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Abstract: In this paper, we defined a new generalized Cochrane sum with Dirichlet characters, and
gave the upper bound of the generalized Cochrane sum with Dirichlet characters. Moreover, we studied
the asymptotic estimation problem of the mean value of the generalized Cochrane sum with Dirichlet
characters and obtained a sharp asymptotic formula for it. By using this asymptotic formula, we also
gave the mean value of the generalized Dedekind sum.
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1. Introduction

Let h, g be integers with g > 0. The classical Dedekind sum s(#, g) is defined by
S ((a\\ ((ha
o= 2
; qa)/\ 9

x—[x] -4, ifxisnotan integer;
((x) = { :

where

0, if x is an integer

and [x] is the largest integer not exceeding x. The Dedekind sum plays an important role in the
Dedekind n function and has applications to many parts of mathematics (see [7, 11, 12]).

For any nonnegative integer n, let B, and B,(X) be the n-th Bernoulli number and polynomial,
respectively, which is defined by
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yhere B,(X) = B,(X — [X]) is the n-th periodic Eernoulli function in the interval (0, 1] for n > 1,
B{(X) = B{(X — [X]) and if X is an integer, then B{(X) = 0. For positive integers m, n, we have the

generalized Dedekind sum
q-1
— (a\= (ah
S(h,m,n,q) = B, (—) B, (—)

Let p be an odd prime and let y be any even Dirichlet character mod p. For any integers n, k, Xie and
Zhang [8] showed that if n is an odd integer, then

p-1 4k 2k 2
(n)™ (p{@2n)\™ |L(2nk, )|

h=1
6Inp
o p*" , 1.1
* (p eXp(lnlnp)) (b

they also have the following result for any even integer n

" 2k 2
(n!) (p{(2n)) |IL(2nk, )| +0(p2k_1)_ (1.2)

p-1
WIS (h,n,n, p)** =2
2 oo P = 255 |\ 5o ) Gk

In October 2000, Professor Todd Cochrane first introduced a sum analogous to the Dedekind sum

C(h,q) = Z: ((2)) ((%a))

where a satisfiesaa = 1 (mod gq), Z’Zzl denotes the summation over all 1 < a < ¢ such that (a,q) = 1.
Many scholars studied the properties of C(h, g). Zhang and Yi [13] gave the following upper bound
estimate:

IC(h, 9)| < q*d(q)In* g,

where d(q) is the divisor function. Ma et al. [4] gave the upper bound estimate of the incomplete
Cochrane sum.
Xu and Zhang [9] defined the high-dimensional Cochrane sum by the following equation:

ahkq)=;Z‘“§?«%»'”«§»«gﬁilﬁ»'

ap=1

For any fixed positive integer k with (g, k(k + 1)) = 1, they gave the following upper bound estimate:

(k+1)2

IC(h, k, g)| < q*d(g)2" k)" ? In** ¢,

grk+1

where w(q) denotes the number of all different prime divisors of g. Liu [5] improved this result.
For positive integers m, n, the main purpose of this paper is to study the generalized Cochrane sum
with any Dirichlet character y mod ¢ as follows:
— [ah
2 (5)
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which is an interesting generalization of Cochrane sum. Ren and Yi [6] studied the mean square value
of C(h,1,1, p,x), for aprime p = 1 mod 4 and the Legendre’s symbol y mod p, they obtained

p—1 2

2 1, pi+1 1+0(1)
D€L pF = w50 | [ 5= ] + 000, (1.3)
h=1 pea \P1 7~ 1

where A is the set of quadratic residues of p, p; is prime which is not equal to p. Liu and Zhang [2, 3]
studied the mean square value of C(h,m,n,q,y) and its hybrid mean value formula when y is the
principal Dirichlet character. In this paper, by using an upper bound estimate of the Kloosterman sum
with Dirichlet characters, we show that

Theorem 1.1. Let p be an odd prime and let y be any Dirichlet character mod p. For any integers
m,n, we have
1
C(h,m,n, p,x) < m'n!(2r) """ p2 1n? p,

if x(=1) # (=)™, then C(h,m,n, p,x) =0
We also obtain the mean square value of C(h, m, n, p, ) as follows:

Theorem 1.2. Let p be an odd prime and let y be any Dirichlet character mod p. For any integers m,n
with y(—=1) = (=1)"", we have

p-1
>ICth,m,n, px)P

8(m!n!)?p* L(2m){(2n) 5 i 4Inp
— L , 0 min(n,m) .
Qi g2 + 2y A OE O P P\intn p

If y; mod a prime p = 1 mod 4 is the Legendre’s symbol, then according to the value of the
Dirichlet L-function L(2, 1), we also can get (1.3):

Corollary 1.3. Let p = 1 mod 4 be a prime and the Legendre’s symbol x| mod p. We have

p-1
pi+1 41np
C(h,1,1,p,x)? +0 :
;H pxl” = 180 ]—[( ) (peXp(lnlnp

P1EA

where A is the set of quadratic residues of p, pi is prime, which is not equal to p.
Moreover, we give the mean square value of S (h, m, n, p, ) as follows:

Theorem 1.4. Let p be an odd prime and let y be any Dirichlet character mod p. For any integers m,n
with y(—=1) = (=1)"*", we have

p-1
E x(h)S (h, m, m, p)S (h, n, n, p)
h=1

8(m!n!)?p* L2m)¢(2n) 5 2 mi 41np
— L , 0 min(n,m) .
Qi g2 + 2y AT OE 0P Plintn p

Obviously, Theorem 1.4 generalizes and improves (1.1) and (1.2) when k = 1.
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2. Some lemmas

To prove theorems, we need the following several lemmas.

Lemma 2.1. Let p be an odd prime and an integer h with (h,p) = 1, and let y, be any Dirichlet
character mod p. For any positive integers m,n, if y1(—=1) # (—=1)"" then C(h,m,n, p, x1) = 0, and if
x1(=1) = (=) then we have

Cth,m,n, p,x1)
dmin! 1 _ Gcwa,r) < Gy, 5)
= _— h )
Qriy™" ¢(p) X;p ()[; ](Z_; s"
vy (D=(=1ym - o
and
C(h,m,n, p,x1)
dmln! 1 _ __ —
= Griyagy, 2 XOTOT0Lon BT,
x mod p
xx1(=D=(=1"

where 1(x) = G(x, 1), G(y,r) = ZZ ;11 )((a)e(%) denotes Gauss sum, L(n,x) = >/} Xt(,f) is a Dirichlet
L-function.

Proof. Applying the orthogonality of multiplicative characters, it follows that

p-l . h
C(h,m,n, p,x1) = Y x1(@B, (p)B(‘;)

a=1

S {Zml(aw 2 )}{ZX(’”B( )}

x mod p \a=1

Noting that [1]

En(x) _ n!' Z e(xr),

r}’l

and G(y, —hn) = x(—h)G(y,n). We have

C(haman’p’)(l)
1 Sl s e(3)
_@X % p{; [_(27“')’" %;{,X Y

el s
(2’:::)’1";” ) {Z Zm(‘”e( )}

x mod p | =2
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bl
e 3 {5 dua |5 cen)
o 3, w1+ (5 )
A= My

where y(=1) = (=)™ If y1(=1) # (=1)"*", then C(h,m,n, p, x1) = 0.
Moreover, we also have

C(h,m,n, p,x1)
4mln! 1
= o X(WTOOT00x D L(m, xx 1) L(n, x),
Q7)™ ¢(p) Z 1 1
Xy (=D=(-1ym
where 7(y) = G(x, 1). i
Lemma 2.2. Let p be a prime and let y be any Dirichlet character mod p. For any integers r, s, we
have
& ra+ sa
Z )((a)e( ) < 24/p.
a=1 p
Proof. See Lemma 1 of [10]. O

Lemma 2.3. Let p be an odd prime and an integer h with (h,p) = 1, and let y be any Dirichlet
character mod p, then we have

3w [i G(Xjfn"”](i ot S)] < piitp.

x mod p r=1 s=1
Jx(=D=(=1y"

Proof. For any fixed parameter N > p, according to Abel’s identity, we have
> Gxxi, G(xx1» 00 3 Nerey GOXX1L T
Z (xx1,7) _ Z (ex1,7) e 2in<r<y GOxi )dy.
ym m rm+l
r=1 1<r<N

r N
Since |G(y, r)| < p%, we have
G , 1
D Cin) Y — <pin,
rm rm

1<r<N 1<r<N
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and from the estimates for trigonometric sums we have

D Gl n) = Z)m(a) > (p)

N<r<y N<r<y

p-

(224

e 1+ Da

a=

-1

=

< plnp,

SRS

Q
1l
—_

it follows that

1 e
= > xxi(a)
1 1- e(

Mgi;
sin =

1
<PnP

f+oo ZN<r<y G(XXI’ }")
m dy <
N

rm+l

then we have

5 5 2§

x mod p r=1 s=1
xx1(=DH=(=1)"

= > xw Z—ijfnl’r)+m

x mod p 1<r<N
X (D=1

G()(, S) Z <r< G(X S)
X(Z - +an N#

G(x, s)]

1<r<N
v, G(XX LIRS
= h
XXI)E%I)I)’” X( ) (; ) [;

n 3 w3 Sen)(

x mod p r=1

xx1(=D=(=1)"

w3 wff o)

x mod p
Xy (=D=(=D"

e ZN<r<y G(X)(l’ r)

G(x, s)]

Nm °

ZN<r<y G(XXI’ r)
ym+l1 y

Y

ZN<r<y G(X S)

Sn+1 y)

ZN<r<y G(X)(l’ r)
rm+1 y

e 2N<r$y G(X’ S)d
n+1 Yy

ol [, e [

N N
< 3 ww|y )y

s=1

x mod p r=1

xx1(=DH=(=1)"

p% InNInp
min (N, N") |
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Note that
%¢(p), a =1mod p;
D, X@=31"a(-Dig(p), a=-1mod p; 2.1)
x mod p .
ot (h=(-1ym 0, otherwise.

Then, from the orthogonality of Dirichlet characters we find

> |y e 3 o)

x mod p r=1 s=1

xx1(=D=(=D"
zlm(a)e( <) z)((b)e(—b)
= ), W ) 2T
x mod p 1<r<N 1<s<N
xx1(=D=(=D"
g ra+ sb
-y Y g Xl(a)e( ) DL xax®yi
A
1<r<N 1<s<N a=1 b=1 x mod p
xx1(=DH=(=1)"

¢(P) Z Z prZ Xl(a)e(ra+sb)
=

1<r<N 1<s<N =

b h mod
é(p) |yt ra+ sb
D (D=- I;NI;NW Z‘; Xl(a)e( p )

ab=—h mod p
According to Lemma 2.2, we obtain

Z x(h) [Z G(/wl’r)](zlvl G(i(n’ S)] < p?In®N.

x mod p r=1 s=1
xx1(=D=(=1y"

Taking N = p?, we can get Lemma 2.3

> )?(h)[i GW"”](i . S’) <ptolnp.

x mod p r=1 s=1
xx1(=D=(=D"

O

Lemma 2.4. Let p be a prime and let y be any Dirichlet character mod p. For any integers m, n, we
have

Q2 2
> e PiLmf =L o )

. 41np
+0 1-min(n,m) )
e i)
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Proof. First, we assume that n > m, according to Abel’s identity we can write

) D N D . B ,
i 1900 S0 0,
=1 =1

where D(t) = 3, %L B(y, x) = vy ¥(O)D(2). We know that

=
Bo.x) = . x(OD@) = " x(1) Z);n(i)
N<t<y N<i<y i
— Z (t) ZX)Q(Z) Z X/\(l(l) Z -
1<y I<y/t S
- 2wy BD - Z w5
i<VN ST I<VN 1<N/I
_ Z V(D) Z)()a(l) Z )(;gi;l) Z o,
1<y <5 I<VN <N

It follows that
IB(y, x)I < +/ylny,

D IBeX)P < yp(p)In’y.

x mod p
xx1(=D=(=1)"

From the Cauchy inequality we have

* B(y, )()
m+1
1/2 2

|
<dn [ S| > Bor|
N

Xmodp
xx1(=D=(=D"

x mod p
Xx1(=D=(=1)"
« In" N
< {mf y_m_éqb;(p)lnydt} < (M?Tnl
N

From (2.1), we have

2,

x mod p
xx1(=D=(=D"

Z X(”l)D(nl)

_¢(p) Z D(n,)D(ny) L EDED$P) Z D(n,)D(ny)

m,,m m,,m
2 1<ny,m<N nl I’L2 2 1<ny,m<N nl Vlz
n1=ny( mod p) n1=—nz( mod p)
(ming,p)=1 (mna,p)=1
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¢(p) 5 ID(m)I 0[ ¢(p)i“vz“’] d(nz)d(lp+n2)]

1<n <N ny=1 I=1 2 (Up +m)"
(n1,p)=1
d(m)d(q ny) 5 R dnyyddp - ny)
0]

+ [¢< )Z T ] (¢<p>m2” HZW PR
¢(p> 5 |D(n1>|2 (¢<p> . (21nN))

Lo 00 p" Inln N

(n.p)=1

noting that [D(ny)| < d(m) = %, 1 < exp (2E2Y), it follows that

Inln N
X(I)D(I) * B(y, x)
Z m+1 dy
x mod p t=1 N y
xx1(=DH=(=D"

© ] \
<mwﬁfwﬂ D0 IBe.I| dy < g(pN(In N,

N x mod p

x(=D=(-1)"

Taking N = p? and ¢(p) = p — 1, then

D Lo xxnPILim, )P

x mod p
xx1(=D=(=D"

_p-1 ID(ny)? om 41np
== Z o +O|p "exp ninp))”

1<n|<c0 1
(n1,p)=1

From the Euler product formula, we can get

b 2 2 2 2
3 1D =l—[(1 PP | IDEAE 1D +)

2m 2m o 2mk

ny=1 1 pitp pl pl pl

(n1,p)=1
and "

) k 1= ()(1(171)) i
pn m
D(P]f):1+)(1£{7n11)+()(1,£{7n11)) +__'+()(1,(fn11)) _ 1 ,
1 Py Py 1 - uy

Py

and it is straightforward to show that

. l2 x1(py) xi1(rp)
1 prl— m p}il—m plll m
o0 2 1——L + -1 7 j_aep 1_ XD
DRI e S
o 2
ni=1 ™ pitp ‘1 - X—l,ff’,,‘,)
(n1,p)=1 Py
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1
_ n 1 - p%m+2n 1
- 2
R _ L _ xip)
Py (1 P?”’)(l Pf”) L=
1 1
_ {@miCn) (1-55)(1-35)
= —————|L(n+m,xy)|
{(2m + 2n) 1 - [ﬁ
{2m){(2n) 2 -2
="\ , 0] .
Fam 1 2 L0+ M) + 07
Similarly, we also have Lemma 2.4 for n < m. O

3. Proofs of theorems

Now, we prove our theorems by using the above lemmas.

Proof of Theorem 1.1. Combining Lemma 2.1 and Lemma 2.3, we have

C(h,m,n, p,y) < mn!(2r)" ™" p1 In? p.

O
Proof of Theorem 1.2. From Lemma 2.1 and Lemma 2.4, we have
p—1
DI, m,n, p, )
h=1
2
16(min)> 1 K —h [
= Gt F ) ; Z X ()T )T LOm, TED L, Xy)
Xy (=DH=(=1"
16(m!n!)* p? _ _ 2
= L(m, L(n,
Q) §(p) Z £ 2oL )
1 (=D=(=1"
8(m!n")?p* L(2m){(2n) ) 2 mi 41np
— L +n, +0 min(n,m) )
Qi g2 + 2y LT X)) p “P\intn p
This proves Theorem 1.2. m|

Proof of Theorem 1.4. From the definition of C(h,m,n,p,y) and the orthogonality of Dirichlet
characters, we have

|C(h, m,n, p, Y)I* =

(S 2 (2] S0 (] ()
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3

X1 mod p

1 e & - (ab\= (b
=50 Z}m@%k@%ém@)(?PJQ}

it follows that

p—1
IC(h,m,n, p,x)I°
h=1
1 & = & (ab\- (b
=—— X1 (h b)B,,|— | B[~
meéfm;w%;m>() m}

p—
X
c=1

x
~
2
=l
N
—_——
<o
~——— e}
=
~— —_—
s |8
~———

Thus, from Theorem 1.2, we have

p—1
E x(h)S (h, m, m, p)S (h,n, n, p)
h=1

8(m!n!)2p? Z(2m)(2n) ) 2-min(um) o [ 410D
_ L min(n,m .
@iy {@m + 2m) TN 0P “Plintnp
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