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a numerical solution for the model by using fractal-fractional. Graphs of the results are presented for
demonstration of our proposed method. The results of the Atangana-Baleanu fractal-fractional scheme
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1. Introduction

Infections of the lungs, such as pneumonia, have a variety of causes. The prevalence of this disease
is increasing in all age groups and is a major medical concern. Several researchers are working on
mathematical models that describe disease spread and optimal control problems in epidemics because
they are highly interesting. As a result, these models play a critical role in predicting the effects
of epidemics and diseases on areas and populations, as well as the environment. Researchers have
presented models for modeling pneumonia dynamics based on a review of the literature; see, e.g., [1-
8]. Based on a mathematical analysis of pneumonia and typhoid characteristics, Tilahun et al. [6]
proposed a coinfection model. Tilahun et al. [7] used ordinary differential equations and a few theorems
to model pneumonia and meningitis coinfections in 2018.

Since 1970, infectious disease dynamics has emerged as an interdisciplinary field. Epidemiology
studies disease spread. Modeling diseases and their effects on humans is described in [5]. Fractional
and fractal calculus are combined here. In engineering, physics, biology, and biomedicine, fractal-
fractional operators are widely used to model real-world processes. Comparable to classical models,
fractional order integrals and fractional derivatives are more precise than classical models. In fractional
derivatives, there are three different types of operators: Riemann-Liouville and Caputo, Caputo-
Fabrizio and Atangana-Baleanu, which are connected to power laws, exponential decay laws, and
extended Mittag-Leffler functions [9-52].

The concept of fractal-fractional order integration and differentiation was developed by Atangana
with two orders, i.e., one fractional and the other fractal [53, 54]. Besides, fractal differentiation is
equivalent to classical differentiation if the fractal order tends to 1. Fractal behaviors are investigated
through the use of these combined operators. Several researchers have shown that fractal-fractional
operators better capture real-world mathematics [55-79]. These include but are not limited to,
for instance, the HIV/AIDS model [57], Leishmania model [58], tuberculosis model [59], Q fever
model [60], hepatitis C virus model [61], AH1N1/09 virus model [62] and tobacco smoking model [63].

This study investigates the formulation of the Tilahun et al. mathematical model of pneumonia
transmission dynamics by using fractal-fractional derivatives in the Atangana-Baleanu sense. The
model is improved by assuming five unknowns and using this Caputo, and Atangana-Baleanu-type
fractional derivatives. The study aims to investigate and compare the solutions to this system, which
unique as compared to other studies. The authors construct schemes for this system, using the
fractal-fractional Atangana-Baleanu operator to prove the existence, uniqueness, non-negativity and
boundedness of solutions. Three levels of stability are established: local, global and Hyers-Ulam.
Sensitivity analysis is conducted to assess the impact of parameters on initial disease transmission. The
study finds that %, is most sensitive to pneumonia disease density. The results show that the scheme’s
method is effective and suitable for the system defined by Caputo and Atangana-Baleanu fractional
derivatives. Simulations using Matlab show that the schemes method is suitable for both types of
problems and has approximate solutions that are close to the exact solution. The study also discusses
other fractional operators and numerically verifies their mathematical findings for the proposed model’s
dynamical behavior.
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2. Preliminaries

2.1. Fractal-fractional pneumonia model

Definition 1 ( [76, 77]). Consider the fractal to be differentiable on (a,b) of order 0 < 7, < 1 for
¢ € C((a,b),R). The following is a fractal-fractional derivative operator for t in the Atangana-
Baleanu setting:

"o = 1o [ [ o s
0

1 -1 drm 1-7;
1(t)—1(s)

T] dh(s)
and =5 TR e -

I'(ry)’ ds™2

where, i(t1) =1 -1 + = lim,

Definition 2 ( [76,77]). The fractal-fractional integration operator is given by

' 1—7)9™!

FF—ABITl,Tz (t) — 1T f ST2_1 (S)(t _ S)Tl_ldS + TZ( 1 (t)
oe MO =@ Jo 0 Y e B

There are five populations in the pneumonia model: susceptible (x), vaccinated (y), carrier (z),
infected (u) and recovered (v). The total human population, denoted by N, can be expressed as
N = x+y+z+u+v. Therefore, our suggested fractal-fractional pneumonia model in the sense of
the Atangana-Baleanu derivative looks like this:

FRZTx() = (1= p)w + ¢ y(t) + 6 (1) = (@ + pu + ) x(1),
PR o y(1) = prr + 9 X(t) — (¢ + p + ) y (1),
TR 2(1) = 0AX(1) + 0ed y(1) + (1 — @ u(t) — (B + x + p) z(t), (2.1)
TR u(t) = AL = @) x(t) + &A1 = 0) y(t) + x (1) — (@ + 17 + p) u(t),
ARG V() = Bz(t) + anu(t) — (6 + ) v(b),
subject to x(0) > 0, y(0) >0, z(0) >0, u(©0) >0, v(0)>0.

T

Figure 1. Model flow diagram for (2.1) with x(t) = S(t), y(t) = V(v), z(t) = C(t),
u(t) = I(t), v(t) = R(t) [6].
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All of the positive parameters are listed in Table 1. When people get infected, they either join the
carrier class z or the infectious class u based on a probability of 1 — 0. Let 7" be the transmission
coefficient for the carrier. Infection force is defined as 4 = az+bu, where a = % represents the
carrier compartment transmission and b = % represents the infective compartment transmission. The
population is N = x(t)+y(t)+z(t)+u(t)+v(t). If " > 1, carriers are more likely to infect susceptibles
than infectious individuals. Both carriers and infectives have the same chance of spreading when 7" = 1.

Nevertheless, if 7" < 1, the infective has a higher chance of contacting the susceptible.

Table 1. The values of the applied parameters.

Parameters symbols  Description Source Values
k The contact rate Estimated 0.5
€ The transmission coefficient for the carrier [2] 0.002
T The probability that a contact causes infection [2] 0.89 - 0.99
1) The rate of the susceptible class increased
from the vaccinated class [6] 0.0025
W The proportion of the serotype
not covered by the vaccine Assumed 0.2
0 The rate at which individuals in the recovery
class lose their temporary immunity [2] 0.1
X The rate of infection [2] 0.001 — 0.01096
P The rate at which a fraction of the population
was vaccinated before the disease outbreak [2] 0.2
? The rate of population movement

from the susceptible class to the vaccinated class Assumed  0.008

U The natural death rate of the

population in all compartments Estimated 0.01
a The rate of dying from the disease Estimated 0.0057
® O =kt [6] 0.05
B Recovery rate after gaining immunity [6] 0.0115
n Treatment rate per capita in the infected

class moving to the recovered compartment [6] 0.2
q Treatment efficacy [6] 05-1
T The infection force Assumed 1.2

2.2. Existence and uniqueness
The matrix form of (1.2) is given by:
R ZEY(E) = AL, Y(1)
= (T1(t, ¥ (), To(t, ¥ (1)), T3(t, F(1)), Ta(t, ¥ (1)), Ts(t, ¥ (1)), (2.2)
P() = x(1), y(1), z(v), u(v), v(v)), ¥(0) = (x(0), y(0),2(0), u(0), v(0)).
Define the Banach space U = X°, where X = C(I, R) is subject to the norm

1721 = max [x(t) +y(t) + z(t) + u(t) + v(v)].
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29386

_ thTz_l(l—Tl) T T2 t -1 _ -1
H (‘P)(t)—‘P(O)+—AB(T1) A(t’\P(t))JF—AB(n)r @ fo E (L -HPTAE Y(©))ds. (2.3)

Let[[x[| <nmi, Iyl < m2, [1zIl < 3, [[ull < n4 and || v]| < ps for some constants 771, 172,173, 74, 175 > 0.
Rewrite (2.1) as follows
FE-AB N X (1) = Tt (8, (L)),

FF—AB@&Q y(t) = 7,271, (1, P(b)),
FF—AB@&lt:TZ z(t) = Tt Y5t P(b)),
FF—AB@&:U u(t) = Lt Iy (t, P(1)),
FF—AB@&n v(t) = Tt s (t, P(1)),

where
T, Y1) = —-p)r+dy(t) +ov(t) — (F +pu+ ) x(L),

To(t, ¥(1) = prr+ I X(t) — (u + de + ) y(b),
Ta(t, W(1)) = oA X(1) + 0ed y(1) + 7(1 = Q) u(t) = (B + x + ) 2(1),
T, ¥(1) = AL - ) x(t) + £A(1 — 0) y(t) + x 2(t) — (@ + 1+ p) u(t),
T5(t, ¥(1) = B2(t) + anu(t) — (6 + ) V(t).

Applying fractional integrals, we get

B Tt (1 - 1)) TIT2 t -l e el
P(t) = Y0 + —h(‘rl) A(t,Y(v) + —h(‘rl)F ) j(: ET(E-HTTAE Y ()AL

A(t, W(t)) must satisfy these Lipschitz and growth conditions.

Theorem 1. For each ¥,,%¥Y, € %, A a constant A > 0 that satisfies

IACE, Wi (1) = AL, P ()] < AT (1) = Fa (D), (2.4)

where A = max {w1, w3, W3, W4, Ws}, With w1 = w+ 21+ 20 + 20, wr = u + 2¢ + 2ed + 21ep, w3 =
2y + U+ 2B, ws =2an + u + @ + 21, ws = 20 + u.

Proof. For each ¥, ¥, € %4, one obtains

IACE, Wi (1) — AL, Pa ()] < wil X1 = X2 | + waly; — s |
+w3|z) — 2o | + waluy —ua | + ws| v =V
< AY(Y) - P ()l

Therefore, A(t, W(t) satisfies the Lipschitz condition. O

Theorem 2. There are constants 7y > 0 and My satisfies the following, for each ¥ in A,

|ACt, P(O)] < z9F(0)] + My.

So, there is at least one solution to the suggested model.
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Proof. To begin with, we demonstrate that the operator A stated in (2.2) is totally continuous. Due to

the continuous nature of ¥, N is also continuous.

Theorem 3. Assume that (2.4) is true; then,

[1]

_ (TzTTZ_l(l —Tl) T1T2

+712—1
o aeoran L HE ™) A

So, it has a unique solution.

Proof. For ¥,%¥, in 4, we obtain

|2 (Y1) — A (¥>)| = max

T—-1 1=
] 22 2T e ) - A a0

te[0,T h(Tl)
LT B ft E7N - o7 AE P(9) - AE, ‘Pz((f)))df‘
Il (1) Jo
nt? (1 - 1) TIT2 +1-1 _
) A[ i(ty) " AT (TI)T” H(¢, Tz)] ¥, — P,
< E[Y, - Yall.

Due to this, .77 is a contraction and there is only one solution to the model.

O

O

The non-negativity and boundedness of the solutions of the system (2.1) in the fractional case have

been proved in [8].

3. Model analysis

An infection-free equilibrium is E° = (X0,9¢,0,0,0) = (’%, ’%,O, 0, O), with &; = Lro-pit apnd

9 . U .
N, = ﬂ:%? forz = u = v = 0. The endemic equilibrium, given as E* = (x*,y",z",

u > 0,z > 0 was acquired by applying the following:

FF—AB@(;']thZ X(t) — 0’
FF—AB@‘HJZ y(t) — O
0,t ’
FF—ABg@ThTzz(t) =0
0,t ?
FF—AB@Tl,Tz u(t) — 0
0,t ’
FF—AB@TIJZ V(t) — O
0,t :

Thus, E* = (x*,y",z",u",v*) = (Es+ Equ",E; + E4 Es + E; Equ*, E; u*, u*, E; u*), with

_ (=1 -q)+ 0P _ BEi+an _ prm
E, = , Bp=——, Ej=——-—,
(I-0B+x+u)+ox 0+ u ¢+ u+ed
0 _ (1—p)7T+¢E3 0E,

YT rptrel 0 T u+Ad+0-¢E. ° u+tA+60-¢E,
_ pr+ 60Es —(¢ +/.1+8/1)(E3 +E4 Es)

~WYEs+(u+ed+(a+n+u)EsEg

*

u+p+9
u*, v¥) for
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The basic reproduction number is given by [7, 8],

[oby +apla+n+u) +an(l -o)(1-q) +bB+yx+w(-0)]
B+x+u(a+n+up)—nl-qy

Ky = (X0 +€Yy).

3.1. Stability of an infection-free equilibrium E

Lemma 1. If Z, = 1, Ey is locally asymptotically stable for model (2.1), and unstable if %, > 1.
Moreover, model (2.1) has a globally asymptotically stable E|.

Proof. The first part follows as in [8]. We present a positive definite Lyapunov function:

L = (X_XO_XOIHX%)"'(Y_Yo_Yolnylo)-

One obtains

X

:(X_

XXO)((l — P+ GY() + V() — (& + e+ VX))
+ (y_

FF-AB ‘@gltﬂl’l < (X —Xo )FF—AB@(‘)rlt,Tz X +(y —Yo )FF—AB gglt,rz y
\ \ y \

y

; D) (pr+9x(1) = (¢ + p + ) y(1)).

At E,, one obtains

FF-AB 9&152 L < (X —X X0 )FF—AB @gj{rz X +(%)FF—AB @&lt,rz y
(X—XO )((1 - p)n ¢y

X X

(19+,u+/1))

+(y—y0)(p7ﬂ+ﬁ7—(¢+,u+s/l))
(I1-p) 2 ( 4 2
B o -

o) 2 2 9 2
Xxvo(x Xo ) —;—;T(y ¥o) —ﬁ(y Yo) -

Thus, FF- AB@” "Ly < 0 for all (x,y,z,u,v) € A. Moreover, "~ AB.@“ ‘L, = 0 implies that x = X,
Y =Y, Z = 29, U = Ug and v = vy. So, {Eo} is the only set satisfying that FF= AB.@’} L =0. m]
3.2. Stability of an endemic equilibrium E*

Lemma 2. E* exists when %y > 1; otherwise, there is no endemic equilibrium.
Proof. The following characteristics are required for a disease to be endemic: **#Z:™ z(t) > 0 and
FE-AB g 1 u(t) > 0, that is,

TG 2(1) = 0Ax() + 0edy(t) + (1 — ) u(t) — B+ x + ) z(t) > 0,

. 3.1)
FEBB T u(t) = A1 - 0) X(1) + £A(1 — 0) y(t) + x 2(t) — (@ + 7 + ) u(t) > 0.

AIMS Mathematics Volume 8, Issue 12, 29382-29410.
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Given (3.1), based on the first inequality,
(B +x + ) z(t) <eAx(t) + 0edy(t) + n(1 — q)u(t).

Then,

o ML) (x(1) + £ y(0) + (1 - q)u(t)

B+x+w

z(t) <

Because w < 1, one obtains

Lo u(t) +n(1 —q)u(t)
B+x+u)—oal =

z(t) (3.2)

As aresult of the second inequality of (3.1),
(@ +7n+pu(t) <Al =) x(t) + &A1 = 0) y(t) + x y(1).

Then,
(1 = @) (x (1) + £ y(1) + x y(t)

) < (@+n+m)

Using the fact that Ml\fﬂt» < 1, one obtains

< U-gau®) + 1 -a¥y®) +xy®)

u(t) (@+ 7+

(3.3)

Substituting (3.2) into (3.3), one obtains

- (I-gau(@B+yx+wp) —oa?)+ (1 -o)aT(eau+n(l —q)u) + y(ceu+n(l —g)u)
B+x+p—oal)a+n+p) '

u(t)

After rearranging and canceling u(t), one gets

[(1—9)(7’n(1—q)+(ﬂ+x+u)) N oY(@+n+p+x) ]

(@+n+wB+x+w-—xnl-q (@+n+wW@B+x+u)—xn(l-aq

<a[ (I-0)(Tn(1 —a)+ (B+x+w) N oY(@+n+p+x) ](ﬂNl +7r82)
B+rx+wle+n+p)-—nl-axy @G+x+wle+n+w-—nl-ax u H

:'@0-

1<

Thus, Z, > 1 creates a unique endemic equilibrium. O

Lemma 3 ([8]). E* is locally asymptotically stable for Zy > 1. Moreover, E* is globally asymptotically
stable.

Proof. Define
Lz:(x—x*—x*ln%)+(y—y*—y*ln}%)+(z—z -z lnzi)

u v
+(u—u*—u*ln—)+(V—V*—V*ln—).
u* v*

AIMS Mathematics Volume 8, Issue 12, 29382-29410.
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Thus, one obtains

FF—AB@&]t,TzLZ < (%)FF AB@TI 72X+(y yy )FF AB@T} T2y+(Z ZZ )FF_ABg&lt,rzZ
+ (u__u*)FF—AB@(‘)r]t,Tz u +(V__V*)FF—AB981£TZ v
u : v :
A2 -p) Na+n+ ) \20 )2
:—(x—x ) TE”T—(X—X ) %’ﬁﬂy_(x—x ) X:* _(y_y ) yp;f*
20 201 \20ed A2n(l—q) )2
—(Y—Y)y; (Z Z)szx (Z—Z)QZS—Z*Y—(Z—Z)—]] Zz*qu—(u—u)
A(l - ) \2edd - o) \2 2B “\2
x—uuf X—(u—u ) e e uu*Q y—(u—u ) fuz —(v-v) V; —(v-v7) ?X;u

Thus, FF‘AB.@&‘{”Lz < 0 for all (x,y,z,u,v) € A. Furthermore, FF‘AB.@& "L, = 0 implies that x = x*,
y=y",z=2",u=u" and v = v*. Therefore, according to Theorem 5, E* is globally asymptotically
stable. O
3.3. Hyers-Ulam stability

The Hyers-Ulam stability has been motivated by the work done in [80, 81].

Definition 3. The constants {; > 0, fori € N? must meet the following conditions for every {; > 0,
i € N3, for model (2.1) to have Hyers-Ulam stability:

x(t)—%mw(t» o f €771t — 671 (&, WEde] < &,
¥t - %‘m(t,w(t)) e f 71 (6 — 7T, WENdE] < &
2(t) - %n(n%» - fo €771 (t - 71 Ta(E, WONE| < £,
u(t) - ”“;(—Q;twn(t,w(t)) - ﬁ f e (- e W] <
V() - %Ts(t,‘y(t)) e f €771t - 7 Ts(E V@] < .

In the model (2.1), an approximation is (Xl(t), y1(),z1(£), u; (), vi(1)), which satisfies the following:
Xi(t) = %‘r](t,x](tmh( T f 77 (8 — £V € X1 (@),
y&t)z%‘m(t,ymn T f 771t — 1INl y, (),

21(t) = %‘m,zl(t)n i fo £771(t — 1IN (E, 71 (B,

AIMS Mathematics Volume 8, Issue 12, 29382-29410.
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1-— -1

u(t) = %‘m(t,ul(t)ﬂh( e )f PN = O w(©)dE,
1-— -1

vi(t) = %TS(t’VI(t))'Fh( e )f PN = HTTITS(E, vi(é)dé,

so that

‘X—Xl <Vviwi,
‘Y—}ﬁ < V2w,
'Z—Zl < V3 ws,

‘u—ul < V4 Wy,

‘V—Vl < V5 ws.

Theorem 4. If (3.1) is true, then model (2.1) has Hyers-Ulam stability.

Proof.
1_ -1
[x=x | = PRI (e o) - M xi)
12 " Ty—1 _ eyl _
+mfo (=9 (‘I’l(f,X(é)) Tl(f,xl(f)) df‘
1= -1
<T2(h(+3tw1 |Ix—xl||+#;2(”f EN(t - wy |Ix — x| dé
To(l —71) 71720(72)
LR o el
Then,

nd-7)  71inl®) )”X_ !
ar)  AT)D(r + 1) a

‘x—xl'SVle, with v, :(

Similarly, one obtains

[y-91] v2con with v, - (TZ(hl(r_])T 2 h(:l]);z(z?m) o=l
[2=21] < van, with va = (Z 2 4 Ty,
‘u—ul < V4 w4, With v4 = (T (hl(;)ﬁ) + h(Til);z(l;fT-i)Tz))” -,
‘V—Vl < Vs ws, with vs = ( (hl(;])ﬁ) + h(;])?l;z(l;f:z-)n))” —vi|

Hence, the results follows.

(3.4)

O

AIMS Mathematics Volume 8, Issue 12, 29382-29410.
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3.4. Sensitivity analysis

According to the parameters of our model, the following equation yields the sensitivity index of %:
9 6%0 w
7% = —2 x —, 35
@ ow %0 ( )
where w is a value from Table 1. Table 1 lists the sensitivity indices of %,. It is easy to verify that

0%y [bx+ala+n+p —(an(l —q) +bB+yx +u)]l

(Xg+eyy) = —0.0025 < 0,
do B+x+m@+n+m—nl-aqy 0reYo

0%, (@0 +b(1=o)((B+x+m+n+pw-nl -a)
o

> (X0 +&Yp)
(B +x +wia+n+u-n-qy)

lo(by +a(a + 1+ ) + (1 - 0)(an(l = q) + b(B + x + u))(2a + p+p + B+ x

2 (XO +8y0)
(B +x + )@ +n+u) - n(l - q))

= 1.1058 > 0,

o0, (a0B+x+mwie+n+u—aon(l - qy)

oa = (XO +8y0)

(B +x +mwa@+n+ @) —n(1 - q))
(b +ale + 1+ ) + (1 = @)(@n(l = q) + b(B +x +m)(B + x + )
- (X0 +€Yy)

(B+x + @ +n+w) - - ay)
=-0.1418 < 0,

0%, Ao+ =01 =) B +x+m@+n+p-nl-aqx)
on

3 (Xo +&Yy)
(B +x +w@+n+ @) —n(l - qx)

[o(bx +ale + 7+ ) + (1 = @)@n(l —q) +b(B+x + (B +x +p— (1 -y

- > (X0 +&Y,)
(B +x + e +n+wm-nl - qy)
= -0.0662 < 0,
0%, b —0)(B+x+ma+n+w-nl-qx)
9B = 2 (X0 +&y)
(B +x + )@ +n+ @) —nl - qy)
lo(by +a(a + 7 + ) + (1 = @)@n(l — q) + b(B + x +m))(e + 1 + )
- > (X0 +€Y()
(8 +x + e +n+pw) - n(1 - q))
=-0.1938 < 0,
AIMS Mathematics
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0% D(B+x+wa+n+p-nl-aqy)
aX - 2(X0 +8y0)
(B +x + )@ +n+p) —nl - qy)

[o(bx +ale + 1+ ) + (1 = )(@n(l = q) + b(B+x +)(a +71+p —n(1 - q)

5 (X0 +€Y,)
(B +x + )@ +n+ @) —n1 - qy)
=0.0835> 0,
0%, —@(l=om((B+x+wie+n+w-nl-qy)
. _ 5 (X0 +€Yp)
1 (B +x +mwia+n+u-n(l-qy)
[o(by +a(e + 1+ ) + (1 — @)@n(l = q) + b(B + x + )](my)
- 5 (X0 +€Y)
(B +x + )@ +n+ @) —nl - qy)
=-0.0052 < 0,
+n+w+(1- 1-
0%, _ _le@+n+w+(1-oml-q) o ey - 222165 0,
9a (B +x +mla+n+m-nl-qy)
+(1-0B+x+un
0%y _ lex OB+ +10) (xo +£Y,) = 3.9229 > 0,
O ((B+x +ma+n+m-nl-qy)
0%y _ yoloby +al@+n+w)+ 1A -0)and —q@ +bB +x + )] _ 0.0025 > 0.

Oe B+x+mwla+n+w—nl—-qx

The sensitivity index of each parameter in the model obtained as in Table 1 by applying (3.5). The
sensitivity indexes of Table 1 indicate that %, increases as the parameters y, u, a, b and € are increased.
In contrast, the values of other parameters are fixed. Based on these indices, it appears that disease
endemicity has increased. In contrast, when the parameters S, 1, g, @ and o are decreased while the
rest of the parameters are maintained, %, decreases.

4. Numerical procedures

Atangana-Baleanu fractal-fractional operators are implemented via Lagrangian piecewise
interpolation for the proposed model.

4.1. Adams-Bashforth-Moulton method application

As in [82,83], consider system (2.2) in the following case:
"D Y(0) = AL, (),
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subject to ceil functionn = [r;] and for¢ € [0,7T],0 < 7; < 1 with Z@“ P (0) = ‘PE)K), k=0,1,2,..,n—1.
Volterra’s integral equation of system (2.3) is given by

n—1

l.K
Y= —pY4
£ k! (ry)

fo (1= O AEY(©) dE. (4.1)

It is easy to reconstruct Eq (4.1) by using the product rule for rectangles,

Tn+1

(w1 = &7 AE PO dE = ) Wi Altis 81(10),
k=0

0

where A, . 1s given by

n11+1 _ (n _ Tl)(n + 1)‘1'1 if K = 0,
A1 ={(n—k+2)" '+ (n— )" =2 —k + D! if 1<k<n,
1 if k=n+1.

Let{t, =nh :n=-k,-k+1,....,-1,0,1,..., N}, with h = T/N. Then, (4.1) can be discretized as
follows:

K ‘r

-1
Wy (te) = Z "“W l—)A(r,,H,\P(th))+ )ZAmHA(zn,‘P(rn)). (4.2)
k=0

The predicted value ‘Pi (t,4+1) is determined as follows:

-1 K

t
Witnen) = ) 2 W+ s Z Byt Alt, P(2)),
: T1

k=0

where

71

h
Bipii=— ((n—«k+1)"—(n-x)™), if 1<k<n
T
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According to (4.2), (2.1) is as follows:
7]

pal = Xo+————
Xt = Xo r(rl+2)[

(A=pr+py’, +6v0, - +u+ x|

n+1

S
i e Z(; Arnii (1= DT + By, +6w, = (9 + 1 + DX, ],

71

Yaet = Yoy PP+ 0% @+ ir ey
A
t+ ——— AK}’! + 9 «— @O+ u+ A 5
I“(T1+2)KZ:;J a1 [P+ IXe =@+ + )y, ]
T1
Zys1 = Zo +—F(71 ) [Q/lxﬁ+1 +oedy’  +n(1 —qu’  —(B+x + ) Zﬁﬂ]
h™ .
t —— AKI’! A « T Ay +n(l — — + v+ <
F(mz); oA xc+osdy, +n(1 = Que = (B +x + 1) 7]
71
el =W F R (10 =o)X, +ed(1 = Q)y), +x 2], ~(@+n+ ], |
+ " ZH]A [A(1 — 0) X, +eA(1 — Q) y, + (@ + 1+ Wi
Tor o 2 B —0) X +ed(l - z.—(a e,
F(Tl +2) - n+l Y © yK X nru
71
Varl = Vo +—F(T1 T2 [ zl  +anu’ | —(6 + ) V5+1]
h™ .
T An « T «— (0 + s
(7 +2)KZ:(; B2+t = (0 + W]

where
h™ -
p = _— —
X =X+ Z;‘ B [(1 = D)+ 8y, +6w, = (9 + p+ D)X,

1

T 2) KZ:(; B/<,n+1 [pﬂ' + ﬂxk _(¢ +u+ S/l) YK] ’

Py gt
Yns1 Yo F(Tl

A
P _ _ _
zh., =17 +F(T1 e KZ:; Byt [0A X +0edy, +n(1 — Que — (B + x + 1) Z]
u,l;_l = U +m KZ:(; B/<,rz+1 [/1(1 - Q) Xk +8/l(1 - Q) Y« +Xx Z —(CY +n+ ,LL) uK] )
A
P _ _
Vi =V +F(‘r] ) KZ:(; Beni1 [BZe +anu,—(6 + ) v .

4.2. Application of the fractal-fractional Atangana-Baleanu scheme

B () = A, P().
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The Antangana-Baleanu integral gives us

9 ¥ ¥ Tl gl Y(&))d
(t) = (0)+ e )A(t (v) + T I)F( 1)f( —EIETIAE, P (6))dE.
Replacing t with t,,; we have
n+1 ! _ e\l g1
Pl = (o) + ()Aambwa»+h(onﬁxf (ter — O E A WIE)E.

Application of the two-step Lagrange polynomial yields

(v = temr) AL, (te. ¥ (1)) ) (v = te) A (ter. P (ten)

A(t, (3, (1)) = o o
A (e P () (r—ter) At P (te) (- 1)
tf - tf—l tg - tf_l
A (e ¥ (t)) - ter)  A(ter ¥(ter) (- t)
I I '

By using the Lagrange polynomial to solve the given problem, we obtain

P = p(0) + 1h(_ T)l A(t, (t,, P (t,)

A%, (tg, (tf)) o] N
h(Tl)F(Tl) Z( A ftf (f— te - 1)(tn+1 —&"de

A( , 3 ’lIJ - L
Al ) (-]

te

Now, solving the integral we get

Tl

nil 1-7; T1h
Pt =Y(0) + ) AL, (L, P (L)) + T )

X DA (te P () (n =+ D" (n= £+ 24 7)) (=& (1= £ +2+21)))
é=1

—AG (te, Yoot ) (= £+ D" == £+ T+ 1) (- 67|
Now, replacing the value of A(y, ¥(t)), we get

Tlth

V7 Y(0) + 15 £ 1 -7 (tg, 7} (tf)) + thTz—lm

T(ry)
XZ tf’ ((”+1_§)T'(" §+2+47) —(n-O" (n—-&+2+21))

-Aﬁ&hwﬁaﬁn—§+nm*—m—§+1+70m—§wﬂ.
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As a result, the numerical scheme above rewritten as follows:

Tlth
I'(t1+2)

1—7'1

h(Ty)

Xn+l — X(O) + thTZ_] Tl (tg, X (tf)) + TZtT2_1

X T (tex () (= €+ D7 (=€ +2+ 1) (1= &)™ (n=£+2+27))
é=1

1 (terxe ) (1= €+ DT == E+ L) (=67,

=30+ e T ey (1)) et
x D T2 (tey (te)) =€+ D (=€ +2+7) (1= &)™ (n=£+2+27)

£=1
“T2 (tenye ) (= £+ D" = (- £+ T+ T) (- &)

20 = 2(0) 4 1 T (e () e
X D T3 (tez(te)) =+ D 1=+ 2411) ~(n =& (=€ +2+271))

é=1
—T3 (ten ze ) (= €+ D" =g+ L+ 1) (0= )",

1—T1

h(ty)

x D [ Ta(teu(te)) =€+ D" (=€ +2+7) ~(1=&)" (n=£+2+27)
£=1

“Ta (tenuen ) (= £+ D == E+ T+ 1) (-8,

Tl
-1 Tlh

n+1 -1
= 0(0) + 1ot _ar
w =u0 4 Tt +2)

Ty (tf, u (tét)) + 1t

Tlth
r (Tl + 2)

1—7'1

h(ty)

Vvl = v(0) + Tgth_l T (tg, v (tg)) + TZtTZ_l

X [T (te v (te)) (= €+ D)7 (=€ +2+ 7)) (1= &) (n=£+2+21))
é=1

=T (ter, Vet ) (= £+ D =€+ L+ ) (- &)
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Table 2. Sensitivity index of the applied parameters.

Parameters Sensitivity index

-0.4669
-0.3987
-0.1264
-0.0973
-0.0035
0.0101
0.1332
0.2676
0.9450
5.9220 x e~

moPREXXRIQI®

4.3. Numerical simulations and discussion

The above analyses are displayed in Figures 2—16, which display the time series of the model (2.1)
under the following initial conditions: x(0) = 8200, y(0) = 2800, z(0) = 200, u(0) = 210, v(0) = 200.
Figures 2—6 show that the time series of the model (2.1) with different trajectories of infected states
tends to zero whenever Ry = 0.0083 < 1. The proposed model was simulated for approximately
100 days for different fractal fractional-order values 7; and 7,. According to these parameters, £y =
(0.1192,0.2961, 0, 0, 0) is asymptomatically stable. As predicted, the solutions of (2.1) converge to the
unique disease-free equilibrium E,. The biological implication is that we need to bring R, to below 1
to ensure a reduction of the disease in the country.

9000 9000

8000 8000

7000 7000

6000 6000

ble

S 5000 5000

e
B
3

ept

8 8
2 4000 3 4000
2]

S

3000 3000

2000 2000

1000 1000

¢

0 0
0O 10 20 30 40 50 60 70 80 90 100 0O 10 20 30 40 50 60 70 8 90 100

Time (days) Time (days)

(a) Under the fractal-fractional Atangana- (b) Under the Caputo operator
Baleanu operator

Figure 2. For %, = 0.0083 < 1 with different fractional-order 7, values with a fixed 7, =
0.95, a time series plot of the susceptible (x) is shown.
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Figure 3. For %, = 0.0083 < 1 with different fractional-order 7, values with a fixed 7, =
0.95, a time series plot of the vaccinated (y) is shown.

3500

——7,=07,7,=095

3000 7: =0.75, 7,095 =
——7,=085, 7,=0.95 |~
2500 T 088
—_—,
+ 2000
5
S
01500
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1 I .
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Time (days) Time (days)
(a) Under the fractal-fractional Atangana- (b) Under the Caputo operator

Baleanu operator

Figure 4. For %, = 0.0083 < 1 with different fractional-order 7| values with a fixed 7, =
0.95, a time series plot of the carrier (z) is shown.
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Figure 5. For %, = 0.0083 < 1 with different fractional-order 7, values with a fixed 7, =
0.95, a time series plot of the infected (u) is shown.

AIMS Mathematics Volume 8, Issue 12, 29382-29410.



29400

2000

1800

1600

1400

1200

1000

Recovered

800

600

400

200

0 10 20

30 40 50 60 70 80
Time (days)

90 100

Recovered

2000

1800 -

1600

1400 -

1200 -

1000 -

800

600

400

200

. . . . . . . . .
0 10 20 30 40 50 60 70 80 90
Time (days)

100
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Figure 6. For %, = 0.0083 < 1 with different fractional-order 7, values with a fixed 7, =
0.95, a time series plot of the recovered (v) is shown.

Figures 2—6 show the results of the fractal-fractional Atangana-Baleanu and the Adams-Bashforth-
Moulton methods for pneumonia transmission, with (a) 7; = 0.7, 7, = 0.95, (b) 7, = 0.75, 7, = 0.95,
()11 =0.85,7=095() 1, =095, 7, =0.95and (e) 7; = 1, 7, = 0.95. Comparisons between the
ordinary differential system, ABC fractal, and fractional derivative, can also be seen in Figures 2—6.

Figures 2—6 show the influence of varying 7, between 0.7 and 1 with a fixed 7, = 0.95 on model
dynamics. The black curve in each of these figures represents the numerical results of model (2.1)
when the fractional order is equal to 1. From the results of Figures 2—6, it follows that the variation
of the fractional parameter has a great impact on the quantitative dynamics of the model. Indeed, in
Figure 35, the classes of infected humans peak after 10 years and decrease according to the decrease of
the fractional parameter 7.

Lemmas 2 and 3 are validated numerically in Figures 2—6. It is clear that varying the fractional order
parameter 7; does not influence the model dynamics whenever %, = 0.0083 < 1. Indeed, whatever the
value of 7y, the infected compartments tend to zero asymptotically whenever %, = 0.0083 < 1. This
validates the fact that the pneumonia-free equilibrium of the fractional model is globally asymptotically
stable whenever %, = 0.0083 < 1.

— =

70 80 90 100 0

0 10 20 30 40 50 60

Time (days)

10 20 30 40 50 60 70 80 90 100
Time (days)

(a) Under the fractal-fractional Atangana-
Baleanu operator

(b) Under the Caputo operator
Figure 7. Dynamics of system (2.1) for (a) 7; = 0.7, 7, = 0.95, (b) 7; = 0.7.
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Figure 8. Dynamics of system (2.1) for (a) ; = 0.75, 7, = 0.95, (b) 7, = 0.75.
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Figure 9. Dynamics of system (2.1) for (a) 7, = 0.85, 7, = 0.95, (b) 7, = 0.85.
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Figure 10. Dynamics of system (2.1) for (a) 7, = 0.95, 7, = 0.95, (b) 7, = 0.95.
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Figure 11. Dynamics of all five compartments for (a) 7; = 1, 7, = 0.95, (b) 7, = 1.

Figures 7-11 show the phase plots (x —y —z — u — v) for different values, i.e., (a) 7; = 0.7, 7, = 0.95,
b)71,=0751%=095 ()11 =0.851=095(d) 7, =095, 7, =095and (e) 7y =1, 7, = 0.95.
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Figure 12. Comparison between the three numerical schemes: ODE, Caputo and fractal-
fractional in two cases (a) and (b).
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Figure 13. Comparison between the three numerical schemes: ODE, Caputo and fractal-
fractional in two cases (a) and (b).
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Figure 14. Comparison between the three numerical schemes: ODE, Caputo and fractal-
fractional in two cases (a) and (b).
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Figure 15. Comparison between the three numerical schemes: ODE, Caputo and fractal-
fractional in two cases (a) and (b).
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Figure 16. Comparison between the three numerical schemes: ODE, Caputo and fractal-
fractional in two cases (a) and (b).

Comparison between ordinary differential system, ABC, ABC fractal fractional derivative schemes

can be seen in Figures 12-16.
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5. Conclusions

A fractal fractional-order mathematical model based on the Atangana-Baleanu operator was
constructed to describe pneumonia transmission in a population. The Caputo operator was used
to analyze the dynamics of the virus, and a fractal fractional derivative was used to maximize the
number of recovered populations. For models of infectious diseases, the vaccination rate coefficient is
considered as a control to reduce the disease burden. It is important to prove the existence of optimal
control, characterize the optimal control, prove the uniqueness of optimal control and compute the
optimal control numerically. The model was subjected to dynamic analysis, and the results show that
the rate at which susceptible individuals contract an infectious disease is the most significant parameter.
In this simulation, the value of %, = 0.0083 < 1, which is smaller than 1. As you can see, disease
spread is controlled, and the number of infected people is reduced to zero. We also see that each
function tends to its equilibrium point, and that the equilibrium point becomes stable as the system
approaches its equilibrium point. We also note that the total number of susceptible humans decreases
rapidly according to the increase of the fractional parameter (Figure 2).
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