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1. Introduction

The hesitant fuzzy set (HFS) was introduced by Torra [1] in 2010. HFS is considered as a
generalization of fuzzy set (FS) [2] to overcome the limitation of the appearance of two or more
sources of vagueness. In 2018, Carlos et al. [3] studied the decomposition theorems of HFS. Also,
they defined two novel extension principles as a function that maps HFS to HFS. The concept of
intuitionistic fuzzy sets (IFS) was defined in 1986 [4]. IFS enables the inclusion of some hesitation
values. This is demonstrated with membership and non-membership functions belonging to [0, 1]. In
the literature, IF has several generalizations, such as HFS with several hesitant membership functions,
not only two as in IFS. Also, Pythagorean fuzzy sets [5, 6], fermatean fuzzy sets [7] and g-rung
orthopair fuzzy sets [8] are a generalization of IFS by extending the domain of values based on raising
the power of membership and non-membership functions to squared, cubed or a general number
called g. It is necessary to point out that this topic is of significant interest to many scholars. Recently,
Alcantud [9] introduced a Semantic Justification of g-Rung orthopair fuzzy sets based on different
fuzzy negations. Other classes like bipolar complex fuzzy sets [10], complex intuitionistic fuzzy
sets [11] and complex Pythagorean fuzzy sets [12] were also introduced and studied the semantic
contents of both IFS and its extensions.

Hesitant fuzzy sets (HFSs) are an impressive method to represent unsure and ambiguous
information whose applications can be explored and studied by clustering algorithms and
decision-making (DM) problems [13—15]. Many scholars have given its extensions, such as the
interval valued hesitant fuzzy set [16], hesitant fuzzy linguistic term set [17], dual hesitant fuzzy
set [18] and so on. A Fuzzy graph was presented by Kauffmann [19] at the biggenings of 70’s. Also,
Rosenfeld in 1975 [20] developed the structure of fuzzy graphs and obtained analogs of many graph
theoretical concepts. The hesitancy fuzzy graph was constructed in 2015 by Pathinathan et al. [21]
and some basic concepts concerning this structure were added too. Recently, Karaaslan [22]
introduced and studied a new hesitant fuzzy graph (HFGr) structure and some concepts, operations
and decision-making applications related to it.

Recently, many researchers have proposed the idea of extending the range of membership function
to a unit disk, such as complex fuzzy set (CFS) [23], complex intuitionistic fuzzy set (CIFS) [11],
complex hesitant fuzzy set (CHFS) [24], complex bipolar fuzzy set (CBEFS) [10], complex Pythagorean
fuzzy set (CPFS) [12], complex fermatean fuzzy set (CFFS) [25] and others. The significance of
this idea lies in its ability to convey and represent uncertainty and periodicity (phase/level/factors)
semantics at the same time using one mathematical structure. In addition, this representation does not
lose the full meaning of information during the transformation from human knowledge to mathematical
formulas and vice versa. In recent times, several scholars have used, applied and implemented CFS,
CIFS, CHFS, CBFS, CPFS, CFFS and other complex uncertainty sets in decision-making problems,
cluster algorithms, robotics technology and other fields, see [10, 12,25-31].

It is clear in the literature that most of the above uncertainty tools that are generalized to the
complex realm have been applied and combined to the graph area. Tamir et al. [32] extended the
fuzzy graph (FGr) to the complex fuzzy graph (CFGr). In 2019, Yaqoob et al. [33] introduced a
complex intuitionistic fuzzy graph (CIFGr). In 2023, AbuHijleh [34] defined a complex hesitant
fuzzy graph (CHFGr), besides a direct product, tensor product and normal product of two CHFGr.
Numerous scholars have employed and generalized fuzzy graphs and complex fuzzy graphs in several
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fields.

We highlighted some of these studies, such as Akram [35] introducing bipolar fuzzy graphs with
an application in social groups. Also, Verma et al. [36] presented and studied some results on
Pythagorean fuzzy graphs. Furthermore, Nandhini and Amsaveni [37, 38] defined and studied the
notion of bipolar complex Pythagorean fuzzy graphs. Finally, the fields of image processing,
multicriteria decision-making, network, data mining, optimization, preference relations and
aggregation operators are practically employed in combination with uncertainty and graphs;
see [24,33,39,40].

In this paper, the priority is to study more concepts and relations on CHFGr in AbuHijleh [34],
highlighting the need to use CHFGr. Unfortunately, the main definition of CHFGr needs to be modified
by adding a condition to confine and moderate more results on CHFGr. Also, the notion of order
of CHFGr is missing. In addition, some properties and connected operations are missing, such as
composition, joint, union of two CHFGr and the complement of CHFGr. Therefore, the purpose of this
paper is to cover all these concepts and study the new properties of the new CHFGr.

This paper is a continuation of CHFGr [34]; starting with Section 2, where we review the framework
with introductory ideas, we continue to investigate CHFGr. We lay out the updated CHFGr notion,
establish the CHFGr order and provide a numerical example for illustrating CHFGr in Section 3. The
discussion of CHFGr’s composition, joint operations, the union of two CHFGr sets and complement
is addressed extensively in Section 4. In Section 5, we further investigate the development of the DM
issue covered in the study [22]. A comparative analysis is provided in Section 6. Section 7 concludes
with comments and a summary of this study’s future directions.

2. Preliminaries

Torra [1] defined hesitant fuzzy set (HFS).

Definition 1. If X is a fixed set, a HFS M on X is given in terms of the function my(x), such that when
applied to X returns a finite subset of [0, 1].

In addition, Xia and Xu [41], defined the notion of hesitant fuzzy element (HFE), considered as
HFS basic concept,
Et ={< x,np(x) > |x € X},

where ng.(x) is a set of some values in [0, 1] and it is hesitant.
In 2020, Javid et al. [40], presented and defined hesitant fuzzy graphs as follows.

Definition 2. A HFGr of the form G = (V, &, ¥, @), with'¥: V — S§,[0,1] and ®: & — §,[0,1],
where S g[0, 1] is the family of all finite subsets of [0, 1]. In addition, ¥ is the membership function of
vertex set of HFGr, and @ is the membership function of edge set of HFGr; & CV X V.

Recently, Talafha et al. in 2021 [24], have generalized a HFS to CHFS.

Definition 3. [24] Let M be a set, a complex hesitant fuzzy element (CHFE) on X is in terms of a
function that when applied returns a subset of the unit disc in the complex plane. We may express the
CHFEs by

M = (X, (%) = Tp(x)e™ Oy x e X], 2.1)
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where i = V-1, 7,,(x) and 6,,(x) are a FS of values in [0, 1], denoting the possible amplitude and phase
membership degrees of the element x € X to the set M. We call

Nn(X) = Tp(x)e™™

CHEFE and M the set of all CHFEs.
To compare between elements of CHFS, Talaftha et al. [24] create the following values.

Definition 4. [24] For a CHFE n, the score of n is

1.1 1
s(n) = —[s(m) 5@l = 51— )T+ )6l (22)

T ren, o genq
where the number of elements in n, and 1y are €, and ¢,,, respectively.

Definition 5. [24] For a CHFE n, the deviation degree 6(n) of n is

5(y) = —[(— D@ = st + <— D 0= 5@ (2.3)

777 T€N, 719 feng
To compare the two elements in CHFS, we have:

Proposition 1. [24] For two elements n; and 1, in CHFEs, we have:

o If s(m) < s(n2), then my < 2.
o [f s(m1) = s(m2) where

(1) 6(n1) = 6(12), then my = 12,
(2) 6(m) < 6(mn), then my < 1y,
(3) 6(m11) > 6(n2), then 1y > mo.

So that, by Proposition 1, max{n;,n,} = n, V n, and min{n, 72} = n; A 15.

A CHFGr was investigated and defined, by AbuHijleh [34], which can be considered as a
combination between HFGr and CHFS.

Definition 6. [34] A complex hesitant fuzzy graph (CHFGr) is of the form G = (V, &, ¥, @), with
Y:V - SneC:inl <1yand ®: E — Syln € C: Iyl < 1}, where S, {n € C: || < 1} is the family
of all finite subsets of unit disc. Moreover, the membership functions of the vertex set and edge set of
CHFGr are denoted by Y and ®©, respectively.

The addition of two hesitant fuzzy sets defined by Zhu [42].
Definition 7. Assume that L ={{,,¢,--- , €, and J = {1, J2,- - , Ju} be HFS, then

Log= |J t6+n.

tiel, neg
AbuHijleh [34] defined a vertex degree of CHFGr.
Definition 8. For a CHFGr G = (V, &, ¥, ®), the vertex degree v; is

deg(v;) = ) ei) = Z niy = (), @, Nexpric|_| @, @14,

e; j€& Ji#j2 J1#j2

where e; j is an edge incident to v; and v; and ®(e; ;) = n;; = 1, ,exp(2min, ).
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3. More on complex hesitance fuzzy graphs

In this section, Definition 9 is considered a modification of the CHFGr notion presented in [34], by
adding a condition. Also, we introduce the CHFGr order as Definition 10 in the present study.

Definition 9. A complex hesitant fuzzy graph (CHFGr) is of the form G = (V, &, ¥, ©), with \¥:
V - SneC:nl <1yand ©: & — Sy{n € C: |nl < 1}, where S {n € C: |n| < 1} is the family of
all finite subsets of unit disc. Moreover, the membership functions of vertex set and edge set of CHFGr
are denoted by ¥ and ®, respectively, where ®(vw) < min{¥(v), ¥(w)}.

Note that, the condition, ®(vw) < min{¥(v), ¥(w)}, is as an improvement of the Definition 6.
Definition 10. For a CHFGr G = (V, &, ¥, ®), the order of CHFGr G is

0©) = P Yo = > i =@, &, exp@ric|_J g, @na,)),
vieV i i1#i> i1#i
for vertex v;, we have Y(v;) = n; = n,,exp(2miny,).
Let’s find valuations of vertices and edges within a graph, as well as provide an example of how to
determine the vertex degree and CHFGr order, as seen in the example that follows.

Example 1. A. For CHFGr H and F, see Figure 1, the score values (and deviation degree if necessary)
are given below:

(1) s(ny,) = %(W + %) = 0.55, s(n,,) = 0.65 and s(n,,,,) = 0.375.

(2) s(Ny,,) = 0.4, s(n,,) = 0475, s(,,) = 0.725, s(Nw,w,) = 0.4 and s(Mu,w,) = 0.45. Here in graph
F, we found degree of deviation for 1,,, Nuw,w,, to compare among all values of vertices and edges;
6(ny,) = 0.2 and 6(n,,u,) = 0.05.

B. An example of vertex degree from CHFGr ¥ :
degr(w) = D (w ws) + Py(wrws) = {0.6,0.7,0.8, 0.9}l 1127
C. An order of CHFGr ‘H.:
O(H) = ¥(w)) & P(w,) = (1.1, 1.3} L1214,

Ty(1) = {0.5,0.7}{0-406)2m U (ws) = {0.3,0.4,0.5} {05061

(I)H(Vh V2> ~ .4’ 0.5}6{(),2.(),3,0.4‘,271’[
P r(wy, ws)

(1) = {O.G}C{o,s.o,s}m N
H U Hw)) = {0'3}6{0.4.(1.(,}%4 F

10.3, 0_4}6{0.4.1i.5}2m
U r(ws) = {0.6,0.7}el0512

Figure 1. CHFGr ‘H and 7.

4. Operations on complex hesitant fuzzy graphs

AbuHijelh [34] defined the normal product, cartesian product and tensor product of two CHFGr
and discussed some of their properties, while this paper defines the composition, union and joint of
two CHFGrs and the complement of CHFGr. Also, some properties of the presented notions are
investigated and examined.

AIMS Mathematics Volume 8, Issue 12, 30429-30444.



30434

4.1. Composition of two complex hesitant fuzzy graphs
Definition 11. The composition graph G of two CHFGr

7‘{ = ((V‘]—{, 8‘7‘{’ \PW’ (D'}{)

and
F = Vs, &, Y, Of),

defines as CHFGr
G=HoF =(V, & Yy oW¥s, Oy ody),

where
V=VyoVg
and
E = {((vi, w1), (va, 1)) 1 vi = 2, (W1, W) € EF

or

w1 = Wy, (vi,2) € Eyy
or

wy # Wy, (v1,12) € Ex}
with:
(1) (Y3 0o Pr)(v, w) = P (v) A W (w).

Ve (1) A Pr(wy, wy) : Vi =W, (W1, W) € &,

(2) (P 0 OF) (v, 1), (2, w2)) =4 Pr(vi, v2) A Wer(wr) : w1 = Wy, (v1,2) € Ex,

DOy (v, v2) N Vr(w) ANPr(wr) 1 wi # wy, (Vi,72) € Epy.

Figure 2 is an example of composition graph G = (H o F), according to previous definition,
where H and 7 are in the Figure 1. Hence, using score values (and deviation degree if necessary),
from Example 1, the labellings evaluated for this composition graph. Moreover, the labellings in the
Figure 2 will assures the following proposition.

g = Ppy(v1,10)
G=HoF

s =y
Ug(v1,wy) = ¥r(wr) By = Br{wr, wn)

v , =0
Wg(v1, wa) = U p(wn) Og = O wo. w3) g @) )

‘I’g q’H(Vls l/Q)
q)g ‘I)H(I/l, 112)
P D11, s
o Pl v) g =|By (11, 1) Dg o Pp(v1,10)
o= Oy(v1,10) Bg = Dy(11,10)
& &g = (I)}‘(Ldl, (A)Q) Og = (I)}-(u_)27 w3)
Ug(vo,wi) = Urwr) \I’g(l/27w2) = U {(ws) Ig(va, w3) = Up(1)

Og = Oy(v1, 1

Figure 2. G =H o F.
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Proposition 2. The composition of two CHFGrs is CHFGr.
Proof. We have three cases:
(1) If (v, w1), (v, w2)) € Eg, then,
Og((v, w1), (v, 2)) = Y (V) A P (w1, w2) < Y (v) A Wr(wr) A Pr(wn),
where ¥ is CHFGr. However,
Yo(v,w1) AWy, ) = Yu(v) A Pr(w1) A Yr(w2),
see Definition 11. Hence,
Og((v, w1), (v, 1)) < Yg(v, w1) A Vg (v, wy).

(2) If ((v1, w), (v2, w)) € Eg, the result follows by similar argument.
3) If (vi, w), (v2, w2)) € Eg and v| # v, w; # wy, then

DO ((vi, w1), (v2, w2)) = Py (v, v2) A WPr(wr) A Pr(ws)
< Wy (v) AYr (o) A Wer(w) A WYer(ws)
=¥Ys(vi,wi) AN ¥g(va, wy),

see Definition 11. Hence result follows. O

The degree of vertices of composition graph in CHFGr, can be specified when we add some
constrains, see the following theorem.

Theorem 1. Let
Q=7{OT=((V, &, lP(;{O‘F}‘, (I)rHOq)y-)

defined a composition of two CHFGr
H = (Vu, Ex, Yy, Pp) and F = (Vy, E, Y7, D).
If max{®4} < min{W#} and max{Ds} < min{Wy/}, then,

degg(vi, w1) = |Vldege(vi) @ degs(w).

Proof. By Definition 8, the vertex degree of (v, w) in the composition graph is

deggvi,on = (@u o0 OO, @1), (2, )

((v1,w1),(v2,w2))EE

_ { . WYy (v1) A Pr(wr, w2) }

vi=v2, (W1,w2)EEF

o { &P Dy (vy, v2) A Ye(wr) }
w1=wy, (v1,2)€Ey

@{ D <I>w<vl,vZ)A‘P¢(w1)w¢<wz>},

wi#wr, (v1,72)eEy
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by Definition 11. However, max{®4} < min{¥#} and max{®#} < min{¥4}, so that

degg(vi,w) = { D Or (w1, W) } @ { oy Dy (vy, v2) }

vi=v2, (W1,w2)EEF wi=wz, (v1,72)eEy

o { P DOy (vi,v2) } .

w1 #wa, (vV1,v2)€Ex
Then
degg(vi, w)) = degr(w) () degu(n) ) 1V — (w1 lldegn (),
hence
degg(vi, wy) = degg(w) ED [Vrldegs(v1).
4.2. Union of two complex hesitant fuzzy graphs

Definition 12. The union graph is
g =HUF = ((V9 8, \P‘HUT’ (D‘HUT)

of
H = (Vu, Eu, Y, Op)
and
F = Vi, &, ¥y, Oy),
where:
(1)
Yy (v) (v EVy
(Pror)(v) =1 Yr(v) cveEVy ,
max{¥x (), Y(v)} :veVyunN Vg
(2)
Oy (vw) Dvw € Ex
(Prur)(vw) = ¢ OF(vw) Svw € EF

max{®y(vw), Dr(vw)} :vw e Ey N EF

So that, for G = HU 7, if HNF = 0, then it will be disconnected graph with two components. Note
that, a general example is given in the Figure 3, where H NF # 0.

v w v K w v =
} l: AM
7
A A
H F

G=HUF
Figure3. G =HU¥F.
Moreover, it is an easy consequence that G is CHFGr.
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Proposition 3. The union of two CHFGrs is CHFGr.
Lemma 1. For CHFGr G = H U F and by Definition 12, the vertex degree of G is

degq(v) veH

degr(v) veTF

DOy (vw) + Og(vi) + max{Dy(vA), Ds(vA)} :vAd € Ey N Es, ’
vw € Egy, vk € E

degyuF(v) =

where the proof is straight forward, see Figure 3 as an example.

4.3. The joint graph of two complex hesitant fuzzy graphs
Definition 13. The joint graph is

G=H+F =V, & Yurr, Pprig)

of

H = (Vu, Ep, Yo, )
and

mathcalF = (V¢, EF, Y&, Of),
where:
(1)
(Fresr)) = { o ek

(2)

DOy (vw) Tvw € Sy

(Qg17) VW) = { Pr(Vw) tvw € Ef

Yo(v) AYr(w) :veVyandw e Vg

By considering CHFGr H and ¥ in the Figure 1, the joint graph G is in the Figure 4; where we
look to scores of vertices in the Example 1 and that for third case of labellings edges.

Wg(r1) = Un(1n) Dg = p(11, 1) Lg(re) = Un(re)

Oy = ‘I’f(wl
Vg(ws) = UA(ws)

Tglw) = Uplwr)  Bg— Bp(wn,wn)  Tglen) = Uplwn) 09~ PAWH)

Figured4. G = H + F.
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Proposition 4. The joint of two CHFGrs is CHFGr.
Proof. 1t is straight forward to show that (Og,7)(vw) < Yy (v) A Pr(w). O

Lemma 2. Let G be a joint graph of two CHFGr H and F, then the vertex degree of G equal

degy(v) + Y min{¥y(v),¥Yr(w)} :veH

weVg

degr(v) + Y, min{¥#(),Yu(w)} :veF [’

weVy

degyy(v) =

where the proof of previous lemma is straight forward, by Definition 13, and see Figure 4 as an
example.

4.4. The complement graph of complex hesitant fuzzy graphs

Definition 14. The complement graph of the CHFGr G = (V, &, V¥, ®), is denoted by G where
Ve=Vand Eg = {vw : vw & E and v, w € V}. Moreover,

(1) Vg =¥,
(2)

¥ ¥ :
@gow = { gV et R

As an example of G and the complement of it, see Figure 5.

U3 141
1%} V3
Dy
%1 1249 g Uy Vs g 2

Figure 5. G and G.

In addition, as a consequence of the Definition 14, we have the following results.
Proposition 5. The complement of CHFGr is CHFGr.

Lemma 3. Let G be a CHFGr; then the vertex degree of G is

degg()= > min{¥s(v), ¥g(w)).

wG(Vg S ngng

Note that, the proof is straightforward for the previous proposition and lemma.

AIMS Mathematics Volume 8, Issue 12, 30429-30444.
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5. Practical problem

Tangible and intangible assets represent the market worth of any company. Moreover, the market
worth of companies is considered an important indicator that expresses the capability of a future merger
between two companies. Several reasons drive numerous researchers to find out and evaluate the fair
market worth of a company. These reasons are to buy or sell a company, merge, divide, or liquidate
two companies or more. In the case of the merger of companies, the need performs heavier when both
the companies’ owners are attracted to establishing a fair price. To accomplish an ideal merger of
companies with distinct types of CHFGr, we need to study many factors. One of these factors is the
connections or relations of each merged company to other companies. Also, it is important to show
if there is a joint relation between company X and company Y (merger company to other companies).
The presented graphs help the company owners to decide on the merger depending on the market worth
besides identifying the optimal time to merge.

First, consider that a network has a set of companies (vertices) besides the mutual collaboration
between them (edges). Moreover, for each company (vertex), the amplitude term is the performance
of the company’s market worth, and the phase term is the time needed to reach that performance. In
addition, for each mutual collaboration between companies (edges), the amplitude term is the market
worth of companies’ joint ventures, and the phase term is the appropriate period for established to have
such a market value. Hence, we use the CHFGr model.

Assume that there are four companies {vy, v,, v3, v4}. We want to get a measurement of the value of
each company and the collaboration between companies at a specific time. The model of CHFGr that
represents this problem is shown in Figure 6.

m = {0.27 0'3}6{0,1,0.2,043}271'2' = {037 Oﬁf{O.ZOA}QT”‘
Mo = {0.2}6{0‘3'0'5}27”

Mha = {0.7}6{0-4.06}%2-
23 = {0.2,0.3]0.5}el0-412m

o4 = {0.6,0.7}el06}27

1 = {0.6,0.8}e!040.027 ns = {0.3,0.5}el0-405)2m

Figure 6. CHFGr.

Here, v; has labelling value is n; = {0.2,0.3}¢!%1:0-20327 and it represents the value of company
vi. The set {0.2,0.3} represents the performance of the market-worth of the company, and the set
{0.1,0.2,0.3} represents the time needed to reach that performance. Similarly, 7,4 = {0.7}e!%40-6127
represents the collaboration between companies v, and v4. Furthermore, the set {0.7} represents the
market-worth of companies’ joint ventures, and the set {0.4,0.6} represents the appropriate period
established to have such a market value. Then apply previous concepts to other vertices and edges in
the CHFGr model.
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Then, the priority is to define/evaluate the weaknesses and strengths of the collaboration between
companies, it is compulsory/needed, to give a suitable decision by decision-makers (DMs). The score
(and deviation degree if necessary) for each company (vertex) and between mutual companies (edges)
is (are) documented, as follows:

(1) Scores of vertices are: s(n;) = 0.225, s(17,) = 0.325, s(n73) = 0.425 and s(n4) = 0.6. The finding
explains company v, is the best one and company v, is the worst one among all.

(2) Scores of edges are: s(n;2) = 0.3, s(172.3) = 0.365, s(1714) = 0.6 and s(17,4) = 0.625. Companies v,
and v, have the best collaboration. However, the worst collaboration is between company v; and v;.

(3) Out of all, collaboration between companies v, and v, is the best one. In contrast, the company vy,
has the worst value.

(4) In addition, we found the deviation degree of the company v4 and the collaboration e; 4. We got
6(ns) = 0.447 and 6(1714) = 0.274. Hence the value of company v, is better than the value of
collaboration between v; and v;.

If we reduce a design to be HFGr i.e., we have amplitude-term only (no phase-term), then the
valuations of scores (and deviation degrees, if necessary) of vertices and edges, as follows:

(1) Scores of vertices are: s(i;) = 0.25, s(17,) = 0.35, s(n3) = 0.4 and s(14) = 0.7. Therefore, the
company v, is the best one, in the performance of the market-worth of the company, and the company
y; 18 the worst one.

(2) Scores of edges are: s(n;2) = 0.2, s(1723) = 0.33, s(14) = 0.7 and s(17,4) = 0.65. Hence, the
market-worth of companies’ joint ventures of 7, 4 is the best, whereas the worst one is for 7, ».

(3) Among all, the worst value is for n,,. Also, after findings deviation degree of company v, and
collaboration between companies v; and v4, we got 6(14) = 0.1 and 6(17; 4) = 0. Hence the performance
in the company vy is the best one.

(4) Finally, HFGr comparable to CHFGr has different results, and this proves that one factor gives a
different decision when comparing two variables.

6. Comparative study

Since daily life decisions are changeable and affected by many factors and circumstances, finding
a proper tool to represent the relation objects has become a complex task. Initially, a fuzzy graph
represents the relation between networks and objects. The limitation of representing two or more
sources of vagueness in fuzzy sets was the main gate to generalize FS and FGr to other tools, such
as IFS, HFS, CIFS, CHFS and their graphs. Each of FGr, HFGr, IFGr, CFGr, CHFGr and CIFGr
has two universes of discourse; (V, &). However, only the CFGr, CHFGr and CIFGr have a range
with complex-valued lies in the unit disc in the complex plane for both universes V and &. Also,
all the presented graphs may convey uncertainty measurements, but only the complex graphs convey
the additional periodic measurements. The Co-domain (range) of membership functions for each FGr,
HFGr and IFGr has only amplitude terms. However, each of CFGr, CHFGr and CIFGr has both
amplitude terms and phase terms to represent the uncertainty and the periodicity information. CHFS is
considered a generalization of CFS and CIFS consequently, CHFGr carries multi values of vagueness
in the form of [0, 1]e!®!>" (in the Complex plane).
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7. Conclusions and future works

This manuscript is an extension of CHFGr from AbuHijleh [34]. A new operation studied
composition, joint and union between two CHFGrs and the complement of CHFGr. An application of
CHFGr in the DM problem was given, which produced a generalization of the practical problem
argued in Javid et al. [40] in Section 4. Note that if we merge two CHFGrs and present a new CHFGr
such as composition, union or joint and investigate the new market-worth performance, the market
worth of companies’ joint ventures, and the time for both to gain more profit can as possible, then
DM’s can set the best equipment for companies and their collaborations from this merger. Also, one
can look to the complement of CHFGr as a model and specify which model is more beneficial to each
company, the original one or its complement.

As a suggestion for future work, we may improve CHFGr to represent an environmental impact
assessment algorithm and a new model to identify the optimal location to build a factory, for example.
Another suggestion is to improve CHFGr in the approach of intuitionistic, Pythagorean, fermatean and
neutrosophic fuzzy sets.

Use of AI tools declaration

The authors declare they have not used Artificial Intelligence (Al) tools in the creation of this article.

Conflict of interest

All authors declare no conflicts of interest in this paper.

References

1. V. Torra, Hesitant fuzzy sets, Int. J. Intell. Syst., 25 (2010), 529-539.
https://doi.org/10.1002/int.20418

2. L. A. Zadeh, Fuzzy sets, Inf. Control, 8 (1965), 338-353. https://doi.org/10.1016/S0019-
9958(65)90241-X

3. J. C. R. Alcantud, V. Torra, Decomposition theorems and extension principles for hesitant fuzzy
sets, Inf. Fusion, 41 (2018), 48-56. https://doi.org/10.1016/j.inffus.2017.08.005

4. K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets Syst., 20 (1986), 87-96.
https://doi.org/10.1016/S0165-0114(86)80034-3

5. R.R. Yager, Pythagorean membership grades in multicriteria decision making, IEEE Trans. Fuzzy
Syst., 22 (2014), 958-965. https://doi.org/10.1109/TFUZZ.2013.2278989

6. R. R. Yager, Pythagorean fuzzy subsets, 2013 Joint IFSA World Congress and NAFIPS Annual
Meeting, 2013. http://doi.org/10.1109/IFSA-NAFIPS.2013.6608375

7. T. Senapti, R. R. Yager, Fermatean fuzzy sets, J. Amb. Intell. Hum. Comput., 11 (2020), 663-674.
https://doi.org/10.1007/s12652-019-01377-0

8. R. R. Yager, Generalized orthopair fuzzy sets, IEEE Trans. Fuzzy Syst., 25 (2017), 1222-1230.
https://doi.org/10.1109/TFUZZ.2016.2604005

AIMS Mathematics Volume 8, Issue 12, 30429-30444.


http://dx.doi.org/https://doi.org/10.1002/int.20418
http://dx.doi.org/https://doi.org/10.1016/S0019-9958(65)90241-X
http://dx.doi.org/https://doi.org/10.1016/S0019-9958(65)90241-X
http://dx.doi.org/https://doi.org/10.1016/j.inffus.2017.08.005
http://dx.doi.org/https://doi.org/10.1016/S0165-0114(86)80034-3
http://dx.doi.org/https://doi.org/10.1109/TFUZZ.2013.2278989
http://dx.doi.org/http://doi.org/10.1109/IFSA-NAFIPS.2013.6608375
http://dx.doi.org/https://doi.org/10.1007/s12652-019-01377-0
http://dx.doi.org/https://doi.org/10.1109/TFUZZ.2016.2604005

30442

0.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

J. C. R. Alcantud, Complemental fuzzy sets: a semantic justification of g-rung orthopair fuzzy sets,
IEEE Trans. Fuzzy Syst., 2023 (2023), 1-9. https://doi.org/10.1109/TFUZZ.2023.3280221

A. U. M. Alkouri, M. Massa’deh, M. Ali, On bipolar complex fuzzy sets and its application, J.
Intell. Fuzzy Syst., 39 (2020), 383-397. https://doi.org/10.3233/JIFS-191350

A. S. Alkouri, A. R. Salleh, Complex intuitionistic fuzzy sets, AIP Conf. Proc., 1482 (2012), 464—
470. https://doi.org/10.1063/1.4757515

A. M. kram, K. Zahid, J. C. R. Alcantud, A new outranking method for multicriteria decision
making with complex Pythagorean fuzzy information, Neural Comput. Appl., 34 (2022), 8069—
8102. https://doi.org/10.1007/s00521-021-06847-1

K. Chao, H. Zhao, Z. Xu, F. Cui, Robust hesitant fuzzy partitional clustering algorithms
and their applications in decision making, Appl. Soft Comput., 145 (2023), 110212.
https://doi.org/10.1016/j.as0c.2023.110212

M. Xia, Z. Xu, Hesitant fuzzy information aggregation in decision making, Int. J. Approx. Reason.,
52 (2011), 395-407. https://doi.org/10.1016/j.ijar.2010.09.002

N. Chen, Z. Xu, M. Xia, Correlation coefficients of hesitant fuzzy sets and their
applications to clustering analysis, Appl. Math. Modell., 37 (2013), 2197-2211.
https://doi.org/10.1016/j.apm.2012.04.031

N. Chen, Z. Xu, M. Xia, Interval-valued hesitant preference relations and their
applications to group decision making, Knowl. Based Syst., 37 (2013), 528-540.
https://doi.org/10.1016/j.knosys.2012.09.009

R. M. Rodriguez, L. Martinez, F. Herrera, Hesitant fuzzy linguistic term sets for decision making,
IEEE Trans. Fuzzy Syst., 20 (2012), 109-119. https://doi.org/10.1109/TFUZZ.2011.2170076

B. Zhu, Z. Xu, M. Xia, Dual hesitant fuzzy sets, J. Appl. Math., 2012 (2012), 879629.
https://doi.org/10.1155/2012/879629

A. Kauffman, L. A. Zadeh, Introduction a la théorie des sous-ensembles flous a l'usage des
ingénieurs: fuzzy sets theory, 2 Eds., Masson, 1977.

A. Rosenfeld, Fuzzy graphs, Academic Press, 1975, 77-95. https://doi.org/10.1016/B978-0-12-
775260-0.50008-6

T. Pathinathan, J. J. Arockiaraj, J. J. Rosline, Hesitancy fuzzy graphs, Indian J. Sci. Technol., 8
(2015), 1-5. https://doi.org/10.17485/ijst/2015/v8135/86672

F. Karaaslan, Hesitant fuzzy graphs and their applications in decision making, J. Intell. Fuzzy Syst.,
36 (2019), 2729-2741. https://doi.org/10.3233/JIFS-18865

D. Ramot, R. Milo, M. Friedman, A. Kandel, Complex fuzzy sets, IEEE Trans. Fuzzy Syst., 10
(2002), 171-186. https://doi.org/10.1109/91.995119

M. Talatha, A. Alkouri, S. Alqaraleh, H. Zureigat, A. Aljarrah. Complex hesitant fuzzy sets and
its applications in multiple attributes decision-making problems, J. Intell. Fuzzy Syst., 41 (2021),
7299-7327. https://doi.org/10.3233/JIFS-211156

AIMS Mathematics Volume 8, Issue 12, 30429-30444.


http://dx.doi.org/https://doi.org/10.1109/TFUZZ.2023.3280221
http://dx.doi.org/https://doi.org/10.3233/JIFS-191350
http://dx.doi.org/https://doi.org/10.1063/1.4757515
http://dx.doi.org/https://doi.org/10.1007/s00521-021-06847-1
http://dx.doi.org/https://doi.org/10.1016/j.asoc.2023.110212
http://dx.doi.org/https://doi.org/10.1016/j.ijar.2010.09.002
http://dx.doi.org/https://doi.org/10.1016/j.apm.2012.04.031
http://dx.doi.org/https://doi.org/10.1016/j.knosys.2012.09.009
http://dx.doi.org/https://doi.org/10.1109/TFUZZ.2011.2170076
http://dx.doi.org/https://doi.org/10.1155/2012/879629
http://dx.doi.org/https://doi.org/10.1016/B978-0-12-775260-0.50008-6
http://dx.doi.org/https://doi.org/10.1016/B978-0-12-775260-0.50008-6
http://dx.doi.org/https://doi.org/10.17485/ijst/2015/v8i35/86672
http://dx.doi.org/https://doi.org/10.3233/JIFS-18865
http://dx.doi.org/https://doi.org/10.1109/91.995119
http://dx.doi.org/https://doi.org/10.3233/JIFS-211156

30443

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

M. Akram, U. Amjad, J. C. R. Alcantud, G. Santos-Garcia, Complex fermatean fuzzy N-soft
sets: a new hybrid model with applications, J. Amb. Intell. Hum. Comput., 14 (2023), 8765-8798.
https://doi.org/10.1007/s12652-021-03629-4

L. T. Giang, L. H. Son, N. L. Giang, T. M. Tuan, N. V. Luong, M. D. Sinh, et al., A new co-
learning method in spatial complex fuzzy inference systems for change detection from satellite
images, Neural Comput. Appl., 35 (2023), 4519-4548. https://doi.org/10.1007/s00521-022-07928-
5

J. Gwak, H. Garg, N. Jan, Investigation of robotics technology based on bipolar
complex intuitionistic fuzzy soft relation, Int. J. Fuzzy Syst., 25 (2023), 1834-1852.
https://doi.org/10.1007/s40815-023-01487-0

J. Gwak, H. Garg, N. Jan, Hybrid integrated decision-making algorithm for clustering
analysis based on a bipolar complex fuzzy and soft sets, Alex. Eng. J., 67 (2023), 473-487.
https://doi.org/10.1016/j.aej.2022.12.003

T. Mahmood, Z. Ali, Multi-attribute decision-making methods based on Aczel-Alsina power
aggregation operators for managing complex intuitionistic fuzzy sets, Comput. Appl. Math., 42
(2023), 87. https://doi.org/10.1007/s40314-023-02204-1

N. Jan, J. Gwak, J. Choi, S. W. Lee, C. S. Kim, Transportation strategy decision-making
process using interval-valued complex fuzzy soft information, AIMS Math., 8 (2023), 3606-3633.
https://doi.org/10.3934/math.2023182

T. Mahmood, U. ur Rehman, Z. Ali, Analysis and application of Aczel-Alsina aggregation
operators based on bipolar complex fuzzy information in multiple attribute decision making, Inf.
Sci., 619 (2023), 817-833. https://doi.org/10.1016/j.ins.2022.11.067

D. E. Tamir, N. D. Rishe, M. Last, A. Kandel, Soft computing based epidemical crisis prediction,
1 Ed., Springer International Publishing, 2015. https://doi.org/10.1007/978-3-319-08624-8 2

N. Yaqoob, M. Gulistan, S. Kadry, H. A. Wahab, Complex intuitionistic fuzzy graphs
with application in Cellular network provider companies, Matematics, T (2019), 35.
https://doi.org/10.3390/math7010035

E. A. AbuHijleh, Complex hesitant fuzzy graph, Fuzzy Inf. Eng., 15 (2023), 149-161.
https://doi.org/10.26599/FIE.2023.9270010

M. Akram, Bipolar fuzzy graphs with applications, Knowl. Based Syst., 39 (2013), 1-8.
https://doi.org/10.1016/j.knosys.2012.08.022

R. Verma, J. M. Merigé, M. Sahni, Pythagorean fuzzy graphs: some results, ArXiv, 2018.
https://doi.org/10.48550/arXiv.1806.06721

R. Nandhini, D. Amsaveni, Bipolar complex pythagorean fuzzy graphs, Springer, 2022.
https://doi.org/10.1007/978-981-19-0471-4-1

R. Nandhini, D. Amsaveni, On bipolar complex intuitionistic fuzzy graphs, TWMS J. Appl. Eng.
Math., 12 (2022), 92—-106.

K. Ullah, T. Mahmood, Z. Ali, N. Jan, On some distance measures of complex Pythagorean
fuzzy sets and their applications in pattern recognition, Complex Intell. Syst., 6 (2020), 15-27.
https://doi.org/10.1007/s40747-019-0103-6

AIMS Mathematics Volume 8, Issue 12, 30429-30444.


http://dx.doi.org/https://doi.org/10.1007/s12652-021-03629-4
http://dx.doi.org/https://doi.org/10.1007/s00521-022-07928-5
http://dx.doi.org/https://doi.org/10.1007/s00521-022-07928-5
http://dx.doi.org/https://doi.org/10.1007/s40815-023-01487-0
http://dx.doi.org/https://doi.org/10.1016/j.aej.2022.12.003
http://dx.doi.org/https://doi.org/10.1007/s40314-023-02204-1
http://dx.doi.org/https://doi.org/10.3934/math.2023182
http://dx.doi.org/https://doi.org/10.1016/j.ins.2022.11.067
http://dx.doi.org/https://doi.org/10.1007/978-3-319-08624-8{_}2
http://dx.doi.org/https://doi.org/10.3390/math7010035
http://dx.doi.org/https://doi.org/10.26599/FIE.2023.9270010
http://dx.doi.org/https://doi.org/10.1016/j.knosys.2012.08.022
http://dx.doi.org/https://doi.org/10.48550/arXiv.1806.06721
http://dx.doi.org/https://doi.org/10.1007/978-981-19-0471-4-1
http://dx.doi.org/https://doi.org/10.1007/s40747-019-0103-6

30444

40. M. Javaid, A. Kashif, T. Rashid, Hesitant fuzzy graphs and their products, Fuzzy Inf. Eng., 12
(2020), 238-252. https://doi.org/10.1080/16168658.2020.1817658

41. M. Xia, Z. Xu, Hesitant fuzzy information aggregation in decision making, Int. J. Approx. Reason.,
52 (2011), 359-407. https://doi.org/10.1016/].ijar.2010.09.002

42. B. Zhu, Studies on consistency measure of hesitant fuzzy preference relations, Proc. Comput. Sci.,
17 (2013), 457-464. https://doi.org/10.1016/j.procs.2013.05.059

‘%1\54’5 AIMS Press

AIMS Mathematics

©2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Volume 8, Issue 12, 30429-30444.


http://dx.doi.org/https://doi.org/10.1080/16168658.2020.1817658
http://dx.doi.org/https://doi.org/10.1016/j.ijar.2010.09.002
http://dx.doi.org/https://doi.org/10.1016/j.procs.2013.05.059
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	More on complex hesitance fuzzy graphs
	Operations on complex hesitant fuzzy graphs
	Composition of two complex hesitant fuzzy graphs
	Union of two complex hesitant fuzzy graphs
	The joint graph of two complex hesitant fuzzy graphs
	The complement graph of complex hesitant fuzzy graphs

	Practical problem
	Comparative study
	Conclusions and future works

