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Abstract: In this paper we expressed the eigenvalues of a sort of heptadiagonal symmetric matrices as
the zeros of explicit rational functions establishing upper and lower bounds for each of them. From the
prescribed eigenvalues, we computed eigenvectors for these types of matrices, giving also a formula
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results are still provided.
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1. Introduction

The spectral properties of tridiagonal matrices is a well-studied topic for which a vast literature can
be found (e.g. [1, 5, 16, 17, 19, 25, 27, 35], among others), and even formulae for the corresponding
inverse of these matrices has also been discussed over the last decades of twentieth century (see [15]
and references therein). Recently, taking advantage of basic properties of the Chebyshev polynomials,
some authors have established localization theorems for the eigenvalues of real pentadiagonal and
heptadiagonal symmetric Toeplitz matrices by expressing them as the zeros of explicit rational
functions [12, 32]. The eigenvalues of a special kind of heptadiagonal matrices were still derived
in [26] by employing other methods, namely, determinant properties and recurrence relations.

In fact, the above-mentioned matrices are typical examples of a much more wider class called band
matrices (see [30], page 13), and the idea of having explicit formulas to compute its eigenvalues,
eigenvectors or establishing some other properties is both appealing and challenging by reason of their
usefulness in many areas of science and engineering (see, for instance, [4, 10, 11, 14, 20, 24, 33]).

In order to give a contribution on this matter, we shall obtain the eigenvalues of the following n × n
heptadiagonal matrix
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Hn =



ξ η c d 0 . . . . . . . . . . . . . . . 0

η a b c d . . .
...

c b a b c . . .
. . .

...

d c b a b . . .
. . .
. . .

...

0 d c b a . . .
. . .
. . .
. . .

...
...
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
...

...
. . .
. . .
. . .
. . . a b c d 0

...
. . .
. . .
. . . b a b c d

...
. . .
. . . c b a b c

...
. . . d c b a η

0 . . . . . . . . . . . . . . . 0 d c η ξ



(1.1)

as the zeros of explicit rational functions, also providing upper/lower bounds non-depending of any
unknown parameter to each of them. Further, we shall compute eigenvectors for these sort of matrices
at the expense of the prescribed eigenvalues. To accomplish these purposes, we will obtain an
orthogonal block diagonalization for matrix (1.1) where each block is a sum of a diagonal matrix plus
dyads, i.e.

diag(d1, d2, . . . , dκ) + u1v⊤1 + u2v⊤2 + . . . + umv⊤m, (1.2)

where u j, v j, j = 1, . . . ,m are κ × 1 matrices, by exploiting the modification technique introduced by
Fasino in [13] for matrices of the type (1.1). This key ingredient allows us to get formulas for the
characteristic polynomial of Hn on one hand, and for the inverse of Hn on the other (assuming, of
course, its nonsingularity). With the aim of getting expressions as explicit as possible, we will use not
only results concerning the secular equation of diagonal matrices perturbed by the addition of rank-
one matrices developed by Anderson in the nineties [2], but also a Miller’s formula of the eighties for
the inverse of the sum of matrices [29]. In section four of the paper, applications are given for the
established results, showing its potential usage.

Since the class of matrices Hn includes the ones considered in [12] and [32], our statements will
extend necessarily the results of these papers. Moreover, the current approach also points a way to
achieve localization formulas for the eigenvalues of general symmetric quasi-Toeplitz matrices. In
detail, the eigenvalues of any symmetric quasi-Toeplitz matrix enjoying a block diagonalization with
diagonal elements of the form (1.2) are precisely the eigenvalues of each one of these diagonal blocks,
which in turn can be located/computed by rational functions via Anderson’s secular equation.

2. Auxiliary tools

In this paper, n is generally assumed to be an integer greater or equal to four and a, b, c, d, ξ, η
in (1.1) will be taken as real numbers; in fact, this last restriction can be discarded because the majority
of forthcoming statements remain valid when a, b, c, d, ξ, η are complex numbers. Moreover, Sn will
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be the n × n symmetric, involutory and orthogonal matrix defined by

[Sn]k,ℓ :=

√
2

n + 1
sin

(
kℓπ

n + 1

)
. (2.1)

Our first auxiliary result is an orthogonal diagonalization for the following n × n heptadiagonal
symmetric matrix

Ĥn =



a − c b − d c d 0 . . . . . . . . . . . . . . . 0

b − d a b c d . . .
...

c b a b c . . .
. . .

...

d c b a b . . .
. . .
. . .

...

0 d c b a . . .
. . .
. . .
. . .

...
...

. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .

. . .
...

...
. . .
. . .
. . .
. . . a b c d 0

...
. . .
. . .
. . . b a b c d

...
. . .
. . . c b a b c

...
. . . d c b a b − d

0 . . . . . . . . . . . . . . . 0 d c b − d a − c



. (2.2)

Lemma 1. Let a, b, c, d be real numbers and

λk = a + 2b cos
(

kπ
n+1

)
+ 2c cos

(
2kπ
n+1

)
+ 2d cos

(
3kπ
n+1

)
, k = 1, . . . , n. (2.3)

If Ĥn is the n × n matrix (2.2), then
Ĥn = SnΛnSn,

where Λn = diag (λ1, . . . , λn), and Sn is the matrix (2.1).

Proof. Supposing the n × n matrix

Ωn =



0 1 0 . . . . . . . . . 0

1 0 1 . . .
...

0 1 0 . . .
. . .

...
...
. . .
. . .
. . .
. . .
. . .
...

...
. . .
. . . 0 1 0

...
. . . 1 0 1

0 . . . . . . . . . 0 1 0


,

it is a simple matter of routine to verify that

Ĥn = (a − 2c)In + (b − 3d)Ωn + cΩ2
n + dΩ3

n.
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Using the spectral decomposition

Ωn =

n∑
ℓ=1

2 cos
(
ℓπ

n + 1

)
sℓ s⊤ℓ ,

where

sℓ =



√
2

n+1 sin
(
ℓπ

n+1

)√
2

n+1 sin
(

2ℓπ
n+1

)
...√

2
n+1 sin

(
nℓπ
n+1

)


(i.e. the ℓth column of Sn), it follows

Ĥn =

n∑
ℓ=1

[
(a − 2c) + 2(b − 3d) cos

(
ℓπ

n + 1

)
+ 4c cos2

(
ℓπ

n + 1

)
+ 8d cos3

(
ℓπ

n + 1

)]
sℓ s⊤ℓ

=

n∑
ℓ=1

λℓsℓ s⊤ℓ = SnΛnSn,

where Λn = diag (λ1, . . . , λn), and Sn is the matrix (2.1). The proof is complete. □

The next statement is an orthogonal block diagonalization for matrices Hn of the form (1.1) and it
extends Proposition 3.1 in [7], which is valid only for heptadiagonal symmetric Toeplitz matrices.

Lemma 2. Let a, b, c, d, ξ, η be real numbers, λk, k = 1, . . . , n be given by (2.3) and Hn be the n × n
matrix (1.1).
(a) If n is even,

x =



2
√

n+1
sin

(
π

n+1

)
2
√

n+1
sin

(
3π

n+1

)
...

2
√

n+1
sin

[
(n−1)π

n+1

]


, y =



2
√

n+1
sin

(
2π

n+1

)
2
√

n+1
sin

(
6π

n+1

)
...

2
√

n+1
sin

[
(2n−2)π

n+1

]


(2.4a)

and

v =



2
√

n+1
sin

(
2π

n+1

)
2
√

n+1
sin

(
4π

n+1

)
...

2
√

n+1
sin

(
nπ

n+1

)


, w =



2
√

n+1
sin

(
4π

n+1

)
2
√

n+1
sin

(
8π

n+1

)
...

2
√

n+1
sin

(
2nπ
n+1

)


, (2.4b)

then

Hn = SnPn

[
Φ n

2
O

O Ψ n
2

]
P⊤n Sn,
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where Sn is the n × n matrix (2.1), Pn is the n × n permutation matrix defined by

[Pn]k,ℓ =

 1 if k = 2ℓ − 1 or k = 2ℓ − n

0, otherwise
(2.4c)

and

Φ n
2
= diag (λ1, λ3, . . . , λn−1) + (c + ξ − a)xx⊤ + (d + η − b)xy⊤ + (d + η − b)yx⊤ (2.4d)

Ψ n
2
= diag (λ2, λ4, . . . , λn) + (c + ξ − a)vv⊤ + (d + η − b)vw⊤ + (d + η − b)wv⊤. (2.4e)

(b) If n is odd,

x =



2
√

n+1
sin

(
π

n+1

)
2
√

n+1
sin

(
3π

n+1

)
...

2
√

n+1
sin

(
nπ

n+1

)


, y =



2
√

n+1
sin

(
2π

n+1

)
2
√

n+1
sin

(
6π

n+1

)
...

2
√

n+1
sin

(
2nπ
n+1

)


(2.5a)

and

v =



2
√

n+1
sin

(
2π

n+1

)
2
√

n+1
sin

(
4π

n+1

)
...

2
√

n+1
sin

[
(n−1)π

n+1

]


, w =



2
√

n+1
sin

(
4π

n+1

)
2
√

n+1
sin

(
8π

n+1

)
...

2
√

n+1
sin

[
2(n−1)π

n+1

]


, (2.5b)

then

Hn = SnPn

 Φ n+1
2

O
O Ψ n−1

2

 P⊤n Sn,

where Sn is the n × n matrix (2.1), Pn is the n × n permutation matrix defined by

[Pn]k,ℓ =

 1 if k = 2ℓ − 1 or k = 2ℓ − n − 1

0, otherwise
(2.5c)

and

Φ n+1
2
= diag (λ1, λ3, . . . , λn) + (c + ξ − a)xx⊤ + (d + η − b)xy⊤ + (d + η − b)yx⊤ (2.5d)

Ψ n−1
2
= diag (λ2, λ4, . . . , λn−1) + (c + ξ − a)vv⊤ + (d + η − b)vw⊤ + (d + η − b)wv⊤. (2.5e)

Proof. Consider a, b, c, d, ξ, η as real numbers, λk, k = 1, . . . , n given by (2.3) and Hn as the n × n
matrix (1.1). Setting θ := c + ξ − a, ϑ := d + η − b,

Ên =



c + ξ − a 0 . . . . . . 0

0 0 . . .
...

...
. . .
. . .
. . .

...
...

. . . 0 0
0 . . . . . . 0 c + ξ − a
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and

F̂n =



0 d + η − b 0 . . . . . . 0

d + η − b 0 0
. . .

...

0 0
. . .

. . .
. . .

...
...

. . .
. . .

. . . 0 0
...

. . . 0 0 d + η − b

0 . . . . . . 0 d + η − b 0


,

we have from Lemma 1

SnHnSn = Sn

(
Ĥn + Ên + F̂n

)
Sn = Λn +Gn +Kn,

where Sn is the n × n matrix (2.1), Ĥn is the n × n matrix (2.2),

Λn = diag (λ1, . . . , λn) , [Gn]k,ℓ =
2θ

n + 1
sin

(
kπ

n + 1

)
sin

(
ℓπ

n + 1

) [
1 + (−1)k+ℓ

]
and

[Kn]k,ℓ =
2ϑ

n + 1

[
sin

(
kπ

n + 1

)
sin

(
2ℓπ

n + 1

)
+ sin

(
2kπ

n + 1

)
sin

(
ℓπ

n + 1

)] [
1 + (−1)k+ℓ

]
.

Since [Gn]k,ℓ = [Kn]k,ℓ = 0 whenever k + ℓ is odd, we can permute rows and columns of Λn +Gn +Kn

according to the permutation matrices (2.4c) and (2.5c), yielding: for n even,

Hn = SnPn

[
Υ n

2
+ θxx⊤ + ϑxy⊤ + ϑyx⊤ O

O ∆ n
2
+ θvv⊤ + ϑvw⊤ + ϑwv⊤

]
P⊤n Sn,

where Pn is the matrix (2.4c), Υ n
2
= diag(λ1, λ3, . . . , λn−1), ∆ n

2
= diag(λ2, λ4, . . . , λn) and x, y are given

by (2.4a); for n odd,

Hn = SnPn

 Υ n+1
2
+ θxx⊤ + ϑxy⊤ + ϑyx⊤ O

O ∆ n−1
2
+ θvv⊤ + ϑvw⊤ + ϑwv⊤

 P⊤n Sn,

with Pn defined in (2.5c), Υ n+1
2
= diag(λ1, λ3, . . . , λn), ∆ n−1

2
= diag(λ2, λ4, . . . , λn−1) and v, w defined

by (2.5a). The proof is complete. □

Remark 1. Let us point out that the decomposition for real heptadiagonal symmetric Toeplitz
matrices established in Proposition 3.1 of [7] at the expense of the bordering technique is no more
useful for matrices having the shape (1.1). As consequence, some results stated by these authors will
be necessarily extended, particularly, the referred decomposition and a formula to compute the
determinant of real heptadiagonal symmetric Toeplitz matrices (Corollary 3.1 of [7]).

3. Main results

3.1. Determinant of Hn

The orthogonal block diagonalization established in Lemma 2 will lead us to an explicit formula for
the determinant of the matrix Hn.

AIMS Mathematics Volume 8, Issue 12, 29995–30022.
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Theorem 1. Let a, b, c, d, ξ, η be real numbers, λk, k = 1, . . . , n be given by (2.3), xk = sin
(

kπ
n+1

)
,

k = 1, . . . , 2n and Hn the n × n matrix (1.1). If θ := c + ξ − a, ϑ := d + η − b and
(a) n is even, then

det(Hn) =
[ n

2∏
j=1

λ2 j +

n
2∑

k=1

4θx2
2k+8ϑx2k x4k

(n+1)

n
2∏

j=1
j,k

λ2 j −
∑

1⩽k<ℓ⩽ n
2

16ϑ2(x2k x4ℓ−x2ℓx4k)2

(n+1)2

n
2∏

j=1
j,k,ℓ

λ2 j

]

×

[ n
2∏

j=1

λ2 j−1 +

n
2∑

k=1

4θx2
2k−1+8ϑx2k−1 x4k−2

(n+1)

n
2∏

j=1
j,k

λ2 j−1 −
∑

1⩽k<ℓ⩽ n
2

16ϑ2(x2k−1 x4ℓ−2−x2ℓ−1 x4k−2)2

(n+1)2

n
2∏

j=1
j,k,ℓ

λ2 j−1

]
.

(b) n is odd, then

det(Hn) =
[ n−1

2∏
j=1

λ2 j +

n−1
2∑

k=1

4θx2
2k+8ϑx2k x4k

(n+1)

n−1
2∏

j=1
j,k

λ2 j −
∑

1⩽k<ℓ⩽ n−1
2

16ϑ2(x2k x4ℓ−x2ℓx4k)2

(n+1)2

n−1
2∏

j=1
j,k,ℓ

λ2 j

]

×

[ n+1
2∏

j=1

λ2 j−1 +

n+1
2∑

k=1

4θx2
2k−1+8ϑx2k−1 x4k−2

(n+1)

n+1
2∏

j=1
j,k

λ2 j−1 −
∑

1⩽k<ℓ⩽ n+1
2

16ϑ2(x2k−1 x4ℓ−2−x2ℓ−1 x4k−2)2

(n+1)2

n+1
2∏

j=1
j,k,ℓ

λ2 j−1

]
.

Proof. Since both assertions can be proven in the same way, we only prove (a). Consider a, b, c, d, ξ, η
are real numbers, xk = sin

(
kπ

n+1

)
, k = 1, . . . , 2n, λk, k = 1, . . . , n as given by (2.3), θ := c + ξ − a,

ϑ := d + η − b and the notations used in Lemma 2. The determinant formula for block-triangular
matrices (see [21], page 185) and Lemma 2 ensure det(Hn) = det

(
Φ n

2

)
det

(
Ψ n

2

)
. We shall first assume

λk , 0 for all k = 1, . . . , n,

4θ
n + 1

n
2∑

k=1

x2
2k−1

λ2k−1
, −1 (3.1a)

4θ
n + 1

n
2∑

k=1

x2
2k−1

λ2k−1
+

4ϑ
n + 1

n
2∑

k=1

x2k−1x4k−2

λ2k−1
, −1 (3.1b)

n
2∑

k=1

4θx2
2k−1 + 8ϑx2k−1x4k−2

(n + 1)λ2k−1
−

16ϑ2

(n + 1)2

∑
1⩽k<ℓ⩽ n

2

(x2k−1x4ℓ−2 − x2ℓ−1x4k−2)2

λ2k−1λ2ℓ−1
, −1 (3.1c)

and

4θ
n + 1

n
2∑

k=1

x2
2k

λ2k
, −1 (3.2a)

4θ
n + 1

n
2∑

k=1

x2
2k

λ2k
+

4ϑ
n + 1

n
2∑

k=1

x2kx4k

λ2k
, −1 (3.2b)

n
2∑

k=1

4θx2
2k + 8ϑx2kx4k

(n + 1)λ2k
−

16ϑ2

(n + 1)2

∑
1⩽k<ℓ⩽ n

2

(x2kx4ℓ − x2ℓx4k)2

λ2kλ2ℓ
, −1. (3.2c)
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Putting Υ n
2

:= diag (λ1, λ3, . . . , λn−1) and ∆ n
2

:= diag (λ2, λ4, . . . , λn), we have

det
(
Φ n

2

)
= det

(
Υ n

2
+ θxx⊤ + ϑxy⊤ + ϑyx⊤

)
=

[
1 + θx⊤Υ−1

n
2

x + 2ϑx⊤Υ−1
n
2

y + ϑ2
(
x⊤Υ−1

n
2

y
)2
− ϑ2

(
x⊤Υ−1

n
2

x
) (

y⊤Υ−1
n
2

y
) ]

det
(
Υ n

2

)
=

[ n
2∏

j=1

λ2 j−1 +

n
2∑

k=1

4θx2
2k−1+8ϑx2k−1 x4k−2

(n+1)

n
2∏

j=1
j,k

λ2 j−1 −
∑

1⩽k<ℓ⩽ n
2

16ϑ2(x2k−1 x4ℓ−2−x2ℓ−1 x4k−2)2

(n+1)2

n
2∏

j=1
j,k,ℓ

λ2 j−1

]

and

det
(
Ψ n

2

)
= det

(
∆ n

2
+ θvv⊤ + ϑvw⊤ + ϑwv⊤

)
=

[
1 + θv⊤∆−1

n
2

v + 2ϑv⊤∆−1
n
2

w + ϑ2
(
v⊤∆−1

n
2

w
)2
− ϑ2

(
v⊤∆−1

n
2

v
) (

w⊤∆−1
n
2

w
) ]

det
(
∆ n

2

)
=

[ n
2∏

j=1

λ2 j +

n
2∑

k=1

4θx2
2k+8ϑx2k x4k

(n+1)

n
2∏

j=1
j,k

λ2 j −
∑

1⩽k<ℓ⩽ n
2

16ϑ2(x2k x4ℓ−x2ℓx4k)2

(n+1)2

n
2∏

j=1
j,k,ℓ

λ2 j

]

(see [29], pages 69 and 70), i.e.

det(Hn) =
[ n

2∏
j=1

λ2 j +

n
2∑

k=1

4θx2
2k+8ϑx2k x4k

(n+1)

n
2∏

j=1
j,k

λ2 j −
∑

1⩽k<ℓ⩽ n
2

16ϑ2(x2k x4ℓ−x2ℓx4k)2

(n+1)2

n
2∏

j=1
j,k,ℓ

λ2 j

]
×

[ n
2∏

j=1

λ2 j−1 +

n
2∑

k=1

4θx2
2k−1+8ϑx2k−1 x4k−2

(n+1)

n
2∏

j=1
j,k

λ2 j−1 −
∑

1⩽k<ℓ⩽ n
2

16ϑ2(x2k−1 x4ℓ−2−x2ℓ−1 x4k−2)2

(n+1)2

n
2∏

j=1
j,k,ℓ

λ2 j−1

]
.

(3.3)

Since both sides of (3.3) are polynomials in the variables a, b, c, d, ξ, η, conditions (3.1a)–(3.2c) as well
as λk , 0 can be dropped, and (3.3) is valid more generally. □

Example 1. Suppose the following symmetric quasi-Toeplitz matrix

Tn =



ξ b c 0 . . . . . . . . . . . . 0

b a b c . . .
...

c b a b . . .
. . .

...

0 c b a . . .
. . .
. . .

...
...
. . .
. . .
. . .
. . .
. . .
. . .
. . .
...

...
. . .
. . .
. . . a b c 0

...
. . .
. . . b a b c

...
. . . c b a b

0 . . . . . . . . . . . . 0 c b ξ
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(when ξ = a, we have a pentadiagonal symmetric Toeplitz matrix). Let us notice that Theorem 3 of [12]
cannot be employed to compute det(Tn). However, according to our Theorem 1 we get (with d = 0,
η = b and ϑ = 0)

det(Tn) =



[ n
2∏

j=1

λ2 j +

n
2∑

k=1

4(c+ξ−a)x2
2k

(n+1)

n
2∏

j=1
j,k

λ2 j

][ n
2∏

j=1

λ2 j−1 +

n
2∑

k=1

4(c+ξ−a)x2
2k−1

(n+1)

n
2∏

j=1
j,k

λ2 j−1

]
, n even

[ n−1
2∏

j=1

λ2 j +

n−1
2∑

k=1

4(c+ξ−a)x2
2k

(n+1)

n−1
2∏

j=1
j,k

λ2 j

][ n+1
2∏

j=1

λ2 j−1 +

n+1
2∑

k=1

4(c+ξ−a)x2
2k−1

(n+1)

n+1
2∏

j=1
j,k

λ2 j−1

]
, n odd

where
λk = a + 2b cos

(
kπ

n+1

)
+ 2c cos

(
2kπ
n+1

)
, k = 1, . . . , n

and xk = sin
(

kπ
n+1

)
, k = 1, . . . , 2n. Moreover, if ξ = a−c in Tn, then det(Tn) simply turns into λ1λ2 . . . λn

(let us stress that this includes the particular case c = 0, i.e. the determinant of tridiagonal symmetric
Toeplitz matrices).

3.2. Eigenvalue localization for Hn

The following lemma will allows us to express the eigenvalues of key matrices in this paper as the
zeros of explicit rational functions providing, additionally, explicit upper and lower bounds for each
one. We will denote the Euclidean norm by ∥ · ∥.

Lemma 3. Let a, b, c, d, ξ, η be real numbers and λk, k = 1, . . . , n be given by (2.3).
(a) If n is even,

i. x, y are given by (2.4a) and the eigenvalues of

diag (λ1, λ3, . . . , λn−1) + (c + ξ − a)xx⊤ + (d + η − b)xy⊤ + (d + η − b)yx⊤ (3.4a)

are not of the form a + 2b cos
[

(2k−1)π
n+1

]
+ 2c cos

[
2(2k−1)π

n+1

]
+ 2d cos

[
3(2k−1)π

n+1

]
, k = 1, . . . , n

2 , then the
eigenvalues of (3.4a) are precisely the zeros of the rational function

f (t) = 1 +
4

n + 1

n
2∑

k=1

(c + ξ − a) sin2
[

(2k−1)π
n+1

]
+ 2(d + η − b) sin

[
(2k−1)π

n+1

]
sin

[
(4k−2)π

n+1

]
λ2k−1 − t

−
16(d + η − b)2

(n + 1)2

∑
1⩽k<ℓ⩽ n

2

{
sin

[
(2k−1)π

n+1

]
sin

[
(4ℓ−2)π

n+1

]
− sin

[
(4k−2)π

n+1

]
sin

[
(2ℓ−1)π

n+1

]}2

(λ2k−1 − t)(λ2ℓ−1 − t)
.

(3.4b)

Moreover, if µ1 ⩽ µ2 ⩽ . . . ⩽ µ n
2

are the eigenvalues of (3.4a) and λτ(1) ⩽ λτ(3) ⩽ . . . ⩽ λτ(n−1) are
arranged in a nondecreasing order by some bijection τ defined in {1, 3, . . . , n − 1}, then

λτ(2k−1) +
(c+ξ−a)−

√
(c+ξ−a)2+4(d+η−b)2

2 ⩽ µk ⩽ λτ(2k−1) +
(c+ξ−a)+

√
(c+ξ−a)2+4(d+η−b)2

2 (3.4c)

for each k = 1, . . . , n
2 .
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ii. v,w are given by (2.4b) and the eigenvalues of

diag (λ2, λ4, . . . , λn) + (c + ξ − a)vv⊤ + (d + η − b)vw⊤ + (d + η − b)wv⊤ (3.5a)

are not of the form a+2b cos
(

2kπ
n+1

)
+2c cos

(
4kπ
n+1

)
+2d cos

(
6kπ
n+1

)
, k = 1, . . . , n

2 , then the eigenvalues
of (3.5a) are precisely the zeros of the rational function

g(t) = 1 +
4

n + 1

n
2∑

k=1

(c + ξ − a) sin2
(

2kπ
n+1

)
+ 2(d + η − b) sin

(
2kπ
n+1

)
sin

(
4kπ
n+1

)
λ2k − t

−
16(d + η − b)2

(n + 1)2

∑
1⩽k<ℓ⩽ n

2

[
sin

(
2kπ
n+1

)
sin

(
4ℓπ
n+1

)
− sin

(
4kπ
n+1

)
sin

(
2ℓπ
n+1

)]2

(λ2k − t)(λ2ℓ − t)
.

(3.5b)

Furthermore, if ν1 ⩽ ν2 ⩽ . . . ⩽ ν n
2

are the eigenvalues of (3.5a) and λσ(2) ⩽ λσ(4) ⩽ . . . ⩽ λσ(n)

are arranged in a nondecreasing order by some bijection σ defined in {2, 4, . . . , n}, then

λσ(2k) +
(c+ξ−a)−

√
(c+ξ−a)2+4(d+η−b)2

2 ⩽ νk ⩽ λσ(2k) +
(c+ξ−a)+

√
(c+ξ−a)2+4(d+η−b)2

2 (3.5c)

for every k = 1, . . . , n
2 .

(b) If n is odd,

i. x, y are given by (2.5a) and the eigenvalues of

diag (λ1, λ3, . . . , λn) + (c + ξ − a)xx⊤ + (d + η − b)xy⊤ + (d + η − b)yx⊤ (3.6a)

are not of the form a+ 2b cos
[

(2k−1)π
n+1

]
+ 2c cos

[
2(2k−1)π

n+1

]
+ 2d cos

[
3(2k−1)π

n+1

]
, k = 1, . . . , n+1

2 , then the
eigenvalues of (3.6a) are precisely the zeros of the rational function

f (t) = 1 +
4

n + 1

n+1
2∑

k=1

(c + ξ − a) sin2
[

(2k−1)π
n+1

]
+ 2(d + η − b) sin

[
(2k−1)π

n+1

]
sin

[
(4k−2)π

n+1

]
λ2k−1 − t

−
16(d + η − b)2

(n + 1)2

∑
1⩽k<ℓ⩽ n+1

2

{
sin

[
(2k−1)π

n+1

]
sin

[
(4ℓ−2)π

n+1

]
− sin

[
(4k−2)π

n+1

]
sin

[
(2ℓ−1)π

n+1

]}2

(λ2k−1 − t)(λ2ℓ−1 − t)
.

(3.6b)

Moreover, if µ1 ⩽ µ2 ⩽ . . . ⩽ µ n+1
2

are the eigenvalues of (3.6a) and λτ(1) ⩽ λτ(3) ⩽ . . . ⩽ λτ(n) are
arranged in a nondecreasing order by some bijection τ defined in {1, 3, . . . , n}, then

λτ(2k−1) +
(c+ξ−a)−

√
(c+ξ−a)2+4(d+η−b)2

2 ⩽ µk ⩽ λτ(2k−1) +
(c+ξ−a)+

√
(c+ξ−a)2+4(d+η−b)2

2 (3.6c)

for any k = 1, . . . , n+1
2 .

ii. v,w are given by (2.5b) and the eigenvalues of

diag (λ2, λ4, . . . , λn−1) + (c + ξ − a)vv⊤ + (d + η − b)vw⊤ + (d + η − b)wv⊤ (3.7a)
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are not of the form a+2b cos
(

2kπ
n+1

)
+2c cos

(
4kπ
n+1

)
+2d cos

(
6kπ
n+1

)
, k = 1, . . . , n−1

2 , then the eigenvalues
of (3.7a) are precisely the zeros of the rational function

g(t) = 1 +
4

n + 1

n−1
2∑

k=1

(c + ξ − a) sin2
(

2kπ
n+1

)
+ 2(d + η − b) sin

(
2kπ
n+1

)
sin

(
4kπ
n+1

)
λ2k − t

−
16(d + η − b)2

(n + 1)2

∑
1⩽k<ℓ⩽ n−1

2

[
sin

(
2kπ
n+1

)
sin

(
4ℓπ
n+1

)
− sin

(
4kπ
n+1

)
sin

(
2ℓπ
n+1

)]2

(λ2k − t)(λ2ℓ − t)
.

(3.7b)

Furthermore, if ν1 ⩽ ν2 ⩽ . . . ⩽ ν n−1
2

are the eigenvalues of (3.7a) and λσ(2) ⩽ λσ(4) ⩽ . . . ⩽ λσ(n−1)

are arranged in a nondecreasing order by some bijection σ defined in {2, 4, . . . , n − 1}, then

λσ(2k) +
(c+ξ−a)−

√
(c+ξ−a)2+4(d+η−b)2

2 ⩽ νk ⩽ λσ(2k) +
(c+ξ−a)+

√
(c+ξ−a)2+4(d+η−b)2

2 (3.7c)

for all k = 1, . . . , n−1
2 .

Proof. Suppose real numbers a, b, c, d, ξ, η, λk, k = 1, . . . , n given by (2.3) and put θ := c + ξ − a,
ϑ := d+η−b. We shall denote by S(k,m) the collection of all k-element subsets of {1, 2, . . . ,m} written
in increasing order; additionally, for any rectangular matrix M, we shall indicate by det (M[I, J]) the
minor determined by the subsets I = {i1 < i2 < . . . < ik} and J = { j1 < j2 < . . . < jk}. Supposing θ , 0,

X =


2
√
θ

n+1 sin
(
π

n+1

)
2
√
θ

n+1 sin
(

3π
n+1

)
. . . 2

√
θ

n+1 sin
(

nπ
n+1

)
2
√
θ

n+1 sin
(
π

n+1

)
2
√
θ

n+1 sin
(

3π
n+1

)
. . . 2

√
θ

n+1 sin
(

nπ
n+1

)
2ϑ

√
θ(n+1)

sin
(

2π
n+1

)
2ϑ

√
θ(n+1)

sin
(

6π
n+1

)
. . . 2ϑ

√
θ(n+1)

sin
[

(4n−2)π
n+1

]


and

Y =


2
√
θ

n+1 sin
(
π

n+1

)
2
√
θ

n+1 sin
(

3π
n+1

)
. . . 2

√
θ

n+1 sin
(

nπ
n+1

)
2ϑ

√
θ(n+1)

sin
(

2π
n+1

)
2ϑ

√
θ(n+1)

sin
(

6π
n+1

)
. . . 2ϑ

√
θ(n+1)

sin
[

(4n−2)π
n+1

]
2
√
θ

n+1 sin
(
π

n+1

)
2
√
θ

n+1 sin
(

3π
n+1

)
. . . 2

√
θ

n+1 sin
(

nπ
n+1

)
 .

Theorem 1 of [2] ensures that ζ is an eigenvalue of (3.4a) if, and only if,

1 +

n
2∑

k=1

∑
J∈S(k, n2 )

∑
I∈S(k,3)

det (X[I, J]) det (Y[I, J])∏
j∈J(λ2 j−1 − ζ)

= 0,

provided that ζ is not an eigenvalue of diag (λ1, λ3, . . . , λn−1). Since

1 +

n
2∑

k=1

∑
J∈S(k, n2 )

∑
I∈S(k,3)

det (X[I, J]) det (Y[I, J])∏
j∈J(λ2 j−1 − ζ)

=

1 +
4

n + 1

n
2∑

k=1

θ sin2
[

(2k−1)π
n+1

]
+ 2ϑ sin

[
(2k−1)π

n+1

]
sin

[
(4k−2)π

n+1

]
λ2k−1 − ζ

−
16ϑ2

(n + 1)2

∑
1⩽k<ℓ⩽ n

2

{
sin

[
(2k−1)π

n+1

]
sin

[
(4ℓ−2)π

n+1

]
− sin

[
(4k−2)π

n+1

]
sin

[
(2ℓ−1)π

n+1

]}2

(λ2k−1 − ζ)(λ2ℓ−1 − ζ)
,
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we obtain (3.4b). Considering now θ = 0 and setting

X =

 2
√
ϑ

n+1 sin
(
π

n+1

)
2
√
ϑ

n+1 sin
(

3π
n+1

)
. . . 2

√
ϑ

n+1 sin
(

nπ
n+1

)
2
√
ϑ

n+1 sin
(

2π
n+1

)
2
√
ϑ

n+1 sin
(

6π
n+1

)
. . . 2

√
ϑ

n+1 sin
[

(4n−2)π
n+1

]
 ,

Y =

 2
√
ϑ

n+1 sin
(

2π
n+1

)
2
√
ϑ

n+1 sin
(

6π
n+1

)
. . . 2

√
ϑ

n+1 sin
[

(4n−2)π
n+1

]
2
√
ϑ

n+1 sin
(
π

n+1

)
2
√
ϑ

n+1 sin
(

3π
n+1

)
. . . 2

√
ϑ

n+1 sin
(

nπ
n+1

)


we still have that ζ is an eigenvalue of (3.4a) if, and only if,

1 +

n
2∑

k=1

∑
J∈S(k, n2 )

∑
I∈S(k,2)

det (X[I, J]) det (Y[I, J])∏
j∈J(λ2 j−1 − ζ)

= 0,

assuming that ζ is not an eigenvalue of diag (λ1, λ3, . . . , λn−1). Hence,

1 +

n
2∑

k=1

∑
J∈S(k, n2 )

∑
I∈S(k,2)

det (X[I, J]) det (Y[I, J])∏
j∈J(λ2 j−1 − ζ)

=

1 +
8ϑ

n + 1

n
2∑

k=1

sin
[

(2k−1)π
n+1

]
sin

[
(4k−2)π

n+1

]
λ2k−1 − ζ

−
16ϑ2

(n + 1)2

∑
1⩽k<ℓ⩽ n

2

{
sin

[
(2k−1)π

n+1

]
sin

[
(4ℓ−2)π

n+1

]
− sin

[
(4k−2)π

n+1

]
sin

[
(2ℓ−1)π

n+1

]}2

(λ2k−1 − ζ)(λ2ℓ−1 − ζ)
,

and (3.4b) is established. Let µ1 ⩽ µ2 ⩽ . . . ⩽ µ n
2

be the eigenvalues of (3.4a) and λτ(1) ⩽ λτ(3) ⩽ . . . ⩽
λτ(n−1) be arranged in a nondecreasing order by some bijection τ defined in {1, 3, . . . , n − 1}. Thus,

λτ(2k−1) + λmin
(
θxx⊤ + ϑxy⊤ + ϑyx⊤

)
⩽ µk ⩽ λτ(2k−1) + λmax

(
θxx⊤ + ϑxy⊤ + ϑyx⊤

)
(3.8)

for each k = 1, . . . , n
2 (see [23], page 242). Since the characteristic polynomial of θxx⊤+ϑxy⊤+ϑyx⊤ is

det
[
tI n

2
− θxx⊤ − ϑxy⊤ − ϑyx⊤

]
= t

n
2−2

[
t2 −

(
θx⊤x + ϑy⊤x + ϑx⊤y

)
t + ϑ2 (

x⊤y
) (

y⊤x
)
− ϑ2 (

x⊤x
) (

y⊤y
)]

= t
n
2−2

{
t2 −

(
θ ∥x∥2 + 2ϑ x⊤y

)
t + ϑ2

[(
x⊤y

)2
− ∥x∥2 ∥y∥2

] }
,

we have that its spectrum is

Spec
(
θxx⊤ + ϑxy⊤ + ϑyx⊤

)
=

{
0, α−, α+

}
, (3.9)

where α± :=
θ∥x∥2+2ϑx⊤y±

√
(θ∥x∥2+2ϑx⊤y)2

−4ϑ2[(x⊤y)2−∥x∥2∥y∥2]
2 . From the identities

n
2∑

k=1

sin2
[
(2k − 1)π

n + 1

]
=

n + 1
4
=

n
2∑

k=1

sin2
[
(4k − 2)π

n + 1

]
,
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n
2∑

k=1

sin
[
(2k − 1)π

n + 1

]
sin

[
(4k − 2)π

n + 1

]
= 0,

it follows ∥x∥ = ∥y∥ = 1 and x⊤y = 0. Hence, (3.8) and (3.9) yields (3.4c). The proofs of the remaining
assertions are performed in the same way and so will be omitted. □

The next statement allows us to locate the eigenvalues of Hn, providing also explicit bounds for
each of them.

Theorem 2. Let a, b, c, d, ξ, η be real numbers, λk, k = 1, . . . , n be given by (2.3) and Hn be the n × n
matrix (1.1).
(a) If n is even, the eigenvalues of Φ n

2
in (2.4d) are not of the form λ2k−1, k = 1, . . . , n

2 and the
eigenvalues of Ψ n

2
in (2.4e) are not of the form λ2k, k = 1, . . . , n

2 , then the eigenvalues of Hn are
precisely the zeros of the rational functions f (t) and g(t) given by (3.4b) and (3.5b), respectively.
Moreover, if µ1 ⩽ µ2 ⩽ . . . ⩽ µ n

2
are the zeros of f (t) and ν1 ⩽ ν2 ⩽ . . . ⩽ ν n

2
are the zeros of g(t)

(counting multiplicities in both cases), then µk, k = 1, . . . , n
2 and νk, k = 1, . . . , n

2 satisfy (3.4c)
and (3.5c), respectively.
(b) If n is odd, the eigenvalues of Φ n+1

2
in (2.5d) are not of the form λ2k−1, k = 1, . . . , n+1

2 and the
eigenvalues of Ψ n−1

2
in (2.5e) are not of the form λ2k, k = 1, . . . , n−1

2 , then the eigenvalues of Hn are
precisely the zeros of the rational functions f (t) and g(t) given by (3.6b) and (3.7b), respectively.
Furthermore, if µ1 ⩽ µ2 ⩽ . . . ⩽ µ n+1

2
are the zeros of f (t) and ν1 ⩽ ν2 ⩽ . . . ⩽ ν n−1

2
are the zeros of

g(t) (counting multiplicities in both cases), then µk, k = 1, . . . , n+1
2 and νk, k = 1, . . . , n−1

2 satisfy (3.6c)
and (3.7c), respectively.

Proof. Suppose a, b, c, d, ξ, η are real numbers and λk, k = 1, . . . , n as given by (2.3).
(a) According to Lemma 2 and the determinant formula for block-triangular matrices (see [21],
page 185), the characteristic polynomial of Hn for n even is

det (tIn −Hn) = det
(
tI n

2
−Φ n

2

)
det

(
tI n

2
−Ψ n

2

)
,

whereΦ n
2

andΨ n
2

are given by (2.4d) and (2.4e), respectively, so that the thesis is a direct consequence
of Lemma 2.

(b) For n odd, we obtain

det (tIn −Hn) = det
(
tI n+1

2
−Φ n+1

2

)
det

(
tI n−1

2
−Ψ n−1

2

)
,

where Φ n+1
2

and Ψ n−1
2

are given by (2.5d) and (2.5e), respectively. The conclusion follows from
Lemma 2. □

From Geršgorin theorem (see [23], Theorem 6.1.1), it can also be stated that all eigenvalues of Hn

(n ⩾ 7) belong to [hmin, hmax], where

hmin := min{ξ − |c| − |d| − |η|, a − |b| − |c| − |d| − |η|, a − 2|b| − 2|c| − 2|d|}
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and

hmax := max{ξ + |c| + |d| + |η|, a + |b| + |c| + |d| + |η|, a + 2|b| + 2|c| + 2|d|}.

Further, all eigenvalues of the n × n heptadiagonal symmetric Toeplitz matrix

heptan(d, c, b, a, b, c, d) =



a b c d 0 . . . . . . . . . . . . . . . 0

b a b c d . . .
...

c b a b c . . .
. . .

...

d c b a b . . .
. . .
. . .

...

0 d c b a . . .
. . .
. . .
. . .

...
...
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
...

...
. . .
. . .
. . .
. . . a b c d 0

...
. . .
. . .
. . . b a b c d

...
. . .
. . . c b a b c

...
. . . d c b a b

0 . . . . . . . . . . . . . . . 0 d c b a


are contained in the interval [

min
−π⩽t⩽π

φ(t), max
−π⩽t⩽π

φ(t)
]
,

where φ(t) = a+ 2b cos(t)+ 2c cos(2t)+ 2d cos(3t), −π ⩽ t ⩽ π (see [18], Theorem 6.1). As illustrated,
eigenvalues of Hn and those of heptan(d, c, b, a, b, c, d) with a = 0, b = −2, c = −1, d = 2, ξ = 9,
η = −7 are depicted in complex plane for increasing values of n.

Figure 1. Eigenvalues of H10.
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Figure 2. Eigenvalues of hepta10(2,−1,−2, 1,−2,−1, 2).

Figure 3. Eigenvalues of H50.

Figure 4. Eigenvalues of hepta50(2,−1,−2, 1,−2,−1, 2).
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Figure 5. Eigenvalues of H100.

Figure 6. Eigenvalues of hepta100(2,−1,−2, 1,−2,−1, 2).

Figure 7. Eigenvalues of H500.
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Figure 8. Eigenvalues of hepta500(2,−1,−2, 1,−2,−1, 2).

A distinctive feature of the blue graphics is the existence of two outliers for Hn, i.e. eigenvalues
that do not belong to the interval

[
−154

27 , 7
]
, which seems to become just one as n→ ∞. This numerical

experiment also reveals that as the matrix size increases, the spectrum of quasi-Toeplitz matrix Hn

approaches the spectrum of Toeplitz matrix heptan(2,−1,−2, 1,−2,−1, 2) plus the outliers; this is the
scenario that is consistent with the study presented in [6].

Remark 2. In [12] and [32], similar localization results were established for the eigenvalues of
symmetric Toeplitz matrices (pentadiagonal and heptadiagonal, respectively). The referred papers
make use of Chebyshev polynomials and their properties to earn rational functions with a more
concise form. However, its statements do not cover the broader class of matrices (1.1).

3.3. Eigenvectors of Hn

The decomposition presented in Lemma 2 allows us also to compute eigenvectors for Hn in (1.1).

Theorem 3. Let a, b, c, d, ξ, η be real numbers, λk, k = 1, . . . , n be given by (2.3) and Hn be the n × n
matrix (1.1).
(a) If n is even, Sn is the n×n matrix (2.1), Pn is the n×n permutation matrix (2.4c), the zeros µ1, . . . , µ n

2

of (3.4b) are not of the form λ2k−1, k = 1, . . . , n
2 , the zeros ν1, . . . , ν n

2
of (3.5b) are not of the form λ2k,

k = 1, . . . , n
2 ,

n
2∑

j=1

 (c + ξ − a) sin2
[

(2 j−1)π
n+1

]
+ (d + η − b) sin

[
(2 j−1)π

n+1

]
sin

[
(4 j−2)π

n+1

]
µk − λ2 j−1

 , n + 1
4
,

n
2∑

j=1

 (c + ξ − a) sin
(

2 jπ
n+1

)
sin

(
4 jπ
n+1

)
+ (d + η − b) sin2

(
4 jπ
n+1

)
νk − λ2 j

 , n + 1
4

and b , d + η, then

AIMS Mathematics Volume 8, Issue 12, 29995–30022.
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SnPn



2 sin( 2π
n+1 )

√
n+1(µk−λ1)

+

8
n
2∑

j=1

 (c+ξ−a) sin
[

(2 j−1)π
n+1

]
sin

[
(4 j−2)π

n+1

]
+(d+η−b) sin2

[
(4 j−2)π

n+1

]
µk−λ2 j−1


n+1−4

n
2∑

j=1

 (c+ξ−a) sin2
[

(2 j−1)π
n+1

]
+(d+η−b) sin

[
(2 j−1)π

n+1

]
sin

[
(4 j−2)π

n+1

]
µk−λ2 j−1


sin( π

n+1 )
√

n+1(µk−λ1)

2 sin( 6π
n+1 )

√
n+1(µk−λ3)

+

8
n
2∑

j=1

 (c+ξ−a) sin
[

(2 j−1)π
n+1

]
sin

[
(4 j−2)π

n+1

]
+(d+η−b) sin2

[
(4 j−2)π

n+1

]
µk−λ2 j−1


n+1−4

n
2∑

j=1

 (c+ξ−a) sin2
[

(2 j−1)π
n+1

]
+(d+η−b) sin

[
(2 j−1)π

n+1

]
sin

[
(4 j−2)π

n+1

]
µk−λ2 j−1


sin( 3π

n+1 )
√

n+1(µk−λ3)

...

2 sin
[

(2n−2)π
n+1

]
√

n+1(µk−λn−1)
+

8
n
2∑

j=1

 (c+ξ−a) sin
[

(2 j−1)π
n+1

]
sin

[
(4 j−2)π

n+1

]
+(d+η−b) sin2

[
(4 j−2)π

n+1

]
µk−λ2 j−1


n+1−4

n
2∑

j=1

 (c+ξ−a) sin2
[

(2 j−1)π
n+1

]
+(d+η−b) sin

[
(2 j−1)π

n+1

]
sin

[
(4 j−2)π

n+1

]
µk−λ2 j−1


sin

[
(n−1)π

n+1

]
√

n+1(µk−λn−1)

0
...

0



(3.10a)

is an eigenvector of Hn associated to µk, k = 1, . . . , n
2 , and

SnPn



0
...

0

2 sin( 4π
n+1 )

√
n+1(νk−λ2)

+

8
n
2∑

j=1

 (c+ξ−a) sin
(

2 jπ
n+1

)
sin

(
4 jπ
n+1

)
+(d+η−b) sin2

(
4 jπ
n+1

)
νk−λ2 j


n+1−4

n
2∑

j=1

 (c+ξ−a) sin
(

2 jπ
n+1

)
sin

(
4 jπ
n+1

)
+(d+η−b) sin2

(
4 jπ
n+1

)
νk−λ2 j


sin( 2π

n+1 )
√

n+1(νk−λ2)

2 sin( 8π
n+1 )

√
n+1(νk−λ4)

+

8
n
2∑

j=1

 (c+ξ−a) sin
(

2 jπ
n+1

)
sin

(
4 jπ
n+1

)
+(d+η−b) sin2

(
4 jπ
n+1

)
νk−λ2 j


n+1−4

n
2∑

j=1

 (c+ξ−a) sin
(

2 jπ
n+1

)
sin

(
4 jπ
n+1

)
+(d+η−b) sin2

(
4 jπ
n+1

)
νk−λ2 j


sin( 4π

n+1 )
√

n+1(νk−λ4)

...

2 sin( 2nπ
n+1 )

√
n+1(νk−λn)

+

8
n
2∑

j=1

 (c+ξ−a) sin
(

2 jπ
n+1

)
sin

(
4 jπ
n+1

)
+(d+η−b) sin2

(
4 jπ
n+1

)
νk−λ2 j


n+1−4

n
2∑

j=1

 (c+ξ−a) sin
(

2 jπ
n+1

)
sin

(
4 jπ
n+1

)
+(d+η−b) sin2

(
4 jπ
n+1

)
νk−λ2 j


sin( nπ

n+1 )
√

n+1(νk−λn)



(3.10b)

is an eigenvector of Hn associated to νk, k = 1, . . . , n
2 .

(b) If n is odd, Sn is the n×n matrix (2.1), Pn is the n×n permutation matrix (2.4c), the zeros µ1, . . . , µ n+1
2

of (3.6b) are not of the form λ2k−1, k = 1, . . . , n+1
2 , the zeros ν1, . . . , ν n−1

2
of (3.7b) are not of the form

λ2k, k = 1, . . . , n−1
2 ,

n+1
2∑

j=1

 (c + ξ − a) sin2
[

(2 j−1)π
n+1

]
+ (d + η − b) sin

[
(2 j−1)π

n+1

]
sin

[
(4 j−2)π

n+1

]
µk − λ2 j−1

 , n + 1
4
,
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n−1
2∑

j=1

 (c + ξ − a) sin
(

2 jπ
n+1

)
sin

(
4 jπ
n+1

)
+ (d + η − b) sin2

(
4 jπ
n+1

)
νk − λ2 j

 , n + 1
4

and b , d + η, then

SnPn



2 sin( 2π
n+1 )

√
n+1(µk−λ1)

+

8
n+1

2∑
j=1

 (c+ξ−a) sin
[

(2 j−1)π
n+1

]
sin

[
(4 j−2)π

n+1

]
+(d+η−b) sin2

[
(4 j−2)π

n+1

]
µk−λ2 j−1


n+1−4

n+1
2∑

j=1

 (c+ξ−a) sin2
[

(2 j−1)π
n+1

]
+(d+η−b) sin

[
(2 j−1)π

n+1

]
sin

[
(4 j−2)π

n+1

]
µk−λ2 j−1


sin( π

n+1 )
√

n+1(µk−λ1)

2 sin( 6π
n+1 )

√
n+1(µk−λ3)

+

8
n+1

2∑
j=1

 (c+ξ−a) sin
[

(2 j−1)π
n+1

]
sin

[
(4 j−2)π

n+1

]
+(d+η−b) sin2

[
(4 j−2)π

n+1

]
µk−λ2 j−1


n+1−4

n+1
2∑

j=1

 (c+ξ−a) sin2
[

(2 j−1)π
n+1

]
+(d+η−b) sin

[
(2 j−1)π

n+1

]
sin

[
(4 j−2)π

n+1

]
µk−λ2 j−1


sin( 3π

n+1 )
√

n+1(µk−λ3)

...

2 sin( 2nπ
n+1 )

√
n+1(µk−λn−1)

+

8
n+1

2∑
j=1

 (c+ξ−a) sin
[

(2 j−1)π
n+1

]
sin

[
(4 j−2)π

n+1

]
+(d+η−b) sin2

[
(4 j−2)π

n+1

]
µk−λ2 j−1


n+1−4

n+1
2∑

j=1

 (c+ξ−a) sin2
[

(2 j−1)π
n+1

]
+(d+η−b) sin

[
(2 j−1)π

n+1

]
sin

[
(4 j−2)π

n+1

]
µk−λ2 j−1


sin( nπ

n+1 )
√

n+1(µk−λn−1)

0
...

0



(3.11a)

is an eigenvector of Hn associated to µk, k = 1, . . . , n+1
2 , and

SnPn



0
...

0

2 sin( 4π
n+1 )

√
n+1(νk−λ2)

+

8
n−1

2∑
j=1

 (c+ξ−a) sin
(

2 jπ
n+1

)
sin

(
4 jπ
n+1

)
+(d+η−b) sin2

(
4 jπ
n+1

)
νk−λ2 j


n+1−4

n−1
2∑

j=1

 (c+ξ−a) sin
(

2 jπ
n+1

)
sin

(
4 jπ
n+1

)
+(d+η−b) sin2

(
4 jπ
n+1

)
νk−λ2 j


sin( 2π

n+1 )
√

n+1(νk−λ2)

2 sin( 8π
n+1 )

√
n+1(νk−λ4)

+

8
n−1

2∑
j=1

 (c+ξ−a) sin
(

2 jπ
n+1

)
sin

(
4 jπ
n+1

)
+(d+η−b) sin2

(
4 jπ
n+1

)
νk−λ2 j


n+1−4

n−1
2∑

j=1

 (c+ξ−a) sin
(

2 jπ
n+1

)
sin

(
4 jπ
n+1

)
+(d+η−b) sin2

(
4 jπ
n+1

)
νk−λ2 j


sin( 4π

n+1 )
√

n+1(νk−λ4)

...

2 sin
[

2(n−1)π
n+1

]
√

n+1(νk−λn)
+

8
n−1

2∑
j=1

 (c+ξ−a) sin
(

2 jπ
n+1

)
sin

(
4 jπ
n+1

)
+(d+η−b) sin2

(
4 jπ
n+1

)
νk−λ2 j


n+1−4

n−1
2∑

j=1

 (c+ξ−a) sin
(

2 jπ
n+1

)
sin

(
4 jπ
n+1

)
+(d+η−b) sin2

(
4 jπ
n+1

)
νk−λ2 j


sin

[
(n−1)π

n+1

]
√

n+1(νk−λn)



(3.11b)

is an eigenvector of Hn associated to νk, k = 1, . . . , n−1
2 .
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Proof. Since both assertions can be proven in the same way, we only prove (a). Let n be even. We can
rewrite the matricial equation (µkIn −Hn)q = 0 as

SnPn

 µkI n
2
−Φ n

2
O

O µkI n
2
−Ψ n

2

 P⊤n Snq = 0, (3.12)

where Sn is the matrix (2.1), Pn is the permutation matrix (2.4c) and Φ n
2

and Ψ n
2

are given by (2.4d)
and (2.4e), respectively. Thus,[

µkI n
2
− diag (λ1, λ3, . . . , λn−1) − (c + ξ − a)xx⊤ − (d + η − b)xy⊤ − (d + η − b)yx⊤

]
q1 = 0,[

µkI n
2
− diag (λ2, λ4, . . . , λn) − (c + ξ − a)vv⊤ − (d + η − b)vw⊤ − (d + η − b)wv⊤

]
q2 = 0,[

q1

q2

]
= P⊤n Snq.

That is,

q1 = α
[
µkI n

2
− diag (λ1, λ3, . . . , λn−1) − (c + ξ − a)xx⊤ − (d + η − b)xy⊤

]−1
y

q2 = 0

for α , 0 (see [8], page 41), and

q = SnPn

 α [
µkI n

2
− diag (λ1, λ3, . . . , λn−1) − (c + ξ − a)xx⊤ − (d + η − b)xy⊤

]−1
y

0


is a nontrivial solution of (3.12). Thus, choosing α = 1, we conclude that (3.10a) is an eigenvector of
Hn associated to the eigenvalue µk. Similarly, from (νkIn −Hn)q = 0, we have

SnPn

 νkI n
2
−Φ n

2
O

O νkI n
2
−Ψ n

2

 P⊤n Snq = 0

and

q = SnPn

 0
α
[
νkI n

2
− diag (λ2, λ4, . . . , λn) − (c + ξ − a)vv⊤ − (d + η − b)vw⊤

]−1
w


for α , 0, which is an eigenvector of Hn associated to the eigenvalue νk. □

3.4. Expression of H−1
n

The orthogonal block diagonalization presented in Lemma 2 and Miller’s formula for the inverse of
the sum of nonsingular matrices lead us to an explicit expression for the inverse of Hn.

Theorem 4. Let a, b, c, d, ξ, η be real numbers, λk, k = 1, . . . , n be given by (2.3) and Hn be the n × n
matrix (1.1). If λk , 0 for every k = 1, . . . , n, Hn is nonsingular and:
(a) n is even, then

H−1
n = SnPn

[
Q n

2
O

O R n
2

]
P⊤n Sn,
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where Sn is the n × n matrix (2.1), Pn is the n × n permutation matrix (2.4c),

Q n
2
= Υ−1

n
2
−

(d+η−b)+(d+η−b)2y⊤Υ−1
n
2

x

ρ
Υ−1

n
2

(
yx⊤ + xy⊤

)
Υ−1

n
2

+
(d+η−b)2y⊤Υ−1

n
2

y−(c+ξ−a)

ρ
Υ−1

n
2

xx⊤Υ−1
n
2
+

(d+η−b)2x⊤Υ−1
n
2

x

ρ
Υ−1

n
2

yy⊤Υ−1
n
2
,

(3.13a)

with Υ n
2

:= diag (λ1, λ3, . . . , λn−1), x, y given by (2.4a),

ρ = 1+ (c+ξ−a)x⊤Υ−1
n
2

x+2(d+η−b)y⊤Υ−1
n
2

x+ (d+η−b)2
[(

x⊤Υ−1
n
2

y
)2
−

(
x⊤Υ−1

n
2

x
)(

y⊤Υ−1
n
2

y
)]

(3.13b)

and

R n
2
= ∆−1

n
2
−

(d+η−b)+(d+η−b)2w⊤∆−1
n
2

v

ρ
∆−1

n
2

(
wv⊤ + vw⊤

)
∆−1

n
2

+
(d+η−b)2w⊤∆−1

n
2

w−(c+ξ−a)

ρ
∆−1

n
2

vv⊤∆−1
n
2
+

(d+η−b)2v⊤∆−1
n
2

v

ρ
∆−1

n
2

ww⊤∆−1
n
2
,

(3.13c)

with ∆ n
2

:= diag (λ2, λ4, . . . , λn), v,w given by (2.5a) and

ϱ = 1+(c+ξ−a)v⊤∆−1
n
2

v+2(d+η−b)w⊤∆−1
n
2

v+(d+η−b)2
[(

v⊤∆−1
n
2

w
)2
−

(
v⊤∆−1

n
2

v
)(

w⊤∆−1
n
2

w
)]
. (3.13d)

(b) n is odd, then

H−1
n = SnPn

 Q n+1
2

O
O R n−1

2

 P⊤n Sn,

where Sn is the n × n matrix (2.1), Pn is the n × n permutation matrix (2.5c),

Q n+1
2
= Υ−1

n+1
2
−

(d+η−b)+(d+η−b)2y⊤Υ−1
n+1

2
x

ρ
Υ−1

n+1
2

(
yx⊤ + xy⊤

)
Υ−1

n+1
2

+
(d+η−b)2y⊤Υ−1

n+1
2

y−(c+ξ−a)

ρ
Υ−1

n+1
2

xx⊤Υ−1
n+1

2
+

(d+η−b)2x⊤Υ−1
n+1

2
x

ρ
Υ−1

n+1
2

yy⊤Υ−1
n+1

2
,

(3.14a)

with Υ n+1
2

:= diag (λ1, λ3, . . . , λn), x, y given by (2.5a),

ρ = 1 + (c + ξ − a)x⊤Υ−1
n+1

2
x + 2(d + η − b)y⊤Υ−1

n+1
2

x

+ (d + η − b)2
[(

x⊤Υ−1
n+1

2
y
)2
−

(
x⊤Υ−1

n+1
2

x
)(

y⊤Υ−1
n+1

2
y
)] (3.14b)

and

R n−1
2
= ∆−1

n−1
2
−

(d+η−b)+(d+η−b)2w⊤∆−1
n−1

2
v

ρ
∆−1

n−1
2

(
wv⊤ + vw⊤

)
∆−1

n−1
2

+
(d+η−b)2w⊤∆−1

n−1
2

w−(c+ξ−a)

ρ
∆−1

n−1
2

vv⊤∆−1
n−1

2
+

(d+η−b)2v⊤∆−1
n−1

2
v

ρ
∆−1

n−1
2

ww⊤∆−1
n−1

2
,

(3.14c)

with ∆ n−1
2

:= diag (λ2, λ4, . . . , λn−1), v,w in (2.5b),

ϱ = 1 + (c + ξ − a)v⊤∆−1
n−1

2
v + 2(d + η − b)w⊤∆−1

n−1
2

v

+ (d + η − b)2
[(

v⊤∆−1
n−1

2
w
)2
−

(
v⊤∆−1

n−1
2

v
)(

w⊤∆−1
n−1

2
w
)]
.

(3.14d)
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Proof. Consider a, b, c, d, ξ, η as real numbers, λk , 0, k = 1, . . . , n are given by (2.3) and Hn in (1.1)
is nonsingular. Recall that if Hn is nonsingular, then ρ and ϱ in (3.13b) and (3.13d), respectively, are
both nonzero. Setting θ := c + ξ − a, ϑ := d + η − b and assuming that conditions (3.1a) and (3.1b) are
satisfied (note that (3.1c) corresponds to ρ , 0), we have from the main result of [29] (see pages 69
and 70), (

Υ n
2
+ θxx⊤

)−1
= Υ−1

n
2
− θ

1+θx⊤Υ−1
n
2

xΥ
−1
n
2

xx⊤Υ−1
n
2
,

(
Υ n

2
+ θxx⊤ + ϑxy⊤

)−1
=

(
Υ n

2
+ θxx⊤

)−1
− ϑ

1+ϑy⊤
(
Υ n

2
+θxx⊤

)−1
x

(
Υ n

2
+ θxx⊤

)−1xy⊤
(
Υ n

2
+ θxx⊤

)−1

= Υ−1
n
2
− θ

1+θx⊤Υ−1
n
2

x+ϑy⊤Υ−1
n
2

xΥ
−1
n
2

xx⊤Υ−1
n
2
− ϑ

1+θx⊤Υ−1
n
2

x+ϑy⊤Υ−1
n
2

xΥ
−1
n
2

xy⊤Υ−1
n
2

and(
Υ n

2
+ θxx⊤ + ϑxy⊤ + ϑyx⊤

)−1

=
(
Υ n

2
+ θxx⊤ + ϑxy⊤

)−1
− ϑ

1+ϑx⊤
(
Υ n

2
+θxx⊤+ϑxy⊤

)−1
y

(
Υ n

2
+ θxx⊤ + ϑxy⊤

)−1xy⊤
(
Υ n

2
+ θxx⊤ + ϑxy⊤

)−1

= Υ−1
n
2
−
ϑ+ϑ2y⊤Υ−1

n
2

x

ρ
Υ−1

n
2

(
yx⊤ + xy⊤

)
Υ−1

n
2
+
ϑ2y⊤Υ−1

n
2

y−θ

ρ
Υ−1

n
2

xx⊤Υ−1
n
2
+
ϑ2x⊤Υ−1

n
2

x

ρ
Υ−1

n
2

yy⊤Υ−1
n
2
,

(3.15)

with Υ n
2

:= diag (λ1, λ3, . . . , λn−1), x, y given by (2.4a) and ρ in (3.13b). In the same way,
supposing (3.2a) and (3.2b) (observe that (3.2c) is ϱ , 0), we obtain(

∆ n
2
+ θvv⊤

)−1
= ∆−1

n
2
− θ

1+θv⊤∆−1
n
2

v∆
−1
n
2

vv⊤∆−1
n
2
,

(
∆ n

2
+ θvv⊤ + ϑvw⊤

)−1
=

(
∆ n

2
+ θvv⊤

)−1
− ϑ

1+ϑw⊤
(
∆ n

2
+θvv⊤

)−1
v

(
∆ n

2
+ θvv⊤

)−1vw⊤
(
∆ n

2
+ θvv⊤

)−1

= ∆−1
n
2
− θ

1+θv⊤∆−1
n
2

v+ϑw⊤∆−1
n
2

v∆
−1
n
2

vv⊤∆−1
n
2
− ϑ

1+θv⊤∆−1
n
2

v+ϑw⊤∆−1
n
2

v∆
−1
n
2

vw⊤∆−1
n
2

and(
∆ n

2
+ θvv⊤ + ϑvw⊤ + ϑwv⊤

)−1

=
(
∆ n

2
+ θvv⊤ + ϑvw⊤

)−1
− ϑ

1+ϑv⊤
(
∆ n

2
+θvv⊤+ϑvw⊤

)−1
w

(
∆ n

2
+ θvv⊤ + ϑvw⊤

)−1vw⊤
(
∆ n

2
+ θvv⊤ + ϑvw⊤

)−1

= ∆−1
n
2
−
ϑ+ϑ2w⊤∆−1

n
2

v

ϱ
∆−1

n
2

(
wv⊤ + vw⊤

)
∆−1

n
2
+
ϑ2w⊤∆−1

n
2

w−θ

ϱ
∆−1

n
2

vv⊤∆−1
n
2
+
ϑ2v⊤∆−1

n
2

v

ϱ
∆−1

n
2

ww⊤∆−1
n
2
,

(3.16)

where ∆ n
2

:= diag (λ2, λ4, . . . , λn) and v,w are given by (2.5a) and ϱ in (3.13d). Since the nonsingularity
of Hn and λk , 0, for all k = 1, . . . , n are sufficient for both sides of (3.15) and (3.16) to be well-
defined, conditions (3.1a), (3.1b), (3.2a) and (3.2b) previously assumed can be dropped. Hence, the
block diagonalization provided in (a) of Lemma 2 together with 8.5b of [21] (see page 88) establish
the thesis in (a). The proof of (b) is analogous, so we will omit the details. □
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4. Applications

4.1. Matrix derivative operator

It is well known that the fourth derivative can be computed through the following centered finite-
formula

f (4)(xk) ≈
− f (xk−3) + 12 f (xk−2) − 39 f (xk−1) + 56 f (xk) − 39 f (xk+1) + 12 f (xk+2) − f (xk+3)

6h4 (4.1)

(see [9], page 556). Consider an interval [a, b] (a < b), a mesh of points xk = a + kh, k = 0, 1, . . . ,N
where h = (b − a)/N and a function f : [a, b] −→ R, such that f (a) = 0 = f (b). By setting

f (x−2) := α f (x2),
f (x−1) := α f (x1),

f (xN+1) := α f (xN−1),
f (xN+2) := α f (xN−2)

for some α ∈ R, the matrix operator corresponding to (4.1) for the fourth derivative is

12α + 56 −(α + 39) 12 −1 0 . . . . . . . . . . . . . . . 0

−(α + 39) 56 −39 12 −1 . . .
...

12 −39 56 −39 12 . . .
. . .

...

−1 12 −39 56 −39 . . .
. . .

. . .
...

0 −1 12 −39 56 . . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . . 56 −39 12 −1 0
...

. . .
. . .

. . . −39 56 −39 12 −1
...

. . .
. . . 12 −39 56 −39 12

...
. . . −1 12 −39 56 −(α + 39)

0 . . . . . . . . . . . . . . . 0 −1 12 −(α + 39) 12α + 56



. (4.2)

A remarkable example that involves the fourth derivative is the ordinary differential equation that
governs the deflection of a laterally loaded symmetrical beam of length L,

E I(x)y(4)(x) = q(x), x ∈]0, L[, (4.3)

where E is the modulus of elasticity of the beam material, I(x) is the moment of inertia of the beam
cross section and q(x) is the distributed load. The ordinary differential equation (4.3) can be equipped
with the boundary conditions y(0) = 0 = y(L) (see, for instance, [22]).

The eigenvalues of derivative matrices are very useful. In fact, they can be compared with those of
the exact (continuous) derivative operator to gauge the accuracy of the finite difference approximation.
On the other hand, in the context of partial differential equations, the eigenvalues of the spatial operator
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is considered along with the stability diagram of the time-integration scheme to evaluate the stability
of the numerical solution for the partial differential equation [3]. The statements of subsection 3.2 can
be employed to locate (bound) the eigenvalues of (4.2).

Another example of a derivative matrix is

−2
3

2
3 0 . . . . . . . . . 0

1 −2 1 . . .
...

0 1 −2 . . .
. . .

...
...
. . .
. . .
. . .
. . .
. . .

...
...

. . .
. . . −2 1 0

...
. . . 1 −2 1

0 . . . . . . . . . 0 2
3 −2

3


, (4.4)

which appears in the discretization of the second-derivative operator via three-point centered finite-
difference formula with Neumann boundary conditions f ′(x0) = a and f ′(xN) = b (see [3], pages 133
and 134). Our results can also be used to locate (bound) its eigenvalues by noticing that the eigenvalues
of (4.4) and

diag
1, √6

3
, . . . ,

√
6

3
, 1





−2
3

2
3 0 . . . . . . . . . 0

1 −2 1 . . .
...

0 1 −2 . . .
. . .

...
...
. . .
. . .
. . .
. . .
. . .

...
...

. . .
. . . −2 1 0

...
. . . 1 −2 1

0 . . . . . . . . . 0 2
3 −2

3


diag

1, √6
2
, . . . ,

√
6

2
, 1



=



−2
3

√
6

3 0 . . . . . . . . . 0
√

6
3 −2 1 . . .

...

0 1 −2 . . .
. . .

...
...
. . .
. . .
. . .
. . .
. . .

...
...

. . .
. . . −2 1 0

...
. . . 1 −2

√
6

3

0 . . . . . . . . . 0
√

6
3 −2

3


are exactly the same.

4.2. Beveridge-Nelson smoother in ARIMA(1,1,0) process

Consider n pairs of observations (x1, y1), (x2, y2), . . . , (xn, yn) such that

yk = r(xk) + εk and E(εk) = 0 (k = 1, 2, . . . , n),
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where r is the regression function to be estimated. The estimator of r(x) is usually denoted by r̂(x)
and called smoother. An estimator r̂ of r is a linear smoother if, for each x, there exists a vector
ς(x) = (ς1(x), . . . , ςn(x))⊤ such that

r̂(x) =
n∑

k=1

ςk(x)yk.

Defining the vector of fitted values ŷ = (̂rn(x1), . . . , r̂n(xn))⊤, it follows

ŷ = Σ y,

where Σ is an n × n matrix whose kth row is ς(xk)⊤, called the smoothing matrix and y = (y1, . . . , yn)⊤

(see [34], page 66).

The eigendecomposition of the smoothing matrix Σ provides a useful characterization of the
properties of a smoother. In fact, if Σ =

∑n
k=1 λkσkσ

⊤
k is the spectral decomposition of the smoothing

matrix, where λk are the ordered eigenvalues and σk the corresponding eigenvectors, we can
meaningfully decompose the fit as ŷ =

∑n
k=1 αkλkσk, where the eigenvectors σk illustrate what

sequences are preserved or compressed via a scalar multiplication and αk are the specific coefficients
of the projection of y onto the space spanned by the eigenvectors σk, y =

∑n
k=1 αkσk. Moreover,

tr(Σ) =
∑n

k=1 λk provides the number of degrees of freedom of a smoother, which is a measure of the
equivalent number of parameters used to obtain the fit ŷ that allows us to compare alternative filters
according to their degree of smoothing (see [28] and the references therein).

The smoothing matrix associated to the Beveridge-Nelson smoother (see [31] for details) when the
observed series is generated by an ARIMA(1, 1, 0) model with −1 < ϕ < 0 and (half) bandwidth filter
m = 1 is the following tridiagonal matrix:

Σ =



1
1−ϕ −

ϕ

1−ϕ 0 . . . . . . . . . 0

−
ϕ

(1−ϕ)2
1+ϕ2

(1−ϕ)2 −
ϕ

(1−ϕ)2
. . .

...

0 −
ϕ

(1−ϕ)2
1+ϕ2

(1−ϕ)2
. . .

. . .
...

...
. . .

. . .
. . .

. . .
. . .

...
...

. . .
. . . 1+ϕ2

(1−ϕ)2 −
ϕ

(1−ϕ)2 0
...

. . . − ϕ

(1−ϕ)2
1+ϕ2

(1−ϕ)2 −
ϕ

(1−ϕ)2

0 . . . . . . . . . 0 −
ϕ

1−ϕ
1

1−ϕ


(see [28]). Since the matrices Σ and

diag
(
1,

√
1 − ϕ, . . . ,

√
1 − ϕ, 1

)
Σ diag

1, 1√
1 − ϕ

, . . . ,
1√

1 − ϕ
, 1
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=



1
1−ϕ −

ϕ√
(1−ϕ)3

0 . . . . . . . . . 0

−
ϕ√

(1−ϕ)3

1+ϕ2

(1−ϕ)2 −
ϕ

(1−ϕ)2
. . .

...

0 −
ϕ

(1−ϕ)2
1+ϕ2

(1−ϕ)2
. . .

. . .
...

...
. . .

. . .
. . .

. . .
. . .

...
...

. . .
. . . 1+ϕ2

(1−ϕ)2 −
ϕ

(1−ϕ)2 0
...

. . . − ϕ

(1−ϕ)2
1+ϕ2

(1−ϕ)2 −
ϕ√

(1−ϕ)3

0 . . . . . . . . . 0 −
ϕ√

(1−ϕ)3

1
1−ϕ


share the same eigenvalues, we are able to locate (bound) the eigenvalues of Σ by using results of
subsection 3.2. Moreover, at the expense of the prescribed eigenvalues, an eigendecomposition for Σ
can also be obtained at the expense of statements in subsection 3.3.

5. Conclusions

In this paper, a procedure to express the eigenvalues and associated eigenvectors of a symmetric
heptadiagonal quasi-Toeplitz matrix was presented, as well as an explicit formula for its inverse. The
proposed method allowed us to get rational functions to locate the eigenvalues and closed-form
formulas to the corresponding eigenvectors for the class of matrices under analysis, which cannot be
considered in recent works on this subject, but most of all leave an open door for additional
statements on symmetric quasi-Toeplitz matrices in general. The numerical example provided to
highlight the differences between the quasi-Toeplitz and Toeplitz cases also raised some open
questions. Indeed, despite Geršgorin theorem leading us to an interval containing all eigenvalues of
generic quasi-Toeplitz matrices, it would be interesting to have a more precise tool, as in the “pure”
Toeplitz case. A method that could predict the number of outliers and its asymptotic behavior when n
tends to infinity would be also very welcome. Of course, another open problem closely related to the
content of this paper would be the obtention of a block diagonalization for nonsymmetric
quasi-Toeplitz matrices in the same spirit of Lemma 2.
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