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1. Introduction

In this paper, we shall study the following p(x)-biharmonic system:

p(x) (x)2P(™)

A= ML fu) + bu™™™,  in Q, 0
u=0, onadQ, '

where Q ¢ RY (N > 3) is a bounded domain and §(x) is the distance between x and the boundary of
Q, which is denoted by 9Q. The functions m and b are continuous on Q. A;(x) is the p(x)-biharmonic
operator, which is defined by

Aot = A(|Aul" 7 Au).

We noted that problems involving the p(x)-Laplace operator appear in several fields like thermotropic
fluids (Antontsev and Rodrigues [3]), electrorheological fluids (Rajagopal and Ruzicka [31, 32],
Ruzicka [34]), elastic mechanics (Zhikov [38]) and other phenomena related to image processing
(Aboulaich et al. [1], Chen et al. [13]).
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Due to their importance, many researchers have recently concentrated on the development of
problems with the p(x)-growth conditions (see, for example, the papers of Drissi et al. [16],
Elmokhtar [19], Laghzal and Touzani [26] and Raguza et al. [30]). These problems are discussed
in the spaces L") and W™P"). Different methods are used to prove the existence and the multiplicity
of solutions for such problems. We refer the interested readers to Ben Ali et al. [6, 7] (min-max
method), Chammem et al. [10] (variational methods and monotonicity arguments combined with the
theory of the generalized Lebesgue Sobolev spaces), Chammem et al. [11] (mountain pass lemma
and Ekeland’s variational principle), Chammem and Sahbani [12] (mountain pass lemma and its Z,
symmetric version), Baroni [4] (perturbation arguments), Blanco et al. [9] (monotone operators on a
new Musielak-Orlicz Sobolev space) and Wang [35] (variational methods combined with the Brezis-
Lieb’s lemma and Mazur’s lemma).

Very recently, more attention has been paid to the study of the fourth-order elliptic equations,
namely, the p-biharmonic and the p(x)-biharmonic operator. We cite for example Alsaedi et al. [2]
(fibering maps analysis in the Nehari manifold sets), Bouraunu et al. [8] (combination of the mountain
pass type theorem with several variational arguments), Dhifli and Alsaedi [14] (Nehari manifold
method), El Khalil et al. [17, 18] (combination of the variational method with the Ljusternik-
Schnirelmann theory), Hsini et al. [22] (combination of the variational method with the Ekland’s
variational principle), Kefi and Saoudi [24] (monotonicity arguments in the generalized Lebesgue
Sobolev spaces). In the recent paper of El Khalil et al. [18], the authors considered the following
singular p(x)-biharmonic problem with Hardy-type nonlinearity:

p(x)-2 u

{ Ai(}f) - /llg(lx)z'n(x') + plul”™2u,  inQ,

1.2
u=0, onodQ. (1.2)

More precisely, under some suitable conditions and using the Krasnoselskii genus, the authors proved
the multiplicity of solutions. Also, Laghzal et al. [25] used a variational approach combined with
min-max arguments based on Ljusternik-Schnirelmann theory and proved that problem (1.2) admits a
nondecreasing sequence of positive solutions.

We note that the study of differential equations with singularities has been developed very
quickly and the investigation for existence and multiplicity results attracted considerable attention of
researchers. We refer to the papers of Ben Ali et al. [5,6], Chammem et al. [10], Kefi and Saoudi [24]
and references therein.

Inspired by the above results, our goal in this paper is to continue this investigation by generalizing
the works of Laghzal et al. [25] by adding two types of perturbation. One of them is a singular
perturbation, which means that the functional energy is not of class C' and so we cannot use the
direct variational methods. For a way to bypass the singularity and work with a functional of class C',
we refer to the works of Papageorgiou et al. [28,29] and the paper of Razani and Behboudi [33].

This paper is organized as follows. In section two, we recall some basic facts about the weighted
variable exponent Lesbesgue and Sobolev spaces. In section three, using the min-max method, we
give and prove some existing results related to problem (1.1). In section four, using the mountain pass
theorem and its Z,-symetric version, some multiplicity results are presented and proved.
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2. Notations and terminology

In this section, we shall introduce some important definitions and properties related to the variable
exponent Lebesgue and Sobolev spaces. For more details about these spaces we refer to the book of
Diening et al. [15] and to the papers of Fan and Zhao [20], Fan and Fan [21], Mihdilescu [27], Yao [36]
and Zang and Fu [37].

Let Q be a bounded domain in RY, N > 3. We consider the set

C.(Q) ={peC@Q): ¢k >1,forallz e Q).
For all functions ¢ in the set C +(ﬁ) , we define

¢~ =inf@(z) and ¢ = sup ¢(2).

7eQ 72€Q

The variable exponent Lebesgue space LV(Q) is the set of all measurable functions ¢ : Q — R
such that

f W (2)I*9dz < oo).
Q

In the space L#“(Q) the following Luxemburg norm:
o) = inf{n >0 f IW(Z) #Qdz < 1.

It is noted that (L“’(')(Q), |.|¢(Z)) becomes a separable and reflexive Banach space if and only if
l<¢p <¢p" <oo. (2.1)

In the rest of this paper, p denotes a function in C., Q) satisfying (2.1).
In the space L”(Q), we have an equivalent Holder inequality, which is given in the following
proposition.

Proposition 2.1. (See [37]) For any ¢ € LPO(Q) and any ¢ € L7 O(Q), we have

1
( ( ) )|‘10|p(x)|l//|p'(x)’

where p'(x) is the conjugate function of p(x), which is given by

oy px)
p(x)——p(x)_l-

Another interesting property of the space L"(Q) is presented in the following proposition.

SD(X)l//(X) dx| <

Proposition 2.2. (See [20]) If q is a measurable function in L*(RY), such that for all x € RN we have
1 < p(x)g(x) < oo, then for any nontrivial function ¢ € LPO(RN), the following statements hold true:

(1) lelpeog < 1= |’»0|p<x>q(x> < el Plge < |‘10|p(x>q(x)
(”) Isplp(x)q(x) >1= |()0|p(x)q(x) = ”QDIP(X)Iq(x) < |g0|p(x)q(x)
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The modular on the space LP"(Q) is defined by the mapping

P () = f lp(x)IPMdx,
Q

and it satisfies the following properties.
Proposition 2.3. (See [20, Theorem 1.3]) For all ¢ € LPO(Q), we have:
(i) lelpo < 1ifand only if p,uo(p) < 1. Moreover, the last equivalence holds if we replace < by =
or by >. i
(ii) If 1glpe > 1, then Igolﬁ(x) < Ppo(p) < |90|£(x)~
(iii) If lelpy < 1, then @l ) < ppoo(e) < Il

Let us define the Sobolev space with a variable exponent by
WmrOQ) = {p € L'(Q)| D¢ € L"(Q). o] < m),

equipped with the norm

iy = > 1D ulys,

|a|l<m

where a = (a4, ..., ay) is a multi-index, |a| = Zf\il a;, and D% is given as follows:

o'

Dlo=—"
14 Ox{" - 0xy)

®.
It is well-known (see [37]) that (W’"’p(')(Q), ||.||m,p(.)) is a separable, reflexive, and uniformly convex

Banach space. Moreover, if we denote Wg’ P (')(Q) the closure of C7(€2) in wmrO(Q), then W(’)” P (')(Q)
has the same properties as W""0(Q).
Put
X = W@,

endowed with the norm

el = infB > 0 f A0 o g < 1y,
o B

We recall from Zang [37] that X endowed with the above norm is a separable and reflexive Banach
space. Next, we give a compact embedding theorem related to the space W™70(Q).

Theorem 2.1. (See [37]) If q € C.(Q) such that q(x) < p*(x) for any x € Q, then the embedding from
W2PO(Q) into L1Y(Q) is compact and continuous, where

Np() N
oo, lf p(x) > 5.

We note that Theorem 2.1 remains true if we replace W>7™(Q) by X. Moreover, if we denoted by
M (u) the following expression:

M) = f |AulP@dx,
Q

then we have the following proposition.
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Proposition 2.4. (See [37]) For all ¢ € X, we have:

(i) If M(g) 2 1, then llgll” < M(g) < el
(ii) If M(p) < 1, then |l¢ll” < M(¢) < llgll”
(iii) M(p) > 1(=1,< 1) o lgll > 1(=1,< 1).

Lemma 2.1. (See [23]) The mapping Ai(x) : Wé’p Q) - W, 2P ,(x)(Q) is of type S*, which means

that if u, — u, weakly in Wg’p (')(Q) and lim sup < Af,(x)(un), u, —u >< 0, then u, — u is strongly in

n—oo

Wé’p (')(Q), where < - > is the dual product between X and its dual.

To manipulate the Hardy term we assume that 0 < A < Cp, where

co P (N(p- - DN - 2p->)”' (N(p+ - HN - 2p+))”*
H = 7 min -2 ’ 2 :
p* (r7) r*)
We recall the p(-)-Hardy inequality (see El Khalil et al. [17] and Laghzal et al. [25]), which is
given by
|Aue()|") f ()P
——dx>C ———————dx, (2.2)
o PO " Ja p(x)5(02

for all u € W, " (Q).
3. Problem with a singular term

In this section, we will use the min-max method to prove the existence of solutions for
problem (1.1). To this aim, we assume the following hypotheses:

(H;) The function b is almost everywhere positive in €2, such that
b e L7 1(Q), for some 1 <71 < p*(x).

(H,) There exist [,0- € C(Q) and h € L'™(Q) such that for all x € Q and all ¢ € X, we have
N .
1 <o(x) < px) < > < Il(x) < p*(x),

and
[, @) = h()lpl™ .
(H3) There exists Q; cc € such that [€);| > 0 and

f(x,y) = 0forall (x,y) e Q; xR.

In this part, we shall use the min-max method to prove the existence of solutions. More precisely, we
will prove the following theorem.

Theorem 3.1. Assume that hypotheses (H,) — (H3) hold. If 0 < A < Cy, then problem (1.1) admits a
nontrivial weak solution with negative energy, where Cy is given in Eq (2.2).
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We note that a function ¢ € X is said to be a weak solution of problem (1.1). If for all ¢ € X,

we have

(0[P~

o O(x)2® ()Y (x) dx

f |A@P2 ApAyr dx — A
Q
. fg b0l "y (x) dx — fg Fx CN(x) dx = 0.

Associated to problem (1.1), we define the functional ®, : X — R by

O,w) = L) - f ﬂlull_’"(x)dx— f F(x, u(x))dx,
o 1 —m(x) o

where F(x,1) = fot f(x, s)ds, and I,(u) is given as follows:

_ [ 1Al ()"
= [P [ s

3.1

Remark 3.1. @, is well-defined and differentiable, but due to the singular term, it is not in C'(X,R).

Lemma 3.1. Assume that (H,) and (H,) hold and 0 < A < Cy, then the functional ®, is coercive in X.

Proof. Let u € X with ||u|| > 1 and assume that 0 < A < Cy, then by (2.2), we have

p(x) p(x)
i |Au(x)| dx > /lf ()| : X,
Cnda pX) o P(x)6(x)?P®

SO

A (w1 A @
u(u)z(1 CH) [ e - 2 [ isucor s

Thus, by the last inequality and using Proposition 2.4, we get
1 A _
1 > — (1 — =—)||ull” .
2(u) > p+( CH)IIMII
On the other hand, since 1 < 7 < p*(x), then by Propositions 2.1 and 2.3, we obtain

b 1 1
f (x) lem(X)dx < f b(x)ulfm(x)dx < |b| . ||u|lfm(x)| .
Q 1 - m(x) 1 - m+ Q 1 — m+ T+m(x)—1 1-m(x)

C
b
1—mJr| |

IA

max ([l ] )

T _
T+m(x)—1

Now, from (H,), Propositions 2.1 and 2.2, we have

A

f F(x,u(x))dx < f h(0)lu(0)I ™ dx < iyl ™l
Q Q

IA

ot o~
il max (ju; o 11l (x)a(x)) ’

(3.2)

(3.3)
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where [ is such as
1 1

T !

Next, using hypothesis (H,) and the fact that [ (x)o(x) < p*(x), we conclude by Theorem 2.1, that

f F(x, u(x))dx < C'lhlyo max (Jlul ™, lul ™). (3.4)
Q

Finally, combining (3.2)—(3.4), we get
1A o Qb P -
i) 2 (1 = ol = == max ([lull' ™", lull ™) = C Al max (Jull””, lldl”)
- -

Since 1 —=-m~ <o* < p~and 0 < A < Cy, then | lim ®,(u) = oo, which means that @, is coercive and

Juel] > o0

bounded below on X. O

Lemma 3.2. Under assumption (H3), there exists Y € X, such that ¢ > 0, ¥ # 0 and ®,(ty) < O for
sufficiently small t > 0.

Proof. Let ¢ € C°(Q), such that supp(yy) C Q; CC Q, ¢ = 1 in a subset Q' c supp(y)and 0 < ¢ < 1
in Q.

Let r € (0,1), then by Propositions 2.3, 2.4 and Theorem 2.1, there exists a constant C3 > 0,
such that

A p(x) _ . _
N N e ()
Q

So, by hypothesis (H3), we get

b(x)

O,(y) < C3t”max(||¢/||1’+,||,p||1’)_t1—mfl_m(x)wll—m(x)dx
Q
o o ,
< o (t” s max ([P i) - f 1(—:1)()6)|¢|1—m<x>dx)_
e

Consequently, using the fact that p~ > 1 — m~, we deduce that ®,(tyy) < O for ¢ < min(1, B), where

1
b - »~ —(1-m—
. [, 1_1(;2)() |¢|1 mx) gy -0

Cs max ([lyll7", [lyllP”) '

Put
0, = inf O, (u).
ueX

Proposition 3.1. Assume that hypotheses (H,) — (H3) hold, then for all 0 < A < Cy, the functional ®,
reaches its global minimizer in X and there exists u, € X such that ®,(u.) = 0,.
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Proof. Let {u,} be a minimizing sequence, which means that
lim ®,(u,) = 6;.

Since @, is coercive, we conclude that {u,} is bounded in a reflexive space X, so there exists a
subsequence (still denoted by {u,}) and u. € X such that

u, — u, weakly in X,
u, — u, strongly in Lf9(Q), 1 < B(x) < p*(x),
U, = U, a.e.in Q.

Since u,, — u, a.e. in Q, then Fatou’s lemma implies that

I(u,) < liminf I;(u,). 3.5
Now, we claim that
lim f b(x)|u,| ™ Pdx = f b(x)|u,|" " dx. (3.6)
n——+oo Q Q

Indeed, let € > 0, then by the fact that fglb(x)lﬂmfx%l dx 1s absolutely continuous and using
Proposition 2.3, there exists @, & > 0, such that

bI* . < | |b(x)|FoTdx < €

T+m(x)—1 QZ

for every Q, C Q with || < &.
On the other hand, by Propositions 2.1 and 2.2, we obtain

T+m(x)—1 1-m(x) T+m(x)—1 T

f DNV < 6] e Nl ] < | max (" ).
Q

Thus, we obtain
f bl Vdx < emax (Ju, [ ).
Q

Since (u,) is bounded in X and 7 < p*(x), by Theorem 2.1 we can deduce that |u,|, is bounded. Using
Vitali’s convergence theorem, we conclude that Eq (3.6) holds.
Next, we claim that

lim f F(x,u,(x)dx = f F(x,u.(x))dx. 3.7
Q

n—+oo Q

Indeed, from hypothesis (H,) there exists ¢ > 0 such that

IFCx, ()] < (o).
o

Since u, — u, in X and [ (x)o(x) < p*(x), we have the strong convergence in L/ @@, Hence, for a
subsequence again denoted by {u,}, we get u, — u, a.e in Q and there exists k € L7 ®(Q), such that
|, ()] < k().

AIMS Mathematics Volume 8, Issue 12, 29892-29909.
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So, we get
c
|F(x, u,(x))] < ;Ih(X)IIK(X)I(’(")-

Therefore, by Proposition 2.1 we obtain

c
IF(x, un(0))ldx < — [Rlioluly .
Q o 7'(x)

Hence, the Lebesgue-dominated convergence theorem and Proposition 2.3 imply that Eq (3.7) holds.
Now, by combining equations (3.5) and (3.6) with Eq (3.7), we concluded that ®, is weakly lower
semi-continuous. Finally, we deduce that

0, < O, (u,) < liminf ®,(u,) = 6,.

Proof of Theorem 3.1. By Proposition 3.1, ®, has a global minimizer u, € X, so for all # > 0 and all
v € X, we have
(DJ(M* + lV) — (I)/l(u*) > 0.

Dividing the last inequality by # > 0 and letting + — 0", we obtain

f |Auw PP Au, Avdx
Q

Ju ()P —m(x)
> A | ——————u.(x)v(x)dx+ | b(x)|u.| v(xydx +pu | f(x, u.(x)v(x)dx.
o 0(x)*W Q Q
Since v is arbitrary in X, we can replace it by —v which yields to

f |Au, PP Au, Avdx
Q

Ju, ()P0
1) 6(x)217(x)

u, (x)v(x)dx + f

Q

b(x)|u " Dv(x)dx + f f(x, u(x)v(x)dx.
Q

Hence, u, is a weak solution of problem (1.1). Now, by Lemma 3.2 we have ®,(u,) < 0, so we
conclude that u, is a nontrivial weak solution of problem (1.1).

4. Problem without singular term

In this section, we shall use the mountain pass theorem and its Z2-symetric version to prove the
existence and multiplicity of solutions for the following problem:

ulP®-2, .
Ai(x)“ =4 l(s(lx)w + ¢(xXW(u), inQ, @
u=0, onodQ, .

where ¢ and ¢ are measurable functions satisfying the following hypotheses:
(A1) There exists ¢ > 0, a, S € C,.(Q), such that for all (x,u) € Q X R,

S(x)

a(x)—1
€ S o @ Y <l

¢
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and
ph<alx) <Sx) < p(x). 4.2)

(A,) There exists M > 0,6 > p* such that for x € Q,
0 < 0p(x)¥(u) < (W (wWu, |ul = M,
where (1) = [} y(s)ds.

(A;) Forallxe Q,
Y(—u) = ¢ (u).

To show the existence and the multiplicity of solutions to problem (4.1), we will use the following
theorems.

Theorem 4.1. (Mountain pass theorem) Let E be a real Banach space and J € C'(E,R) satisfy the
Palais-Smale condition. Assume that

(i) J(0) =0.
(ii) There is p > 0 and o > 0, such that J(z) > o for all z € E with ||z]| = p.
(iii) There exists z; € E with ||z1]| > p, such that J(z;) < O.

Then ¢, possesses a critical value ¢ > o. Moreover, ¢ can be characterized as

¢ = inf max 4,(y(2)),

where I' = {y € C([0,1], E) : y(0) = 0,y(1) = z1}.

Theorem 4.2. (Z,-symmetric version of the mountain pass theorem) Let E be an infinite dimensional
real Banach space. Let J € C'(E,R), satisfying the following conditions:

J is an even functional such that J(0) = 0.

J satisfies the Palais-Smale condition.

There exists positive constants py and ay, such that if ||ul| = po, then J(u) > a.

For each finite-dimensional subspace X C E, the set {u € X, J(u) > 0} is bounded in E.

Then, J has an unbounded sequence of critical values.

We note that the functional J satisfies the Palais-Smale condition if any Palais-Smale sequence has a
strongly convergent subsequence. That is, if {u,,} C E such that J(u,,) is bounded and J(u,,) converges
to zero in the dual space E’, then {u,,} has a convergent subsequence.

The main results of this section are summarized in the following theorems.

Theorem 4.3. Under hypothesis (A;) and (A,), there exists A* > 0 such that for all 1 € (0,1"),
problem (4.1) has a nontrivial weak solution.

Theorem 4.4. Under the same hypotheses of Theorem 4.3, if in addition hypothesis (A3) is satisfied,
then there exists 1* > 0, such that for any A € (0, 1*), problem (4.1) has infinitely many solutions.

AIMS Mathematics Volume 8, Issue 12, 29892-29909.
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It is noted that a function u € X, is said to be a weak solution for problem (4.1) if for any v € X we
have

[u|PO~2yy

fg | AUl Au Avdx — A fg de - fﬂ PO (u)vdx = 0.

Associated to the problem (4.1), we define the functional y, : X — R as follows:

_ |Au(x)[" Ju ()P
X}(I/t) = L de - /lL de - L¢(X)\P(Ll)dx

Remark 4.1. The functional x, is well defined, it is in C'(X,R). Moreover, for all (u,v) € X x X,
we have

| u|p(x)—2 uy

de_fg¢(x)$(u)vdx.

<X,A(u), Vv >= f |AulPY~2 Au Avdx — /lf
Q Q

Also, weak solutions of problem (4.1) correspond to critical points of the functional y .
To prove our main results, we need to prove several lemmas.

Lemma 4.1. Under hypothesis (Ay), there exists n,0 > 0 such that for u € X:

If llull =n, then, xa(u)=o.

Proof. Let x € Q and u € X with ||u|| < 1, then from (A,) we get

F(x,u) < Cfu |p(x)lIs|* P ds < L)|¢(X)Ilu|“(x>- (4.3)
0

a(x

So from (2.2), we get

_ |Au|p(x) |u|p(x)
xa(w) = f(; 200 dx— A fg; —p(x)é(x)21’(x)dx_ L d(x)¥P(u)dx
(x)

> (1—i)fde—f¢(x)‘P(u)dx

Cu Jo pX) Q

(1- &)
> M- [ o0 (4.4)
P Q

By combining Eqs (4.3) and (4.4) with the Holder inequality and Proposition 2.4, there exists ¢; > 0
such that

—_ L)
C c
xa(w) = —M(u) - — f ()| * P dx
p o Q
_ 4 c
C 1
2 —M(u) = — 6| _seo_[lul*@sco
a— S(x)-a(x) a(x)
14
Ch ‘1 a” at
> o M) - ;|¢|S(XS)<32(X) max(lulg ., [ulg)-

AIMS Mathematics Volume 8, Issue 12, 29892-29909.
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On the other hand, since 1 < §(x) < p*(x), then by Theorem 2.1 there exists ¢, > 0 such that

uls o < collull. 4.5)
Using (4.5) we obtain
_ 4 cie
C + 1C2 -
xau) = —lull” = =Bl _sw_|lull”
p a S(x)—a(x)
(-4
+ C C1C2 -t
> [lull” — - — gl s [lull” 7.
p a S(x)—a(x)

Let 0 < < 1 small enough such that

A
(1_6 _ C1Co

—|¢l_sw " " >0,

p+ a S—-alx)

then for ||u|| = n, we have

_ 4
Cy C1C2

xaw) =" " n" P =10>0.
p

[

S(x)
a~ S (x)—a(x)

Lemma 4.2. Assume that hypotheses (A1) and (A,) hold, then there exists 0 < 1 < Cy, such that for
any A € (0, A7), x, satisfies the Palais Smale condition.

Proof. Let {u,} be a sequence in X such that
Xa(u,) = c, X:l(un) -0, inX*, asn — oo,

for some positive constant c.
It follows that there exists d; > 0, such that for an n large enough, we have

beaun)l < di. (4.6)

On the other hand, using the fact that )(/A(un) — 0 in X*, which implies that < )(/A(un), u, >— 0, there
exists d, > 0 such that
| < x (un),u, > | < dy. 4.7

Next, we shall prove that {u,} is bounded. If not, without loss of generality we can assume that ||u,|| —
oo, so for an n large enough we have ||u,|| > 1. Now, if we combine Eq (4.4) with Eq (4.6), we get

A

dy Z)m(un)z( pF)M(un)— f P(x)¥(uy)dx, (4.8)
Q

and by (4.7), we obtain

dy > = <x,(),u, >

—M(uy,) + f PO (uy )t x. (4.9)
Q
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So using hypothesis (A,) and Eqgs (4.8) and (4.9), we obtain

o +dy > (-9 1) M+ f (St — 600 ¥ (1,))dx
Cuy p* Q

A6
> [(1- =)= —1|M(u,
> |a-go- ()
A 6 _
> 1 ——)— = 1]l|u,ll” . 4.10
> (A= g2 =1 (4.10)

Put .
. p

A= -—)Cy.

( H)H

Since 6 > p™*, for all A € (0, A*) we have

1.6
)= - 1>0.

1—
( Cu'p

Therefore, by letting n tend to infinity in equation (4.10), we obtain a contradiction. We conclude
that {u,} is bounded in X, so there exists {u,} and u in X such that, {u,} converges weakly to u in X.

On the other hand, by Theorem 2.1 and the fact that S (x) < p*(x), we deduce that {u,} converges
strongly to u in S (x)(€2) . Moreover, we know that

<X (), g — 1 =< A2 ) Uy = 1> =A< (), Uy — 1> — f PO (un)(un, — 1) dx.
Q
Next, by using hypothesis (A;) and the Holder’s inequality, there exists C > 0 and C" > 0, such that

f PO () —w)dx < f Clp o)l oty — ul dx
Q Q

-1
< Cluty = uls ¢l sl |7

S (x)—a(x)

/ -1 -1
C'luty = uls ol _so_ max ([lual™ ™1, el ).
S(x)—a(x)

S(x)
a(x)-1

IA

Thus, we obtain

lim f¢(x)w(u,,)(un —u)dx = 0. 4.11)
n—+oo o)
Now, by Lemma 2.1, we have
lim < ¢ (), u, — u >= 0. (4.12)
n—+oo

Since < X;l(u,,), u, —u >— 0, by combining (4.11) with (4.12), we deduce that
< Af,(x)(un), u, —u>—0.

Finally, by Lemma 2.1 and the fact that Ai(x) is of type (S ), we conclude that u,, — u is strongly in X.

This implies that y, satisfies the Palais Smale condition.

Lemma 4.3. If hypothesis (A;) holds, then there exists u,. € X, such that ||u.|| > n and x,(u.) < 0.
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Proof. From hypothesis (A;) there exists m > 0, such that for all (x, ) € Q X R we have
d(xX)P(t) > mlt° . (4.13)

Let u € X, such that fQ [ul dx > 0, and let > 1 be large enough. Then, from (4.13) we get

|AtulP™ P
fg ooy A fgwdx— fg B (tu)dx

"
< —_f|A(M)|”(x)dx—mt9f|u|9dx.
p Q Q

Since 6 > p*, we deduce that

Xxa(tu)

lim y,(tu) — —oo,
t—o00
so, we can choose t; > 0, such that the function u, = tyu satisfies
.l > 1 and  ya(u.) <O.

Proof of Theorem 4.3. First of all, it is easy to see that 0 = y,(0), which implies that condition (i) of
Theorem 4.1 is satisfied.
On the other hand, from Lemma 4.1 we have

”irnlf xa(u) = m >0 = y,00).

ull=n

This implies that condition (if) of Theorem 4.1 is also satisfied.
Moreover, by Lemma 4.3, there exists u, € X such that

lluill > and  ya(u.) <O. (4.14)

This implies that condition (iif) of Theorem 4.1 is satisfied.

Finally, from Lemma 4.2, y, satisfies the Palais Smale condition, and y, € C'(X). Thus by the
mountain pass theorem (Theorem 4.1), we concluded that the functional y, has a critical point which
is a weak solution for a problem (4.1). Moreover, by Eq (4.14), we see that this solution is nontrivial,
so the proof of Theorem 4.3 is completed.

Next, we will use Theorem 4.2 to prove the second main result of this section, so we need to prove
the following lemma.

Lemma 4.4. Assume that hypotheses (A1) and (A,) hold, and let E be a finite-dimensional subspace
of X, then the set
H={ueckE,yx(u) >0}

is bounded in X.

Proof. Let u € H, then we have

|-

xa(w) < _flAulp(x)dx—fqﬁ(x)‘P(u)dx.
Q

Q

B
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On the other hand by Eq (4.13) and Proposition 2.4, we obtain

1 1 . -
xau) < ;M(u) - mf lul’dx < ;(IIMII” + llull”) = mlulf,. (4.15)
Q

Since E is a finite-dimensional subspace, the norms |.|;¢, and ||.|| are equivalent, so there exists C > 0
such that
0 0
llull” < Clul},.

By combining the last inequality with Eq (4.15), we obtain

1 + - m
Xaw) < —(llull”” + lleell” ) = =llull”.
)4 C

Since, p~ < p* < 6, we concluded that the set H is bounded in X.

Now, we are ready to prove Theorem 4.4.
Proof of Theorem 4.4. We have y,(0) = 0. Moreover, by hypothesis (A;) we see that y, is an even
functional. Therefore the proof of Theorem 4.4 is deduced by combining Lemmas 4.1, 4.2 and 4.4
with Theorem 4.2. This implies that problem (4.1) has infinitely many solutions.

5. Conclusions

This paper considered some classes of p(x)-biharmonic problems with singular nonlinearity and
Hardy potential. More precisely, by the use of the min-max method, some existing results were proved.
Moreover, some important properties of the associated functional energy were given, and after that,
using diversions of the mountain pass theorem, the multiplicity of solutions was also proved. This
study can be generalized to similar problems involving the p(x, y)-Laplacian operator.
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