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1. Introduction

We only consider finite and undirected graphs throughout this paper. Let G = (V(G), E(G)) be a
graph with n = |V(G)| vertices and m = |E(G)| edges. For any vertex u € V(G), we use dg(u) (or d,
when no confusion can arise) to denote the degree of u in G, which is the number of edges incident to
u. Such a maximal number (resp. minimal number) is called the maximal degree A(G) (resp. minimal
degree 6(G)). For any vertex u in G, we use Ng(u) to denote the set of all vertices adjacent with u, and
the elements of N (u) are called neighbors of u. A sequence of positive integers 7 = (dy, ds, .. .,d,) is
called the degree sequence of G if d; = d,, for any vertex v; € V(G), where i = 1,2, ...,n.

The join of two graphs G and G,, denoted by G| + G, is the graph with the vertex set V(G)UV(G,)
and edge set E(G) U E(G,) U {xy|x € V(G,),y € V(G>)}. The cyclomatic number of G is the minimum
number of edges in it whose removal makes it acyclic, denoted by v = y(G). Let 4 be the set of
n-vertex graphs with cyclomatic number y. We use K, and P, to denote the complete graph and path
of n vertices, respectively. As usual, we use the symbol ¢(P,) to denote the length of the path P,
which equals to the number of edges in P,. The cyclomatic number, denoted by vy, of a graph G
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is the minimum number of edges of G whose removal makes G acyclic. Let ¢4 be the class of all
connected graphs with order n and cyclomatic number y. We use [4] for terminology and notation not
defined here.

The topological index is a real number that can be used to characterize the properties of the
molecule graph. Nowadays, hundreds of topological indices have been considered and used in
quantitative structure-activity and quantitative structure-property relationships. One of the
well-known topological indices is the general Randi¢ index, which was defined by Bollobas and
Erdos [5] and Amic [1] independently:

R(G)= ). [dd]",
uveE(G)

where « is a nonzero real number. This topological index has been extensively investigated. We
encourage interested readers to consult [3,6,7,10, 11, 13] for more mathematical properties and their
applications.

Even though the mathematical and chemical theory of the general Randi¢ index has been well
considered, some extremal graph-theoretical problems concerning this graph invariant are still open.
In this paper, we focus on exploring the extremal graphs in ¢ with respect to the general Randi¢ index.

2. Graphs in ¢ with minimum general Randi¢ index

It is interesting to explore the extremal graphs for some topological indices in the class of graphs
with a given cyclomatic number. In this section, we focus on determining the extremal graphs in ¢,
with the minimum general Randi¢ index. Before proceeding, we shall prove or list several facts as
preliminaries.

Lemma 2.1. The function P(x, @) = 2°x%" — (x — 1)* [2%(x — 2) + 3]+ x* (2% = 3%) - 6% > 0 for x > 4
and1 <a < %.

Proof. 1t is routine to check that
P(x, @) =227 — (x = D" [2%(x — 2) + 3%] + x7 (2% — 3%) — 6°
=27x" — (r = D27 = 1) =29 + 3] + x* (2° - 3%) — 67
=27 | = (= D™+ 27 =3 (x = DT+ (27 =37 27 - 6°
=27 | = (= D™+ 27 = 37 6 + (x = 1)) - 6°
=27 [x + (x = 1]+ 2x(x = D [x*7 = (x = D)™
+(Q27 =3 [x"+ (x - 1)?] - 6"
=(2-2" =3 [ - (x = D"+ 2%(x = D]|x" = (- D)™ - 6",
Note that p(f) = t* — (t — 1)” is an increasing function for z € [4, +00), and 2 - 2% > 3% if, and only if,

@ < 22 ~ 1.709, then we have
n3-In2

Px,a)=(2- 29 — 30) [Xa —(x- 1)(1] + Z(ZX(X -1 [x"_l —(x- 1)(1—1] —6”
> (227~ 3) (47 + 39 + 27 12 (47 = 371) — 6"
=5.8Y—3.6% -9 — 127,
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For simplicity, let H(@) = 5-8% =3 - 6% — 9% — 12% To continue our proof, we first verify the
following fact. O

Claim 1. The function o(t) = kia' — k,b' — ksc' has a unique zero point in the interval [0, +c0) for any
positive real numbers ki, k>, ks, a, b, c such thatky, —k, —ks; >0and 1 <a <b < c.

Proof of Claim 1. 1t is routine to check that ¢’(f) = kjIna-da — kyInb - b' — ksInc - ¢'. Note that
0(0) = ky —ky — k3 > 0 and o(M) = d [kl - kz(g)t — ks (-)’] — —oco, and it follows that o(7) has

=M
zero points in the interval [0, +00). Without loss of generality, we assume that #,#, = t; + h € [0, +0)

are the two distinct zero points of o(7) for 2 > 0, which is equivalent to k;a" — kb" — kzc" = 0 and
kia” — kyb™ — k3¢ = 0. Besides, we know that o’(f) = kyIna-a' —ky Inb - b' — ks In ¢ - ¢!, which implies
that
o' (t) =kiIna-a" —kyInb-b" —kzInc- "
<Ina (kla" - k2btl - k3Ctl)
=0.

In addition, we have

o(t) = o(t; + h) =k1a"d" — kxb"b" — ks "
= (kab" + k3c") d" — kob"' D" — ks "
< (kob" + k3c") d" — (kob" + kc") B
= (kob" + ksc") (a" — b")
<0,

which contradicts to the fact that o(#,) = 0. Hence, there must exist a unique number ¢, € [0, +c0) such
that o(#p) = 0. As desired, we have completed the proof of Claim 1. O

Claim 2. The function H(@) = 5 - 8% — 3 - 6% — 9% — 12% has a unique zero point in the interval (1, 2).

Proof of Claim 2. 1t is routine to check that H'(@) = 5In8 -8 —=3In6-6% —In9 -9 —In12 - 12°.
Note that H(1) = 1 > 0 and H(2) = —13 < 0, and it follows that H(@) has zero points in the
interval (1,2). Without loss of generality, we assume that @y, ay,...,@; are the zero points of H(«a)
suchthat 1 <oy < a; <...<a;. Hence, H(ap) =5 -8% — 3. 6% — 9% — 12% = (), Furthermore,

H'(ap) =5In8-8" -=3In6-6" —In9 -9 —In 12 - 12%
=In8(3-6% +9% + 12%) - 31n6-6" —1n9-9*° —1n 12 - 12%
=3(In8-1In6)6" —(In9 —In8)9* — (In12 — In 8) 12.
———— ——— ————
ki ko k3
It follows from Claim 1 that o(f)|,=64-9.-12 has a unique zero point in the interval #, € [0, +o0).

Consequently, we know that the unique zero point of o(#)|,=¢ »-9..=1> must lie in the interval (0, 1) since
0(0)4=6.p=9c=12 > 0 and o(1)|,=6p=9=12 = —0.7473 < 0. Hence, o(t)|s=6»=9..=12 < O always holds for

any real number 7 > 1. This implies that H'(@;) = o(@i)l4=6p=9.=12 < O fore; > 1 andi = 0,1,...,1,
which contradicts to the continuity of the function H(a). As desired, we have completed the proof of
Claim 2. |
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Now, we continue to our proof. Note that H(%) =5.8%-3-6%—9% — 125 ~ 0.01857 > 0 and
H(1.57)=5-817-3.6!7-9157 _ 12157 5 —(0.07428 < 0. Hence, P(x,a) > H(a) > 0 for a € [1, %].
As desired, we have completed the proof of Lemma 2.1.

2.0

15

1.0
0.5
0.0~ \

-0.5 \

\

0.00 0.25 0.50 0.75 1.00 125 150 175 2.00

Figure 1. The graph of the function H(@) = 5-8% -3 - 6% -9 — 12¢ for a € [0, %), where o
and H(a) denote the horizontal and vertical axes, respectively.

Lemma 2.2. The function Q(x, @) = 3%(x*™! — (x = 1)*"1) = 9% + 2x¥(29 = 3%) > O for x > 4 and a > 1.

Proof. For simplicity, we distinguish the following two cases.
Case 1. o € [1,3).
Note that A(f) = t* is an increasing function in the interval [1 — i, 1] for @ > 1, and it follows from

Lagrange’s mean value formula that A(1) — h(l - }C) = [1 - (1 - }C)] W) = )lch’(f) = }Ca/f"“ > 0,
where & € (1 — i, 1). Hence, x[l — (1 — i)a] = x[h(l) — h(l — %)] = &', Thus, we have

0.(x, @) =3%(a + 1) [x* — (x — )] + 22x*7' (2 = 3%)
(-
X
=x"" [3%(e + D& + 202" - 37)]
=ax*! 3% + DET +2(27 - 3)].

=x*! {3"(& + Dx

+ 2227 - 3“)}

By our initial hypothesis, it is routine to check that £&*~' > (1 — 1)*~!, then we have
1 a—1
0.(x, @) >ax™! [3“(& +1) (1 - —) +2(27 - 3“)]
X
a—1 1 3
>ax” ' 3%a+ D|>]  +22*-3")| |because ] — — > =
4 x 4
1 3 a—1 o) a
=2a3°x""! {E(Q +1) (Z) + (5) —~ 1}

oo 9 o) a 3 a-1 3 2
>2a3%x [3—2(a+ 1)+ (5) - 1] (because (4_1) > (4_1) )
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Let p(a) = %(af +1)+ (%)a — 1, then we have p’(a) = % + (%)a ln% and p”(a) = (%)a (111 %)2 > 0.

Hence, p'(@) > p'(1) = % + 3In (%) > = > 0, which implies that p(e) is increasing in the interval

[1,+00). Hence, p(@) > p(1) = L > 0. It immediately yields that Q,(x,a) > 2a3*x*"'p(a) > 0.

48
Therefore, we have
Q(X, a,) Zf(4, a,) — 3(2(4(1+1 _ 3(1+1) —9Y 40 4(1(2(1 _ 3(2)
12 a 8 a
=2-9%[—=]| +|=] -2
(5] +(s) -
>0,

as desired, and we have completed the proof.
Case 2. a € [3, +0).
Note that

Q,(x,@) =3%a + 1) [x* — (x — D] + 2ax* (27 - 39)
)
X
2 1

Let gla) = 1 - = - (1 - ;)a be a function defined in the interval [3,+c0), then we have g’(a) =
(1- i)aln(l + 1) > 0. Hence, g(a) > g(3) = 1 -2 —(1- i)3 = £l 5 0, implying that 1 —

1
x—1
1LY
1_(1__)
X
a+1

(1 - l)a > )% Thus, we have
a—1 a a a a+ 1
>2ax 3¢ —— (39 =29 because > 1
a a

=x! {3“(01 + 1)x

+ 2a(2% — 3“)} .

X

0,(x, ) =x*"! {3“(& + Dx

+ 202 — 3“)}

>0.
Let (o) = (%)a + (g)a - 2 It is routine to check that
ey = (8'[(2)'m(2)+m(E)] > () [n(Z)+m@E)] = (£)'mis > 0. Hence,
(o) > 1(3) = % > (. It then follows that
O(x, @) 2f(4, @) = 3% = 391y — 9 + 2. 4%(2% — 37)

RECE

>0,
as desired, and we have completed the proof. O

Proposition 2.3. Let G € 9 be a graph withy > 3 and n > 2(y — 1), then there is no pendent vertex
in G if it has a minimum general Randi¢ index for a > 1.
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Proof. Suppose to the contrary that there exists a pendent vertex in G. Let u be a vertex of degree
at least three and Ng(u) = {uy,uo,...,u}. In what follows, we use P = uuit>...u, to denote a
pendent path in G. Assume that u, # u,; is another neighbor of u with d,, > 2. We consider the graph

G = G—uu, +usit, (depicted in Figure 2), which is an element of &,. Let /-2 be the number of vertices
k

in {uz, ug, ..., u;}, whose degree is greater than or equal to two. Clearly, / > 2 and ), d[fi > 2% - 2).
i=3

For simplicity, we distinguish the following two cases:

Case 1. {(P) = 1.

Direct calculations show that

k
RoAG) = Ry(G) =d%d®, + d* — 2% (d, — 1)* = 2d° +[d? - (d, — 1)°] Z de
i=3

>d%d?, +d? = 2% (d, — 1) = 2°d°, + 2% (I = 2) [d* — (d,, = 1)°]

=[(ds, = 27 + 1) (dy —2)|+ 27 {(I - D) [d} — (d, — D]+ (1 = 27}

A o

It is not difficult to find the first term of the previous equality 7] = [(dg2 -2+ 1)(d? - 2“)] > 0 for
«>1,d, >3 and d,, > 2. To continue the proof, it remains to verify that .o/, > 0. For simplicity,
welet Hx) = (- Dx*—(x—-1)]-2*—-1)fora > 1 and x > 3. It is routine to check that
H(x) > [(x*=(x=1)*)=3*=2%] +[(3* = 2%) — (2* — 1)] since [ > 3. Note that fi(x) = x* — (x = 1)*
is increasing in the interval [3, A], then we have x* — (x — 1)* > 3% — 2%, In addition, we know that
3% — 2% > 2% — 1 always holds for @ > 1. Hence, H(x) > 0 and, consequently, we have .oz; > 0. It then
immediately deduces that R,(G) — Ra(a) > 0, a contradiction. This implies that there is no pendent

vertex in G.

Case 2. ((P) > 2.
Direct calculations show that

R.(G) — Ry(G) =d®d”. — (d,, — 1)* 2% + 2°d7 - 2%(d, — 1)

u“uy
k
+29(1 =2%) = 2%;, + [d] — (d, — 1)"] Z d,
i=3

>d?d®, — (d, - 1) 2% +2°d% = 2° (d, - 1)°
+27 (1= 2) [d® = (dy — 1)*] +27 (1 = 2%) = 2°d°,
=dy, (d; —2°)+2" (- 1) [dj — (d, - 1)"]

2

o Ay
+27[d = (d, — 1)" + 1 -2°].

o

Note that o4 > 0 and <7, > 0, and it is also not difficult to find that .o/ = ﬁ,@fz is positive under the

initial assumptions. Hence, R,(G) — Ra(a) > 0. Again a contradiction. This implies that there is no
pendent vertex in G.

As desired, we complete the proof of Proposition 2.3. O
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Figure 2. The transformation G = G,.

Proposition 2.4. Let G € 4 be a graph withy > 3 and n > 2(y — 1), then the maximum vertex degree
is three in G if it has minimum general Randic index for 1 < a < %.

Proof. It follows from Proposition 2.3 that G contains at least one cycle as its induced subgraph, and
the n-vertex cycle is the only connected graph for the which minimum and maximum vertex degree is
two. Hence, in conjunction with the assumption y > 3, we have A = A(G) > 3. To complete the proof,
it suffices to show that A = 3. If A > 3, then it is routine to check that

n= Z n,-22(y—1):2(m—n)=2(2<i<A%— Z n[),

2<i<A 2<i<A

which is equivalent to

ny > Z(i—?))ni > 2(4—3);1,. > 0.
4<i<A 4<i<A

Hence, there at least exists a vertex of degree two. For simplicity, we suppose that u is the vertex in G
with maximum degree and Ng(u) = {uy, us, ..., ur}. We distinguish the following two cases.
Case 1. di € {1,2,...,A} such thatd,, = 2.

For convenience, we suppose that u; is the neighbor of u with degree two and d,, > d,, > ... > 2.
Subcase 1.1. d,, = 2 and 4, is not adjacent to u;.

Let @\2 =G —uuy +ujuy € 4} tis the neighbor of u,, different from u, depicted in Figure 3. Hence,
we have

A
Ro(G) = Ro(Go) =d52°*" = (d,, = 1)" 3" = 6" + d7 2" = 3") + [d} - (d, - 1)*] )
i=3

=d"2*"' — (d, - 1) 3" = 6" +d* (2* = 3*) +2°(d, — 2) [d* — (d,, — 1)°]
=2%d"*" — (d, — )" [2*(d, — 2) + 3] + d* (2" — 3%) — 6“
>20d* —(d, — )" [2°(d, — 2) + 3] +d* (2* - 37) - 6°.

For simplicity, we let f>(x) = 29x** — (x — 1)* [2%(x — 2) + 39] + x* (2% — 3%) — 62. It follows from
Lemma 2.1 that f,(x) = P(x,a@) > 0forx >4and 1 < a < %. Hence, R,(G) — R,(G,) > 0, which
contradicts to the choice of G. Hence, the maximum vertex degree of G is three.
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Figure 3. The transformation G = G,.

Subcase 1.2. d,, = 2 and u, is adjacent to u,.
Let G3 = G — uus + ujuz € 4, depicted in Figure 4. Hence, we have

A
Ro(G) = Ro(G3) =3 X d52% + 4" = (d, = 1) 3" =2 X 6" = 2°(d, — 1) + [d{ = (dyy = 1)"] D}
i=4
=3 X d*2% +4° — (d, — 1)* 3" =2 x 6" = 2°(d, — 1)* + 27 (d, — 3) [d* — (d,, — 1)°]
=274 + 4% — (d, — 1)* [2°(d, — 2) + 3] — 2 X 67

G Gs

Figure 4. The transformation G = Gs.

Let f3(x) = 29x%! 4+ 4% — (x — 1)* [2%(x — 2) + 39] — 2 x 62, and then we have f3(x) = f(x) + (3% —
29 (x*—2% > 0. Hence, R,(G) —Ra(é;) >0forx>4and 1 <a < %, which contradicts to the choice
of G. Hence, the maximum vertex degree of G is three.
Subcase 1.3. d,, > 2 and u, is adjacent to u, and d,,, > 2.

Let Z;: =G —uusz + ujuz € ¢/, depicted in Figure 5. Hence, we have

Ro(G) = Ry(Ga) =d®2% +2°d2, + d°d" + d%d", — (d, — 1)* 3% — 3%d",

u“uy
A
—di(d, — 1)" = 3°d5, + [dS - (d, - 1)°] ) dS
i=4

>d92% +dy (2° = 3%) + dj (df —3%) — (d, — 1)* 3°

+dy (dS, —3%) = (d, — 1)* 3% +2°(d, = 3)[d — (d, - 1)°]
>2%d — (d, — ) [2*(d, — 2) + 3] + d* (2" — 3%) — 6°
>0,

AIMS Mathematics Volume 8, Issue 12, 29352-29367.
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and the last inequality holds because f>(x) > 0Oforx >4 and 1 < a < %. Hence, R,(G) — Ra(a) > 0.

Again, a contradiction. Hence, the maximum vertex degree of G is three.

G —
Gy

Figure 5. The transformation G = G..

Subcase 1.4. d,, > 2, u, is adjacent to u, and d,,, = 2.
Let Gs = G — uus + ujuz € 4, depicted in Figure 6. Hence, we have

Ro(G) = Ry(Gs) =d22°*" +29d% + d°d?, — 6" — (d, — 1) 3% — d% 3"

u“uy

A
—(dy = 1) dg, + [dS = (d, — 1)) > ds
i=4

>d?2°" = 6% = (d, — )" 3" +d [(2* = 3" + d} - (d, — D)]
+27(d, - 3)[d* - (d, — 1)]

>20d*" — (d, — 1) [2°(d, — 2) + 3] + 4" =2 x 6°

>0,

and the last inequality holds because f3(x) > O0forx >4 and 1 < a < %. Hence, R,(G) — Ra(a\s) > 0.

Again, a contradiction. Thus, we have completed that the maximum vertex degree of G is three.

G Gs

Figure 6. The transformation G = Gs.

Subcase 1.5. d,, > 2, u; is not adjacent to u,.
Let Gs = G — uuy + ujuy € 4, depicted in Figure 7. Hence, we have

A
Ru(G) = Ro(Gg) =d52" +2°d{' + dydy, - (d, — 1)" 3 = 3%dy = 3°d%, + [d2 - (d, - 1)"] ) ds
i=3

>d"2% +d*(2° — 3%) + 2% (d* - 3%) — (d, — )" 3% +2°(d, — 2)[d* - (d, — 1)"]
=2%d"*' — (d, - D [2*(d, — 2) + 3*] + d* (2" - 3*) = 6” > 0,

AIMS Mathematics Volume 8, Issue 12, 29352-29367.
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and the last inequality holds because f>(x) > 0Oforx >4 and 1 < a < %. Hence, R,(G) — Ra(é;) > 0,

a contradiction to the choice of G. Hence, the maximum vertex degree of G is three.

¢ Gs

Figure 7. The transformation G = Ge.

Case 2. Vi e {1,2,...,A} such thatd,, > 2.
Note that there is a vertex uy € V(G) \ Ng(u) of degree two, which is not adjacent to at least one
neighbor, say u;, of u. Let G; = G — uu; + ugu; € 4, (depicted in Figure 8). Hence,

A
Ro(G) = Ry(Gy) =df, (d2 =3") + (2" =3 > d+[dy —(d,— )] ). d
i=2

ZENG(uo)
>3% (d” = 37) + 2 x d* (2° = 3%) + 3% (d, — 1) [d* - (d, — 1)°]
=37dr™! - (d, - D™'| = 9" + 2 x d5 (2" - 3.

u u
f UAA/-KZL‘ xuxul N ( MAK Ku ﬁuz u, N
'
t o u, s ) U, s
S ,/ A J
G G

Figure 8. The transformation G = G-.

For simplicity, we let f4(x) = 39[x**! — (x = 1)?*!1] — 92 + 2x¥(2* — 3%) = Q(x, @), which is positive
for x > 4 and @ > 1 by Lemma 2.2. Hence, we have R,(G) — Ra(a;) > 0. Thus, there would be a
contradiction to the choice of G, and the maximum vertex degree of G is three.

This completes the proof of Proposition 2.4. O

Let ¢;; be the number of edges in G joining the vertices of degree i and j, and we use n; and n; to
denote the number of vertices of degree i and j, respectively.

Proposition 2.5. ( [2]) Let G € 9], v > 3, be a graph such that it contains only vertices of degrees
two and three, then the following holds:

(i) at least two vertices of degree two are adjacent if n > 5(y — 1).

(i) 20 = 0 implies @33 = 0 (or 33 = 0 implies 2, = 0) if n = 5(y — 1).

(iii) at least two vertices of degree three are adjacent if 2(y — 1) <n < 5(y — 1).

AIMS Mathematics Volume 8, Issue 12, 29352-29367.
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Proposition 2.6. Let G € 4, be a graph withy > 3 and n > 5(y — 1), then at least one of the vertices
x and y for any edge e = xy has the degree two in G if it has a minimum general Randic¢ index for
l<a<2

=®=75

Proof. By Proposition 2.3 and Proposition 2.4, we know 2 < d, < 3 holds for any vertex u in G.
Simultaneously, it follows from Proposition 2.5 that there at least exist two vertices, say u; and uy,
such that ¢, > 0. Suppose to the contrary that there exists two adjacent vertices v; and v, of degree
three (i.e., ¢33 > 0). Let uy # u; be the vertex adjacent with u,, which may coincide with v, or v,. For
convenience, we distinguish the following two cases.
Case 1. N(;(lxtl) N N(;(lxtz) =0.

Let é; = G — {uuy, upuy, viva} + {uyug, viua, vous} (depicted in Figure 9), which is an element in
@?. By direct calculations, we have R,(G) — R(,(Z;;) = 4% + 9% — 2 x 6% > (. This contradicts to the
assumption of G. Hence, ¢33 = 0. As desired, we have completed the proof.

\ D

NN S
\\ ;\ N\ Y v, ?é /
\ ,/ \ Y

N\

G

Figure 9. The transformation G = Gs.

Case 2. Ng(u;) N Ng(uy) # 0.

Without loss of generality, we let uy € Ng(u;) N Ng(uy) # 0. In what follows, we consider the
following three subcases.

If uy # {vi1, v2} and uy 1s not adjacent to v; and v,, we let E}; = G—{uyug, viva} +{uav,, viup} (depicted
in Figure 10), which is an element in ¢;. By direct calculations, we have R,(G) — Ra(é\g) = 0. Note
that Ng;(u1) N Ng;(u2) = 0, by the analogous method as in Case 1, and there exists a new graph G,
such that R,(G) — Ra(a ) = Ra(é;) - Ra(a ) > 0. This contradicts to the assumption of G. As desired,
we have completed the proof.

\ \ /

\ %.—‘\é/ /
\\ v, v, ) /
\ )2 ( /
N\ \\,/

G

Figure 10. The transformation G = 6\9.

If uy # {v,v2} and uy is adjacent to v;, we let 5; = G = {ugus, viva} + {u1vy, upv,}, which is an
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element in ¢,. By direct calculations, we have R,(G) — R(I(EB) =42 +9%-2.6% > 0. This contradicts
to the assumption of G. As desired, we have completed the proof.

If uy = v,, then we consider a neighbor v of v, different from v,. Let G, =G - {upva, vy} +
{(viuz,Vv} € 47, and again we obtain that R,(G) — R,(Gy;) = 0. Note that Ng-(u1) N Ng=(up) = 0,
by the analogous method as in Case 1, and there exists a new graph Z}vz such that R,(G) — R(,(a;) =
Ra(a) — R,(G>) > 0. This contradicts to the assumption of G. We have completed the proof. O

Proposition 2.7. Let G € 4 be a graph withy > 3 and n = 5(y — 1), then one of the vertices x and y
for any edge e = xy has the degree two and the other has the degree three in G if it has the minimum
general Randi¢ index for 1 < a < %.

Proof. It follows from Propositions 2.3 and 2.4 that 2 < d,, < 3 holds for any vertex u in G. If ¢, =0
and ¢33 # 0, then one can find that ¢,;3 = 0 by Proposition 2.5, a contradiction. If ¢, # 0 and
¢33 # 0, then from the proof of Proposition 2.6 we conclude that there exists a graph G, € 47 such
that R,(G) — Ra(@) > 0. This contradicts to the initial assumption of G. Hence, ¢ = ¢33 = 0. As
desired, we complete the proof of Proposition 2.7. m|

In a similar way, we obtain the following fact.

Proposition 2.8. Let G € ¥ be a graph withy > 3 and 2(y — 1) < n < 5(y — 1), then G does not
contain any edge connecting the vertices of degree two if it has a minimum general Randi¢ index for
l<a<

=®=7

Denote by G;j[¢;; # 0] that the graphs contain only vertices of degree i and j, such that for every
edge in a one end-vertex has the degree i and the other end-vertex has the degree j, and we use
Gijlgii = 0] (resp. Gijle;; = 0]) to denote the graphs containing only vertices of degree i and j, such
that no vertices of degree i (resp. j) are adjacent.

Theorem 2.9. Let G € 4 be a graph with y > 3 and n vertices, then the following holds for 1 < a <
39.
25

(i) Ry(G) = 9*(n +y — 1) for n = 2(y — 1), with equality if, and only if, G is isomophic to cubic
graphs.

(ii) Ry(G) > 6°2n—4y +4) —9%(n— Sy +5) for 2(y — 1) < n < 5(y — 1), with equality if, and only
if. G is isomophic to Gy[¢xn = 0].

(iii) Ry(G) > 6%(n + 7y — 1) for n = 5(y — 1), with equality if, and only if, G is isomophic to
Gaslepas # 0]

(iv) Ry(G) = 4%(n—5y +5)+6%(6y —6) for n > 5(y — 1), with equality if, and only if, G is isomophic
10 Goslgss = 0]

Proof. Let Gi; € 9 be a graph that achieves the minimum general Randi¢ index. We only give
the proof of (i7); the rest could be proved in a similar way. It follows from Propositions 2.3 and 2.4
that 2 < d, < 3 holds for any vertex u in 5; Hence, we have n, + n3 = nand 2n, +3n; =2(n+vy—1)
by the Handshaking Theorem. Besides, by Proposition 2.8, it is easily seen that ¢, = 0. Hence,
23 = 2n, and ¢y3 + 2¢33 = 3n3. Direct calculations show that .3 = 2n — 4y + 4 and ¢33 = 5y —n — 5.
Thus, R,(G) > Ra(@) = 6“2n -4y +4) - 9%n — 5y +5). The corresponding extremal graph is
Gl =0]. |
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The second Zagreb index is another well-known vertex degree-based graph invariant in chemical
graph theory, which was introduced in 1972 by Gutman and Trinajsti¢ [8]. We encourage the interested
reader to consult [9, 12] for more information for this graph invariant. Undoubtedly, the second Zagreb
index is the special case of the general Randi¢ index when @ = 1. It is easily seen that Theorem 2.9
extends one of the main results proved by Ali et al. [2].

3. Graphs in ¢ with maximum general Randi¢ index

We begin with the following auxiliary result, which plays an important part in our proofs.

Proposition 3.1. Let G € 9] be a graph with a maximum general Randic¢ index for a > 1, then
AG)=n-1.
Proof. Suppose to the contrary that there exists a vertex # in G with A(G) = d, < n— 1. Note that there

exists v € V(G) such that u # v, d, > d, and N(v)\Ng(u) = {vi,v2,...,v,} # 0. We can construct a
new graph G4 the following way

Gia =G —{vwi, v, ..., ) +{uv,uvy, ... uv,} € 9.

It is routine to check that

P
R(Gi) = R(G) = > [(du+p)' —dilde+ ) [(dy+ p)" —di]d
XENG(u)\Ng(v) i=1

Y [t P+ (dy - p) - d —dl)
YENG)NNG(v)
Note that H(#) = t* is an increasing function for & > 1, and the first and second terms of the previous
equality are nonnegative. By the Lagrange mean value theorem, we have (d, + p)* — d* = apé&®!
(tesp. dy — (d, — p)* = apy*™") for ¢ € (dy, d, + p) (resp. n € (d, - p,d,)). Hence, o = (d, + p)* +
(d, — p)* —d*—d$ > 0, and, consequently, we have R,(G4) > R,(G), a contradiction. This completes
the proof. O

Proposition 3.2. ([14]) Let xy, x, ..., X,, p,t = 1 be integers, a be any real number such that a ¢ {0, 1}
and x; +x, + ...+ x, = p.

(1) The function f(xy,Xs,...,%,) = i, X! is the minimum for & < 0 or a > 1 (maximum for
0 < a < 1, respectively) if, and only if, x\,xa,...,x, are almost equal, or |x; — xj| < 1 for every
i,j=12,...,n

(2) If x; = x, > t, the maximum of the function f(xy,xy,...,x,) is reached for a < 0 or @ > 1
(minimum for 0 < a < 1,respectively) only for x; = p—t—n+2,x =t,x3 = x4 = ... = X, = 1.
The second maximum (the second minimum, respectively) is attained only for xy, = p—t—n+1,x; =
t+1,35=x4=...=x,=1.

Theorem 3.3. Let G € 9 be a graph withy = (k;) and k > 4, then for a > 1 we have
k-1
R,(G) < ( 5 )(k2 =2k +3) +(n— D0k =2k +3)" + (n—2)(n - 1)",
with equality if, and only if, G = (K] U (n — 2)K,) + K, = K,, depicted in Figure 11.
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Uy U Uy y

K} with degree sequence (n — 1,2y +

IR

Figure 11. The graph G = (K] U (n — 2)K;) + K;
1,1,1,...,1).

Proof. 1t follows from Proposition 3.1 that there at least exists one vertex with a maximum degree n—1.
Hence, we have G = G5 + K;, which contains |V(G5)| = n — 1 vertices and m(Gis) = (k;) edges. For

simplicity, let 7 = (dy,d, ..., d,) arld\ = (c/l\l , c/l;, - c?,:] ) be the nonincreasing degree sequence of G
and G5, respectively. Hence, d; = d;_; + 1 fori =2,3,...,nand d; = n — 1. Thus, we have
R(G)= > ||+ > |dd]]
v1v;EE(G) viv;€E(G),2<i< j<n
:(n—l)“de’+ Z [(ZZ\,+1)(EZ\,+1)] .
i=2 Vl'VjGE((/;E)

By Proposition 3.2 for @ > 1, we have

h=S -
i=1

<1l-n=D"+1-1+n=-2)-1"-1-(n=1)°
=n—-1D"+ K =-3k+3)+n-2)—(n—-1°"
=(k*> - 3k +3)* + (n - 2),

whered, =n—-1=2m—-t-n+2,dy=t=2y+1andd; =ds =...=d, = 1. In addition, we find the
maximum value of
=), [[@+1)(d+1)]
viv;€E(G1s)

s(k; 1) (k% = 3k +3) (k* = 3k + 3)[ "

with equality if, and only if, G 5 = K7 U (n — 2)K,.
It follows from the previous that

RA(G) =(n—1)"o + o
s(k ; 1)(k2 =2k + 3+ (n— 1)K =2k +3)" + (n—2)(n - 1)*,

Hence, G = (K] U (n — 2)K;) + K, = K,,. This completes the proof of Theorem 3.3. m|
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