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Abstract: In this paper, we are interested in chemotaxis model with nonlinear degenerate viscosity
under the assumptions of § = 0 (without the effect of growth rate) and u, = 0. We need the weighted
function defined in Remark 1 to handle the singularity problem. The higher-order terms of this paper
are significant due to the nonlinear degenerate viscosity. Therefore, the following higher-order estimate
is introduced to handle the energy estimate:

Cw(2)

1 2-m
Um-? = (_) < Kw(z) < ,if0<m<2,

U

Cu_
U™ < Lu_< 7” ifm>2,

where C = max{K, L} = max {ﬁ, (m+ a)’"} for a > 0 and m > a, and w(z) is the weighted function.

Then we show that the traveling waves are stable under the appropriate perturbations. The proof is
based on a Cole-Hopf transformation and weighted energy estimates.
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1. Introduction

This paper is based on the following chemotaxis system with nonlinear diffusion [6]

uy = D) — x (u(Inc),),,
¢, = —uc + fc,

(1.1)

for m > 0 and the initial data

(u, c)(x,0) = (ug, co)(x) = (Uy,cy) as x — +oo,
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When m # 1, the chemotaxis system (1.1) represents the reinforced movement of cells (or bacteria)
in porous media, where u, ¢ and 8 > 0 are the population density of cells, concentration of chemical
signals (e.g., nutrients), and growth rate, respectively. Moreover, the diffusion rate of cells and the
chemotactic coeflicient are denoted by D > 0 and y, respectively. The chemotaxis is said to be
attractive if y > 0 and repulsive if y < 0. The logarithmic sensitivity Inc was derived from Weber-
Fechner law [13] and has been verified by the experimental data [11]. The above PDE-ODE system is
the special case of the following Keller-Segel model with porous media type diffusion:

u, = V- (DVu™ — yuVn(c)), for m> 0,
¢, = eAc + f(u,c),

where f(u,c) is a function characterizing the chemical growth and degradation defined as f(u,c) =
Bc — ug(c). This system describes the chemotactic dynamics, where cells move up the chemical
concentration gradient and consume (or degrade) the chemical along the path. As stated in [26], the
function g(c) is called the consumption rate function in the form

constant rate, p =0,

(©) = & sublinear rate, 0 < p <1,
c)=ct =
& linear rate, p =1,

superlinear rate, p > 1.

Moreover, the typical examples of chemosensitivity function z(c) include n(c¢) = kc (linear law),
n(c) = klog ¢ (logarithmic law), and n(c) = kc? /(1 + ¢™) (receptor law) where k > 0 and p € N.

The problems of chemotaxis model in porous media are extensively studied for both the experiments
and mathematical modeling. The experiments of bacterial chemotaxis in porous media were
investigated in [21, 25], and the nonlinear diffusion to a chemotaxis model in order to avoid
overcrowding was instroduced in [1, 8]. Tao and Winkler [24] established the global existence and
boundedness of solutions to a chemotaxis model of self-aggregation with arbitrary porous medium
diffusion. However, few results are available to the chemotaxis model (1.1) except for the existence of
compactly supported traveling waves in [2].

When m = 1, the system (1.1) is exactly the chemotaxis model proposed in [22] to describe the
reinforced random walks. There are many other interesting analytical works with reinforced random
walks. Othmer and Stevens [22] studied the model from random walk and presented the numerical
simulations of the formation of spikes and blowup. The analytic results that support some numerical
results in [22] were established in [23]. The global existence and blowup of classical solutions on
a bounded domain with no-flux boundary conditions were studied in [29, 30]. Moreover, the further
study of global existence of smooth solutions to system (1.1) was investigated by Li et al. [16]. Zhang
and Zhu [31] presented the weak solutions to system (1.1) with the Robin boundary condition. Other
references for global dynamics including well-posedness and large time behaviors of solutions in the
whole space were presented in [3, 14, 18,28]. The spike solution and blowup solution, traveling wave
is another biological pattern observed in chemotaxis [13]. The existence of traveling fronts to (1.1)
was firstly established in [27]. The stability problem of such a traveling front in the case of u, > 0
was obtained in [17]. Moreover, when u, = 0, the energy estimate has the singular term, which
is extremely difficult to overcome. This singular term was presented in [10] by employing it as the
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weighted function in the energy estimate. Recently, the half-space problem of (1.1) under the non-
zero flux boundary condition was considered in [15]. The authors showed that the system still admits
traveling wave profiles on the half-space by introducing a wave selection mechanism. For other related
work on traveling waves of chemotaxis models and Burger’s equations, we refer the readers to these
references [4,5,7,9,26].

By ignoring the effect of growth rate (8 = 0), then one can derive the chemotaxis model

{uz = D" — x (u(nc),),, (12)
¢, = —uc,
for m > 0 and the initial data

(u, c)(x,0) = (ug, co)(x) = (uy,cy) as x — +oo. (1.3)

The major problem of this paper is concerned with the nonlinear diffusion and singularity problem.
Under small perturbations and large wave amplitude, we prove the existence and stability of traveling
waves to system (1.2) with m > 0 and u, = 0. The logarithmic singularity for the first equation of (1.2)
is very difficult to study. Therefore, to handle these barriers, we employ the following Cole-Hopf
transformation as in [10, 17]:

v=—(Inc),, (1.4)

which presents the chemotaxis system as follows:

{u, — x(uv), = D"y, 0s)
Ve — Uy = 0’
and the initial data

(u, v)(x,0) = (ug, vo)(x) = (s, vs) a8 x — oo, (1.6)

We organize this paper as follows: In Section 2, we present the theorems of existence and stability
of the transformed system (1.5) and the original system (1.2). The proofs of weighted energy estimates
and the stability of transformed system (1.5) are provided in Section 3. Then, we transfer the obtained
results to prove the existence and stability of the main results for original system (1.2).

Notation 1. The norms in the Sobolev space of H' (R) are stated as ||q||, := 2, ||6’;q|| and ||ql| := |Igllr2)-
k=0

Moreover, the weighted norms in the Sobolev space of H),(R) are given by ||gll,, :== 2 |l ,w(x)(')];qll
k=0
and ||qlly := l1gll 2 w)-

2. Main results

We first establish the solutions of traveling wave (U, V)(x — st) of the parabolic-hyperbolic
system (1.5). Substituting the following traveling wave ansatz

(u,v)(x,t) = (U, V)(<2), z = x — st, 2.1
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into (1.5), where s and z are the traveling wave speed and moving coordinate, respectively. Then, we
have

-sU —x(UVY =D U™,
sU" = x(UV) ) 22)
—sV' =U’,
where ' := diz, and the boundary conditions are given as follows:
(U’ V)(Z) - (uia vi) as z — +00. (2'3)

Integrating (2.2) in z over (—o0, z) and (z, +0), then one has

(fz sU +f+m sU')—(fZ Y(uvy +f+oo)((UV)') :D(fz o™’ +f+m(Um)”)
—(fz sv'+f+msv’):(f U'+f+mU').

Moreover, we can rewrite the above results as follows:

and

(lim sU@) - lim sU(z))+ (Zgrgo HUV)@) - Tim /\((UV)(Z))

Z—>—00
- D(— lim (U™ U)() + lim (mUm—lU’)(z))
7——00 >+
and
(lim sV(z) = lim sV(z)) = (— lim U(z) + lim U(z)).
7—>—00 Z—>+00 7——00 Z—>+00
Employing (2.3), the fact u, = 0, and U'(z) — 0 as z — +oo, then one has the following Rankine-
Hugoniot conditions
-5 =xv_,

s(vy —v)=u_, @4

which presents
5%+ syvy — yu_ = 0. (2.5)

In this paper, we only consider s > 0 and
Ve A +4dyu
AR N T AT 2.6
7 > (2.6)
Remark 1. 7o provide the weighted energy estimate, the weighted function is defined as follows:

1-m

w(z) =1+ €7 with n:= D_ -(s+xvy), forall zeR. 2.7
m
According to the weighted function in (2.7), the following condition is given
1
Ciw(z) £ —— < Cow(z) forall zeR, (2.8)
U(z)

where C, > C; > 0.
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Lemma 1. Let (2.4) and u, = 0 hold. Then, the system (2.2) has a monotone traveling wave solution
(U, V)(x — st), which is unique up to a translation satisfying U’ < 0, V' > 0. Moreover, (U, V) has the
following monotonicity behavior:

U-u_~enasz— —00, U~e 5éasz — +00,

IR (2.9)

V—v, ~ed VsV gg 7 5 too, forvy >v_.

Proof. To show (2.9), we first assume that

, HU'™
H=U", V =- .
sm
Then, one has
HUl—m
U = ,
m
(2.10)
H = —— (AU = (kF + 59),

which provides

i — X .U —u),
du Ds ( u ) (21 1)
Hu.)=0.
Let H; be the solution of Eq (2.11), then one can derive
Hy(U) ~ mu"" - Di(zU —u)U~-u), as U — u_. (2.12)
s
By employing the first equation of Eqs (2.10), (2.12) and L’Hospital’s rule, one has
, mu" (U — u_)
lim ———— = lim
U-u_In(U —u_) U-u H,
, mu" (U — u_)
= lim
U—u ™ - 2 QU — u)(U — u_)
1
= E’
Ds
which provides
U—u_~e%z, as z — —oo.
Moreover, we assume that H is the solution of Eq (2.11), then one has
Hy(U) ~ Di QU - u_ymU™, as U — 0. (2.13)
s
Similarly, by employing the first equation of Eq (2.10), L’Hospital’s rule and Eq (2.13), one gets
. Z . mU"
lim —— = lim
U-0IlnU U-0 Hj
i mU™
= lim —
U=0 £~ QU — u_)mU™
1
= -0
Ds
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which gives
_xu=
U~e Ds " aSZ_>+OO.
Therefore, we have

XU=
V—v, ~ed s 49 7 5 400, for v, > v_.

O
Remark 2. Based on the second equation of Eq (2.10), one can derive
Ul—m
U= - (yU? = (s* + xF)U), (2.14)
Dms

where F = sv_ + u_ = sv, + u, and the wave speed s is given by (2.6).

For the parabolic-hyperbolic system (1.5), we define

(Tos p0)(2) = f (1o — Uy vo — V)()dy,

where the zero perturbation is obtained (see [12,19]). Then the stability result can be stated as follows:

Theorem 1. Assume that D > 0, m > 0 and y > 0. Let (U, V)(x — st) be the traveling waves from
Lemma 1. If |lug — Ulla,y + lIvo = Vllow + (o, po)llzw < &0 for constant gy > 0, then the Cauchy
problem (1.5) and (1.6) has a unique global solution (u, v)(x,t), which satisfies

(u—U,v—-V)eC(0,00); H2) N L*([0, 00); H)

and

sup [(u, v)(x, 1) — (U, V)(x — st)] = 0 as t = +oo.
xeR

By applying the change of variables (x, ) — (z = x — st, ), the system (1.5) becomes

{ut ~ S =X = D, (2.15)
v —sv, —u, =0.
The solutions (u, v) of (2.15) are decomposed as follows:
(u,v)(z, 1) = (U, V)(2) + (7, p)(2, 1). (2.16)
Then
Y4 "z
wen = [ o - vondy. pen = [ 00.0-vona 2.17)
Substituting (2.16) into (2.15) and integrating the results with respect to z, one has
— m—1
= (s+xV)n,— xUp, = Dm (U 7TZ)Z + G + ym,p;, 2.18)
pr—sp. —m; =0,
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where G = D ((U +m)"—-U" - mU’"“ﬂZ)Z, which is one of the barriers for the nonlinear diffusion.
Moreover, the initial perturbation of (7, p) is given by

Y4
(7, p)(z,0) = (70, Po)(2) = f (uo — U, vo — V)dy, (2.19)
with (79, po)(x00) = 0. We present the solution of reformulated problem (2.18) and (2.19) in the space
X(0,T) := {(r,p) € C(10,T), H}) : 7. € L*((0,T); H,)), p. € C(10, T); Hy) 0 LX((0, T); H2)l

where 0 < T < 4+o0 and w is the weighted function defined in (2.7).
Let
N(@) := sup {[ln(., Dllsw + lloC, Dz + lloC, DIz} -

0<r<t

From the Sobolev inequality || f]| .~ < \/§|| f ”17,2,” fI2,, it follows that

29
12

sup {[l7(, Dllwze, ¢, Dllwas} < N().
7€[0,1]

Then, for system (2.18) and (2.19), we have the following global well-posedness:

Theorem 2. There exists a constant 5; > 0 such that if N(O) < 6y, then the Cauchy problem (2.18)
and (2.19) has a unique global solution (rr,p) € X(0, +o0) such that

!
(o DR, + oG, DI + lloC, DI, + f (Il IR, + llo-Co DB, ) d
0

(2.20)
< C(lImoli3,, + llool + lleoll3,,) < CN*(0),
for any t > 0. Moreover, it holds that
sup |(m,, p)(z, 1) = 0 as t — +oo. (2.21)

ZER

According to the classical works (see [17]), the global smooth solution can be constructed by the
local well-posedness, the a priori estimate and an extension procedure. By the standard ways, the local
well-posedness can be inferred (e.g., see [20]).

Proposition 1. Let (m,p) € X(0,T) be a solution of (2.18) and (2.19) for several times T > 0. Then
a constant €1 > 0 is presented, which is independent on T, such that if N(T) < &, then (m,p)
satisfies (2.20) forany 0 <t < T.

We further transfer the results of the transformed system (1.5) to the original chemotaxis
model (1.2). Finally, our main results on the existence and stability of traveling waves (1.2) are stated
in the following theorems:

Theorem 3 (Existence). Let y € R (# 0). Then, the chemotaxis model with the nonlinear degenerate
viscosity (1.2) does not have a traveling wave solution if y < 0. If y > 0 then the chemotaxis model
with the nonlinear degenerate viscosity (1.2) has a unique monotone traveling wave solution (U, C)(2)
such that U, < 0,C, > 0 for any given 0 = u, <u_and(0 =c_ < c,.
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Proof. The existence of U is from Lemma 1. We further show the existence of C. It follows from the
second equation of (1.2), which implies that

sC’' = CU, (2.22)
which can be further calculated as follows:
Cz) = c,es b VO, (2.23)

Since U converges to u, exponentially as z — *oo, and s > 0, then C(z) is bounded for any z € R.
It has the consequence C(z) > 0 for any z € R, since otherwise ¢, = 0 and hence C(z) = 0, which is not
desired.

Noting that s > 0 and the Eq (2.22) at z = +oo yields

csuy = 0. (2.24)

Since C(z) > 0 for all z € R, then it causes 0 < c_ < c,. It follows from the fact ¢, > 0 and (2.24),
then it leads to u, = 0, which is only possible when U, < 0 and hence 0 = u, < u_. Finally, the proof
of Theorem 3 is completed. O

Theorem 4 (Stability). Assume that D > 0, m > 0, and y > 0. Let (U, C)(x — st) be the traveling waves
obtained in Theorem 3. Then one has a constant gy > 0 such that if |luy— U||2,, + |(In co) — (In C) |20 +
(7m0, po)lI3,w < €0, Where

mo(x) = f (o = U)(y)dy, po(x) = InC(x) — Inco(x),

(%Y

then the Cauchy problem (1.2) and (1.3) has a unique global solution (u, c)(x, t) satisfying
(u—U,(Inc); — (InC),) € C([0, 0); Hy) N L*([0, 0); Hy),

and

sup [(u, c)(x,t) — (U,C)(x — st)] = 0 as t — +oo.
xeR

3. Nonlinear stability

3.1. Weighted energy estimates

We further present the a priori estimates for solutions (7, o) of (2.18) and (2.19), and hence prove
Proposition 1. In this paper, we deal with the case u, = 0 as z — +oco which provides the singularity
of % Therefore, we modify the idea of [17] by considering the singular term of % as the weighted
function of w in the energy estimates.

3.1.1. Estimate of (rr, p) in L?

Lemma 2. Under the same assumptions of Proposition 1, if N(t) < 1, then

(., DI + lloC, DIF + f (., DI dT
0 (3.1)

sC(||7T0||3V+||;Oo||2)+f0 fCN(t)W(Z)(Pgﬂfi)-

AIMS Mathematics Volume 8, Issue 12, 29872-29891.
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Proof. Multiplying (2.18); by % and (2.18), by xp, adding them, and integrating
equations, we have

14 + +D U™ *n?
53 ) \g tae’)+Dm g

R

From Eq (2.14) and u, = 0, one has
Vv 1 \% 1
(5] on{o (5)) - (5o 5]
u /; Uuj). U Uul,).
(su+ +)(u+v+)
Z

U2
2u (s + xv)U,
- 0
We further approximate (U + ;)" in (2.18) through the following estimation:
N AR I G A
(r,+ UY" < (m +u)" = u" [ = + 1 :Zu'"— =,
u

=0.

m!

where P}" = =Dl
By dealing with N(¢) < 1, one has ||r.(-, )|[;~ < 1, and then (3.4) becomes

m 1 1 I
(. + U)" < u”(m!)’n; Z i (u—) = u"(m!y’nle'" < Cr.
1! \u

the resulting

(3.2)

(3.3)

(3.4)

(3.5)

Note that 0 < U < u_, ||m,(-, D)llz= < N(f) < 1, and the term (r, + U)""! consists of two conditions:
(r,+U)Y" ' < (m,+u_)y"Vifm>1and (7, + U)"' < (7, +Cw(z))" ' if 0 < m < 1, where the weighted

function w(z) is given in Remark 1. Then we can derive
|G| < Clm.im| + |m).

By employing Young’s inequality, we have

Gr |7T§| + |7Tzz|2
‘f? SCN(t)f(—U ),

where ||7(-, 1)||z» < N(f) has been employed. Similarly,

rpr 2 4 02
'fT SCN(Z)f(T)

Substituting (3.3), (3.7) and (3.8) into (3.2), we get

1d mo  CN(@) P+
2% (U +)(p) f(DmU ) CN(t)f

AIMS Mathematics Volume 8, Issue 12
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Moreover, the higher-order estimate U2 has two possibilities as follows:

Cw(2)
U

1 2—-m
Un? = (5) < Kw(z) < ,if0<m <2,
U™ < Lu_ < % itm > 2,

where C = max{K, L} = max{mi_a, (m+ a)m} for a > 0 and m > a. Then, (3.9) becomes

1d (pZ + 7T2)
3 (U Xp ) wa (Dm(w(z) + u_) — N(t)) > < fCN(t)%. (3.10)
Conducting N(f) < Dm(w(z) + u_) and 1/U(z) < Cw(z) for all z € R, and further calculation of the
integration of (3.10) with respect to ¢, the proof of estimate (7, p) in L? is completed. O
3.1.2. Estimate of (7, p) in H'
Lemma 3. Under the same assumptions of Proposition 1, if N(t) < 1, then
17, DI + oG DIE + 1o DI, f(””z( DI, + llo-(, DI dT 3.11)
< C(lImoll7,, + lleoll} + llooll7,)-
Proof. Differentiating (2.18) in z gives
{nz, ~XUpz = Dm (U™ ') = DU 7). + xUsp. + (s + XV)mo). + (G + xmep.)., a2
P — SPzz — 7z = 0.

Multiplying (3.12), by 7 and (3.12), by xp., we have

1d n—
3 ( )(pz)+Dme 27T§Z
Dmﬂ m—1 m—1 1
:f ((U )zz_ _(U )Z (E)Z) (313)
V.n? U.,p,m
x| Xf i f(G +)(7sz2)( )
f UpTt: _ YX f Uot 4+ X f
X U D) pz U3 ’

where vy is a small enough constant. Substituting this 1nequa11ty into (3.13) leads to

2 ¢
f(—z +)(pf)+2Dmf fUm_ZJTfZ
1 ! 71.2 !
< Clieli + Cllooel? + C(1 + =) f f =y f f Up? (3.14)
Y Jo U 0
' ||
+C (G + x7p )l | Il + U )
0

AIMS Mathematics Volume 8, Issue 12, 29872-29891.
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We further multiply the first equation of (2.18) by p, to present the estimate fot f Up?, and one

yields
xUp2 = mp. = (s + xV)mp. — D (U m’lﬂz)z p: = (G +xmp-)p-.

By the second equation of (3.12), we have

2

T, = (ﬂpz)t — TPy = (ﬂpz)t - ﬂ(spzz + ﬂzz) = (ﬂpz)t - s(ﬂpz)z + S0 — (7T7Tz)z + 7.

Combining (3.15) with (3.16) and integrating the results, we get

! ! !
x [ [vet=[mp [mpus [ [m-pm [ [(0mn)p.
0 0 0
f !
-X f f Vrp, — f f (G + xmp.)p;.
0 0

By Young’s inequality, noting 0 < U < u_, we have
~Dm f (U'x) p. = ~Dm f U™ 7p: = Dim f W Neep:

D2 2Am
ZfU 2 4+ m fUm_2ﬂ§Z+Cf7r§,
X

(3.15)

(3.16)

where A,, = u"'ifm > 1and A, = C(1 + ™" 1if0 <m < 1, forn = ”113—;1 - (s + yv,) and some

constant C > 0. By Young’s inequality again,

X
XfIVﬂZpZISZfUpf +va27'(§.

Thus, by employing 7 < 7, we have

! 2D*m?A,, (7
)(foj‘Up?Sj‘pg+f712+2f|7r0p()z|+LJ‘fU’"_zﬂgZ
+Cf f_+cf fl(G"'Xﬂzpz)pz

By choosing y = mln{w, 2} form>1,y= mln{m,
into (3.14), and through Lemma 2, when N(¢) < 1, one gets

[ e

|7
< C(lImollt,, + llpoll?) + CfI(G + xmp.)| (lﬂzl + % + lo:l|.

Substituting (3.18) into (3.17) gives

!
||
f fpf < C(llmoll} + llool ) + CfI(G + X700 (lﬂzl + % + Ipzl),
0

(3.17)

21 for 0 < m < 1, substituting (3.17)

(3.18)

(3.19)

AIMS Mathematics Volume 8, Issue 12, 29872-29891.
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which is combined with (3.18), 7, < C N C"—{;, p: < Cp—lj, one has

7T2 t 71.2 t |7T |
f —= 407 +f fﬁ SC(||7T0||iW+||Po||%)+Cf fl(G + x|l + == +lpzl ] (3.20)
U 0 U 0 U

In view of (3.6), by Young’s inequality, ||7,(:, ?)||;~ < N(¢), and Lemma 2, we get

. L A N
L fl( +X7szz)| (|7TZ| + 7 + |pz|) = L‘ f (t) (T) .

Substituting this inequality into (3.20) and employing the higher-order estimate U2 as in L?, then

one can obtain
ﬂg 2 ! ﬂ'gz
f (ﬁ ¥ pz) + f f C(Dm(w(z) + u_) — N(t))—U

< C(lImoll? ,, + llooll} )+f fCN(t)—-

(3.21)

By the assumption 1/U(z) < Cw(z) for all z € R, we show the term fot f wpf. Multiplying the
second equation of (3.12) by wp,, and integrating the results in z, one provides

1d

) dthZ = WSPz0zz + WPz, (3.22)

which is combined with (3.23)

1 5 wsp?) spiw,
WPz = ZW(sPy) =( - , (3.23)
Uz 2 /2 2 . 2
then (3.22) becomes
1d sp2w wsp?
5 dtwpg ; : :( 5 : Z+wpz7rzz. (3.24)

Sincew = 1+€™,onehas 1 <w <2and0 < w, = ne™ < 2pwin (—oo, 0). We further integrate (3.24)
with respect to z over (—oo, 0) to obtain

L8 [ e [ o<1 [ e [

= spZ(O, 1) +f WP, T, (3.25)

]
< 5020, + f 2.

(%)

Integrating (3.24) in z over (0, +00), and using the fact w, = ne™® > % in (0, +00) we get

1d ([ sp? 1d ™ oo g2 oo
24t J, Wp§+fo FRUEE Y Wp5+f0 - e = Spi(o’f”fo Wtz (3.26)
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Combining (3.25) and (3.26), and then integrating the results in ¢, one has

t 0
prZ+Cff —nw+Cff sp?nw
f wpg, + C f f wpmt. + C f f 2|p |

+00 ZZ 5 Wﬂ.z
wpoZ +C 2wpZ > +C 4wpz +
0 —00

Next, we combine (3.27) with (3.21), and we have

I'—‘ l\)l

(3.27)

f (wr2 +p2) + f wp? + f f C(Dm(w(z) + u_) — N(O)wr?, + f f C(1 - N(@)wp?
0 0 (3.28)

< [(wrt i)+ [ ok

Applying N(¢) = min {Dm(w(z) + u_), 1}, we complete the proof of Lemma 3.

3.1.3. Estimate of (rr, p) in H?

Lemma 4. Under the same assumptions of Proposition 1, if N(t) < 1, then

1
I7C., DI, + lloC, OI5 + lloC, DI, + f(”ﬂz(-, DI, + oo DI, )dT
0
< C(lImoll3,, + lleolls + llooll3,,)-
Proof. We differentiate (3.12) in z to present
Tzt _XUpzzz — Dm (Um_lﬂzzz)z
= Dm(z(Um_l)zﬂ'zz + (Um_l)zzﬂ'z)z +X(2Uzpzz + Uzzpz)
+((s + xV)m.).. + (G + x7.0.),

Pzzt = SPzzz = Mz = 0.

Multiplying (3.30), by < and (3.30), by yp.., we have

1d _ al
zdt (— +/\/pzz) +Dme 2 ?ZZ_Xf(zUzpzz"' Uzzpz)ﬁ

m—1 m—1
:f[Dm(3(U )zz_((U )Z))_(S+XV7TZ) +2)(Vz]ﬂ_§z
U U . 20 LU

Vv Dm(U™ !
+f()( ;ZZ + a U )Zzz)ﬂzﬂzz+f(G + X7P2), (%) .

By Young’s inequality,

2 U UL
Upzz+)(7 ﬁ+ﬁﬂ +)(pz,

T
x|Upe+ Uapa | < 2

AIMS Mathematics Volume 8, Issue 12,

(3.29)

(3.30)

(3.31)

(3.32)

29872-29891.



29885

where v is a small enough constant. Noting

G, =Dm((U + )" = U" M. + Dm(m — )(U + n,)" *n2,
+ Dm(m — DUZ(U + )" > = U™ = (m - 2)U" r,)
+ DmU_.(U + )" ' = U™ = (m - DU *x,)
+2Dm(m - DU, (U + )" = U™ Dn,,,

(3.33)

we have , ,
+
f (G +xmp). (32 < N f (”—p) (3.34)
U ). U

where ||7r,(-, |, [l0:(5 Ollz, |7, Dll» < N(f) has been employed. Substituting (3.32) and (3.34)
into (3.31), by (3.1) and (3.11), we get

2 ,
f (ﬁ + )(p?z) +2Dm f f U’"_ZirfZZ
0

¢ t 2 2 (3.35)
2 2 2 pzz + ﬂ-zzz
< Cllmollz,, + llooll2) + yx Upz, + CN() 7 )
0 0
Next we estimate fot f UpZ,. Multiplying (3.12), by p,., we get
Up* =n - Dm(U™ 'n — Dm((U™ Y. x.)
X pzz P2z ( zz)zpzz 27T2)2P72 (336)

- (XUzpz + ((S +XV)7Tz)z + (G +X7szz)z)pzz-

By the second equation of (3.30),

NP7z = (ﬂzpzz)t = Pz
= (ﬂ'zpzz)t = STPrzz — M Mzzz

= (ﬂzpzz)t - S(ﬂzpzz)z + STz — (ﬂznzz)z + ﬂ-?z'

By Young’s inequality,

Dm(U"™'x..) pe: = DU 7ocpe: + DU 7cp..
§ xUpz, .\ 2D*m*U* >, .\ 2D2m2|(Um‘1)z|2ﬂ§Z.

-4 X X

Similarly,

. xUp?
|Dm((U l)zﬂz)zpzz + ()(Uzpz + ((S +)(V)77z)z| < TZZ + C(P? + ﬂ'zz,z + ﬂf)

In view of (3.33), since ||7(:, DI, |0z, Dlles, [l Dl < N(1), we get
(G + x7:0.) )Pz < CN(I)(PEZ + ﬂi + 7+ ﬂz)

2

AIMS Mathematics Volume 8, Issue 12, 29872-29891.



29886

2 2 2 2
3 3 ] 2 Cﬂz 2 C”ZZ 2 sz 2 szz 2 C” &&&&&
Thus, integrating (3.36) and using 7; < —*, 1, < ==, p; < 7, P, < > Ty < —=, We have

! 1 2D’m?* [ .
Xf fUpiz < f(_ﬂ? + ’ypgz +7r(2)z +p3zz) + f fUz ’ gzz
0 Y X 0
0 U 0 U

Substituting (3.37) into (3.35), choosing y < 1 and N(¢) < 1, since 0 < U < u_, by Lemmas 2 and 3,

we have
I(U +)(pzz)+2Dmf fUm 2 gzz

D2m2 7T2
SC(llﬂolliw+|lpo|I§)+f fCN(t)(1+ P )% (3.38)
0

' Jo
+£ fCN(I)(U)

Substituting (3.38) into (3.37) gives

! i D2m?
[ [t comi, v+ [ [ ev(is
0 0

7T2 t 2
) e | f fCN(t) (’ﬁ) (3.39)
U 0 U
which is combined with (3.38), further gives

ﬂ'gz 2 ! C D N ﬂ'gzz
[owt)e [ faommorer-soff

!
Jou
< C(lmoll3,, + llool) + f f CN(.
0

(3.37)

(3.40)

Similarly, by the assumptions 1/U(z) < Cw(z) for all z € R as in previous lemmas, we can consider
the term fot f wpZ. Multiplying the second equation of (3.30) by wp.,, and integrating the results in z,
one has

1d

2d szz WspZZpZZZ + szzﬂzzza (341)
where
1 wsp? spEw,
WSPzz0zzz = EW(SPi)z = ( 5 ZZ) - 222 :, (3.42)
Z
Then, it follows from (3.42) and (3.41), that one has
1d sp2w wsp?
anpiz + 122 - = ( D) = ] T WO T2z (343)
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Sincew = 1+e™,onehas 1 <w <2and0 < w, = ne™ < 2pw in (—oco, 0). We further integrate (3.43)
in z over (—oo, 0) to obtain

sp?
2dlf pzz f - UZSEE[ szz f SpZZI]W

= SPZZ(O, )+ f WPz: 22z (3.44)

0
< Spgz(o, 1+ f lezz”zzzl-

(%)

Integrating (3.43) in z over (0, +00), and using the fact w, = ne™ > % in (0, +00) gives one

1 d +00 5 +00 Spgz 1 d 5 +00 Spgz
—_— + + L& nz
2dt ), "= fo 2 ™=3a ), "P= fo 2 ¢

—+00
= Spgz(O, 1+ f WPz zzz-
0

(3.45)

Combining (3.44) and (3.45), and then integrating the results in ¢, one has

1 t +oo ¢ 2 t 0
_pr§Z+Cff pzznw+Cff spZnw
1
Epron'i'cff szzﬂ'zzz"'cff 2|pzz7rzzz| (346)
1 e ZZZ ZZZ
5 f prZZ+C f f (ZWpZZ )+C f f (4wpZZ )

Next, we combine (3.46) with (3.40) to provide

f (wrZ, + p2) + f Wo, + f f C(Dm(w(z) + u_) — N()wr, + f f C(1 — N()wpZ
0 0 (3.47)
Sf(Wﬂ(z)zz+pézz)+prézz'

Finally, employing N(¢) = min {Dm(w(z) + u_), 1}, then the Lemma 4 is proved. |

Under the influence of nonlinear diffusion, one needs to establish the third order derivative of (r, p)
in order to make sense with the energy estimates stated in Theorem 2. In similar ways to Lemmas 3
and 4, the estimate of (7, p) in H*> can be inferred, where the details are omitted here. Proposition 1
follows from Lemma 2 to Lemma 4.

Proof of Theorem 2. The a priori estimate (2.20) states that small enough N(0) gives small N(¢). Thus,
applying the procedure in a standard way, the global well-posedness of (2.18) and (2.19) in X(0, +o0)
is established. Then, the convergence (2.21) is proved. Clearly, if (r,p) € H> then (7, p) € H* since
w > 1. By dealing with the global estimate (2.20), we get

t 00
f f 72z, T)dzdr < C(lImolls, + lloolls + lleollz,) < CN?(0), ¥ 7> 0. (3.48)
0 —00
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Because of the first equation of (2.18) and Young’s inequality, one has

d (o)
- f . n2(z, )dz

= —2[ nZZ(Dm(Um_lﬂZ)z +(s+xVm, + xUp, + G + ym.p,)
< f_‘"" n..(Dm (U'”_lﬂz)Z + (s +xVr, + xUp, + xm.p,)
+ f i . (Dm(r, + UY" (. + U,) + mU.B,, + Dm((m — YU *m,U, + U™ 'x,,))
<C m(ﬂfZ + ﬂ? +p§),
where for some constants C > 0, we have used B,, = "', (m, + U)"™' < (x, +u_)"'if m > 1 and

B, = C(+e™)y" ! (m,+ U™ < (n,+C(1 +e¥)y" ! forn = ”;;—Z (s +xv,)if 0 < m < 1. By referring
to the global estimate (2.20), one has

— ,Dd
[ [ S

From (3.48) and (3.49), we get

<C f f (n2, + 7 + p?) < CN(0). (3.49)
0 —00

f Jrf(z, tHdz —» 0ast — +oo.

Moreover, by dealing with the Cauchy-Schwarz inequality, we further have

Y4
ﬂ?(z, =2 f ... (y, t)dy

< 2([00 ﬂ?(y, t)dy)2 (foo ﬂ?z(y, t)dy)2

. !
SC(f ﬂf(y,t)dy) — 0ast— +oo.

(o9

Applying the same argument to p, yields

sup [o,(z,1)| — 0 as t — +oo. (3.50)
z€R

Hence (2.21) is proved. O

3.2. Proof of main results

Now, the main results become the focus of our paper. By employing the transformation (2.16),
Theorem 1 is based on Theorem 2.
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Proof of Theorem 4. The stability of u has been established in Theorem 1. It only needs to transfer the
results of v into ¢. In view of the transformations (1.4) and (2.16), we have

CRD) [ Vomstrndy — gotes)
C(x — st)
By Cauchy-Schwarz inequality, the global estimate (2.20) and (3.50), we get
x 1/2 1/2
suppi(en) = 25w [ ppundy <2 [ p00a) ([ piondy) - 0asto
R R

xeR xeR J -0

Then for all x € R,
le(x, 1) — C(x — st)| = |C(x — s1)e’™ — C(x — s7)|

= C(x — st)|1 — &)
< C|1 — &™)

—0ast— oo.

Hence, the proof is finished. O
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