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Abstract: In this paper, we consider a higher-order numerical scheme for two-dimensional nonlinear
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1. Introduction

In the last few decades, fractional differential equations have become an active research topic due
to their applications in many fields, such as computer science, biology, mechanics and nonlinear
fractional-order Lorenz system [1]. To date, many researchers have conducted in-depth research on
several fractional order derivatives and integrals, such as Caputo, Riemann-Liouville, Riesz and so on.
In [2], they develop an extension of a quadrature method for solving a class of y-fractional differential
equations by converting them to an equivalent linear Volterra integral equation as follows:

! _ a-1
Y0 = g(t) + f YOWW — VO gr, 0 <ar< 1. (1.1)
a I'(e)

The Caputo-Hadamard fractional integrals are the special forms for ¥(t) = log(¢) in (1.1). However,
the Caputo-Hadamard fractional integrals are also very important for simulating different physical
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problems [3,4]. Recently, Caputo-Hadamard fractional differential integral equations have made a
breakthrough in [5]. Therefore, in practice, the Caputo-Hadamard fractional integral equation is also
worth further research. The purpose of this project was to construct an in-depth theory and application
of the high-precision algorithm for Caputo-Hadamard fractional integral system on a uniform grid. To
this end, we will study the following 2D nonlinear Caputo-Hadamard integral equation:

St K(s, 1,7, w, f(1,w)) dwdt
= _ 1 1.2
f(s,1) g“’”*fafc(1ogs-1ogr>mogt_1ogw)ﬂw — (50€0.0<y1<1,  (12)

where K (s, 1, T, w, f(1, w)), g(s, t) are known functions and f(s, ¢) is an unknown function in ® = [a, b]X
[c,d], Q = © X O X R. We assume that the solution of (1.2) is smooth and K(s, t, 7, w, f(7, w) satisfies
the Lipschitz condition about the fifth variable.

|K(s,t, 7, w, fi(T,w)) — K(s,1, T, w, /r(1,w))| < LIfi(1,w) — fr(1,w)|,L > 0. (1.3)

In [6], a solution of the Caputo-Hadamard fractional differential equation based on a hierarchical grid
is presented. In [7], the solution’s existence and uniqueness of fractional Caputo-Hadamard type
equations are given. In an existing reference [8], we consider the logarithmic decay and regularity of
solutions of Caputo-Hadamard fractional diffusion equations. In [9], a new stable and high order
uniform accuracy solution method is given for 2D nonlinear integral equations. In [10], the fractional
stochastic differential equations solution’s existence and uniqueness was proved by the fixed point
method in the Caputo-Hadamard sense. In [11], they present three types of variable fractional orders
in the Caputo-Hadamard sense. In [12], numerical methods for the initial singularity fractional
equations were investigated by using the modified Laplace transform and FFT in the
Caputo-Hadamard sense. In [13], they used the incomplete Gamma function to construct the time
discretization scheme for Caputo-Hadamard fractional differential equations. In [14], a local
discontinuous Galerkin algorithm based on the Gronwall inequality is proposed for fractional
differential equations in the sense of Caputo-Hadamard. In [15], a kind of graded grid algorithm in the
sense of Caputo-Hadamard 1is studied. In [16], they established a method for solving
Caputo-Hadamard integrals and a class of fractional derivatives by using the logarithmic
transformation of Jacobian polynomials. The calculation methods for three fractional differentials in
the sense of Caputo-Hadamard have been given in [17]. In [18], they use uncertain fractional
derivatives to discuss the price of European options. The research of Caputo-Hadamard equation can
be found in [19], the applicant uses the spectrum method to give an algorithm for sets of
Caputo-Hadamard fractional PDE. In [20], a numerical method for time-space fractional discrete
systems in the sense of Caputo-Hadamard is given. For more information, please refer to [21-23].

In this paper, we will use a uniform mesh to solve 2D nonlinear fractional Hadamard integral
equations based on the idea of [9], achieving uniform accuracy by using piecewise biquadratic
logarithmic interpolations. For 0 < 7,4 < 1, we obtain an optimal convergence order of
OAY” + A1) for a sufficiently smooth solution and a generalized nonlinear kernel function by using
the Gronwall inequality based on the convergence analysis of a new technique.

The framework of this article is as follows. In Section 2, we give a high precision numerical
method. The truncation error of the high order numerical method is mainly discussed in Section 3.
In Section 4, the convergence of the high order numerical scheme is analyzed. In Section 5, two
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numerical experiments are presented to support our theory and demonstrate the efficiency of higher-
order numerical methods. The final section summarizes the main contribution of the work and the
future research work.

2. Higher-order numerical scheme using two-dimensional nonlinear fractional Hadamard
integral equations

Now, we can obtain an approximate evaluation of the Caputo Hadamard integral equations in two
dimensions. In order to construct a numerical scheme for (1.2), we partition the domain ® into 2Y X 2X

subdomains of equal size A, = &< and A, = %, where Y and X are positive integers. Assuming

s, =a+nAjand t, = c + mAt,zii =0,1,2,---,2Y, m = 0,1,2,--- ,2X with a,c > 1, where a =
So0 < 51 < - < sy =bandc =1 < ) < -+ < By = d are respective partitions of [a, b]
and [c,d]. And we use f" to represent a numerical scheme for (1.2) at a point (s,,?,), and we let
Krrzn(T’ w, f(1,w)) = K($u, tn, T, W, (7, w)) and 8 = 8(Sns tm)-

In this work, we present a high-order method for solving nonlinear fractional Hadamard integral
equations. The basis functions of our approach are determined by the quadratic logarithmic
interpolations of polynomials at points s, S,.1, Sy+2 and f,, t,41, Ine2, and they are assumed to be

i),k =0,1,2;n € Nand ¢}'(w),k = 0, 1,2;m € N, respectively, and they are defined as follows:
(log 7 —log s,1) (log 7 —log s5,12)

“o(m) = (log s, — log s,,1) (log s, — log 5,,2)’
(T = (log 7 —log s,,) (log 7 — 10g 5,42)
(log .41 — log s,) (log s, — log 5,42)’
S(T) = (log7 —log s,) (log7 — log s,41)
(log s,42 — log s,) (10g $,42 — 10g $,41)°
() = (log w —log t,y1) (logw — log t,,42)
(log t,, — log t,41) (log t,, — 10g t,42)°
(w) = (logw —logt,) (log w — log t,,12)
(log tyus1 — logt,) (log t,y1 — l0g tyin)
P(w) = (logw —logt,) (log w — log t,,+1)

(log t,y2 — logt,) (10g s — l0g 1)
In what follows, we construct the numerical scheme approximation to f(s, ) at a point (sy, #1):

s Kl(t,w, f(1,w)) dw dt
1)) =g 1 at
S su0) g”fa f (log 51

—log 7)¥(log t; — log w)* w T

o 1 R dwdt

z1+ff 0D (WK (5.1, F1) 2L LT

& « Jo (logs; —logt)’(logt —logw)t nzz(; mZ:O(’O"(T)qu(M) 1 (s 1) w T

2 2
=gl + > > TR (s ts £ 2.1)
n=0 m=0
with
S1 0 d . 1) 0 d
T;I,O = f @, (1) y—T,n =0,1,2; TIn,O = f (W) A_w,m =0,1,2. (2.2)
« (logs;—log7) 7 c (logt) —logw)" w
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Similarly, we compute f(s»,1;), f(s1,%) and f(s,, ;) to obtain the following approximate values:

52l Kl(r,w, f(r,w)) dow dt
’l’ — 1 2 9 bl il
St g2+fa f (log s,

—log 7)¥(logt; — log w)* w T

2 2
S g+ Y D TR (st £, 2.3)

n=0 m=0

SUorn K*(t,w, f(1, w)) dw dt
fls1,0) = g1 + f f ! —
a c (lOg §1

—log 7)¥(logt, — log w)* w T

2 2
~ g4 Y S TIOTOKE (st £, 2.4)

n=0 m=0

2. b K2(t,w, f(1, w)) dwdt
_ 2 2 b b b bl
fls2,) =g+ fa fL (g 55

—log 7)¥(log t, — log w)* w T

2 2
S B4 Y D TR (st £, 2.5)
n=0 m=0
where
52 0 d R 1> 0 d
o = ©,(7) T n=01,2: T = P (W) @ m=0.1,2. (26

o« (logs; —log T)y7 ¢ (logt, —logw)' w

We need to compute f11 through the use of (2.1) by using the values of K at sy, s, and #4,1,.
Particularly the dependence of f]' on K, K} and K; means that (2.1) and (2.3)—(2.5) must be couple
solved with the scheme.

Next, we estimate f($2y4, %),y = 1,--+ ,Y=1and f(s;, to4r), ,r =1,2,x=1,--- ,X—1. Assuming
that f;,n=0,1,---,2yand f",m =0,1,---,2x are known, we have f(s2,,1,):

fonm=ghat [ [ @O JGo) _dodr
y+15 1) =8ay41 (

log 55,41 — log s)y (logt, —logw)' @ T

y S2n+1 1) K21 | (T’ w, f(Ta ('U)) dw dT
y+1
+ ; fs;n—] \f; ( -

log 55,41 — log T)y (logh —logw)' @ 7

zgéy+] + i i fSl ftl (log Syn — log T)_y

¢ (logt —logw)!
dwdrt

X ¢2(T)¢2(w)K21y+1 (Ska tqa f}?) z?

Zy: Zzl : fsz"“ f’l (log S2y+1 — log T)_y
+
oot 120 =0 Jsua Jeo (logt —log w)!

. dwdt
X " OBND)KSy 1 (S2umtots lgn fo_11t) — —

w T
2 2
—o! k0 2.0 g1 q
=8ay+1 T Z Z NIy S (Sk’ g Ji
k=0 ¢=0
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y 2 2
kn 4.0 ¢-1 q
+ Z Z Z T2y+1T K2y+1 (SZn—Hk’ t‘]’fln—1+k) ’

n=1 k=0 ¢=0
where 7%’ is given by (2.2) and

S1 0
T+ :f( 43S o012,

St log 5241 — log T) T

S2n+1 2n=1(r d
—f A0 0= 12,
S2n-1 (log $2y+1 — log T) T

k,n
T2y+ 1

For f(s2y+2,11) and f(s2y41,12),1 = 1,2, we use the following approximate estimates:

$20+2 K (1w, f(r,w)) dwd

2y+2\ % s s wdaTtT

f(52y+2’t1) gz>+2 T Zf f - y —
S2n >

log Say42 — log T) (logt, —logw)' @ T

%géy+2 + 2 i 22: fSZM ftl log 2 ot Tz_y
q=

(logt; — log w)

n=0 k=0
dwdrt
X GO, o (S200k0 1> frs) ——
y 2 2
k,n ,0
:géy‘*'z + Z Z T2)+2Tq K21y+2 (S2”+k’ lgs f2qn+k) ’
n=0 k=0 ¢=0
o (T, w, f(1,w)) dwdt
K31
f(S2y+1,lz) =g§y+1 +f - 1 T
a Je (log Soy41 — log T) (logt, —log w)

Y S2n+1 i3 Kgyﬂ (1, w, f(T, w)) dwdrt
B e

=1 Ysm Je (logs2y+1 —logr) (logt, —logw)' @ T

~82y+1 + Zzl Z f ftz log o 08 Tz_y

Py (log 1, — log w)
dw dT
X cpk<r)¢q(w> et (S0 1) — =

+

2 S2n+1 lz log S2y+1 — log T)_y
NI A
$2n—-1 ¢

=0 =0 (log t, — log w)

. dwdt
X ()0]% I(T)¢2(w)K22y+l (S2ﬂ—1+k’ on 1+k)

2 2

_ 2 k0 q,0 12 q

=81 T Z Z Ty Ty Koy (Sk’ tq,fk)
0 =0

M“

I
—_

n

w T

=
Il

kn 4q,0 -2 q
T2y+1T2 K2y+1 (SZn—Hk’tq’fzn—Hk ’

-
M ¢
e

S
l
—_
>~
I
(=)
N
Il
(=]

2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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f(S2y+2, tz) :g§y+2 +

fS2n+2 flz 2y+2(T w, f(T w)) dwdt
S2n c (log S2y42 — log T) (logt, —logw)' @ T

M- 1M
M1

2
X8y T
" =0 I ¢ (logt, —logw)

n=0 k=0
dw dT
2
X ¢ (1)) (w>1<2y+2 (S2nvt0 T Fopur) — =
y 2
_ 2 kan 4q,0 12 q
=82 T Z Z T2)+2T Ky (52n+k’ t‘]’f2n+k) >
n=0 k=0 g¢=

q,0 q,0 k,0 k,n
where T T sz 1 T2 "
as follows

" S2n+2 B . dT
T§y+2 = f (log S2y+2 - IOgT) Y‘Pi (T)?9k = 09 1,2,n = O’ 1a et

2n

In the same way, we estimate f(s;, t>.4,) for [, r = 1,2 as follows:

ZZ: fsw ffz (log s2y+2 — log Tz_y

I K (1,0, f(1,))
2x+1
f(s1, 1) =8 f f (log s; —

log 7)¥(log tp,41 — log a))/l w T
dw a’T

Zf f’2m+1 K (1, w, f(1,0))
+
(log s; —log7)*(log trys1 — logw)! w Tt

m=1 2m—1

2

2x+1 k,0-q,0 2x+1 q

+ ZT T K7 (s 1, )
k=0 ¢

k,0gm -2x+1 2m— 1+q
+ T T K (Sk,t2m—1+q,f

2x+1

M
MN

m=1 k

Il
(=)
Il
(=]

q

Fota =it [ [ )

. (logs, —logT)’(logtry — log a))”‘ w T
da) dT

f f’z'"“ Kz“l(‘r w, f(1,w))
iy (10g 52 —logT)(log trs) —logw)! w 7

2 2
o 2x+1 k0430  p-2x+1 q
~g," + ZZT T3 K (o ty, 1)

2 2
k0Aqg.m  y-2x+1 2m—1+q
+ D D IO K (st o1y £,
m=1 k=0 ¢=0
X

S 2m+2 K2x+2 T, (,l), ‘[', )
f(s1,te2) =87 + Z f f 7w, f(1,w))
a tom

m=0

2 2
o 2X+2 k,0hg.m 2x+2 2m+q
NP4 Y Y N T K (st oy S,

dwdt

are defined by (2.2), (2.6), (2.8) and (2.9), respectively, and T

> Y-

dwdrt
(log s; —log7)*(log trx4n — logw)! w 7

(2.12)

2 is defined

(2.13)

(2.14)

(2.15)

(2.16)
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X 52 12m+2 K2x+2 T, a)’ T, w d d
f(SZ’ t2x+2) :g§x+2 + Z f f 2 ( f( )) _(U_T
(log s, —log7)*(log trx4n — logw)! w 7

m=0 Y4 Iom
X 2 2
~ o 2X+2 k,0hgm 2x+2 2m+q
~g, T+ Z Z Tz T2x+2K2 (Sks Dm+qo fk )s
m=0 k=0 ¢=0

where T§’O and Tf’o are given by (2.6) and (2.2), respectively, and

£4.0 § 240, AW
Tg;’+l = f (log t2x+1 - log(l.))_ (bq(w)z’q = 0’ 1,2$

~ 12m+1 d
Ty, = f (log 1,11 — log w)_%f,m_l(w)—w,q =0,1,2;m=1,2,---,x,
w

n-1

“ D2m+2 dw
Ty = f (log taxer — logw) ¢ (w)—.q = 0,1,2;m = 0,1, , x.
w

(o1

(2.17)

(2.18)

(2.19)

(2.20)

Similarly, when fm, f2*1, f2x+2, frand o n =01, 2pm =01, 2xy=1, Y-
I;x=1,---,X~1 are already known, we will construct the high order scheme for f(s2y1,, t2x49), P, q¢ =

1,2 as follows.
For f(s2y+1, t2x41), we have

S1 11 K22x+11 (T, w, f(T, (U)) d(u dT
f(opetntaen) = g5 + f f - 1T
a Je (log sy —logt)’(logty —logw)” w 7

.\ le fsl ftzmn K%;C_:rll (T, w, f(T, CL))) dw dt
a 2m-1

p— (log s3,41 — log 7)"(log ty,s1 — logw)! @ 7

y fSZnH 1 K%;‘:ll (1, w, f(1,W)) dw dt
3 tur
n=1 $2n-1

¢ (log sy —log )" (log trvy — log o' w T

y X Sntl amsl KZXH(T w, f(t,w)) dwd
Z Z 2y+1 Vo & ’ wdart

=1 m=1 Y51 Yt (log S2y+1 — log T)y(log I — log w)) w T

g%;:}+F1+F2+F3+F4.

For Fy, by using biquadratic interpolation one can obtain

- fSI fll Kg:ll (t,w, f(1,w)) dwdt
1= —

(log 53441 —log ) (log 141 — logw)' @ 7

&

s ¢ -y 2 2
b (log say1 — log 7)™ . dwdt
f f — > 2 SO @KLT (sut ) ——

1
(log Dyl — log w) k=0 ¢=0 w
2
kO #q.0 p2x+1 q
Z Tyt Toin Koy (St 19 £ )
q=0

M

k

1l
(=]

where Téc’,ol and Tg’o , are defined by (2.8) and (2.18), respectively.

y+ X+

(2.21)

(2.22)
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For F,, through direct calculation, it can be concluded that

F Zx: fSl ft2m+1 K%;:ll (T, w, f(Ta w)) d(,() dT
2= w T
m=1 a m-1

(log s2y+1 — log 7)’(log t2,41 — logw)' @ T

S (log syye1 —10g )7 G o - x met1+g dw dt
) Z f f - Z Z ¢2(T)¢3 l(w)Kgyill (St Dm-1+4> sz 1+q)37
m=1 ¥4 f

2m—1 (log t2x+1 - log ('L))/l k=0 ¢=0

X 2

2
- k0 gm p2x+1 2m—1+q
= DTS T KB (st tame g ), (2.23)
m=1 k=0 ¢=0

where Té‘ﬁ L and T are given by (2.8) and (2.19), respectively.

For F5, one can obtain that

Yy S2n+1 1] KZ),CH(T, w, f(T, CU)) dwd
Py = Zf f 2y+1 awar

e Jo, Je (logsayer —logT)(log ity —logw)' @ T
Yy

Z i 2 f32n+1 ftl (log S2y+1 _ log T)—V
=0 S2n—1 c

(10g f221 — log w)"
dodrt

2n—1 0 2x+1
X (Pkn (T)¢q(w)K2;:1(52n—l+k,tq, fzqn—1+k)z T

2 2
kn q,0 2x+1 q
E , Z Tyt T Koyt (S2n-14k T 1) (2.24)

k=0 ¢=0

n=1 k=0 ¢

Y
n=1

n

where Té‘y ., and Tgﬁrl are given by (2.9) and (2.18), respectively.
Similarly, for F,4, we have

X

Y S$2n+1 2m+1 KZZ)))Ci—ll (T’ w, f(T’ (U)) da) dT
% ot
m-1

(log 52441 — log ) (log fr41 — logw)' @ 7

n=1 m=1 % $2n-1
X 2 2

Zyl 2, f N f et (log $3,41 — log 1)
0Tt w1 0 om0 s I, (logioe —log w)'

2m—1+q dwdt

2n-1 2m—1 2x+1
X @ (DG (WK (S2n-14ks o145 Fap_ 14 )37
y X 2 2
— ko gm o p2x+1 2m—1+q
- Z Z T2y+1 T2X+] K2y+1 (32n71+ka t2m71+q, f2n—l+k ), (225)
n=1 m=1 k=0 ¢=0
k.,n g m . .
where sz ", and 77", are given by (2.9) and (2.19), respectively.
Bringing (2.22)—(2.25) into (2.21), one can obtain
2 2
2x+1 2x+1 k0 q,0 2x+1 q
f2y+1 = &yt Z Z T2y+1T2x+1K2y+1 (Sk, tq’fk)
k=0 g=0
X 2 2
kO pgm gr2x+1 2m—1+q
+ Z Z T2y+1T2x+1K2y+1 (Sk> Lam—14>J, )
=1 k=0 ¢=0
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y 2
kn 40 p2x+1 q
+ Z Z Z T2y+1 T2x+l K2y+1 (S2n-1+k> th’on—1+k)

2
n=1 k=0 ¢=0

=~

y 2 2

kn Agm p2x+1 2m—1+q
+ Z Z T2y+1T2X+1K2y+1 (SZn—1+k’ t2m—1+qa f2n—1+k . (226)
n=1 m=1 k=0 ¢=0

=

Furthermore, we will construct a high order numerical scheme for f(s2y:2, f2¢+1). By dividing the
integral domain into subdomains and using the piecewise biquadratic interpolation method, we
calculate f(s$2y42, f2,+1) as follows

f( t ) - 2 f52n+2 ul Kzz;:zl (T, w, f(T» (,4))) dwdTt
N s Doy = 42 1 w T
25425 12241 82y+2 i, ¢ (log 3,42 — log 7)’(log tp,4 — log w'w T
i X fszn+2 ff2m+1 Kzz;_:—zl (T, w, f(T’ (,l))) dwdrt
N -
n=0 m=1 " 52n Bm-1 (log S2y+2 — 10g T)y(log Dx+1 — log w)/l w T
y 2 2
X ko A ,0 X
~ g%y:% + Z Z Z T2y+2Tgx+1K§y:21(s2"+k’ Iy, f2qn+k) (2.27)

2 2
E § kn pgm p2x+1 2m—1+q
T2y+2T2x+1K2y+2 (s2n+k’ t2m—1+qa f2n+k )a

where Tg”ﬂ is defined by (2.13) and f‘gﬁl and 77" are given by (2.18) and (2.19), respectively.

Therefore, we can obtain an approximation of f(s2y+1, f2x+2) and f(s2y+2, t2x+2) as follows

- x s1 Pl K%;:f(‘r, w, f(1,w)) dwdt
f(s2y+l’ t2x+2) = g2y+1 + Z Y -
= Ja Jn, (ogsy, —logr)(logt —logw)” w 7
. 2 x fszn+1 ftzmz KZZ;LZ(T, w, f(1,w)) a’_a) ﬂ
n=1 m=0 v S2n-1 om (log S2y+1 — log T)y(log Ixs2 — log w)/l w T

X 2 2

2x+2 E E E k0 Avgm 1 2x+2 2m+q
g2y+l + T2y+1T2x+2K2y+1 (Sk, t2m+q, fk ) (2.28)
m=0 k=0 ¢=0

Q

2 2
kn  pgm p2x+2 2m+q
} i E ,T2y+1T2x+2K2y+l(Szn—1+k’t2m+4’f2n—l+k >

- y X S+ o2 KZZ;C:ZZ(T, w, f(1,w)) dow dt
f(52y+2’ t2x+2) = g2y+2 + Z Y Vot
n=0 m=0 v S2n fom (log Soy+2 — 10g T) (IOg Iox+2 = 10g w) w T
y X 2 2
2x+2 ko g, 2x+2 2m+
2;:2 + Z Z Z sz’izTgﬁszﬁz (S2n+k> Dm+q> J 2r’11-1i—kq)’ (2.29)

where Tg(i], Tg'jr] , Té‘;ﬁrz and 72" are given by (2.8), (2.9), (2.13) and (2.20), respectively.

In summary, we combine (2.1), (2.3)-(2.5), (2.7), (2.10)—(2.12), (2.14)-(2.17) and (2.26)—(2.29) to
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obtain the high-order numerical scheme of (1.2) as follows

f Zmy+2

f7,2x+ 1

f712x+2

2x+1
f 2;-:—]

2x+1
f2;6+2

2x+2
f2yx+1

AIMS Mathematics

n=0 m=0
2 2
m E k0 4q.0 p-im
g2y+l + Z T2y+1 Tﬁz 2y+1 (Sk, tQ’ f]f)
k=0 ¢=0

y 2 2
ko q,0 r-m q ~
+ Z Z Z T2y+] Tm 2y+1(52n—1+k9t s f2n—1+k)’ m= 1’ 29
y 2 2
in kn 4,0 g q 7 —
842 T z : Z Z T2y+2Tn‘1 2y+2(s2n+k’t > f2n+k)’ m=1,2,
2 2
2x+1 k,0-q,0 2x+1 q
2 N N TR K2 (ke g, £
2 2
k0g.m  y-2x+1 2m-1+q\ - _
+ Z Z Tﬁ T2x+1Kﬁ (Sk’ t2m—l+q9 fk )’n - 17 2a
2 2
2x+2 k,0pvg,m 2x+2 2m+q\ =
22 N N TR K st o [ = 1,2,
2 2
2x+1 k0 4q,0 2x+1 q
841 T 2 i 2 ‘T2y+1T2x+1K2y+] (Sks 1g5 1)
2 2
k,0 g.m 2x+1 2m—1+q
+ Z Z Z T2y+1T2x+1K2y+l (k> Lam—1+5J; )
k=
2 2
kn  4q,0 2x+1 q
+ Z Z Z sz_,.] T2x+1K2y+1 (SZn—l+k, I ’f2n—1+k)
=0
2 2
kn  Agm o p2x+1 2m—1+q
Z E ‘T2y+1T2x+1K2y+l(s2’l—1+k’ t2m—1+q’f2n71+k )5
y 2 2
2x+1 kn q,0 2x+1 q
822 T E Z Z T2y+2T2x+1K2y+2 (S2n4ks 1 ,f2n+k)
2 2
kn  Aqgm p2x+1 2m—1+q
Z Z T2y+2T2x+1K2y+2 (s2n+ka t2m—1+q’ f2n+k )a
2 2
2x+2 k,0 ~gm 2x+2 2m+q
8+l T Z Z Ty i Ty Koy (ks omegs fi )

2 2
kn  Aqgm o p2x+2 2m+q
+ E ‘ E Ty T Ky 1 (Sontses tomergs fop 114

(2.30)
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y X 2 2
2x+2 2x+2 kn Agm p2x+2 2m+q
fos = &yt E Z Z T Thn Koy ($2n+ks amergs Fopip )-
n=0 m=0 k=0 ¢g=0

3. Estimation of the truncation errors

We will introduce several lemmas that will be used in convergence analysis. In the this paper, we
assume that C is a constant; the value of C may vary at different positions and it is independent of the
discrete step size.

Lemma 1. (Discrete Gronwall Inequality [24]) Assume that 0 <y < 1 and b > a > 0, and

(log%—log%)_ylogsj—“, n=12--,y—-1,
an,y: 0 Sn n>y

y
Let ), anyle,| =0forp>y>1.1If
n=p

y-1

|ey| SAZan,ylenl"'md, y=12,---,k

n=1

then
lex] < Clnol, k=1,2,---,

where A and C are positive constants.

Lemma 2. [25] For g > f > 0, the following holds
< -1 =1 F(C(A y+a-1
f (log §) (log E) s _ ) )(log E) ,
7 S f S I'ty+A) f
Based on the idea of [25], we can prove the following Lemma 3—Lemma 5.

Sr b\ ds b\’ Sy
log—| — <|log—]| log—,
5, s s S, Sn

where r > n and b is a positive constant.

where y > 0,1 > 0.

Lemma 3. Ir holds that

Lemma 4. Let n > m and p > q; then,

n—m

(log s, — log s,,) < ( + 1) (log s, —log sq) )
P—4

Lemma 5. Assuming that p and q are positive integers and p,q = 0,1,2,--- ,2y + 1, when p > q is
satisfied, the following conclusion holds:

logs, —logs, <(p—-q@A,p,q=0,1,2,--- 2y + 1. (3.1
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In order to estimate the truncation error for (2.30), we introduce the definition of truncation error at
a point (s, t,,):

’J: = f(sn’ tm) - ]ana (32)

where f™ is used as an approximation of f(s,,t,) in order to obtain a precise solution when substituted
into (2.30). Specifically, 2! is defined by

2y+1

2 2
2x+1 2x+1 § k0 4q.0 2x+1
f2y+] - g2y+l + Z T2y+1 T2x+1K2y+1 (Sk, tqa f(Sk, tq))

k=0 g=0
x 2 2
k,0 vgm 2x+1
+ Z Z Z T T Koyt (ks tom—t4g5 f(Sks tom-t44)) (3.3)
m=1 k=0 ¢=0

2 2
kn g0 p2x+1
+ Z Z Z T2y+1 T2x+1K2y+1 (SZn—l+k, tqa f(SZn—1+k’ tq))
=0
2 2
kon  Avgm pr2x+1
Z Z Ty T Koyt (S2n—t4s o145 S (S2n14> Tom=14))-

Lemma 6. Let 1 represent the definition of truncation error in (3.2). If K(-,-,-,-, f(-,-)) € C*([a, b] x
[c,d]), then we have

7] < C(AYY + AFY),
where C is only related to y, A, Gy, G,, and the respective definitions of G, G, are as follows:

G = max_ (102K (s, 1,7, w, f(T, )|, 10, K (s, 1,7, w, f(T, )], (3.4)
s,7€[a,
t,welc,d]

G, = max (03K (s, t,7, w, f(1, W), 102 K (s, 1,7, w, f(T, w)))). (3.5)

s,7€la,b
t,welc,d]

Proof. Let us first estimate the truncation error r§;‘:11 From (3.2), it can be seen that the truncation

error has already been defined at the point (2.1, f2¢+1). By combining (2.26), (3.2) and (3.3), it can be
obtained that

2x+1 _ 2x+1
Iyl = f(S2y+1,l2x+1) — Joy1

S1 5l
= f f (log $2y+1 — log 7) 7 (log 1 — log w) [K31 (T, w, f(1, w))

2, & dowdrt
- PRGN WI KT (St 1y [ (51 1)) ——
w T
k=0 ¢=0
X S1 2m+1
+ f f (log $2y41 — 10g 7) 7 (log tae1 — log w) [K31 (7, w, (7, )
m=1v4a m-1
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- . dwdrt
¢2(T)¢5m l(w)Kinf(sk, tom—t1+q> J (Sks t2m—l+q))]?7

B
Il [\S]
(=]

+

S2n+1 1)
f f (log $2y41 — 1og 7) 7 (log a1 — log ) [K31 (7, w, £ (7, w))

$2n—-1 c

_ N dwdrt
1 O DK (20t Ty Flm 1080 1)) ——

+

M- I 3D 1M

S2n+1 1om+1
f f (log $2y.1 —10g 7) 7 (log 1,41 — log w) [K3H (1, w, f(1, )

$2n-1 m-1

S
Il
—_

dwdr
-1 p2m—1 2041
@ (D" (@)K 11 (S2n-14ks tam-14g> f (S2n-1445 t2m—1+q))]?7

Mm
D i 1M

&
_ fsl ftl (log Sayel — lOg T)_;Rld_wﬂ .\ Zx: fsl ftzmﬂ (IOg S2y+1 — lOg T)_;de_a)g
a Je (logty —logw) w T = Jn, (loghe —logw) w T

J f”"“ 1 (log say+1 —log )™ dwdr

+ TRy ——

S2n—-1 c (log Dyl — log a)) w T

n=1
y X S2n+1 tom+1 (log Says1 — IOg T)—)’ dw dr
+2,2 f f Ri——

i
n=1 m=1 v S2n-1 m—1 (log Iox+1 — IOg w)

2x+1,(1) 2x+1,3)
241 Ty

Il
[«
LN
1l
(=)

+ r2x+1,(2)

2x+1,4)
2+1 tr . (3.6)

2y+1

We can obtain the following from Taylor’s theorem for all (7, w) € [a, 51] X [c, #;]:

1 2
R = 50U @0 fE@).0) ] | (ogr-logsy)
’ k=0

2 0 2
@ (1) .
+; S 61K5y13<sk,m(w>,f<sk,m(w>>>u(logw—log ),
- L

where (£1(7),171(w)) € [a,s1] X [c,11]. For all (r,w) € [a, si] X [fap-1, tam+1] With (&(7), nu(w)) €
[a, 511 X [tyn—1, tyms1], then

1 2
Ry = OG0, fE@).o) | | (ogr~logsy)
’ k=0

2 0 2

@ (1) .

£ e 3 K3 (5t (@), (s (@) | | (logw = T0g fan-14g),
k=0 ’ q=0

and for all (7, w) € [$2,-1, S2n41] X [c, 11], there exists (£,(7), 72(w)) € [$24-1, S2041] X [¢, 1], such that

1 2
Ry = 50K EM. 0 fE o) [ | dogr ~logsaiu)
. k=0
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n 1 2
() 5 o
O R (o (@), flsmr st m(@)) | [ ogw —Togy)

k=0 g=0

In the same way, for all (1,w) € [$27-1, S2nc1] X lfom-1,t2mse1], there exists
(& (D), N (w)) € [$20-1, S2041] X [f2m-1, L2m+11, such that

2
R4 = gaiKZZ;.:—l] (é:nl (T), w, f(é:nl (T), w)) 1_[ (log T log S2n_l+k)

2 n 1 5
(1) .
+ kzz(; 3 o KﬁyL (S2n-14k> Mm2(@)s [ (S20-14% N2 (W) l;! (log w — 108 ta-144)-

So, we can obtain the value of P2 L a5 follows

2y+1

2
a3K§;:11 (&1(1), w, f(&1(7), w)) kljo (log T — log sy)

2x+l (l)l d_wﬂ
< 31(log 52541 — log 7)’(log fry1 —logw)' @ T
g o 0o, Kot (s i (@), f (s, 11 (w))) 2 wdr
Z%U' - ﬂmW)mw——
c = 31(log s2y+1 — log 7)"(log tr,1 — log w)! T
=R +RY. 3.7

For the convenience of estimating of each item on the right side of (3.7), according to Lemma 3 and
Lemma 5, let us first estimate the following:

s1 d S s - d Ky Y
f (log $2y+1 —logr) V?T :f (log iﬂ) TT < (log 25:1) log i—;,

< log S$7y41 — log sl) yA < (log s, —log s1) 7 A,
-7
< ( —) A, —(log(1+—)) Ay
< ( ! ( ))_VA (1A) A, = 2S'ATA, < 2bA1. (3.8)
- S1 2S1 B ' '

Similarly, we have

Al d
f (10g frs1 — log w) 152 < 2dAI A, (3.9)
p w
Then we have

2
3 2+l

f f 0 Kz>++1(51(7),w,f(&(T),w))lg)(lOgT—logsk) dwdr

a Je 3'(10g s2y+1 —log 7)"(log ty41 —logw)ﬁ w T

dwdt
f f (log s2y41 — log 7) " (log 2,41 — log w)™ T

IA

0
Rl

0
G, log — log — log

IA
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< 4bdG\AATYAT = 4bdGIATYA T, (3.10)
Jdwd
R(lz) < G log — log —log p ‘f f (log s2y+1 — log 7) 7 (log tp,41 — log w)™ cj) TT
< 4bdGlA§ YA ﬂ, (3.11)

where a < 6 < sy and ¢ < p < t1; G, is defined by (3.4).
By combining (3.10) and (3.11), it is easy to conclude that

o V1 < 4bdG (AT T+ ATTATY). (3.12)
Similarly, for rgfill ’(2), we use the same technique to obtain

a1 KT (&), w, f(&(T), w)) 2
P20 ¢ Z‘f f 311 (&2 f(& : l_[(logr log sk)_ﬂ
Y tm 3!(10g $2y41 —log 7)7(log 12,1 — log w)” ;g T

2
Z PRI KG ] (58 (W), [k (@) TT (l0g @ = 108 ta-144) p

. Z ‘ f flzmn 4=0 _wg
o 31(log 52,41 — log 7)7(log f2,41 — log w)* w T
:R;” RY. (3.13)

For R(zl) of (3.13), based on (3.8) and Lemma 5 we can see that

lzm+1 d d
R(l) <G Zf f (log s2y+1 —log 7) 7 (log tr,41 — log w)™ Alog —log —log war

m=1 m-1 l w T

m+1 d d
<G, log — log — log —‘ Zf f (log s2y+1 —log 7) 7 (log tr,41 — log a))_ wdr

Dm-1

1+l
< 20GIATA; f (10g 2,1 — log w) ™
141
—(log tayy — log w)! = e
1-4
@xA)'"_ 2bGyd'

I1-4 — 1-2

= 2bG, A7

n

< 2bG AT A, (3.14)

For R(zz), we decompose it into the following estimates

o1 (T)a3 K%;Cill (Sk’ nm(wm) f(sk’ nm(wm))) H (log w = IOg t2m—1+q)
e k 0 g=0 dwdt

Bt 3!(log Szm —log 7)’(log t2+1 — log w)" w T

R(Z)

it (log Say41 — log 7)77 3 s
D=0 KX (510, Do), (s (@
%l®%m4%MEFM)waUU(WUnUD

1 dowdrt

-gﬁ@m%MMMWw@w[M%wM%m@—7
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il)] + Dz,

(3.15)

where @,,=t,,. Based on ¢}(7), 7 € (54, 5,42),k = 0,1,2;n € N, we derive |¢}(7)| < 1 by using (3.8);
so, we have the following inequality

dw
|

ol

2+l (log $2y1 — log 7)™ dw dt
D < G 1 log t5,,—
b Z ‘f fz (log ty,41 — log w)* Z @D l_[( ogw —Iogh ”’1)
_ G fSI Z ‘102( ) ‘ X f,zmH ql;lo(log w = log t2m—1+q) dow
'Jo 1log sz — log ) i J 1 (ogh —logw)t |w
2
. - 1;[0 (log w —log tyn—1+9) Jo o 1;[0 (log w — log tym—1+9)
< 2b-3G1A;-YZ[f ‘q . |_+f 4 i
=t n, ! (ogty —logw) w tom (log 1,41 — logw)
2 2
2 ]i[O (log w —log tyn—i1+¢) - ]i[0 (log w —log tyn—i1+¢) Jo
< 6bG1A;—yZ[f 0= ‘_ f - i
L, 1 (logth —logw)? o (logty,41 — log w)
2
e H (log w — 10g t2x—3+q) fesl H (log w — lOg t2x—1+q)
- 1 g=0 dw 1 g=0 dw
+6bG A, 7(f ‘ —|—+ f - —)
nes | (loghy —logw)” ' w ne (0ghy —logw)” W

6bG AV Dyy + 6bG AV Dy,

For D, we can obtain that

AIMS Mathematics

Dy

IA

IA

‘(log fr1 —logw,,)” f ]_[(logw log 1, 1+q)—
1

m= m-1 q= =0

o m+1 dw
+(log tr441 — log@,,) 1_[ (logw —log t2m_1+q)z'
Tom q:()

7
\S]

. 1 o
(log typy — log i, ) 'AY - Z(log tres1 — log®,) ”Af'

[

m=1
14Hl logd )™ -1 log, )™
ZA! Y |10g 21 ~10g @)™ = (l0g 111~ log ,) 7|
m=1
1 4)6_2 —a-1 - A
ZA’ Z; ‘—/l(log w1 —logw,)™  (log w,, —log wm)‘
A 4x_2 —A-1
ZAt |2(10g t2x+l - log t2m+1) Atl
m=1
A, [ -1
ZAt f (log tp+1 —logw)
13

(3.16)
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1 _ _
= ;A (og s ~log )™ = (log s — log 1) ™|

1 _ _
—A;‘[(log trer1 — logta,_1) ™' + (log ta,yy — log 13) A]

<
4
1 4 I A 2A, \1-2
< SAl(ogh —loghe) ™ = EAt[log(1+ tzx_l)]
1 2A 1,2A,\2-2 1 2A A, W1
< —A4 r 1 t — —A4 e 1 — t
2 t(t2x+1 2(f2x—1) ) 2 t(tz - ( fzx—r))
1 4 A -2 1 3, 3
A=) = AP S AT < SdAF, 3.17
2 ’(3t2x_1) 2% gl =3 .17)
where log®,, < logw,, < logw,,, logt,,_, < log®,, < logt,, < logw,, < logt,, +1 Furthermore,
2x—1 > 3; then, x satisfies that x > 2, so we know that t,,_; > 3 = ¢+ 3A,; then, tzA < 3, 1- ZZA—’I > %,

and we have that ZA’ (1 - A) >4 4
By-1 3 -1

For D;,, one can srmilarly obtain that

12x—1 _ dw 1241 _ da)
D, < Af(f (log tyr41 — log w) 1= +f (log tp,+1 — log w) ”—),
1x-3 w -1 w
12 x+1 d 41 -A
= A f (log t241 — log w) ™ — @_ —A (3.18)
12x-3 w 1 - /l
We substitute (3.17) and (3.18) into (3.16) to obtain D;:
D, < 6b(§d+ 4 )GiA A (3.19)
PR T T e '
So, we get D;:
2
e f DG ) f Ilj(logw logrig)
P2 ). 3llog sy —logTy T T &), (logh —logw)! w
Dm+1 1-1
l-y A4 _ - a) sz 1-y A4
< GATTA th;] (log trs1 — log w)™ -7 —AA], (3.20)

where G is defined by (3.5).
According to (3.19) and (3.20), (3.15) becomes

41-1 sz -

3
(2) Iy A4=1 1-y A4
RY < 6b(§d+ — /l)GlAS YA ToTATA (3.21)
By combining (3.14) and (3.21) with (3.13), we can obtain the result of r%x:ll 2 as follows:
2bGd' 3 414 God'™
2x+1,(2) 1 4- =y A4-1 2 I-y A4
e s AT 6b(§d+ — A)GIAS YA ToTATA (3.22)

Next, we estimate rgxill ‘®) and obtain

S2n1 FRKH (&), w, f(&x(T), w)) 2 dod
x+1,(3) 2y+1 \5n s & n ’ wdt
y-tl | < 'Z Ll | f - 1 1—[ (log7 —log S2n71+k)z7

3!(log s2y41 — log 7)"(log ty41 — logw)” | 5
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San+1 53 2 K (Sap- 141 (@), f(S20-148s M2(W))) 2 dwd
'Zf f Z¢2n 1 2y+1 + + _ l—[ (log w — log tq)_w_T
st Je 3!(log S2y+1 — log 7)(log tr.41 — log w) 4=0 w T

=R 4 R?.
For Rgl), one can obtain that

$2n+1

K (&7 ), w, [(€4(Tn), w)) 2 dwd
2] 1_[ (log 7 — log s2,-14+k) Lo
St 31(log 52,41 — log )7 (10g 2,41 — log w)*

$2n+1 1
+Zf f
n=1 $2n-1 c

X GREHE0), 0, FED), 0) - BRI ), 0, fET, 0|
=B; + B,,

w T

log1)™”

10 T— 10 Sopn_
3'(10gt2x+1—10gw) l—[( g g S2u-1+k)

dw d‘l’

where T, = 59,,.
For B,, we obtain

2 2
s, 11087 —10g 52,-144) sy 11 (1027 =10 52, 141)
k=0 dT k=0 dT

B, < 2dG,A™ f = -+ f - -
1 o ;‘ml®wM—MW’T w  (0g sy, —logT) J
2
- H (log 7 — log s2,-144) J sy 11 (1027 —10g $2,-141)
< T k=0 dT

2dG A f —+ f - —
Z“ o (d0g oy —logn) g, (log s2y+1 — log 7)” T‘

2
5 H (log 7 — log 52, 3+k) $2y01 H (log 7 — log s2y-141)
+2dGA”‘f\ = 'f =)
oy (l0gsoy —log7) T $2ve1 (IOg Sy —log7)” T

= 2dG1At1 ’lB“+2dG1At Bi,.

According to (3.17) and (3.18), we can use the same method to obtain the forms of B, and By, as
follows

3 -y
By < =bAYY, B < A,
So, B; can be directly obtained
3 41~y
B < 2d(§b o y)GlA;“VA}“. (3.23)

For B,, similar to D,, we can also directly obtain

B, < GoA} Y f w1 dog soy —log D) dwdt _ Gob'™

< A7 (3.24)
$2n-1 c (log l2X+1 - log w)/l w T 1 - y

n=1
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According to (3.23) and (3.24), we have

41- G,b'™
— )G ATAIA ¢ 22 A“Al . (3.25)
-y

3
(1)
RY < 2d(8b +

Next, let us estimate R;z) as follows

Y $2n+1
6y |
n=1 S$2n-1

St 1 (log $ay41 — log T) " dw d
3G1A3Z (log 52,11 — log )ﬂ_‘“_T
S2n-1 c (log Ioxs1 — 10g w)y w T

2
> () H (logw —logt,)
k=0 da)

(log txr1 — log w)! w

IA

@
R3

3!(log s2y4+1 — log T)y

IA

IA

3 - $2y+1 B dT
3G A - 2dAt (log s7y41 —log 7)™ —
-

S1

1
3G A} - 2dAt - y(log s2y+1 — log s1)' ™7

IA

6dG b
1+A;‘-4. (3.26)

1
3G1A7 - 2dA - T (2yA) ' <

So according to (3.25) and (3.26), we can obtain r%x:’e) as follows

4=y G,b'"™

3 6dG b~
Yl < 2d(Zh + )G AYAIA G 22 AN T AR (3.27)
Y 8 1- -y 1—vy
We estimate r2er1 ‘“ and obtain the following form
s

ZZ f f K G (). 0. f (). w)) ﬁaogT_lOg . lk)d_wﬂ
m-1 o ’

o s SRS 31(log s2y+1 — log 7)7(log f2,41 — log w)*
2

y X S2n+1 om+1 (lOg Syl — 10g )" Y B
Z Z f f V+ _ Z%%n 1(T)
n=1 m $2n-1

tm-1 3!(10g t2x+1 - log ) k=0

dw dT
X 07 KZX:II (S20-14% M2 (W), f(S20-14k> Mm2(@))) n (log w —log 1y, 1+q)

q=0
R 4 K2,

We conducted detailed estimates for Rf‘l) and Rf) respectively, and obtained Ril)

ORE 6 (). . f(En (7). ) T] log T =108 53-1,0

R(l) i X f52n+1 f&mﬂ 2y+1 d_w ﬂ
! n=1 m S2n-1 Dm-1 3!(10g S2y+1 — 10g T)y(log Do+l — 10g w)/l w T
Z Z f e f et (log say41 —log 7)™ ﬁ (log 7 — 108 $24-144)
- 2n—1+
=1 m S2n-1 D2m-1 3'(10g Dx+1 — lOg w)/l k=0
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dwd
XK En (). 0, (1), 0)) = FKY EnE 0. fEnE) o) =

= N] +N2,

where T, = §,; using the same processing method as By, we can obtain N; as follows:

Yy X S2n+1 12m+1 (log S2 +1 = log T)_y 2 dw dT
N, £ Gy f f > (log 7 —log s2p-1446)——
; ; ‘ S$2n-1 m-1 (log t2X+1 - log a))ﬂ" 1(:()1 i w T
X 1m+1 B d(l) Yy S2n+1 ~ 2 dT
= G Zf (log tap.1 — log w) ™ — Z f (log s2y+1 —log 7)™ 1_[ (logt —log s2,_144)—
m=1 ¥ am-1 w n=1 S2n-1 k=0 T
2 2
_ &G, Zy“ ' fm kg)(logT — log $2p-14k) it ) fszm kI]O(IOgT —10g Son_1+%) d‘r'
- 1-2a L (log s2y+1 —log7)” 1 5, (log s3y+1 —log7)” 1
d—t .3 41y
< ~b+ GAY.
= 1- /1(8 1- y) 1

Therefore, for N,, it can be obtained that

y X S2n+1 Dmst (] -1 -y 1=y g1-1
N, < GoA} Z Z f (log 53,1 ~ log7) 1 dw dr < _brdT GyAL.
e o Jne (loghey —logw)! @ 7 (1= -4

Finally, Let us estimate Rf) again

Rf) < Zy:i‘fsznﬂ ftzmn (log $2y+1 —lOgT)_y igoin—l(,r)

A
=1 m=1 YSm-1 iy 3!(log tyy+1 — log w) =0

2
N . dwdTt
X (92,K§;c:11(s2n—1+k, Nm2(0m)), [(S2n-14k> N2 (@) l—[ (logw —log tyy—14g)——

w T
q=0

VS e e 2 03 K25 (5201 (@)), f(S2n- (w))
wB2y1 8214k TTm2 > J\S2n—1+k> TTm2
+ | f f ®k2n-1(T)
ZZ S2n-1 Dm-1 Z [

e £ e~ 3!(log 211 — log )’ (log t2,41 — log w)"

02 K35 (San-t4tes M2 (@) (S20-1 k00 (@) 1 12 dwd
w y+1 n—1+Kks fm mlJs n—1+ks 'fm m ] l—[ (10 wdart
_ g

10g t2m—l+q)_ )
w

3!(log s2y+1 — log 7)"(log tr,s1 — log w)! T

q=0

where @,,=t,,,. V| and V, are denoted as the two terms at the right end of the above formula. Refer to
D, and use the same method to obtain V:

5 2
3 @2 (1) [ (dogw —log f2y-144) |

Y S2n+1 o dr x S w
< Z:; ‘ le 31(log s5y+1 — log 7)” 7‘ 8 mzzl ' flz (log 2441 — log w)" 7|

1 m—1

Vi

IA

2 2
H (lOg w — 10g t2m—l+q) H (lOg w — lOg t2m—1+q)
q=0 d q=0

- Glbl—’y Zx: | f’Zm - w + ftz"ﬁl =i dw‘
T 1=y &, (ogh —logw)!  w tom (logtrs — logw)!
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G5, A
1—vy '8 1-A7"
Z ‘,0211 1 B .
S2n+1 dT 2m+1
V, < GA X log thyg —1 A
2 2 Z‘f 3‘(10gszy+1 “log7) T ' ;fhml (log t541 — log w)
szl ydl -4 4
1-nd-2"
So, r%xill ‘@ is obtained as follows

3 417 | 4= 3 4=t | plr
2x+1,(4) 4— 4-2
Il < Gl[(§b+ 1 _y)—l — A 7+(§d+ 1 _ﬂ)1 _yA, ]
b]—ydl—/le
(A} + AD). (3.28)
1=yl -2 '
We then substitute (3.12) and (3.22)—(3.28) into (3.6) and calculate the form of 72**! as follows

2y+1
2x+1 4— 4-2
25 < CAYT + AFY.

The constant C only relies on G, G,,y and A.

LI 2x+1
Similar to r; 111> We can prove that

P35 < CAYY + AP, 1= 1,25m = 1,2,

Therefore, we conclude that the truncation error ) satisfies the following conditions:
7 < CAT7+ A HY,n=1,2, -+ ,2Y;m=1,2, -+ ,2X. (3.29)

The proof is thus completed. O
4. Convergence analysis

In this section, to simplify the symbols for convergence analysis, we introduce the following
coefficients to rewrite the numerical scheme; carefully observing (2.9), (2.13), (2.19) and (2.20), it is
obvious that T3, = T30,k = 0,1,2,n = 1,2,--- ,yand 737}, = T970,, = 0,1,2,m = 1,2,--- ,x
Therefore, we can use the following equivalent form to recalculate the numerical scheme (2.30):

2 2 2 2
=gl + Z 3O WK (st £ S = 85+ Y " OuWo K3 (st £,
2

n=0 m=0 n=0 m=0
2 2 2
2 2 2 2
fl :g1+ZZ (Sn,tm,f ) f2 —g2+ZZQnWK(Sn,tm,fm)
n=0 m=0 n=0 m=0
2 2 2y+1 2
Foyer = 8ayr + D WKy 1 (St i) + Ot Wi Koy (S s £11)
2y+1 _g2y+1 n Y mixoyt] Sns Ims n n+l T mB2yt Sns lms n/»
n=0 m=0 n=3 m=0
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242 2

1 1 Ay ol
foyr2 = 8oyi2 Z Z QWK 15 (Sus b, 131

n=0 m=0

2y+1

2 2
f22y+1 = g%y+1 + Z Z O Wi 2y+1(sn’ ts J') + Z Z Q,ymW 2y+1(sn’ ts S )s

n=0 m=0 n=3 m=0
2y+2 2
2 _ 2 Y 11 2 m
f2y+2 - g2y+2 + Z Z QnWmK2y+2(sl’l’ tm7f;1 )7
n=0 m=0
2 2x+1
12)c+1 — g%x+1 +

DM 1M

2x+1 2x+1
LT =g+

m=0
2x+2
2x+2 2x+2 A X
1 - gl + QnWm
m=0
2x+2
2x+2 . 2x+2 A
L=+ o.W

DM 1M 1M 1M 1M
M

[~ iM

n=0 m=3
2 2x+1

n=0 m=3

2x+2
K1x+ (sm tm’ fy;n)7

2x+2
Wi Ky (Sps ts [,

2x+1 2x+1 AY TI7X 2x+1 m
Joye1 = 8ya1 + W Koy (Sns tns 1))
n=0 m=0
2y+1 2 2x+1
X 2x+l Y
+ ) E O W3 (st S+ D D OV Wik,
n=3 m=0 n=0 m=3
2y+1 2x+1
2x+1 m
+ Z Z Qn+1 m+1 2y+1 (Sﬂ’tm’f
n=3 m=3
2942 2 2y+2 2x+1
f2x+1 2x+1 + Qny 2x+l( ¢ f )+ Qy
w+2 = 82y42 n 2y+2 Sns Ims "
n=0 m=0 n=0 m=3
2 2x+2 2y+1 2x+2
2x+2 2x+2 AY TI7X 2x+2 m
Soye1 = &1 + Z E O W, Koyl (Sns s 1) + Z Z o W,
n=0 m=0 n=3 m=0
2y+2 2x+2
2x+2 2x+2 Y YA7X 2x+2 m
Sryes = &ayia t+ E ,Z QW K555 (s ts ')
n=0 m=0
wherey=1,2, ---, Y-1;x=1, 2, , X—1,and
0,=T"0,=T, n=0,1,2;
2 OO Ay _ 1,0 0,1 2,0 1,1
Q T2y+l’ Q T2y+l T2}+1’ Q; T2y+1 T2y+l’
2% _ 2r 0,r+1 _ _1-
i1 = Doy * oy =1,y = 1
_ 5y Lr _ . .
2y+1 T2y+1’Q§r ToyesT =20,
y 0,0 y _ 1,n _ . . _ 2,n-1 0,n
Qo =T5510: Oyt = Ty =0, 1,04,y Q) = Ty + T
AIMS Mathematics

2y+2°

QWK (5 ts f) + D D CuWi KT (5t £,

O W KZ (5t F) + D D CuWi K3 (5t £,

2 1
2;:1 (Sn’ tm’f )

2 1
2;:2( n» tm’ ‘fnm)’

2 2
2;_:—1( n» tm’ fm

n=12,---,y;

4.1)

4.2)
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2 = Tongs W = TP, W, = 750, m = 0,1,2;
Wy = Tgﬁrl’ Wy = Tzlﬁl + T;)}Ll’ W, = Tzzﬁc(-)u + Tzlﬁc]ﬂ;
Wi = T Waey = Tyllm =0, 1, x;
Wy, = T30 + T m=1,2,- ,x; Wy, = 1570,
Wi =150 m =0 W, = To0, + 150 om = LW, = 150, + 1y om =2,
W =T + T m=2k+1,k=1,--- ,x-1;
We =135 om=2x+ 1, Wy =T)" \m=2k k=2, x

Next, we propose Lemma 7.

Lemma 7. The coefficients of Q,,n = 0,1, --
(4.2), and they satisfy

2y + 1, and W, m = 0,1,--- ,2x + 1, are shown in

i
Qﬁ < C(log S2y+l) log Sn+1’n = 0’ 1, ’zya (43)
n si’l
_ 217712 =291 — ) 1=y
103, < o AT 4.4)
st V.t
|W2| < C(log 2;‘“) log 2 m=0,1,---,2x, (4.5)
_ 2712 -20r(1 -2,
[Ws| < T Al (4.6)
Proof. This proves the estimate of (4.3) for n = 0; using Lemma 3, we have
= . Saye1\ 7Y dr
0 = | =| [ (e 2)
S1 Ky -y d S1 Sov -y d
< f (log 2y+1) oo ()| a - f (log 2”1) ar
a T a T T
) log 21) 1)
< |log m) logﬂ = ( - )y (log SZ)H) log il
S a (log 52;_1”) a a
1 y
7 (S2p41 — @) ~
= —‘fl " (log S2y+1) log il 4.7)
5(52y+1 —51)
= é)y (2y Al 1)7 (log Syl )—y log il
& 2y
2y+1 S2y+1 S1

IA

Y
27 (é) (log u
a

where a < &) < s341 <b,a < 51 <& < S3y41 <

-y
) log il < C(log
a

b

-y
) log

b and C is independent on A,.

a

For n = 1, using Lemma 3 and Lemma 7, we have

1,0
T

1,0 0,1
T +T 2541

2y+1 2y+1

<|

o) = |

AIMS Mathematics
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LY +1 d 3 Soy+1\7Y
= f = ‘1)(7)7 + f; (log z )
< f S2y+l Ydrt ar | fs3 (10 S2y+1 )_7 d_T
- 5 T T
S2y+1 syt T, 83
< ( ) log— +(10 ) log — 4.8)
53 S1
3 ( 2}+1) leog—+ log%%l y(lo Szy+1)_y1 52 og &
s1 log log 52;—3“ & S s1 log i—f
2 Y s -y
< 2(10g zy‘) lo —+3( 4 +1) (log 2“‘) log 22
51 S 2y -2 1 S
-y
< C(lo 2“1) log 22
S S1
Next, for n = 2, we obtain
A 2,0 1.1
|Q§| ‘T2y+l T2y+1

On one side, using Lemma 3, we have

51 S2y+1\7Y dr o1 say41\ 7 [10g 5 log - | dr
2,0 _ 2y+1 0 at 2y+1 a N
‘TZWI B fa (log T ) #2(7) T ‘ = fa (1 T ) logZlog 2| 7
S -y -Y
< 2f (log S2y+1) dr <2(1 gs2y+1) log 2L
a T T S
52\+l Y 51
_ S2y+1 Elog P
= s2)+l SZ log »z_;
< 4 2y - 1 Szy+1 53
< 5
On the other side,
. S2y41\7 3 soyr1\77 |10g 5 102 | dr
T] ] — f (1 y ) S f (1 y ) S1 53 -
’ 2l st 8T 5 8T log 2log 2| 7
2
(log SJ) 53 S\ Ydr 9 Saye1\ " N
< N "s) (1 L) <2 M oe 2
- 410gs—210g5—3\fs1 N T T 4|8 53 ©8 81
) 9 IOg S2y+1 \7Y . Saps1 -y o 53 10g ;_?
B 4 log SZ’—;I £ \Y) £ Ay 10g ::—z
27 2y —1
< 3G, Y- >+ 1) (log 2ty 1og 3
2 $2
So, we have
~ 2v—1 4 Ry R 27 2
03| < 4[Z—+1) (log 2! log = %3 +_(y_ 1 (log 221y 10g 22
A\ 4 2 $2 52
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S$2y+1 - §3
< C(log ) log —. 4.9)

Next, we will estimate | »l,n=3,--- 2y. Forn=2r+1,r=1,2,---,y— 1, we obtain

2 _ 2,r 0,r+1
|Q§r+1 | ‘T2y+1 T2y+1
$2r+1 $2r+3 —
$2y+1\” S2y+1\ 7Y dr
f (log Ao+ log 0 (M) —
$2r-1 T T $2r+1 T T
$2r+1 s2y+1
= log
5 T

2r-1

T

d_T . fmwrs (log S2y+1) log Sora lo og o3 dr
T log S2r+1 1 g S2r+1 T

T $2r+1 8$2742 52743

S2r+1 Ky -y d $2r+3 s -y d
§3f (logﬂ) —T+3f (log 2y+1) a
¢ T T 5 T T

Y2, 1 S2r+1
log szﬁl log Szt

$2r-1 2r+1
-y -y
S2y+1 $2r+1 S2y+1 52143
< 3|log log —/— + 3|log log ——
$2r+1 82r-1 82743 S2r+1
—y 5241 S2y+1 \Y -y $2r43
— 131 $2y+1 ] S$2r+2 log §27-1 +3 log S2r+1 1 S2y+1 1 S2r+2 log S2r+1
- 0g 0g log 222 S2y+1 0 0 log S22
$2r+1 S2r41 108 7= -— S2r+1 S2r+1 108 7=

S$2r+1 S$2r4+3 $2r+1

) =Y . 2 _2 Y =Y .
<9|log S log Sor+2 + 9(—y ! 3 + 1) (log s2y+1) log S22

S$2r+1 S$2r+1 2y —2r— S$2r+1 S2r+1

-y
<C (log 52y+1) log S2r+2.

S2r+1 $2r+1

Forn=2r,r=2,---,y, we have

_ S$2r+1 S, -y dT
Lr | _ 2y+1 2r-1
|Qér 'T2y+1 - L” (log T ) 1 (7)7
= ]‘S%l (log SZY”) v|log - 21 08 50 dT
o] T log 7= log 2=

S2r+ 2 —
(log ﬁ) (log 52y+1) 7 log S$2r+1

log =2 log —“i’z“

$2r-1

IOg 2o\ S2v+1 - S log 2ol S$2y+1 4 S
5 2| (log 22 ) log 22 = st o C(lo * ) log 22+
[10 ] ( g g g g

S2y+1 S2r+1
2+ K s»- lo K
$2r+1 2r 2r 1080~ S2r 2r

$2r+1 $2r-1

Next, let us prove (4.4). According to Lemma 2, we proceed as follows:

Qy _ S2y+1 i S2y+1 - 2y 1
241 2y+1 0g - (T)_

$2y-1

fszy+l (IOg $2y+1 )_7 log $2y-1 log E dT
s T log ;z—j log 2 71

2y—1

52y
§2y-1
~ fszyﬂ (log $2y+1 )—y lo og o (10 52 )dT
- S2y+1 S2y+1 _
2.1 T log P log . T
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1 S+l S2y+1\ 77 T T Soy_1\ dt
St o f (log :r ) (10g2 + log log = )_
$2y-1

1 1 §2y— §2y— Sy | T
og S2y1 og 52 2y-1 2y-1 2y

1 (F(l —3) (log Says1 )3" 1o 52! (1 - y)(2) (log Saps1 )2‘7)

log 2 ]o I'd-vy) soy TG =7)

(lo S2y+1)1_7 2r(1 - y)log 32 +F(l—)/)logs‘zv"T;l
- plog 2L ' TG-ylog2 |

$2y-1 $2y-1

$2y-1

So we can get

$2y-1

+
l"(4—y)logsi’T‘:l F(3—7)logsi’T’:‘

=y
2y+1

IA

(10 szyﬂ)l—y[ZF(l —y)logzz—i]‘ (1 - y) log -2 ]

S2y-1

(2As)1‘7 (6F(1 —y) 2 - y))
a Td4-y)  TG-7v)
2'7(12 = 21 - “Y)Al_7

@4 -y~ v

where (log Sl )l_y = (log(l + ﬂ))]_y < (&)l_y < (%)l_y. Taking all of the results together, we

$2y-1 $2y-1 $2y-1

can obtain the estimates (4.3) and (4.4). O
Since the proof process for ), is the same as that for W;,, we will omit it without further proof.

Lemma 8. The coefficients of Q,,,n=0,1,--- ,2y +2, and W;,,m =0, 1,--- ,2x + 2, satisfy

e
o) < C(log 82”2) log =L n=0,1,---,2y, (4.10)
Sn Sn
, 21712 - 29T (1 - y) , 1.,
X Iox+2 - [ _
|W| < Cllog ; log ==,m =0,1,---,2x, (4.12)
. 2412 =200 (1 = A) .,
[Wio| < = Do Al (4.13)

Proof. The proof process for Lemma 8 can be achieved by referring to the method used in Lemma
7. O

Next, we analyze the convergence by using the scheme (4.1), as in the following Theorem 1.

Theorem 1. Let u be the solution of (1.2) and f" (n =0,1,--- ,2Y,m =0, 1,--- ,2X) be the numerical
solution of (1.2) by using scheme (4.1). Assume that K(-,-,-,-, f(-,+)) € C*([a, b] X [c, d] X R) satisfies
(1.3) and Ay, A, satisfy

2'7(12 - 2y)L(1 - )
['(4-y)a'~

217412 = 201 (1 - 2)

AL < 1,
s 5= T4 — D)ci

AL < 1. (4.14)
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Then the error is that
1f(Sprt) = [ < CAYY + AV Y n=1,2,--- ,2Y;m=1,2,---,2X, (4.15)

where C is constant and only dependent on L, K, b,d,y and A.

Proof. Assume that e = f(s,,t,) - f,',n=0,1,---,2Y;m=0,1,--- ,2X. eg = ¢ = 0 can be readily

observed. First, e',n,m = 1,2, it can be known that

2 2

el = > > OuWlK | (s by £, ) = K (5 s S0 + 71,
n:O m2:0

&t = > OaWlK} (s ts F (S, ) = Ki (5 s S0 + 77,
n:O m2:0

ey = D > CaWlK) (s ts F(Ss ) = K3 (5 s S0 + 75,
n:O m2:0

&= > OuWulK3 (S ts F(Sns tw)) = K350, s 1] + 13,

I
o
3
I
(=)

n

The calculation can prove that Qn, O,,n =0, 1,2, and (1.3) are satisfied by K, and that W, W,,,m =
0, 1, 2, are bounded. So, we come to the following conclusion:

2 2 2 2
1 1 2 2
lefl < CL Y > lel+1ril, lefl < CL Y lenl+1r]

n=0 m=0 n=0 m=0
2 2 2 2
1 1 2 2
lesl < CL el + 173l 1e3l < CL " " Jel + 73]
n=0 m=0 n=0 m=0

We combine these four inequalities and obtain
1 2 1 2
lel| < CL(ry| + |ri] + || + |r5D), nym =1, 2.

Second, ¢”,n > 3;m = 1,2, satisfies

s Cpo

2 2
et = D Y OWLKL (S s F (S 1)) = Ky (5 T £2)]
n:;)y-:nl:OZ
+ Qo Wil K31 (S o £ (S ) = Kooy (s s FID] + P (4.16)
2y+nZ:32m:O
s = D D Ol o (Sus s (s ) = Ky (S ts D] + 73y, 4.17)
n;O m2=0
Syt = D Y OWLKS (S s (S 1)) = Ky (S T £2)]

S
I
o
3
I
[«
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29+1 2
+ Q1+1W [ 2y+1(sn7 tm, f(Sn, m)) 2}+1(Sn,lm, ‘fnm)] + r§y+1’ (418)
n=3 m=0
29+2 2
s = D Y OWlKS 5 (s s (s ) = Ky (St 1] + Py (4.19)
n=0 m=0

It can be seen that the above four equations are coupled, so they need to be solved simultaneously.
For convenience, we assume that ||&,|| = max{le}ll, |efl|,n =0,1,---,2Y} and ||7,|| = max{lr l, |r l,
y=0,1,---,2Y}. According to (1.3), (4.3) in Lemma 7, (4.10) and (4.11) in Lemma 8, (4. 16) and
(4.18) becomes

Y Y
exs]| < LCZ( ””) tnal ||:,||+LCZ( 2”2) og =22,

n+1

21712 - 29)I(1 — y)

4.20
T4 —y)al™ (420
By Lemma 4, and through careful calculation, we have
log 22) 7 jog 22 (Jog 22) |gg st
( g )y gsn+l_( g ) gsn S27'2<4
$2y+1 Sn+ S2y+1 Sn+2
(1 g ) 1Og snl (log ) lOg Sn+1
Therefore, (4.20) becomes
Y 1-
52y+1 Spel g, 2 (12 =2900 =7y)
e < 4ch 1oz ) tog e+ RIS
Using the above same method, the estimates (4.17) and (4.19) are as shown below
T s\ s L 2712 =291 —y)
22,2 < LC Z log === log =l + =0 — P4,
that ||&g|| = O; then we have
212 =29 =) oy \ 1w : Sope1\ T Su
(1 ST Ta—ypao M E > (log = —) oz =il + |[Fayn]|-
For enough small A, we obtain
S$2y+1 y +1
ez < LCZ( - ) - Nl + C [Py 4.21)

Applying Lemma 1 to (4.21) leads to
[e2y:1] < € [Pl
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Using the same argument for ||é2y+2

2212 < € [Py
Now, based on the above results and Lemma 6, we can reach the following conclusion.

le”] < C(AYY + AV, n> 1;m = 1,2,
le] < CATY + A, n=1,2;m > 3.

Next, satisty €)', n,m > 3 to obtain
2 2
2x+1 AY 1T 2x+1 2x+1
& = > OIWELKEH (St (s 1)) = K35 (S s £11)
2
T 2x+1 2x+1
N O WK (S s S (S 1)) = K35 (S s )]
A 2x+1 2x+1
Q%W;;CH.] [KQ;:1 (Sn, Ly f(sn’ tm)) - Kz;:1 (Sn, Ly f;;n)]
+ Qy Wx [K2x+l(s t f(s ¢ ))_K2x+l(s ¢ fm)] +r2x+1
n+l """ m+1 2y+1\Pns fm> nstm 2y+1\Pn> fms Jpn 2y+1°
2
2x+1 T 2x+1 2x+1
B = DD OWAIKS (Sus s F5s ) = K352 (s s £11)]
2x+1 2x+1 2x+1
O OIW RS St (S 1)) = K353 (s s 1] + 7358,
2
2x+2 AY 2x+2 2x+2
& = Y OIWALKE Sus s (S 1)) = K315 s S1)]
2x+2 2x+2 2x+2
+ Qi}HlW;;Cl[KZ;:l (Sn7 tm, f(sn’ tm)) - Kz;:] (Sn, tm, fy:n)] + ’,.2)):'1 ’
2x+2 2x+2 2x+2 2x+2
ezﬁz = QZW::, Kz;:rz (Sns s [(Spy ) — Kz;:rz (Sn» T, f;,m)] + rz;vj:z,

where Q), O, W* and W} satisfy Lemma 6 and Lemma 7.

For e3**!, we can obtain that
y+1
2y 2x -y -1
S2y+1 Sp+1 byr1 L+l
3| < CLZ Z log == log 22 [log =2 | log Z2ie™|
’ =0 m=0 Sn Sn tm I

m Sl’l

2x -1 2y -y
D+l Lutl| m . S2y+1 Sn+1, 2x
+CL|Q§y+2 E (log t*) logt—+|ezy+1|+CL|W2x+2|§ (log > ) 10gs_+|eﬁ +1
m n=0 n

m=0

, we can directly conclude that there are some C that

(4.22)
(4.23)
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x+1 x+1|
1

2
+L ‘Q2y+2 2x+2| |€2y+1| + |"2y+

We rearrange it into the following form

(4.24)

2y 2x | s ¢ -1 ¢
| 2;‘:” CLZZ(IO A ) log "H(log thﬂ) log m+l er
n=0 m=0 n m m
2x P -A ¢
2x+1 m+1
+CL|Q§y+2 Z ) log | 2y+1|
m=0 m
S$2y+1 4 Sn+1
+CL| x+2|2( Y ) log ~2*L n+ 2x+1
Sn
If we let |le,|| = max |e}| and ||r,|| = max [r)'|, we can conclude that
0<m<2X 0<m<2X
2y 2x -y -1
3] < CLZZ(log - ) log ”“(log ”‘“) log =l |
n=0 m=0 Sn m
2x ¢ -A
2x+1 +1
+CL‘Q}2}y+2 Z(log x ) log I ||€2}+1||
m=0 m
&l S$2y+1 - 1
y+ +
+CL|W5;+2|Z(Iog ) tog = e + C [
a)’ 1 15) 1 [
_ CLZ( S2y ) Sn+ |en”2 (log ;+ log m+ )
m=0 m m
2x
Dar1 N b
+CL‘Q“;y+2 ||e2y+1||2((log ; ) log . )
— m m
$2y+1 Sn+1

+CL|WS .| Z (
2y
CLZ (l og

+CL ‘ng

IA

-1 2y
= CleiJrilZ(log

n=0
+CL|W5 | Z(

AIMS Mathematics

Y
2y+l)

|€2y+1|| f (log tyx41 —logw) " —

+CL|W5 | Z (log
n=0

-y
S2y+1
S

S$2y+1

Sn+1

S$2y+1

Y
)lo

-y
)lo

Sn+1

log

Y
)lo

Sn+1

Sn+1

leall + CL|QS,.,

lleall + C [|rays]|

12x+1 B dw
”en” f (log Dyl — lOg w) —

/lda)

lleall + C [|raye]|

1-2

t2x+1 ||e2 1”
2l e, L
|

lleall + C [|raye]|
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1 -1
< ( Zy“) tnel = el + CL'Q§)+2 || .
2y
+CL|W2x+2|Z( y“) 0g 2L fle [l + C |[rayen]| -
n=0 Sn
Then we have
- 2y
||€2y+1|| < ( y+1) Sp+1 ||€n|| + CL‘Q2y+2 —/l ||€2y+1||
n=0

Y
LWl s ) 108 22 e+ C ]
n=0 n Sn

According to (4.11) in Lemma 8, for enough small A, we obtain,

el < €1 300 22 g 22 e

n

-y
+CL|WS | Z (log szsy“) 1
n=0 n

According to (4.13) in Lemma 8, for enough small A,, let A, < d, so we have

2y

1-2 1-4 - - - 7
d 21412 = 20)I(1 - ) dl_a)z(log”j”) tog = llel + C ]

lezyr]| < (CLr— +CL R

n=0

Then, it follows from the Gronwall inequality introduced in Lemma 1 that

lezyeill < € llraya] -

From Lemma 6, we can conclude that

leit] < CAt + A, (4.25)
Similarly, we can also obtain
le553] < Cas el < cay + A7, p=1,2. (4.26)

We jointly establish (4.22), (4.23), (4.25) and (4.26); with this, we complete the proof of Theorem
1. |

5. Numerical examples

Now, this section applies the numerical scheme to solve the 2D fractional Caputo-Hadamard integral
equation. We present two calculation examples to demonstrate its effectiveness.
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Example 5.1 Take into account the subsequent equation, which is linear 2D fractional Caputo-
Hadamard integral equations:

S (st +logT +logw)f(t,w) dwdr
= N 1,2 1,2
Sf(s,0) g(S,f)+fl fl (log s — log 1)/ (log/ — logwo)! @ T~ (s,0) €[1,2] x [1,2],

wherea=1,c=1,b=2andd = 2, and

S D= |
g(s,t) = (logs)'(logn)* —576st*(log s)> Y (log £)>™*
rll (n—y)nl] (m—2)

6 1 5 1
B 6— 5-4
2880(log s)" 7 (log 1) H n—7) nl:! (m— Q)
6

1 1
_ 5— 6-1
2880(log 5)°”(log 1) ]:[ =y D T

where f(s,1) = (log s)*(log 1)* is the exact solution.

We choose separately y = 0.3,4 = 0.6 and y = 0.4, 4 = 0.5 to conduct experiments. A; = bz;Y” is the
size of the step taken in the direction of s, while A, = % is the width of the step taken in the direction
of t. For errors, we define them as follows

;_ o
e =, max_ | f (S ) — £

m=1,-2X

In this example, we test the convergence order for different values of y and A where the convergence
order is determined as logz(egh / e{l ). The application of Theorem 1 allows us to determine the theoretical
convergence order of the numerical scheme as O + A¥1). By considering A, to be significantly
smaller than A;, we can deduce that O(A‘;_y + Af‘l) = O(Af‘”). Tables 1 presents the values of y =
0.3,1=0.6,y =04,14=0.5and Y = 2X with the theoretical order 4 — 1. Wheny = 0.3 and 1 = 0.6,
the theoretical convergence order is 3.4. Similarly, the theoretical convergence order is 3.5 for y = 0.4
and 1 =0.5.

Table 1. The maximum number of errors and the rate of decay with ¥ = 2X for Example
5.1.

X vy=03,1=0.6 Order y=04,1=0.5 Order
8 6.8989589227x1073 — 3.7877332874x1073 -
16 7.8140473872x107* 3.1422367608 4.3496713026x10~* 3.1223564591
32 7.9156289920x107° 3.3032941051 4.3449207934x10~°  3.3235046005
64 7.6518039345x107% 3.3708321819 4.0890764577x107° 3.4094829336
128 7.2494161456x1077 3.3998631944 3.7407272951x1077 3.4503843386

Similarly, we use the Proposed numerical scheme in another way to verify the convergence order of
the test. We take X = [Y ﬁ], where [-] represents rounding, and the theoretical order O(Af_y + Af‘”) =
O(Af_y) of the numerical scheme. In Table 2, when y = 0.3 and 4 = 0.6, it is easy to see that the
numerical results of the test are close to 3.7, and the test results indicate that when y = 0.4 and 4 = 0.5,
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the numerical values are approximately 3.6. By referring to Tables 1 and 2, it is easy to see that the
high-order numerical scheme results in a convergence order of O(A‘s‘_7 + AP,

Table 2. The maximum number of errors and the rate of decay with X = [Y#/@=D] for
Example 5.1.

Y a=03,=0.6 Order a=04,8=05 Order
8 1.8639874340x1073 - 9.2944718555x107* -
16 2.0141512357x10™* 3.2101482146 9.6463652018x10™> 3.2683155532
32 1.8416998390x107° 3.4510621597 8.9446371042x107° 3.4308905736
64 1.5670179200x107° 3.5549443663 7.9219275691x1077 3.4970995357
128 1.2872757561x1077  3.6056286369 6.8539526533x10°% 3.5308433796

Next, let us draw an error distribution map with ¥ = 2X, X = 128. As shown in Figure 1, the
error distribution of @ = 0.3, = 0.6 is on the left, while the error distribution of @« = 0.4,8 = 0.5 is
on the right. In addition, we can easily see that the error can be as small as 1077, indicating that the
approximate value is very close to the exact value.

alpha=0.3, beta=0.6, X=128
alpha=0.4, beta=0.5, X=128

Figure 1. Error distribution of @ = 0.3,8 = 0.6 (left) and @ = 0.4,8 = 0.5 (right) for
X =128.

Example 5.2 Take into account the 2D nonlinear fractional Caputo-Hadamard integral equation as
follows:

flnn = st mfsf G +loaT +log )/ () dodt () ¢y g2
| , 1 Ji (logs—logt)(logt—logw)' @ 77~ ’ <l

wherea=1,c=1,b=2andd = 2, and

1
-

7 1 5
g(s,t) = (logs)’(log1)?* — 17280st*(log 5)" 7 (log 1)°™*
D (n-7y) ,ﬂ (m
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8 1 5 1
_ 8— 5-1
120960(log 5)°~?(log 1) 1,;[ -7 rln—[ (m— )

=1

7 6
~86400(log )" (log °*[ | (n 1 7) [ (m 1- Ry
m=1

n=1

where f(s,t) = (log s)*(log ) is the exact solution.

In Table 3, giveny = 0.3,4 = 0.6 and y = 0.4, 1 = 0.5, our experimental results closely match the
expected values of 3.4 and 3.5, respectively. In Table 4, when y = 0.3 and 4 = 0.6, the experimental
results closely mirror the theoretical value of 3.7, and when ¥y = 0.4 and 4 = 0.5, the experimental
results align closely with the projected value of 3.6. It is easy to see that the high-order numerical
scheme results in a convergence order of O(AY™” + A,

Table 3. The maximum number of errors and the rate of decay with ¥ = 2X for Example
5.2.

X y =03,1=10.6 Order y=04,1=0.5 Order
8 5.0197780760x107° — 4.4096514739 x107° -
16  4.9528160060x1077  3.3413026523 4.2636169692 x10~7  3.3705148922
32 4.7538570025x107%  3.3810786144 3.9488986998 x1078  3.4325555722
64  4.5029294460x107°  3.4001627291 3.5760421846 x10™°  3.4650146987
128  4.2379935672x107'%  3.4094105701 3.1969468739 x10710  3.4835970802

Table 4. The maximum number of errors and the rate of decay with X = [Y“#/@=D] for
Example 5.2.

Y y=03,1=10.6 Order y=04,1=0.5 Order
8 1.1512351119x107° - 1.3725247072 x107° -
16  9.9372553575x1078  3.4625604385 1.2830582435 x10~7  3.4191735526
32 8.1408764174x107°  3.5341912504 1.1267508093 x1078  3.5093462706
64 6.5234456725x1071%  3.6095914151 9.7534660903 x1071° 3.5301096754
128 5.2919446603x107!!  3.6237643174 8.3465706568x107 11 3.5466595342

Finally, let us draw an error distribution map with ¥ = 2X, X = 128. As shown in Figure 2, the error
distribution of @ = 0.3, 8 = 0.6 is on the left, while the error distribution of @ = 0.4,8 = 0.5 is on the
right. In addition, we can easily see that the error can be as small as 10717,
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alpha=0.3, beta=0.6, X=128 alpha=0.4, beta=0.5, X=128

%1010

error

Figure 2. Error distribution of @« = 0.3,8 = 0.6 (left) and @ = 04,8 = 0.5 (right) for
X =128.

6. Concluding remarks

Based on the idea of the modified block-by-block method of [6], we have proposed a uniform
accuracy high-order scheme (2.30) to approximate the 2D nonlinear Hadamard Volterra integral
equation. A high-order numerical scheme was constructed by using the piecewise biquadratic
interpolation. The uniform accuracy high-order scheme in the present article is an explicit and high
efficiency scheme except for two boundary layers which are solved by implicit and coupled. Based on
the test results of the above example, one can see that the convergence order is O(A‘;_y + A;H). We
conducted a detailed error analysis of the high-order numerical scheme and confirmed the accuracy of
the theoretical analysis through numerical examples and experiments. Through extensive analysis of
this work, it can be seen that the numerical scheme (2.30) has the advantages of high accuracy, easy
calculation and implementation, and it does not require coupled solutions. In future work, we intend
to use a Fourier spectral method to solve such problems. Based on the ideas in [5, 26], we found that
high-order numerical non-uniform grids can be used to solve fractional order integral differential
equation problems as follows

b d
K(S’ t’ 7, W, f(T, CL))) d(,() dT
D=8+ ——, (50€0,0<y,A<1
5. =g(s.0) ,[sft (logs —log7)*(logt —logw)! w T (s,7) Y

In addition, deep learning can also provide solutions for such problems, so research on this topic is
very challenging.

Use of AI tools declaration

The authors declare that they have not used Artificial Intelligence (Al) tools in the creation of this
article.

AIMS Mathematics Volume 8, Issue 12, 29759-29796.



29794

Acknowledgments

This work was supported by the National Natural Science Foundation of China (Grant Nos.
11961009, 12361083), the Natural Science Research Project of the Department of Education of
Guizhou Province (Grant Nos. QJJ2023012,QJJ2023061,QJJ2023062) and the Natural Science
Foundation of Fujian Province of China (Grant No. 2022J01338).

Conflict of interest

The authors declare that they have no competing interests.

References

I. Y. G. Yu, H. X. Li, S. Wang, J. Z. Yu, Dynamic analysis of a fractional-order Lorenz chaotic
system, Chaos, Soliton. Fract., 42 (2009) 1181-11809. https://doi.org/10.1016/j.chaos.2009.03.016

2. A. Sabir, M. Rehman, A numerical method based on quadrature rules for -
fractional differential equations, J. Comput. Appl. Math., 419 (2023), 114684.
https://doi.org/10.1016/j.cam.2022.114684

3. R. Garra, F. Mainardi, G. Spada, A generalization of the Lomnitz logarithmic creep
law via Hadamard fractional calculus, Chaos, Soliton. Fract., 102 (2017), 333-338.
https://doi.org/10.1016/j.chaos.2017.03.032

4. M. Gohar, C. P. Li, C. T. Yin, On Caputo Hadamard fractional differential equations, Int. J. Comput.
Math., 97 (2020), 1459-1483. https://doi.org/10.1080/00207160.2019.1626012

5. Z. B. Wang, C. X. Ou, S. K. Vong, A second-order scheme with nonuniform time grids for
Caputo-Hadamard fractional sub-diffusion equations, J. Comput. Appl. Math., 414 (2022), 11448.
https://doi.org/10.1016/j.cam.2022.114448

6. J. Y. Cao, C. J. Xu, A high order schema for the numerical solution of the
fractional ordinary differential equations, J. Comput. Phys., 238 (2013), 154-168.
https://doi.org/10.1016/j.jcp.2012.12.013

7. C.P Li Z. Q. Li, Z. Wang, Mathematical analysis and the local discontinuous Galerkin method
for Caputo-Hadamard fractional partial differential equation, J. Sci. Comput., 85 (2020), 41.
https://doi.org/10.1007/s10915-020-01353-3

8. M. Gohar, C. P. Li, C. T. Yin, On Caputo-Hadamard fractional differential equations, Int. J. Comput.
Math., 97 (2020), 1459-1483. https://doi.org/10.1080/00207160.2019.1626012

9. Z.Q. Wang, Q. Liu, J. Y. Cao, A higher-order numerical scheme for two-dimensional nonlinear
fractional Volterra integral equations with uniform accuracy, Fractal Fract, 6 (2022), 314.
https://doi.org/10.3390/fractalfract6060314

10. A. B. Makhlouf, L. Mchiri, Some results on the study of Caputo-Hadamard
fractional stochastic differential equations, Chaos, Soliton. Fract., 155 (2022), 111757.
https://doi.org/10.1016/j.chaos.2021.111757

AIMS Mathematics Volume 8, Issue 12, 29759-29796.


http://dx.doi.org/https://doi.org/10.1016/j.chaos.2009.03.016
http://dx.doi.org/https://doi.org/10.1016/j.cam.2022.114684
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2017.03.032
http://dx.doi.org/https://doi.org/10.1080/00207160.2019.1626012
http://dx.doi.org/https://doi.org/10.1016/j.cam.2022.114448
http://dx.doi.org/https://doi.org/10.1016/j.jcp.2012.12.013
http://dx.doi.org/https://doi.org/10.1007/s10915-020-01353-3
http://dx.doi.org/https://doi.org/10.1080/00207160.2019.1626012
http://dx.doi.org/https://doi.org/10.3390/fractalfract6060314
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2021.111757

29795

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

A. Ricardo, Caputo-Hadamard fractional derivatives of variable order, Numer. Func. Anal. Opt., 38
(2017), 1-19. https://doi.org/10.1080/01630563.2016.1217880

C. X. Ou, D. K. Cen, S. K. Vong, Z. B. Wang, Mathematical analysis and numerical methods for
Caputo-Hadamard fractional diffusion-wave equations, Appl. Numer. Math., 177 (2022), 34-57.
https://doi.org/10.1016/j.apnum.2022.02.017

Y. T. Toh, C. Phang, Y. X. Ng, Temporal discretization for Caputo-Hadamard fractional derivative
with incomplete Gamma function via Whittaker function, Comput. Appl. Math., 40 (2021), 285.
https://doi.org/10.1007/s40314-021-01673-6

Z. Wang, L1/LDG Method for Caputo-Hadamard time fractional diffusion equation, Commun.
Appl. Math. Comput., (2023). https://doi.org/10.1007/s42967-023-00257-x

C. W. H. Green, Y. Z. Liu, Y. B. Yan, Numerical methods for Caputo-Hadamard fractional
differential equations with graded and non-uniform mesh, Mathematics, 9 (2021), 2728.
https://doi.org/10.3390/math9212728

M. A. Zaky, A. S. Hendy, D. Suragan, Logarithmic Jacobi collocation method for Caputo-
Hadamard fractional differential equations, Appl. Numer. Math., 181 (2022), 326-346.
https://doi.org/10.1016/j.apnum.2022.06.013

E. Y. Fan, C. P. Li, Z. Q. Li, Numerical approaches to Caputo-Hadamard fractional derivatives
with applications to long-term integration of fractional differential systems, Commun. Nonlinear
Sci., 106 (2022), 106096. https://doi.org/10.1016/j.cnsns.2021.106096

H. J. Liu, Y. G. Zhu, Y. Y. Liu, European option pricing problem based on a class of Caputo-
Hadamard uncertain fractional differential equation, AIMS Mathematics, 8 (2023), 15633-15650.
http://dx.doi.org/ 10.3934/math.2023798

G. Istafa, M. U. Rehman, A Legendre-spectral method for Hadamard fractional partial differential
equations, Math. Sci., (2022). https://doi.org/10.1007/s40096-022-00497-7

Y. Wang, M. Cai, Finite difference schemes for time-space fractional diffusion equations in one-
and two-dimensions, Commun. Appl. Math. Comput., (2023). https://doi.org/10.1007/s42967-022-
00244-8

Z. B. Wang, C. X. Ou, S. K. Vong, A second-order scheme with nonuniform time grids for
Caputo-Hadamard fractional sub-diffusion equations, J. Comput. Appl. Math., 414 (2022), 114448.
https://doi.org/10.1016/j.cam.2022.114448

Q. H. Ma, R. N. Wang, J. W. Wang, Y. C. Ma, Qualitative analysis for solutions of a certain more
generalized two-dimensional fractional differential system with Hadamard derivative, Appl. Math.
Comput., 257 (2015), 436—455. http://dx.doi.org/10.1016/j.amc.2014.10.084

R. Almeida, D. F. M. Torres, Computing Hadamard type operators of variable fractional order,
Appl. Math. Comput., 257 (2015), 78-88. http://dx.doi.org/10.1016/j.amc.2014.12.071

M. Gohar, C. Li, C. Yin, On Caputo-Hadamard fractional differential equations, Int. J. Comput.
Math., 97 (2020), 1459-1483. https://doi.org/10.1080/00207160.2019.1626012

Z. W. Yang, X. C. Zheng, H. Wang, Well-posedness and regularity of Caputo-Hadamard
fractional stochastic differential equations, Z. Angew. Math. Phys., 72 (2021), 141.
https://doi.org/10.1007/s00033-021-01566-y

AIMS Mathematics Volume 8, Issue 12, 29759-29796.


http://dx.doi.org/https://doi.org/10.1080/01630563.2016.1217880
http://dx.doi.org/https://doi.org/10.1016/j.apnum.2022.02.017
http://dx.doi.org/https://doi.org/10.1007/s40314-021-01673-6
http://dx.doi.org/https://doi.org/10.1007/s42967-023-00257-x
http://dx.doi.org/https://doi.org/10.3390/math9212728
http://dx.doi.org/https://doi.org/10.1016/j.apnum.2022.06.013
http://dx.doi.org/https://doi.org/10.1016/j.cnsns.2021.106096
http://dx.doi.org/http://dx.doi.org/ 10.3934/math.2023798
http://dx.doi.org/https://doi.org/10.1007/s40096-022-00497-7
http://dx.doi.org/https://doi.org/10.1007/s42967-022-00244-8
http://dx.doi.org/https://doi.org/10.1007/s42967-022-00244-8
http://dx.doi.org/https://doi.org/10.1016/j.cam.2022.114448
http://dx.doi.org/http://dx.doi.org/10.1016/j.amc.2014.10.084
http://dx.doi.org/http://dx.doi.org/10.1016/j.amc.2014.12.071
http://dx.doi.org/https://doi.org/10.1080/00207160.2019.1626012
http://dx.doi.org/https://doi.org/10.1007/s00033-021-01566-y

29796

26. Y. Liu, J. Roberts, Y. Yan, Detailed error analysis for a fractional Adams method with graded
meshes, Numer. Algorithms, 265 (2018), 195-210. https://doi.org/10.1007/s11075-017-0419-5

@ AIMS Press

AIMS Mathematics

©2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Volume 8, Issue 12, 29759-29796.


http://dx.doi.org/https://doi.org/10.1007/s11075-017-0419-5
http://creativecommons.org/licenses/by/4.0

	Introduction
	Higher-order numerical scheme using two-dimensional nonlinear fractional Hadamard integral equations
	Estimation of the truncation errors
	Convergence analysis
	Numerical examples
	Concluding remarks

