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1. Introduction

In this work, we investigate the asymptotic behavior of solutions of the following one-dimensional
thermoelastic Timoshenko system:

pl¢tt - K(¢x + w)x + 79x = Oa
P2 — e + k(@ + ) + BOW" Oy, = 0, (1.1)
P30+ 1q +¥Py = 0,
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with the following Dirichlet boundary conditions:

#0,1) =¢d(L,t) =0, t >0,
(0,1 =y¥(L,1) =0, 1 >0, (1.2)
00,1 =6(L,1)=0,1>0,

and initial data

(1.3)

{ $(x,0) = do(x), Y¥(x,0) = ¥o(x), 8(x,0) = 6p(x), x € [0, L],
$:(x,0) = ¢1(x), Yi(x,0) = Y1 (x), x€[0,L],

where p1, 02,03, k, b,y > 0 are positive physical parameters from thermoelasticity theory and S(¢) is
the time-dependent coefficient of the damping term. The unknown variables (¢, ¥, 6) : [0,L] X R,
are functions of (x, ) and represent the transverse displacement, rotational angle of the filament of the
beam and the temperature, respectively. The initial conditions ¢, @1, ¥, 1, and the history function 6,
are fixed data.

The heat flux g in (1.1) is given by the Coleman-Gurtin’s law [1]:

7q(t) + (1 — )b, + @ foo u(s)0(x,t — s)ds =0, a € (0,1), (1.4)
0

where the Fourier (1.8) law and the Gurtin-Pipkin (1.11) law are special cases. In (1.4), the function u
is the heat conductivity relaxation kernel given by i : R, — R, which satisfies some conditions that
will be mentioned later.

Substituting Eq (1.4) into (1.1), we get

P1¢u — k(@ + ), +v0, =0,

P2 — by, + k(. + ) +,3(t)|¢t|v(x)_2'//t =0,

P36 — WOy, — & [ ()0 (x,1 = $)ds + ¥y = 0,

$(x,0) = ¢o(x), ¢:(x,0) = ¢1(x), Y(x,0) = Yo(x),
Yi(x,0) = Y1 (x), O(x,—1) = 6y(x, 1),

@0,1) = d(L,t) = Y(0,1) = w(L,t) = 6(0,1) = 6(1,t) = 0.

(1.5)

where @ = (1 — @) with @ € (0, 1).

This work aims to address the stability problem of the system (1.5) with a focus on the interaction
between the thermoelastic dissipation and another weak damping with variable exponent nonlinearity.
Unlike the previous stability results in the literature, we prove the exponential and polynomial stability
of the solutions without imposing the equality of the wave speeds. This is important because the case
of equal speeds is purely mathematical and physically never satisfied [5]. Therefore, the stability result
obtained without any restriction on the coefficients is more realistic than that obtained with a stability
condition.

The system (1.5) was originally introduced by Timoshenko [6] as follows:

{pl% — (g + ). = 0, (1.6)

Py — b + k(¢ + ) =0,
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as a model of the motion of a thick beam where ¢ is the transverse displacement of the beam, and —y
is the rotational angle of the filament of the beam. p1, p,, b and « are fixed positive physical constants.

The issue of stability of Timoshenko systems (1.6) has attracted a great deal of attention in the last
decades. Various types of damping mechanisms have been used to stabilize these systems such as
boundary and/or internal feedback, heat or thermoelasticity, memory, and Kelvin-Voigt damping, have
been used. See, for example, [7-20].

The above studies have shown that the exponential stability of system (1.6) is achieved in the
presence of linear dampings in both equations of (1.6) without imposing any condition on the speeds
of wave propagation. However, if the damping effect is acting on only one equation, the system is
exponentially stable if and only if it has equal speeds of wave propagation; that is

kK b

P P2
In this paper, we focus on the thermoelastic dissipations which refer to the mechanisms by which the
energy is dissipated in thermoelastic materials. Thermoelastic damping is a source of intrinsic material
damping that occurs due to the coupling between the elastic field in a structure caused by deformation
and the temperature field. When a vibrating structure undergoes strain, it causes a change in internal
energy, resulting in regions becoming hotter or cooler. Thermoelastic damping occurs when there is
a lack of thermal equilibrium between different parts of the vibrating structure, leading to irreversible
heat flow driven by temperature gradients and energy dissipation. For more information on the heat
conduction equations, we refer to [21]. One of the thermoelastic dissipations is the heat conduction via
a heat flux. The heat flux comes in different types. One of these types is the one defined by Fourier’s
law, which is

(1.7)

Tq = —b,, (1.8)

where ¢ is the heat flux and the coefficient 7 is a positive constant called the coefficient of thermal
conductivity of the material. However, if the model is subjected to the Fourier’s law (1.8), this leads
to a parabolic equation. Consequently, the heat propagates at an infinite speed, that is, any thermal
disturbance produced at some point in the body has an instantaneous effect elsewhere in the body.
To overcome this physical paradox, many theories were developed. The first theory was proposed by
Green and Naghdi [22-24] who expanded three new theories based on entropy equality rather than
the entropy inequality. They called them thermoelasticity of type I, type II and type III, respectively.
Lord and Shulman [25] proposed the second theory and suggested replacing Fourier’s law (1.8) by the
following Cattaneo’s law:

Toq; +q+ 710, =0, (1.9)

where the positive constant 7, also known as the thermal relaxation time, stands for the delay in the
heat flux reaction to the temperature gradient. According to this theory, the system becomes fully
hyperbolic. This means the heat propagates with a finite speed and is viewed as a wave-like
propagation rather than a diffusion phenomenon. A wave-like thermal disturbance is referred to as a
second sound (where the first sound is the usual sound). A nonclassical theory predicting the
occurrence of such disturbances is known as thermoelasticity with finite wave speeds or second sound
thermoelasticity. It is worth to mention that the constitutive equation for the heat flux in the type III
theory is given by

qg=—cia,—c0,, (1.10)
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where

a = ap(x) + f O(x, s)ds.
0

It is also worth mentioning that the type III thermoelasticity and the second sound thermoelasticity
cannot describe the memory effect that reigns in some materials, particularly at a low temperature.
This fact leads to the search for a more general constitutive assumption relating the heat flux to the
thermal memory. Due to this feature, a more general constitutive assumption connecting the heat flux
to the thermal memory must be sought. Gurtin and Pipkin [26] assumed that the heat flux depends on
the integrated history of the temperature gradient and established a general nonlinear theory for which
thermal disturbances propagate with a finite speed. According to this theory, Gurtin and Pipkin [26]
proposed the following linearized constitutive equation for g; that is

Tq=—fwu(s)9x(t—s)ds, (1.11)
0

where ¢ represents the heat flux depending on the history of the temperature gradient due to the
kernel u. The function = u(s) is the relaxation kernel of the thermal conductivity, which is a
bounded convex function on R, with total mass of 1; that is

fw,u(S)dS =1,
0

and satisfies some other conditions mentioned in the Assumption (A;) (below). The presence of the
convolution term (1.11) renders the Timoshenko system coupled with the heat equation into a fully
hyperbolic system, which allows the heat to propagate with a finite speed and describes the memory
effect of heat conduction.

It is observed that various selections of u(s) lead to different distinct constitutive models. In
particular, if we choose u(s) = «d(s) and u(s) = %e_%, 79 > 0, we get Fourier’s law (1.8) and
Cattaneo’s law, respectively, where d(s) is the Dirac mass weighted at 0. In other words, (1.11) is a
generalized form of Fourier’s and Cattaneo’s laws. For more information on this topic, we direct the
reader to [27-32].

As a summary, condition (1.7) is never physically satisfied, due to the physical meaning of the
constants appearing in the Timoshenko systems (see [33] for more details). Therefore, results that are
obtained with this condition compulsorily holding are definitely not in tandem with physical reality.
Thus, any result concerning Timoshenko systems that is obtained without condition (1.7) is of great
interest, and much desired. In this paper, we aim to stabilize the Timoshenko systems (1.1)—(1.3)
without imposing the equal speed of wave propagation (1.7).

Before starting the analysis and proof of our results, we compare our model with others that have
been investigated in the literature.

e In the case of 8 = 0, @« = 0, with the heat flux defined by Fourier’s law (1.8), this model was
investigated by Mundz Rivera and Racke [34], Almeida Jinior et al. [10], Alves et al. [35] and

Alves et al. [36] who proved that the solution of the system is exponentially stable if and only if

kK b
the wave speeds are equal (— = —).

P11 P2

AIMS Mathematics Volume 8, Issue 12, 29577-29603.



29581

e In the case of § = 0, @ = 0, with the heat flux g defined by the Cattaneo’s law (1.9), Fernandez
Sare and Racke [37] showed that the solution of the Timoshenko system coupled with the heat
equation described by the Cattaneo law loses the exponential stability even if the wave speeds
are equal. Santos et al. [30] then produced a stability number and proved that the solution of the
system is exponentially stable if and only if that stability number is zero.

e In the case of 8 = 0, @ = 1, with the heat flux g defined by the Gurtin-Pipkin law,

t

Tq:—f ut—s)6,(x,s)ds. (1.12)
This model was investigated by Dell’Oro and Pata [38] and Hanni et al. [39], who proved that
the solution of the system is exponentially stable under some conditions with stability numbers.
However, Fareh [2] demonstrated that the stability number has no effect on the exponential
stability of system when it is fully damped, meaning when all equations are damped by the heat
conduction.

e In the case of B # 0 and without the thermoelasticity dissipation (the third equation in the
system (1.5)), Mustafa [3] proved that the system is exponentially and polynomially stable when

b . .
the wave speeds are equal | — = —| and the variable exponents under some conditions.

Al-Mahdi and Al-Gharabli [4] ollataineil similar results, but with the addition of another damping
of variable exponent type in the first equation of the system.

e In the case of B # 0, @ # 0 and @ # 1 such as in the system (1.5), the problem had not been
investigated. This is the first study to investigate the interaction between the thermoelasticity
dissipation and weak damping with variable exponent. We prove that the system is exponentially
and polynomially stable without imposing the equality of the wave speeds, where the system is
not full damped by the heat conduction, unlike the one in Fareh [2].

For the existence, uniqueness and stability analysis of some other classes of differential equations,
we refer to [40-42].

2. Assumptions and transformations

This section is devoted to the hypotheses and certain transformations that our problem requires.
Initially, we consider the convolution kernel 4 : R, — R, whichisa C 2 (R,) convex non-increasing
function satisfying:

(Ay) u(0) > 0, lim u(s) = 0, and f u(s)ds = 1. Furthermore, there exists a positive nonincreasing
§—00 0

differentiable function & such that

- (s) < E(s)K'(s), for almost every s > 0, (2.1)

and Jrfwf(s)ds = 400,
0

We introduce the memory kernel g = —/; that is u(s) = fs e g(r)dr, and it satisfies the following
conditions:
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(A) g : Ry > Ry, g € C'(Ry), g(0) > 0, gy = f g(s)ds = p(0) > 0, andf sg(s)ds = 1.
0 0
Condition (2.1) implies that

g'(s) < —&(s)g(s), for almost every s > 0. (2.2)
(A3) We assume that there exists a positive constant A such that
Wox(s)II* < A, Vs >0, (2.3)

where YW(x) and W (x) are defined (below) in (2.5) and (2.6), respectively.
We define L, = {‘I’ : Ry > Hy(0,L) : ||‘P||ig = f (I ()IPds < oo}, which is a Hilbert
0

space.
(A4) The time-dependent coefficient 8 : [0, 00) — (0, c0) is a nonincreasing C' function satisfying

fooo B(s)ds = 0.
(As) The variable exponent v(x):
v :[0,L] — [1, 00) is a continuous function such that

vy = essinfeo ) v(x), Vo 1= esssup o V(%),

and 1 <v; < v(x) < v, < co. Moreover, the variable function v satisfies the log-Holder continuity
condition; that is, for any ¢ with 0 < ¢ < 1, there exists a constant A > 0 such that,

v(x) —v(y)l < , forall x,y € Q, with |x —y| < 6. 2.4)

“log|x -yl

Remark 2.1. (1) Condition (2.2) was introduced for the first time in (2008) by Messaoudi [43].
For more results for the history of the relaxation functions, we refer to [44-52].

(2) The class of the function u that satisfies the condition (A;) is not empty. For example, the
following functions satisfies the condition (A;):

1
M) = oy KO = €7 () = 2a(Vs+ 1) e

where a is a positive real number chosen so that the condition (A;) holds.

Using the Dafermos method [44], we introduce the following variable ¥ : (0, 1) X R, xR, — R by

Y(x,t,5) = f 60(x, rydr, (2.5)

\)

with W(x, 0, s) = f A 0o(x, r)dr. Simple calculations yield the following
0

Y.(x,t,5)+¥(x,t,5) =0(x,1), 0,L) xR, xR,,
Y(,t,5) =VY(L,t,s5) =¥(x,10) =0, (0,L) xRy xR,,

where the subscripts ¢ and s means the partial derivatives with respect to ¢ and s, respectively. Direct
integrations, using the properties of ¥, show that

AIMS Mathematics Volume 8, Issue 12, 29577-29603.



29583

0
00 ! =g CO !
[ 9t = 95 = timp) [—s@na] - [ [ outndras
0 Yo t-y y=0 0 t-s

= f g()V¥.x(x, t, s)ds.
0
Gathering all the transformations, system (1.5) becomes

pl(btt - K(¢x + w)x + ')/Hx = 0’
P — b + k(e + ) + POy, = 0,

p30t - agxx - a’f g(s)\}’xx(t - S)dS + y¢xt =0,
0

¢(X’ 0) = ¢0(X), ¢[(X, O) = ¢1(X), lﬁ(x, O) = l,b()()C), '7[/[()(:’ O) = wl(X),
Y.(x,t,5) +¥(x,t, ) =6(x,1),

0(x, —t) = Oy(x, 1), Polx,s) = f S Oo(x, rdr,
0

¢(0,1) = ¢(L,1) = (0,1) = Y(L,1) = 6(0,1) = 6(L, 1) = 0,
Y(0,1,s) =¥Y(L,t,5) =¥(x,1,0) =0.

(2.6)

wherea =1 —-aand a € (0, 1).

The utility of the presence of nonstandard damping with variable exponent can be seen in
modeling physical phenomena such as flows of electro-rheological fluids or fluids with
temperature-dependent viscosity, nonlinear viscoelasticity, filtering processes through a porous media,
and image processing. These models comprise hyperbolic, parabolic or elliptic equations with
varying exponents of nonlinearity and nonlinear gradients of the unknown solution. Further
information on these issues can be found in [53-55].

Now, we state without proof, the following existence result:

Proposition 2.1. For any (¢, ¢1, %o, Y1, 00) € H, and assuming that the hypotheses (A — As) holds,
then, the system (2.6) has a unique global (weak) solution

¢,¢ta¢,¢’z,9€ C(R+a7.{) (27)

Moreover, if (¢o, Yo, 80) € V, then the system (2.6) has a strong solution

¢y, 0 € C' (R H)NC RV), (2.8)
where
H := Hy(0,L) x L*(0, L) x Hy(0,L) X L*(0, L) X L, (2.9)
and
V = (H(0,L) N Hy(0, L)) x (H*(0, L) 1 Hy(0, L)) x HY(0, L). (2.10)

The above existence result can be proved by using the Faedo-Galerkin method and repeating the steps
in [56-60].
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3. The stability results

In this section, we state the outcomes of our study. We present three different theorems based on
the varying range of the variable exponents. In addition, we provide some examples and remarks.

Theorem 3.1. Assume that the hypotheses (A; — As) hold and vi = v, = 2. Then, there exist
constants yo € (0,1) and 6; > O such that, for all t € R, and for all 5, € (0,vyy], the energy
functional (4.1) satisfies

! : alAc [
E() < 61(1 + f (g(s))1‘5°ds) ™00 hBIWs - f g(s)ds, (3.1)
0 0 t

where 6, = max{E(0), “6—?)? (g(O))‘S0 }, the constant A is introduced in (A3), and ¢ is a positive constant
depends on the coefficients of the system and the Poincaré’s constant.

Examples 3.1. This example illustrates the result in Theorem (3.1). Let u(s) = ¢™* and 8 = 1, then it is

easy to check that u(s) satisfies condition (A;). Therefore, the energy decay (3.1) becomes for 6y = %,

E(f) < ce™. (3.2)

This is an exponential decay.
1

Let u(s) = TooR and 8 = 1, then it is easy to check that u(s) satisfies condition (A;). Therefore, the

energy decay (3.1) becomes for ¢ = %, and a positive constant C,

E@) < (3.3)

(1+0)?
This is a polynomial decay. Then, we note that lim E(¢) = 0.
1—00

Theorem 3.2. Assume that (A} — As) hold, 1 < vy < 2 and v, # 2. Then, the energy functional (4.1)
satisfies for a positive constants C,

Kk+1

E@) < CA+0% €5 [1+ [T (9r1(s)(1 + 5)vds|, (3.4)

2-vi w»n
2vi=2° 2

where k = max{

Examples 3.2. This example illustrates the result in Theorem (3.2). Let u(s) = 2a ( Vs + 1) e~ V5, then,
£(s) = 5= and g(s) = ae™V". Therefore, [~ g(s) = 2a(ys+1)e V. Then, h(t) = £0) [ g(s) =

3(%6‘ ‘ﬁ). Then in case if k = 22;11‘2 > 0, the energy decay (3.4) becomes for 8(f) = (1+1)™, and 0 <
<1

2vy =2 vy ! Svi—4 vy vy
EH)<CA+0) ™ 1+ " (1 + f(l + S)M_A(fﬁ)l"vl(s)hz‘”ds). (3.5)
0

Then, we obtain polynomial stability of the form

4-3v

E(t) < C(l + @ ?, (3.6)

AIMS Mathematics Volume 8, Issue 12, 29577-29603.
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It is clear that for 4 = O and v; > %, lim E(f) = 0. If A = 1, then we have for any 1 < v; < 2,
t—o00
limE@) =0

—00

In the second case, if x = 3 — 1 > 0, then we obtain for the same function polynomial stability of
the form

4
Et)<CA+px22 ", (3.7)
Then, we note that for A = 0 and v; < v, < 4, we have lim E(¢) = 0. Also, if 4 = 1, then we have for
t—o00

any 1 <v; <, limE(@) =
1—00

Theorem 3.3. Assume that (A —As) hold, vi > 2 and v, > 2. Then, the energy functional (4.1) satisfies
for a positive constants C,

E(t) < C(1 + 1) 22 (¢8) 2 (1 F A+ s)vz%z(fﬁ)vz%(s)h%ds). (3.8)
4. Technical lemmas

In this section, we state and establish several lemmas needed for the proofs of our main results
in Section 3. Through this paper, the constant ¢ denotes to the generic positive constant and ¢ is a
positive constant depends on the coeflicients of the system and the Poincaré’s constant.

Lemma 4.1. The energy of system (2.6) is defined by

E@) = [p1||¢t|| + allrl* + Bl + p3ll6IF + wll(pe + I +6¥f g(S)I‘I’xlzdS]dx, 4.1

0
and satisfies

L L 00 L
E(t) =-a f 0*dx + % f f g ()Y, *dsdx — B(1) f I "@dx <0, Vt>0. 4.2)
0 0 0 0

Proof. By multiplying (2.6), by ¢, (2.6), by ¢, and (2.6); by 6, using integration by parts and adding
the results, it is easy to arrive at the proof of (4.2).

Lemma 4.2. The second-order energy of the system (2.6) is defined by

E0) =3 [plll¢tt|| + pallral > + Bl all* + psll6:IP + (@ + )il

oo 4.3)
ta f g(s)l‘I’x,|2ds]dx
0
and satisfies the following uniform bound
E\(t)<C, Yt=0. 4.4)

Proof. By taking the derivative of all the equations of the system (2.6) with respect to ¢, then
multiplying (2.6); by ¢,, (2.6), by ¥, and (2.6)3 by 6,, and integrating over (0, L), we get

E|(t) = -a f Pdx + = f f g (WP dsdx

4.5)
- B(1) fo V(x) = D) g "D 2yidx — B'(1) fo "2y dx.

AIMS Mathematics Volume 8, Issue 12, 29577-29603.
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Using the fact g’ < 0, and applying Young’s inequality, we have

B0 <50 [ L[ W }[w VBO 00 — DI | dx
T o [ VBO @) - Dlg -2

L
~ B f () = D g 2g2dx
0
Lo ooy, |
B f [ : , .\
0 [2VBO O - D2
L
— B(0) fo () = 1) "2y 2dx

1 fL(—ﬁ’(t))z PO
“ao VB ) 00—
BO _

As in the argument in [3], since fom B(t)dt = oo, one can show that lim 5(()) # oo. In fact, if lim N
1—00 t—o0

oo, then for a given M > 0, there exists € > 0 such that g(t(;) > M for any t > 0. Integrating this

inequality, we find M f ' Bls)ds < — fg ' B'(s)ds < B(e). This is a contradiction with f; B(Hdt = oo.

[0 VB G0~ D2 dx (4.6)

Hence, we conclude that 5(()) is bounded; that is, for some positive constant m,, we have ﬂﬂ(t()) < my.
Thus,
2
E|(t t ["dx = ~E'(t 4.7
()_4( ﬁ()fl% AiTe— ( (). (4.7)
Integrating this inequality over (0, 1), we get
mB
[E1(1) — E1(0)] < | ——= | [E(0) — E(®)]. (4.8)
4vi — 1)
Since —E(t) < 0, we get
_mf
E\(t) < TR E©) + E{(0) =C, 4.9)

where C is a positive constant independent of 7. This is the desired result.
Lemma 4.3. (Gagliardo-Nirenberg interpolation inequality). For some ¢ > 0 and any v > 2, we have
1111
Il < iy gl ¥ € W0, L). (4.10)
As a consequence of the above interpolation inequality (4.10), we have for 1 < v; < 2,

AIMS Mathematics Volume 8, Issue 12, 29577-29603.
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2-vy 3v1-2 2-v) 3v -2

2v 2v - 2y
w <l hll,™ < (EY@) > Mg, ™

R 2 Sk 4.11
< E) T WA, < (©F g™ “4.11)

3v1-2

< c(E@) ™ .

[l

Lemma 4.4. Under the assumptions (A4) and (As), we have the following estimates:

L
cB(t) f yldx < —cE'(t), ifvi=v=2,
0
L
cB(1) f Wldx < ceBE(t) — CLE™(E'(1)), ifvi =2, v, > 2, (4.12)
0
L
cB(1) f Yldx < ceBE + cerBE — C,, (E'(D) E™ = Coy (E'())E™X, if1 <vy <2, vy #2,
0

where'x = 7 -1>0.

Proof. The proof of (4.12); can be achieved directly by imposing v(x) = 2 and combining with (4.2).
To prove (4.12),, we set the following partitions:

Q={x€[0,L]: |y, >1} and Q,={x€e[0,L]: ¥, <1}. (4.13)
Using of Holder and Young inequalities and (4.1), we obtain for Q,
L v(x ’
eB(0) fo, widx < () [y Wil dx < —cE'(1), (4.14)

and for Q,, we get

2

A1) ( f il dx)
Q

2

cB(t) ( il d)C)v2

(97}
-z t %
B ﬁf |¢t|v(x)dx
0

B (—E' (1) . (4.15)

IA

cB(0) f rdx
Q

IA

IA

IA

Note that , ,
1-2 = 2
-2 Low2 B REC(-E(D)™
v (=E" (1)) = — ,
B (—E' (1) =

where ¥ = 2 —1 > 0. Using Young’s inequality for / = 3 and {* =

V2
vy—2

gives for a positive constant &,

BIRERCE W) _ sBE™! + C,(E'(1)
EX N EF ’

(4.16)
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Combining (4.15) and (4.16), we get

K+1 i
) [ vrax < P LCED)
foR E*
ceBEF + C.E* (-E'(1)). (4.17)

IA

IA

Combining (4.14) and (4.17), the proof of (4.12), is completed. To prove (4.12);, we consider two
cases:
Case 1. If v, < 2, then on Q,, we have

L
cB(t) f prdx < B f W' dx < —cE'(¢). (4.18)
Qz 0

However, on €, using the estimate in (4.11), we have

1 vi—1

) f W2dx = cB(1) f wfw,dxs(:ﬁ( f " dx)” ( f i dx) "
Q Q Q Q

(o (N (4.19)
<o (g [ e i,
0
3v-2
< G (-E'0) (E(1) ™7 .
Using Young’s inequality for y = v and y* = V]Vll , we have for a positive constant &,
3v-2
cB(1) fQ] Wrdx < gB [E(t)]m +C.(—E'(1)). (4.20)
Combining (4.18) and (4.18), we obtain
3vy-2
cB(1) [} Wrdx < —cE'(t) + ceB[EW]™ + C, (~E'(1)). 4.21)
Since % > 1, we have
) widx < —E'(t) + cBE(1) + C, (=E'(1)). (4.22)
Case 2. If vo > 2, on £,, we have
2
v2
B | Yidx < B(®) ( f gl dx
Q Q
= L 2
v(x) 2 1-2 v(x) ”
< B "V dx|] <¢B T |B || dox
Q 0
< B(-E'D)*, (4.23)
and on Q2;, we have
L =2
cB(t) Jo, Yidx < B (=E' (1) (E®) T . (4.24)
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Now, a combination of (4.23) and (4.24), we find

L 2 1 3y -2
Cﬂ(t)f Yidx < B(=E'(1)7 + B(=E1)T (E@) ™ . (4.25)
0

Multiply the last inequality by EX where & = 7 —1>0, we get
- L - 2 - 1 -2
cEKﬁ(t)f pidx < cBE*(=E'(1))” + ¢BE* (—E' (1)) (E(t)) ™ . (4.26)
0
Using Young’s inequality two times, to get for a positive constant &1, &, > 0,

4%

- v 3v-2
CEB0) [ xS B+ Co(ZE0) + oCo (E' @) + e
0

<
< B EXN + C,, (—E' (1) + ¢Cy, (~E'(1)) + cBerE? . 4.27)
The above estimate is obtained by using the facts that Vlv—ll (% +7€) > % and E(?) is a nonincreasing

function. Therefore, we have

L
cﬁ(t)f Yldx < cefE + ce,BE — C,, (E'(1) E™ = Cs, (E'(H)) E™ . (4.28)
0

where’k = 3 — 1 > 0. This is the end of the proof.

Lemma 4.5. Assuming that (A4) and (As) hold, then for any A > 0, we have

L L
0 f Wil g < (e + e 4 f wPdx +B0) | Catolw PO dx
0 0 Qs
+ (1) Ca(x) |y, Pdx. (4.29)
Qiex

Proof. We consider the following partition:
Q. ={xe[0,L]:v(v) <2}, Q. ={x€][0,L]:v(x)=>2}.
Therefore,
L
—B(1) f Yl dx = (1) f Yl ydx = B(2) f Wl Pgdx. (4.30)
0 Qs Qe

Since (3 is a nonincreasing function, we find

—B() f Ul dx < e, f Widx + B(1) f Ca(0)lyr | dx, (4.31)
* Qx Qx
where c, is the embedding constant. On the other hand,
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A1) fg G < 40 fg W fg Clol V.
We estimate the first integral in (4.32) as follows:
AB(0) fg WP dx < A5(0) fo I = 4B fg W dx + A5(0) fg WP dx
< ap@) [ udx+ 4500 fg Wl dx < AB(0) fo ol + 280 fo i
< AW+ Al < A ol + 2l sl

2 v—2 2 vy—2
<A (ZE0) + e (ZEO) Wik < el

where
Q,={xel0,L]:|yx,n =1}, Q ={xe[0,L]: [¥(x,0)]<1,}

¢ = (cgl(%E(O))vl_2 n c;"Z(%E(O))Vz_Z).

and

Therefore, (4.32) becomes

L
B0 f Y™ ndix < e1 f W Pdx + B(z) f Ca(lyl"Vdx.
o 0 Qe

Combining (4.31) and (4.35), the proof is finished.

Lemma 4.6. The functional .
Fi(®) := p1p3 f ¢y f 0(y)dydx,
0 0

satisfies

Fi(t)s—wf ¢,2dx+81f (s + ¥)* dx+cf szx+acf f g($)|¥, [ dsdx.

Proof. The derivative of F(¢) with imposing (2.6);, is given by

L X L
Fi(t) = p3f pl¢ttf 0(y)dydx + p; f o,
0 0 0

Using (2.6), and integrating by parts, we arrive at

L
Fi(1) = —Pst 9(¢x+w)dx+p37f9dX+p1a ¢.0dx

—pnff ¢tdx+,01af </>zf g(s)¥x(x, 1, s)dsdx.

b, + a/f g()P,(x,t, s)ds — ygb,] dx
0

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)
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Apply Young’s and Cauchy-Schwarz inequalities, we get for positive constant &, g, &;
L oo
pia [ [ somursasds
0 0

332f¢2d+ f(f \/g(_s\/gT‘Pds)dx

(4.38)
<& f é; ( f g(S)dS) f f g()W.|*dsdx
de 0 o Jo
0 L )
< 82f ¢2d + — P f f g(s)I‘I’xlzdsdx,
48 0 0
and .
_p3,<f 0(¢x+w)dx<glf (P + ¥)? dx+l;3 f 6*dx,
0 (4.39)
pla/f 0.0, dx<82f ¢>2dx+ f 6%dx.
Choosing &, = p X and using Poincaré’s inequality, the estimate (4.36) is established.
Lemma 4.7. The functional .
F>(1) 1=p2f Ypdx,
0
satisfies the estimate
b (L L L
i < -2 f WRdx + po f T f (e + )
4 Jo 0 0
+ (D) f WP dx 4+ B() f W dx. (4.40)
Qsx Qe
Proof. We have
L L
F5(1) :sz w?d'x—l_pi Yydx. (4.41)
0 0
From Eq (2.6),, we find
L L
P2 f Yrdx = f U bW = k(s + ) = BOWI 2y, | dx
0 0
L L L
=—b f Wldx — k f U(s + Y)dx — B(1) f Ul dx. (4.42)
0 0 0
Imposing this in (4.41), we get
L L L L
Fi(t) = p> f Yidx—b f Yidx — k f Y(px + Y)dx — B(1) f Yl "Dy dx. (4.43)
0 0 0 0

Young’s inequality, we get for &
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L L K2 L
& f Wb, + W)dx < & f Pdx+ f (6 + 0. (4.44)
0

Now, using the estimate in (4.29), taking A = and choosing € = _,’ the proof is completed.

2(c +c1)

Lemma 4.8. The functional

L X
Fa(t) := —py f b+ ) f ¢ dydx,
0 0

satisfies

F’(t)<——f (¢ + ) dx+p1(1+83)f ¢2dx+—f wzdx+cf 62dx. (4.45)

Proof. Differentiating F’5(¢), and imposing (2.6), gives

L X L
Fi(t) = =y fo e+ ), fo ¢()dydx — fo (e + ) [K (s + ) — 76] dx

Simplifying, this equation becomes

L X L X L
Fi(t) = —pr fo b fo 6. dydx - py fo " fo 6.(3)dydx — K fo (6 + v dx
L
+)/f (¢ + ) Odx. (4.46)
0

Integration by parts leads to

L L X L L
Fo=p [ Gdx-p [ [ aodsdr- [“@rwracey [C@rwoan @i
0 0 0 0 0

Using Young’s and Cauchy-Schwarz inequalities, we get for positive constant &, &3

L x L c L
) f " f b ()dydx < e f pdx+ < f Wz,
0 0 0 €3 Jo

L L L
yf (¢x+¢)9dxs<92f (¢x+w)2dx+£f 6*dx.
0 0 €2 Jo

K

Combining (4.47) and (4.48), choosing &, = 35, and using Poincar€’s inequality, we get the
estimate (4.45).

(4.48)

Lemma 4.9. Assume that (A — As) hold. Then there exist strictly positive constants u, i, such that the
functional
H(t) = HE®) + i F1(1) + Fat) + ua F3 (1), (4.49)

satisfies, for all t € R,
H(®) ~ E(0), (4.50)
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and

L L 0o
H'(t) < —cE(t) + cf Wldx + a'?f f g()|W, > dsdx
0 0o Jo

(4.51)
+ ) | P %dx.
Qs
Proof. Using the previous functionals and setting €;u; = 1 and g3u3 = 1, we end up with
L b L
H'(t) < —(u —cuy —cuz)a f 6%dx — 1 f Yldx
0 0
Y L K L
- [E:ul - C]Pl f drdx — [E,U.% —c-1 f (¢ + ) dx
0 0 (4.52)

L L 00
+ prcis f Yldx + ayl?f f g()|W > dsdx
0 o Jo

L
— [,U — Clul]ﬂ(l)f C/l(x)lwtlv(x)dx + C,Ll]ﬁ(l‘) |¢’[|2v(x)_2dx.
0

Qs

. —~ K — o
Choosing p; so that %,ul —¢ > 0, and p3 so that FH3 =€ > 1 then we find that for some positive
constant m,

L L
H'(t) < —(u — iy —’c)af 6%dx — mf (qﬁt2 YL+ (f + t/f)z) dx
0 0

L L )
+ Cf Yidx + cB(1) f W2 dx + a?f f ()|, > dsdx.
0 Qs o Jo

On the other hand, exploiting Young’s and Poincaré inequalities, keeping in mind the energy
functional (4.1) and the fact that ¢> < 2(¢, + ) + 24>, we obtain

(4.53)

|H(t) — LE(D)| < cE(1). (4.54)

Taking u sufficiently large so that u —cu; —¢ > 0 and u — ¢ > 0 yields the equivalence (4.50) and the
estimate (4.51).

Lemma 4.10. If the assumptions (A — As) hold, then we have the following estimates:

Vi = 2,’

0
/ 2v(x)—2d — ’ vy -2 4.55
A )fg* W2 ek + 0TS [, Capl, 1<w <2, (453

Proof. The first estimate is clear because if v > 2, then meas(Q,) = 0. However, if 1 < v; < 2, then
by using Young’s inequality, we have

vy 2-vy

v v 2oy
Ez"1‘2|l//,|2v(x)_2 < gETWII 4 Cslﬁl’tlv(x)‘ (4.56)

v(x) 2-v; 2—v;
2—v(x) 2vi—2 — 2v;-2

Since + 1, and E is nonincreasing, we obtain

2o Ll
E2v172|wt|2v(x)—2 < C8E2V1’2+1+Cg|lﬁz|v(x)- (4.57)
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B@)

Multiplying by —5=— and integrating with respect to x,
E2v172
2v1 -2
cB(t) f WO 2dx < ceE(1) + cBOETT f Celyr ™. (4.58)
Q, Q,
This finishes the proof.

5. The proofs of the stability theorems
In this section, we prove our main decay theorems stated in Section 3.

5.1. The proof of Theorem 3.1
Proof. To prove the energy decay in (3.1), we multiply (4.51) by B(¢) to get

L L oo
BH'(t) < —cBE(t) + cﬁf Wrdx + aﬂ?f f g()|Y, P Pdsdx
0 0 0 (51)

+ B() f P2,
Qx

Combining (4.2) with (5.1), and using the estimate of ¢f(t) fOL fdx in (4.12),, then (5.1) becomes

L (1) < —cBE (1) +Tap [ g()¥.LPds +Tap [~ g(s)IP,ds, (5.2)

where £ = SH + ¢BE ~ E. Using (4.1) and (4.2) and the fact that £ and g are nonincreasing, we find
that

capé(n) f gl ds < —cap f g ()W, ds
0 0

(5.3)
< —caBE’'(t), YteR,.
Multiplying (5.2) by &(¢) and combining with (5.3) and the bound in the hypothesis (A3), we get
F7 (1) < —c&£(BE (1) + cAaé(r) ft ~ g(s)ds. (5.4)
where F = £L + caBé ~ E. Let h(t) = c(£B)(1)A J; e g(s)ds. Then, (5.4) becomes
F' (1) < —y0 (BE) F (1) + ah(?), (5.5)

for some y, > 0. This last inequality remains true for any d, € (0, y,]; that is
F'(t) < =60 (BE) (OF (1) + ah(t), VteR,.

Therefore, direct integration leads to

T T 1
7:(T) < 3—50fo BE)(s)ds (7_-(0) + af e(sofO('Bf)(S)d‘Yh(t)dt ,

0
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and the fact that ¥ ~ E gives

T T t
E(T) < yye % b Bosds (7—‘(0) +a f eéok(ﬁs‘)(%h(t)dt).
0

We note that

— ;oo
£ KB ) = %(eéofowf)“m) f g(s)ds, VieR..
0 t

Then, integration by parts gives
T "l
f % Jo B s)ds h(t)dt

0

A’E T +00 +00 T .

= — (e50f0 BE)s)ds f g(s)ds — f g(s)ds + f e‘sofo(ﬁf)(”dsg(t)dt).
o T 0 0

Combining with (5.6), we have

AA T . AA +00
E(T) < Y1 (?(0) + %f eéof()(ﬁg)(S)dsg(t)dt) e—éo fOTf(S)ds + % f g(S)dS
T

0 0 0

We note that ,
(efo f“)dsg(t)) <0, VieR,.

We have eﬁ)t(ﬁf)(s)dsg(t) < g(0) and

fo " o B0 1)t < (0) fo gy ar
Finally, combining (5.7) and (5.8), we obtain
E() <6 (1 + fo t(g(s))]_aods) o900 fpBOsHds aé—Ao? f ” g(s)ds,
t
where 6; = max{y,;F (0), "6—? (g(0))*}. Thus, the proof of (3.1) is completed.

5.2. The proof of Theorem 3.2
Proof. To prove (3.4), we first multiply (4.51) by 5(7), to get

L L 00
BH'(t) < —cBE(t) + 8 f Wldx + afic f f g()|W|*dsdx
0 0 0

+ eB) f P2,
Q.

Combining (5.10) and (4.55), and choosing £ small enough, we arrive at

L L 00 2vy -2
BH'(t) < —cBE(t) + cﬁf wtzdx + aﬂ?f f g($)|¥ P Pdsdx — cBE () E™r .
0 0 Jo

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)
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Using the estimate of ¢ fOL W*dx in (4.12);, we have

2v1 -2

BH' (1) < —cBE(t)) + ce\SE + cesfE — Co, E'(DE™ — Co,E'()E™ — ¢BE (DE ™1
+?aﬁf g(s)ds + Aaﬁ?fw g(s)ds.
0 t

Multiplying (5.12) by EX(f), where k¥ = max {22112, 7= 1}, we get

EX(OBH' (1) < —cBE\ (1) + c&1 EX\(f) + &,8E°* (1) — C, E'(t) — C,E'(1)
+ CaBEX(f) f g(s)ds + AaBCE (1) f ) g(s)ds,
0 t

and choosing &1, &; small enough, then we get

Y'(t) < —cBE(f) + cBEX(r) f g(s)ds + cBE (1) f ) g(s)ds,
0 t

(5.12)

(5.13)

where Y = E“BH + ¢BE ~ E. Multiplying (5.35) by ¢! (¢), using (4.2), and using that ¢E is

nonincreasing, we get

F'(t) < (B OF (1) + EBE) (h(D),

(5.14)

where h(t) = Aac(€B)(1) ft w g(s)ds and F = &Y + ¢BE ~ E. Use of Young’s inequality, with g =« + 1

and g* = 7%1 gives for some positive constant ¢; and ¢;,
F' (1) < —c1(EB) OF ' (1) + b ().
Multiply both sides of (5.35) by (£8)7, n > 1, thus, we get

EF (1) < =1 (EB T TOF (1) + e @B ().
Let y := &6 > 0, which is nonincreasing, we find that
WF (1)) < =™ OF ) + e "HE (@),
Setting ¢ = x7¥ and noting 7 = “71, one finds that
¢'(1) < =1 (1) + " OB (1),
Let ,
H(t) := ¢(t) — A(f); where A(f) =cy(l +6)7 fo Y (SHEL(s)(1 + s)7ds.

From the definition of A, we have

X" (@) = N (1) + %(1 +0)7! f X ()1 + 5)*ds,
0

since y"(s)F (1 + s)% > 0, then we have forall r > ¢, > 0

yi= f 0 YR ) + 5)vds < f YO ()1 + s)*ds,
0 0

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)
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and then ) B 1
J XM(OEE (s)(1 + 5)7ds
>1, Vt=>1.
\4
Thus, (5.20) yields, ¥z > 1,
1 =1 ! K+1
BN , xR R+ SRl (0 oyt 3
"R (1) < N () + =5 S (1407 | UX (S (s)(1 + s)Fds| (5.21)
K 0
1 KKk

we can choose ¢, large enough so that c;v < ¢}, and then we get

X"ORF () < N (@) + | A, V> 1. (5.22)
Now using (5.22) and the definition of H, we get, ¥t > t,

H'(1) = ¢ (1) = N () < =16 (0) + e (O (1) = A (D)

. - (5.23)
< —cr|[(H + A )] + e Or " (5) = A (2).
Since H(0) > 0. Then there exists #; > 0 such that H(z) > 0,Vr € [0, ;). Hence,
H'(t) < —ci [H' (1) + A (0)] + cof "R (1) = N'(0), Y 1 € [t0.10).
_ _ ¢ _ 1 (5.24)
< - [HK“(t) + AN = =T ORT) + —A/(t)] .
C1 1
Thus, ~
H'(t) < —c,H'\ (1), Y telty,t)). (5.25)
Integrate over (7, t), we have
H(t) < -, V1teltt). (5.26)
(t —1o)*
If t; = +oo, then using the definitions of H and A, we have, for ¢ large enough,
!
o) < C(1 + t)_71 1+ f)(”(s)hml(s)(l + s)%ds . (5.27)
0

If t; < 400, then there exists t, > #; such that H(r) < 0,V t; < t < t,. Hence, (5.19) yields ¢(f) <
A1),V t; <t < tp. Therefore, we get (5.27). If t, = +o0, we are done. Otherwise, there exists 13 > 1,
such that H(;) = 0 and H(t) > 0,V t, < t < t;3. Consequently, we obtain (5.27) by repeating the
steps (5.24)—(5.26) on [t,, t3). Therefore, (5.27) remains valid for all 7 > #,. Multiplying (5.27) by x ™
and recalling the definition of ¢ then we have, for n = &L, the following

_ ro B
F(H)<CU+DTx 7 |1+ f X (E ()L + s)%ds]. (5.28)
0
Using the fact ¥ ~ E, we have two cases:
Ifk = 22;13‘2 >0,thenk+ 1= 2vvll—2 and 7%1 = zf‘m, we get
w2 v ! M2 w1
E() < C(1 +1) 71 y = (1 + f (1+ )Ty (s)hw—lds). (5.29)
0
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If k=% —1>0, we have

2 _n ¢ 2 v v
E@t) <C(1+1) n2y n2 (1 + fo(l + s)"rz)(“zfz(s)ths). (5.30)
This establishes (3.4).

5.3. The proof of Theorem (3.3)
Proof. Multiplying (4.51) by S, recalling the estimate of ¢ fOL Y?dx in (4.12),, we get

BH' (1) < —cBE(t) + ceBE(f) — C, (E'(f)) E™* +Cap fo’ gV, 3ds +cap [~ g(s)W,Pdx.  (5.31)
Multiplying (5.31) by EX wherek = 2 — 1 > 0, we get
BEH' (t) < —cBE**' (t) + ceEX*' — C, (=E' (1)) + ¢BaEX foz g(s)|¥,3ds + cPaE” floo g(9)|Y.[*dx.

Choosing ¢ sufficiently small, we get
t 00
L(t) < —cBE* () + CaBE" f g()|¥,3ds + CaBE* f g P dx., V>0, (5.32)
0 t

where £ = ,BE??{ + ¢BE ~ E. Multiplying (5.32) by (fﬁ)?f, combining with (4.2) and (5.3), and
imposing Assumption (Asz), we get

Z' (1) < —c@BF* E*! () + AcaBEBEYE [ g(s)ds. (5.33)

where Z = éBL + 2acE ~ E. Setting h(t) = Aac(&B)(1) ft e g(s)ds.
Then, (5.33) becomes

Z'(1) < ~cE@B) " (OE™! (1) + cEBEY (D). (5.34)
Put y := £, which is a positive nonincreasing, then we get

Z'(0) < X" (O (1) + ¢ (WE) ht). (5.35)

. y . . . _—~ % _ k¥l ..
Using Young’s inequality, with ¢ =’k + 1 and ¢" = ==, we get for some positive constant ¢; and ¢,

Z'(0) < i)™ OO + el (o). (5.36)

Repeating the same steps in the last part of the proof of Theorem (3.2), replacing ¥ by k = , we
complete the proof of the decay (3.8).

6. Conclusions
In this work, we considered a nonlinear Timoshenko system with Coleman-Gurtin’s heat flux. We
proved that the system is exponentially and polynomially stable even without imposing the equality of

the wave speeds unless, the system is not fully damped by the thermoelasticity effect as in [2]. By
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constructing a suitable Lyapunov functional, we studied the interaction between the effective of the
nonlinear feedback with variable exponent and the thermal heat. We noticed that the decay depends
on the behavior of the thermal kernel, the range of the variable exponent, and the time-dependent
coeflicient. Our results extend and improve many earlier results. To our knowledge, this is the first
study of thermoelastic systems where the thermal kernel satisfies (A;) in the current form (£ is a
function not a constant). Moreover, this is the first study of the competition between variable
exponents and infinite memory.
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