—dzAhmsup f V(X)|za*dx
n—co A 174 n—o0 RM\A
>

n—oo

G(u,
a, lim inf f W) o 2 — doa
A

Jua?

+ oo,

which contradicts (3.3). So ||u,|| is bounded in this case.
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Case 2: 7o = 0. Set

G(t) = g(t —vG(1),

where v is defined in (g4). From (2.11) and (2.12), we can deduce that there exits M5 > 0 such that

IG()| < Ms( + 1Y), VreR. (3.4)

It follows from (3.1), (g4), (3.4) and Lemma 2.1 that

o(1)

vM, + M,
[l

Vl(un) - <I/(Mn)a Mn>

\%

\%

\%

\Y
—_ —_ e

(SRR l\-)|< l\)|‘< l\-)|<

3
Q1=
!

2

||un||2

—

-1)+
1)+
-1)-

— 1) M3 1 + o5 )LN a(x)|z,l*dx - d, fRN a(x)|z,*dx

f a(x)@(u,,)dx

lJu nII2

( f a(x)G(u,)dx + f a(x)a(un)dx)
lall? \J s 1<pee ltnl>peo

d
2( f a(x)lu,|*dx + f a(x)lunlde)— = f a(x)lu,|*dx
”un” |ty |<poo [tn|<poo ”un” [tn|>peo

) as n — oo,

which is a contradiction. Hence, ||u,|| is still bounded in this case, which implies that {u,} is bounded
in E. The following proof is similar to Step 3 of the main proof in [16]. O

Subsequently, we show that I possesses the Mountain Pass geometric structure under the conditions
of Theorem 1.1. The proof is divided into two steps.

Step 1. We show that there exist constants o, @; > 0 such that / |3391(0)2 a;. For ¢ =

4 ~» it follows

from (gg), Remark 1.5 and (2.12) that

I(u)

AIMS Mathematics

v

\%

v

\%

1
Ellullz—f F(x, u)dx
RN

1
Ellullz— f a(x)G(u)dx
RN
1
5||u||2—s f a(xX)u*dx — M, f a(x)|ul°dx
RN RN

1 1
o 1] f V(xutdx — M.ds f V()P [ufdx + f Juldx
2 4 RN RN RN

B-1

1
1 5 2 \ P
il = Mods ( f V(x)uzdx) ( |u|‘?ffdx)
4 RN RN

1 2 ﬁ(ﬁz 4 ¢
leull - M.d; C/“ + C; | llull°.

— Mod3CSlJulf
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It is easy to see that there exist positive constants 0; and @, such that / |530| > ;. We finish the proof
of this step.

Step 2. Now, we prove that there exists ¢ € FE such that |le]] > o; and I(e) < 0. Set
eo € Cy(11(0),R) such that |leol| = 1. Let ap = infiey,)a(x) > 0 and a3 = sup,y i alx) > 0.

For M, > (2a2 frl © |eO|2dx)_1 , it follows from (g7) that there exists Q > 0 such that
G(1) > Myt (3.5)
for all |f| > Q. Then, we can deduce from (gs) and (3.5) that
G(t) 2 My(* = Q°) = L O (3.6)

for all r € R. By (2.8) and (3.6), for every n € R*, we have

2
Ieo) = Lleol? - fR a()Geo)dx

2
2
< % - f a(0)[My(neol” = Q%) = drQ*1dx
T1(0)
<

1
(— — Ma, f |e0|2dx) n* + as(My + db)Q*meas(1(0),
2 (0)

which implies that
I(ney) > —o0 as 1 — +oo.

Hence, there exists r7; > 0 such that 1(n7;e9) < 0 and ||71e9|| > 01, which finish the proof of this step.

Proof of Theorem 1.1. 1t is known that the Mountain Pass Theorem still holds when the usual (PS)
condition is replaced by condition (C). From the above proofs and Lemma 2.3 under (C) condition, /
possesses a critical value ¢ > a; and a critical point u, such that /(1) = ¢, which means problem (1.1)
has at least one nontrivial solution.

Proof of Theorem 1.2. In Theorem 1.2, we show the existence of solutions for problem (1.1) under
growth condition (g;¢). Similarly, we rewrite only the proof of Lemma 3.1 and the following proof is
similar to that of Theorem 1.1.

Lemma 3.2. Suppose that (g¢) and (S Q) hold, then G(t) > 0 for all t € R.
Proof. The proof of this lemma is similar to that of Lemma 2.2 in [21]. m|
Lemma 3.3. Suppose that (1.2), (g1)—(g3), (g6)—(g10) and (S Q) hold, then I satisfies the (C) condition.

Proof. Assume that {u,} C E being a sequence such that {/(u,)} is bounded and ||I’(u,)||(1 + ||u,|]) — O
as n — oo. Then, there exists a constant M5 > 0 such that

Il < Ms, 1" (u)lI(1 + [luyll) < Ms. (3.7

Now we prove that {u,} is bounded in E. Arguing in an indirect way, we assume that ||u,|| — +oo
asn — oo. Set w, = —=.. Then ||w,|| = 1 and there exists a subsequence of {w,}, still denoted by {w,},

llutnl| *

such that w,, — wy in E. By Lemma 2.1, we have

w, — wo in LIRY) forany q € [2,5). (3.8)
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Similar to Lemma 3.1, we can obtain (3.3). The following proof is divided into two cases.
Case 1: wy # 0. The proof is similar to Lemma 3.1.
Case 2: wy = 0. By (2.8), (2.9) and (3.7), we obtain

2Ms > 21(u,) + I @)1 + ||u,])
> 20(uy) — I (1), up)
> f a(x)G(u,)d-x. (3.9)
RN
On one hand, by (2.12) and Lemma 2.1, we can deduce that
F(x,u, _
f S uz)dx < (e + M5 2)f a(X)|w,l*’dx > 0 as n — oo. (3.10)
Junl<l. |2 RN

On the other hand, it follows from (g1¢), (S Q) and Lemma 2.1 that

Fxu) f ( (un))
dx = . J
~ng“%m T I e (GO L

k=1

< (f mmCGWM) )( a@mMﬁ%ﬂk
lttn|2loo N2 oo
< d: ( f a(x)G(u,,)dx) ( “(x)lwnlfﬂdx)“
litn|2lo |t >0
< d% (f a(X)G(un)dx) (f a(x)|wy| = 'a’x)K
RN
— 0 as n— oo. G.11)

It follows from (3.10) and (3.11) that

F(x,u, 1

f (x u2 )dx < -

rv il 4
for n large enough, which contradicts (3.3). Then we can see that ||u,|| is bounded in E. The following
proof is similar to Step 3 of the main proof in [16]. O

Proof of Theorem 1.3. In Theorem 1.3, we replace condition (g4) by condition (g;;). Condition (g4)
is only used in the proof of the boundedness of (C) sequence. Hence, we rewrite only the proof of
Lemma 3.1 and the following proof is similar to that of Theorem 1.1.

Lemma 3.4. Suppose that (1.2), (g1)—(g3), (g6)—(g9), (g11) and (S Q) hold, then I satisfies the (C)
condition.

Proof. Assume that {u,} C E being a sequence such that {/(u,)} is bounded and ||’ (u,,)||(1 + |Ju,|]) — O
as n — oo. Then there exists a constant Mg > 0 such that

(Il < Mo, 1" (u)lI(1 + [lunll) < M. (3.12)
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Now, we prove that {u,} is bounded in E. Arguing in an indirect way, we assume ||u,|| — +oo as
n— oo. Setw, = ﬁ Similar to Lemma 3.3, we have (3.8). The following discussion is divided into
two cases.

Case 1: wy # 0. The proof is similar to Case 1 in Lemma 3.1.

Case 2: wy = 0. Let R = (2Mg + 2)'/?. By (2.12), one can obtain

lim sup f |F(x, Rw,)|dx < lim sup f a(x)(eR*w? + M |Rw,[")dx = 0. (3.13)
RN RN

n—00 n—oo

Set 4, = 2. Tt follows from (3.12), (2.11), (2.12), (g11), (S Q), (3.13), (2.3) and (3.8) that

T Dl

M6 > ](I/tn)
Y
= I+ 2/l”||un||2+f (F(x, Atty) = F(x, uy)) dx
1_/12 8 _ )2
= I(Au,) + 3 n<I,(un), Up) + f a(x)( 2 ng(un)un + G(A,u,) - G(un)) dx
RN

1 R\ 1-22
= I(an) + 5 (1 - ||M ”2) <I (un)’ un> + f a(x)( 2 g(un)un + G(/lnun) - G(un)) dx
n [0y <7oo

-2
+ f a(x)( 2 g(un)un + G(/lnun) - G(un)) dx
|un|2roo

R? A2
> — - f F(x,Rw,)dx + f a(x) (——”g(un)un + G(/lnun))) dx
2 RN [y |<roo 2
—ds f a(x)/lfq‘lunlﬁ*dx —dq f a(x)A; lu,|*dx + o(1)
[un]2reo [tn|>r e
RZ
> = - M f a(x) (lual? + R + 2, |) dx
[un|<reo
R . . )
—dg - f a(x)w,lF dx — d;R* f a(x)w,|’dx + o(1)
||unllﬂ_ﬁ |Mn|2roo ‘unlzroo
R2 RIJK’B:
> — - M f a(x) (R2wa* + rR2w, > + REw, ) dx — dg——"— + o(1)
2 [tn|<reo ”un”#_ﬂ

2

R
= 7+0(1):M6+1+0(1)

for some M; > 0, which is a contradiction. Hence, ||u,|| is still bounded in this case, which implies
that {u,} is bounded in E. The following proof is similar to Step 3 of the main proof in [16]. O

4. Conclusions

In this paper, we obtain a compact embedding theorem by using a new competition condition on the
potentials which involve the vanishing cases. Then, we show the existence of solutions for Schrodinger
equations with different superlinear conditions via the Mountain Pass Theorem. Some examples are
given to show the difference between our theorems and the results in previous works.
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