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Abstract: Let sv be the extended Schrodinger-Virasoro Lie algebra. In this paper, we consider the
skew-symmetric biderivations of the extended Schrodinger-Virasoro Lie algebra. We prove that all
biderivations of sv are inner. Based on this result, we show that all linear commuting maps on sv,
which have the form ¢/(x) = Ax, are standard.
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1. Introduction

Throughout the paper, we denote by C and Z the sets of complex numbers and integers, respectively.
All vector spaces and algebras are over C. The extended Schrodinger-Virasoro Lie algebra sv is an
infinite-dimensional algebra that was introduced in [1] in the context of the two-dimensional conformal
field theory and statistical physics, and sv can be viewed as an extension of the Schrodinger-Virasoro
Lie algebra by a conformal current with conformal weight 1. The Schrodinger-Virasoro Lie algebra
sv, originally introduced by Henkel [2], has been widely studied in [3—8] in recent years.

The extended Schrodinger-Virasoro Lie algebra sv is a vector space spanned by a basis
{L,,M,,N,,Y ,.1|n € Z} with the following brackets

s> S nts

[LmaLn] = (I’l - m)Lm+m [Mm7 Mn] =0, [Nm7 Nn] =0,
[Ym+ s n+ ] - (l’l m)Mm+n+la [Lm9M ] - an+n9

[Ln, Nu] = nNpyin, [Lin

Y,]= _2’") winsds [N My] = 2M 0,

[N, n+j] = Ym+n+%a (M,,, Yn+ 1=0,
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where n, m € Z. It is clear that sv is finitely generated with a set of generators {L_, L_, Li, Ly, N1, Y 1 }
and is a perfect Lie algebra, i.e., [0, 5v] = sv [9]. Clearly, the center of sv is zero, i.e., Z(50)=0.

In [9], authors studied the derivations, the central extensions and the automorphism group of
the extended Schrodinger-Virasoro Lie algebra. In [10], Lie bialgebra structures on the extended
Schrodinger-Virasoro Lie algebra were classified. n-derivations of the extended Schrodinger-Virasoro
Lie algebra were investigated in [11], and the main result when n = 2 was applied to characterize the
linear commuting maps and the commutative post-Lie algebra structures on sv. In this article, we will
study the skew-symmetric biderivations and the linear commuting maps of the extended Schrodinger-
Virasoro Lie algebra.

It is well know that the derivation algebra of an algebra A plays an important role in the study of the
structure of A. As generalizations of derivations, the study of biderivations was initiated by BreSar [12].
In [13], Wang et al. introduced the notion of biderivation of a Lie algebra and showed that the skew-
symmetric biderivation of finite-dimensional complex simple Lie algebra is inner. There has been a lot
of interest in studying biderivations on the Schrédinger-Virasoro Lie algebra, the conformal Galilei
algebra, Kac-Moody algebras and the deformative Schrodinger-Virasoro Lie algebra in [6,14-16],
respectively. The case of the deformative Schrodinger-Virasoro Lie algebras yield examples for skew
biderivations that are not inner [16].

Let ¥ be a Lie algebra. We call a bilinear map ¢ : £ X & — £ a biderivation if it’s a derivation with
respect to both components:

o([x, y),2) = [x, (v, 2)] + [¢(x, 2), y], (1.1)

o(x, [y, 2]) = [e(x,y), 2] + [y, ¢(x, 2)], Vx, ¥,z € L.

Moreover, a biderivation ¢ is called skew-symmetric if ¢(x,y) = —¢(y, x), Vx,y € £. The biderivation
w8 XL — Lfor A e F, satisfying ¢, (x,y) = A[x, y], is called inner.

A map ¢ : & — & is called a linear commuting map if [¥(x),x] = O for all x € £. Linear
commuting maps on the Schrédinger-Virasoro Lie algebra, the conformal Galilei algebra, Kac-Moody
algebras and the deformative Schrodinger-Virasoro Lie algebra were extensively studied in [6,14-16],
respectively.

The paper is organized as follows. We will introduce some basic conclusions on biderivations of
sp in Section 2. In Section 3, we will prove that every biderivation of s is inner, and then we will
give the form of each linear commuting map on s in Section 4. In Section 5, in order to find some
differences, we compare our main results with those for the Schrodinger-Virasoro Lie algebra in [6]
and the deformative Schrodinger-Virasoro Lie algebras in [16].

Throughout this paper, we work over the field C.

2. General results on biderivations of Lie algebra sv

In this section, we give some general results on skew-symmetric biderivations of sb.

Lemma 2.1. Let ¢ be a skew-symmetric biderivation on sv, then

[o(x, y), [u, v]] = [[x, y], o(u, V)], VX, v, u, v € sv.
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In particular, [¢(x,y), [x,y]] =0
The proof is similar to that of Corollary 2.2 in [7].

Lemma 2.2. Suppose that ¢ is a skew-symmetric biderivation on sv. If [x,y] = O for x,y € sv, then
e(x,y) =

Proof. By Lemma 2.1, we have

[(x, ¥), [w, v1] = [[x, y], ¢(u, V)],

for all u, v, x,y € sv. Since [x,y] = 0, then [¢(x,y), [1, v]] = 0. Thus, ¢(x,y) commutes with [sp, sv].
Since [sv, 5p] coincides with the Lie algebra sv [9], we get that ¢(x, y) € Z(sp) = 0. This concludes the
proof. O

3. Skew-symmetric biderivations of sv

Theorem 3.1. Let ¢ be a skew-symmetric biderivation of sv. We have

@(x,y) = Alx,y], Yx,y € o,
where A € C.
Proof. This will be completed by verifying the following arguments.

Claim 1. There exists A € C such that
QD(Lm9 L,) = A(n—m)L,, = A[L,, L,],Ym,n € Z.

We write ¢(L,,, L,) in terms of the basis as follows

1 1 1
(p(Lm’L”) = En)sz + Z bgn)szJ + Z Cl(ct)n nNk + Z dl(ninYH%’

i€Z JEZ keZ leZ

(D (e8] (1) (1) T
where almn,bjmn, kmn,dlmn eC, i, jkl,mneZ.

If n = m, then [L,, L,] = 0, and based on Lemma 2.2 we have ¢(L,,, L,) = 0, so this claim holds.
Next, we assume n # m. By Lemma 2.1, we have

1

— [[Ly, L1, QO(Lm’ Ln)] =
then we get

Lens D i, Li+ ) B0 M+ D Ne+ Y di) ¥ii1=0,
i€Z JjE€Z keZ leZ
then
—n

Z Eln)m(l m—n)Ly i + Z b§1n)1 n]Mm+n+j + Z C/(Cl,)n nkN +n+k T Z dl(lnin(l + —)Ym+n+l+% =0.
i€Z JEZ keZ leZ
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Considering the coefficients of terms ‘L’, ‘M’, ‘N’ and ‘Y’, we conclude that

1 —m—
al) (i-m-n)=0,b") Jj=0, ck) k=0, d" (l+$):0,

tmn Jm,n m,n l,m,n 2

Thus, a, , = O0if m+n#i, b)) =0if j#0,c, =0ifk#0,d)) =0if [ # 221 Then,

WL, L) = Lpen + 0 Mo+ Ny +d')

m+n,m,n 0,m,n 0,m,n m+n 1 m

By Lemma 2.1, we obtain that
[@(Lin, L), [Lo, Li11 = [[Lm, Ly, (Lo, L1)],
)

1) () )] (1) _ )] )] )] (1
[am+n,mn m+"+b0mnM0+C0,m nNO+dm+n ' Ym+£:—1 +1 L] =[(n-m)L,,.,, a 1L1 +b0’0’1M0+C0’0’1N()+d00 1

and we get
1 1 m+n-—1
aﬁnz—n,m,n(l -m- n)Lm+n+1 + df,ﬁ),, 1 JLTY%H
l-m-n
(1) (1)
ay o, (n=m) (L —m—=n)Lype1 +d,,(n— m)TYmm%‘

Considering the two sides of the equation, we have that aﬁ,ﬁn,m’n = (n— m)a(ll()“ ifm+n # 1,

d(lf N =0ifm+n+#1and délc))l = 0. Then,

1 1 1
O(Lys L) = @ty panLimsn + B3 Mo + ¢ N,

0,m,n 0,m,n

By Lemma 2.1, we obtain that

[@(Lin, Ln), [Lo, Lo11 = [[L, L], (Lo, Lo)];
that is,
[afr}in,mn m+n T bg)lr)nnMO + Cél’zn,nN(), 2L2] = [(l’l - m)Lm+n’ a(zl()) 2L2 + bél()) 2M0 + cél,())’zNO]a

thus, we get

208,y n(2 =M = W Lypaniz = a5 (1 = m)(2 = m = 1) Lyins.
We have that a%n mn = %(n - m)a(zf&z ifm+n+#2,s0 aﬁ,ﬂn,mm =n- m)a(lly())’] ,
o(L,,, L,) = (n— m)a(ll())] man T b(l) Mo + CE)I’)n No.
Taking A = a(ll()) ,» thus
@(Ly, Ly) = (0 = m)ALpyin + b)) Mo + ¢} N, (3.1)
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Next, we will prove that bf)l,,)n’n = 0 and cf)l’,)n’n = 0. We write ¢(L,,, M,)) in terms of the basis as

follows
QD(Lm’ M") = Z fzrr)lnL + Z bizrfinM + Z C/(Czl’)l’l nNk + Z dl(fr)lnYH%’

i€Z JEZ keZ leZ

where a2 b P 42 e C, i jklmn e Z Ifn =0, then [L,, Mo] = 0, and based on

i,m,n’> "~ jm,n’ kmn’

Lemma 2.2 we have ¢(L,,, My) = 0. We let n # 0. By Lemma 2.1, we also have

[()D(Lm’ Mn)’ [L—b Ll]] = [[Lm9 Mn]9 (P(L—l, Ll)]9

that is,

2 (2) (2) (2) _ (D (@)
[Z a® L+ Z b2 M+ Z @ Ni+ Z d2) Y,,1.2L0) = ["My, 2AL0 + B | Mo + ¢’ | Nol,
i€Z JEZ keZ leZ
then,

D al L+ Y B M+ Y el KN+ Y dl) 1+ )Y,+1 = nA(M+ )My +15) | My,

i€Z JEZ keZ leZ

Hence,
2 1
Z bin)mJMj = nA(m + n)My.n + ”CE) )1 le+n-
JEZ
This means bﬁf}rnmn(m +n) = nA(m + n) + ncgl)_1 | if j = m + n. Based on the arbitrariness of m, n,
we obtain cf)l)_l , = 0. Thus, célr)nn =0.

We write ¢(L,,, N,) in terms of the basis as follows
G(Ly, Ny = D al) Li+ Y b0 M+ > e Ne+ Y do) Yo,
i€Z JEZ keZ =74
where af) . b%) ¢ .d) € C, i jklmn € Z Ifn =0, then [L,,No] = 0, and based on
Lemma 2.2 we have ¢(L,,, Ng) = 0. We let n # 0. By Lemma 2.1, we have

[(p(Lm’ Nn), [L—I,Ll]] = [[LmaNn]’ QD(L—laLl)];

that is,
3 3 3 3 1
[ a L+ > b0 M+ > ) Ne+ ) dp) Y1, 2Lo] = [MNpo, 24Lo + b Mo,
i€Z JEZ keZ leZ
then
1
3 3 3 3 1
Zafn)mlL Zb;;n Zc,(”)nnka - Zdz(n)m(l"' E)YH% = —nAd(m + n)N,,1, +nb§),)_1,1Mm+,,.
i€Z JEZ keZ leZ

It follows that afn)l’n =0ifi #0and c,(fr)n ,=ndifk=m+n#0. Since [ + % # 0, then dﬁfm =0. We
obtain that

(3) M
Zb]mn-]M - nbO lle+"'

JjeZ
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This means bﬁl , = 01if j # m + n. Now, we conclude that

@(Lyyy N,) = a$) Lo+ bty nMonin + AN, + cﬁf;,nNo.

0,m, m+n,m,n

By Lemma 2.1, we have

[@(Lin, Nu), [Lo, Ly 11 = [[Lym, N1, (Lo, L1)];

that is,

3 3 3 1
[a5), Lo + bl unMien + NAN e + €50 No, Li] = [Ny, ALy + b,

0,m,n 0,0,1 My,

then,

3 3 1
“f),,)n,nLl —(m+ n)bfnin,m,anJ,nH —n(m + n)AN,ni1 = =AM + n)N,ypp + 2nb(()’())’1Nm+,,.

= 0. Thus, b\ =0.

0,m,n

(1
It follows th(ell)t bo,o, |

Taking ¢, , = 0 and bél,,)n,n = O into (3.1), we get the following

()O(Lma Ln) = /l(l’l - m)Lm+n = AL, L,]. (32)

Claim 2. ¢(x,y) = A[x,y] forall x,y € sv.

Based on (3.2), we can assume that ¢(x,y) = ¢(x,y) — A[x,y]. Thus, ¢;(x,y) is also a skew-
symmetric biderivation of sp, and @i1(L;,L;) = 0. The result to be proved now is that this new
biderivation ¢, is zero.

Lemma 2.1 is applied to [¢;(x,y), [L,, L,]]. Since

lo1(x, ¥), [Lm, L] = [[x, ¥], @1 (Lms L)1,

then
(n - m)[(pl(x’ )’), Lm+n] = O

Hence, we have [¢;(x,y),L;] = 0 for all x,y € sv and i € Z. This shows that ¢;(x, y) belongs to
< My, Ny >, where < My, Ny > is the subspace generated by M, Ny, for any x,y € sv.
Based on (1.1), we have

wl([Lia u],V) = [Li’ QO](M, V)] + [QOI(Li’ V), u]
Thus,
e1([Li, ul,v) = [¢1(Li, v), ul (3.3)

for any u,v € sv and i € Z. The left hand side of (3.3) is in < M,, Ny > and the righthand side of (3.3)
is in < [My, u], [Ng, u] >. Thus, there exists complex numbers a, b, ¢, d such that

e1([L;, ul,v) = aMy + bN,, 3.4
[‘)Ol(Liv V), l/l] = C[M()a l/l] + d[NO’ l/t], (35)
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for any u,v € sv and i € Z. It follows that
aMy + bNy = c[My, u] + d[Ny, u]. (3.6)
By replacing u by Y, in (3.6)
aMy + bNy = c[Mo, Y]+ d[No, Y1] = dYy,
we get thata = b = d = 0. Hence, ¢1([L;, u],v) = 0 for any u,v € sv and i € Z.
On the other hand, based on

1
[LO’ Ln] = f’an, [LO’ Ml’l] = nMn’ [LOaNn] = nNn, [LO’ Yn+%] = (n + E)Yn+%’

we have that ,

T+

Y 1

n+3

[L()’ Yn+%]’
and if n # 0,
1 1 1
L, = —[L(),Ln], M, = —[L(),Mn], N, = _[LO, Nn]
n n n

So, forany x € {L,, M,, N, |n #0, n € Z} U{YH% | n € Z}, there exists complex numbers a # 0 such
that x = a[Lg, x]. Then,
@1(x,y) = api([Lo, x],y) = 0, fory € sv.
Moreover, L, = %[L_I,Ll], M, =[L_,M;], N, =[L_;,N;]. Hence,

1
01(Lo,y) = §¢1([L_1,L1],y) =0,

e1(Mo,y) = i([L-1, M],y) =0,
©1(No,y) = ¢1([L_1,N1],y) = 0,

for y € sv. Therefore, we have checked all cases for ¢;(x,y) = 0. This completes the proof.

4. Linear commuting map of so

In this section, we study the linear commuting maps of sv based on Theorem 3.1. Recall the concept
of linear commuting map ¢ on the Lie algebra sv. We have

[¥(x),x] =0

for all x € sv. Undoubtedly, if ¥ on sv is such a map, then,

[ (x), y] = [x, ()]

for all x, y € sv.

A linear commuting map (x) on & is said to be standard if it has the following form y¥(x) =
Ax + f(x),Vx € &, where 4 € C, f : £ — Z(¥). All commuting maps of other forms are called
non-standard. If Z(2) = 0, then f(x) = 0, and thus ¢ is standard if and only if /(x) = Ax for Vx € L.

AIMS Mathematics Volume 8, Issue 12, 28808—-28817.
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Theorem 4.1. Let s be a linear commuting map of sv. Then, ¥ has the following form

Y(x) = Ax

for all x € sv, where A € C. This means all commuting maps of so are standard.
The proof of this theorem is similar to that of Theorem 3.1 in [6].

5. Discussion

In Tables 1 and 2, we denote sv by the Schrodinger-Virasoro Lie algebra and denote (4, u, s) by
the deformative Schrodinger-Virasoro Lie algebras. Comparing our main result with those for sv in [6]
and (4, u, s) in [16], we find some differences.

Table 1. (Q1) Whether all the skew-symmetric biderivations of € are inner.

Answer for question Q1

S0 inner (see [6])
L(A,u, s) exist non-inner for the certain L(4, y, s) (see [16])
Y inner (this paper)

Table 2. (Q2) Whether all the linear commuting maps on £ are standard.

Answer for question Q2

s non-standard (see [6])
£(4, 1, s) non-standard (see [16])
S0 standard (this paper)

6. Conclusions

In this work, we mainly determined the skew-symmetric biderivations of the Lie algebra so. The
results showed that all the skew-symmetric biderivations of the Lie algebra sv are inner. Furthermore,
we proved that every linear commuting map ¢ on sp had the form y(x) = Ax, where 1 € C, which
indicated that all linear commuting maps of sv are standard.
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