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1. Introduction

Let (M", g) be an n-dimensional Riemannian manifold with the metric g and the dimension n > 3.
If there exists a non-constant smooth function f such that

fi = F(Ry~ ——Rgy), (1.1)

n-1
then (M", g, f) is called a vacuum static space (for more backgrounds, see [8, 10, 19, 23]). Here f;,
R;; and R denote components of the Hessian of f, the Ricci curvature tensor and the scalar curvature,
respectively. In [8], Fischer-Marsden proposed the following conjecture: The standard spheres are
the only n-dimensional compact vacuum static spaces. In [18], Kobayashi gave a classification for
n-dimensional complete vacuum static spaces that are locally conformally flat. On the other hand, he
and Lafontaine [20] also provided some counterexamples for the above conjecture.

In fact, according to the second Bianchi identity, any vacuum static space has constant scalar
curvature. Moreover, Bourguignon [2] and Fischer-Marsden [8] have proved that the set f~'(0) has
the measure zero and the set £7(0) is a totally geodesic regular hypersurface.

Let I%,- i=Rij - If gij be the trace-free Ricci curvature, then (1.1) can be written as

o R
fij = fRij - mfgij, (1.2)
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which gives
R

n-—1

Af = ———F.

It is well known that the Weyl curvature tensor W and the Riemannian curvature tensor is related by

1
Rij = Wiju + m(Rikgjl — Rugjx + Rjigik — Rjgin) — (gixgj1 — ugj)-

R
(n—1n-2)

In this paper, we consider rigidity results for closed vacuum static spaces. By using the maximum
principle, some rigidity theorems are obtained under some pointwise inequalities and show that the
squared norm of the Ricci curvature tensor is discrete.

Theorem 1.1. Let (M", g, f) be a closed vacuum static space with the positive scalar curvature and
JiWiij = O (that is, zero radial Weyl curvature), where n > 4. If

- 1 - 2 o
@——¥1—2m¢+nm—1m%FSR{ (1.3)
then it must be of Einstein as long as there exists a point such that the inequality in (1.3) is strict.

Next, by substituting (1.3) with a stronger condition, we can obtain the following characterizations:

Theorem 1.2. Let (M", g, f) be a closed vacuum static space with the positive scalar curvature and
fiWiijx = 0 (that is, zero radial Weyl curvature), where n > 4. If

Eki¥;2m+¢ﬁfﬁmmﬂ (1.4)

then it must be of Einstein or a Riemannian product S' x S"~'. In particular, it must be of Einstein as
long as there exists a point such that the inequality in (1.4) is strict.

When W = 0, the formula (2.1) shows that the Einstein metric with the positive scalar curvature
must be of positive constant sectional curvature. Hence, Theorem 1.2 gives the following:

Corollary 1.3. Let (M", g, f) be a closed vacuum static space with the positive scalar curvature and

W=0.1If
R

nn=1)

then it must be of either S" with positive constant sectional curvature or a Riemannian product S'xS"!.

IR;j| < (1.5)

In particular, when n = 3, we have W = 0 automatically and Corollary 1.3 yields the following
result (which has been proved by Ambrozio in [1, Theorem A]) immediately:

Corollary 1.4. Let (M, g, ) be a closed vacuum static space with the positive scalar curvature. If
Ryl < =R (1.6)
ijl = \/6 s .

then it must be of either S* with positive constant sectional curvature or a Riemannian product S' x S2.
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Remark 1.1. It is easy to see that the condition (1.4) is stronger than (1.3). On the other hand, one
can check that when M" = S' x §"!, we have |R;;| = %, and when M" = §", we have |R;;| = 0.
Hence, for closed vacuum static spaces with W 0, Corollary 1.3 gives the following pinching results:
If0 < |R, il < == ‘/7 then |R, il=0or IR, il = \/7 , the value of |R, il 1s discrete.

Remark 1.2. Recently, by a generalized maximum principle, Cheng and Wei [6] considered the
classifications for three-dimensional complete vacuum static spaces with constant squared norm of
Ricci curvature tensor. For the classifications for closed cases, see [17,24-26] and the references
therein.

2. Some necessary lemmas

It is well known that the Weyl curvature tensor and the Cotton tensor are defined respectively as
follows:

1
Riju = Wiju + E(Rikgjl — Rugjx + Rjigix — Rjxgin)

R
- m(gikgjl - gilgjk)
1
= Wi+ —— (Rtkg i1 — Rugjx + Rjgin — Rjcgin)
PR ) @.1)
n(n—1) 8ik&ji — 8il§ jk .
and
o o 2

Cijt = Rijx — Ry j + ﬁ(R k&ij — R j&ki)- (2.2)

From (2.2), it is easy to see that C;j is skew-symmetric with respect to the last two indices; that is,
Cijx = —Cy; and is trace-free in any two indices:

Cix =0 =Cjj. (2.3)
In addition,
Cijp + Cji + Ciij = 0, 2.4)
and in using the Ricci identity, one has
Cig = Cuips Cijig = Cjigs Ciiju = 0. (2.5)

Associated to (1.1), there is a (0.3)-tensor T, which can be written as

n— 1 o 1 o
Tij = E(Rikfj ljﬁ() + (gszﬂ giiRw) fi. (2.6)
A direct calculation enables us to observe that 7" satisfies the following properties:
Tijp=-Tuj, Tux=0=T,;

jis
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Tijk + Tkl + Tklj =0.
Moreover, the tensor C;j is related to T by (see [3,4,11,15,25]):

fCij = Tijk + fiWijk. 2.7)

Lemma 2.1. Let (M", g, f) be a vacuum static space with f satisfying (1.2). We have

o 2N o o R2
Aﬁj = 2mekaijk + nijimij + 1)2fglj
2 o 1 o
- mflellzgij + nTlRfRij + fnCjmi + memi,j (2.8)

and
. o 2n
SAR;; = 2Ry Wiji + >

2R
+ f(Cimi + Cimj) + 1

o o 2 o 2
SRRy — mﬂRkﬂ 8ij
fRij — fiRiju. (2.9)
Proof. By the Ricci identity, we have

Sijkt =i ji + fnRmiji)
=fikji + foiRomijk + fnRmijics
=fiktj + JokRumijt + fimBuiji + fiBomijc + fnRomijrt
=frwij + (fnRmiit),j + Sk Romij
+ fimBukji + JniRomijk + fnRomijt
=frij + SmjRokit + JniBomiji + fimBomk ji
+ fiRumiji + JuRmijia + fnRumkit, j»

which gives
Afij = fijkk = (Af)ij + fmiRmi + 2fmiRmijic + fimBmj + fuRmijik + JnBomi j- (2.10)

Since the scalar curvature R is constant, then

1 o R
(Af)ij = _me[Rij Y- 1)811]

JmjRumi :[fiémj - n(nL_fgmj](femi + Egmi)
o o R2
=fRinRnj + n(n f ij — fgu’
which is equivalent to
fmjiémi = fjéimjémj - K fjéij,
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1 o o o
fmkRmijk ﬁnk[ mijk + — 2(ijgik - Rmkgij + Rikgmj -

R

t+—————(8m;j8ik — &mk8ij
n(n—l)(g i8ik = & kg])]

1 o
_mekath + [fkRk] + f]ksz fmkRmkgij

_(Af)Rij] + nn——l[fij —(Af)gij]
2R
nn—1)

o 2 o o
—fIRul"gi; + TlfRij] + m[fRij +

In particular, by virtue of the second Bianchi identity, we have

1
_mekal]k + [szlm mj —

Rjtimm = Rijx — Rij = Cijk,

fiéij

Rgijgmk)

gfgij]'

where, in the last equality, we used the formula (2.2) since the scalar curvature R is constant. Thus, we

obtain
Afyy=———R|fRy —R Fii| + 20 Rinks
" 1 S
2n-2) . 2R )
+ R Ri'—— i'+2 Rm W,m"
nn—1) IRy n*(n — l)fgj SRt Wi

2

(<] o 2 o [*]
+ m[szimij — ———RfR;; — fIRul’gij +

nin—1)

2R o R o
[fRij + ;fgij] + JinCimi + JnRomi

nn—1)
2n
—2mekatjk + lemij +

+

2
n(n — 1)>?
1 o o
+ —lRfRij + fnCimi + fiuRomi j»
n —

—f&ij—

and the formula (2.8) is achieved.
From (1.2), we have

fiéij,k = fijk — fkjéij + S&ij»

R
nin—1)
o o o R
JiRijk + [Rij = fiju — fuRij — filR i+ Y

Therefore,

fAf"ij =ff(’ij,kk =Afij— (Af)iéij - kaiéij,k +

2R . o
+fun(Cimi + Cimg) + ——fRij = fiRijue

1
The proof of Lemma 2.1 is completed.
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nn—1)
. 2N o o 2 o
=2 Ry Wi + — fRinnj = — fIRul’gi;
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fR;j]

flell 8ij

ﬁ(lglj

(Af )gij
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Lemma 2.2. Let (M", g, f) be a vacuum static space with f satisfying (1.2). If fiW;i = O (that is, zero
radial Weyl curvature), then

1 o 1 o 2
EfAlRijlz + Evallel fszk + 2f‘/VmUle]Rmk + lemRm]R]z

n
f ICinl + o f R[> (2.15)

Proof. Using (2.9), we have
- fAlR,]l + V FVIR P =R, + fRyAR;; + fiRiiR;jx
=fR}, +2 meUkR,]Rmk + - 2n lemRm]Rl]
+(Cjmi + Cim)Rijfon + flR,Jl

2n
_leJk + 2f‘/v””/kRURmk + thmRmJR/t

—2CiiRiifi + fIszl (2.16)
Since fiWj; = 0, then (2.7) gives
SCijk = Tijx
and
fCijkI%ijfk :Tijkiéijfk
I’l - 1 o o 1 o
=[ iwfi— Rijfi) + —(gikle gt/Rkl)ﬁ] iifk

2Rk,Rkaf, |R11| \Jie (2.17)

On the other hand,

FAC P =T
1 . . 2
ifi — Ri jfk) + (8sz i — iR fi

2n(n—1) ( —1)?
Ty A G

Combining (2.17) and (2.18), we achieve

=2(n — DCijRifi = (n = 2) fICul.

=RV ST (2.18)

Thus, (2.16) becomes

1 o 2n
EfA|Rij|2 VfV|Rt]| _le]k + 2mel]le]Rmk + lelenJR]l

il + mﬂRiﬂ , (2.19)

and the formula (2.15) is attained. O
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We also need the following lemma (see [9, 13, 14,21]):

Lemma 2.3. For any p € R, the following estimate holds:

o n— 2
~ Wil + —E= Ryl < (1w +

RiI?)’ IR .
30T | ,|)| J

( 2)
3. Proof of results

3.1. Proof of Theorem 1.1
Multiplying both sides of (2.15) with f, we have

l o 1 o o o o
5]02A|R;/|2 + EfvalRijlz sz2 ot 2f2 mtijt]Rmk + 2f2RimijRji
z]k|2 —f |R1J|2'
Since the manifold is closed, then (3.1) together with (2.20) yields
—f AIR;  + foV|Rl,| > PR+~ |cl,k| )
R n— 2 2n o 1 o
+2f7 - WP+ ——IR;;I*)” |IR:;I*.
Pl e SR ) IR,

Therefore, under the assumption (1.3), it follows from (3.2) that

f ARE + foV|R,,| >f (R,,k+ ICukl)
R n-— n o L
2 2 2\2 2
+2f [n—l - ‘/2( — l)(|W| > ijl ) ]lRijl
>0,

(2.20)

3.1)

(3.2)

(3.3)

which shows that |l°{l~ j|2 is subharmonic on M". Using the maximum principle, we obtain that |1°Q,~ il 1s

constant and 1021- ix = 0. In this case, (3.3) becomes

[nlj i 221__21)('“"2 * %'R’Vlz)é]lé"’f =0

If there exists a point x( such that (1.3) is strict, then from (3.4) we have |1Cél- il(x0) =

(3.4)

0, which with

IIOQ,-.,-I constant shows that I%,- ; = 0. That is, the metric is Einstein and the proof of Theorem 1.1 is

completed.
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3.2. Proof of Theorem 1.2
We recall the following inequality, which was first proved by Huisken (cf. [16, Lemma 3.4]):

o o n_2 o
WieaRi :Rul < WIIR; | 3.5
|WikjiRi iRl 2(n—1)| IIR;;] (3.5)
and )
o o o n— o
R; R iRy S—Ri-3, 3.6
| JAN ke k| n(n—l)l ]l ( )

with the equality in (3.6) at some point p € M if, and only if, R; ; can be diagonalized at p and the
eigenvalue multiplicity of I(éi jis at least n — 1 [12,22]. Thus, from (2.15), we obtain

2(n 2)

1 o 1 o
PR + S fVfVIRGE 2 f (R, + + |Cth|2

-2\ [y +—|R,,|)

PR+ TiCu) + 21

\/2(n_1) = Rl IR P

Similarly, under the assumption (1 4), we obtain

R
—f Allel + foV|Rl]| >f (szk + |Cl]k| )+ 2f ( -1

_\’ \, |Rl]| |R11|2

>0, (3.7)

IWIIR;,I*

which shows that |R; ;% is subharmonic on M". Using the maximum principle again, we obtain that IR il
is constant and R;;x = 0. In this case, (3.7) becomes

R
(n_l—\/z( W= o Ral)RE =0 (3.8)

and the equalities in (3.5) and (3.6) occur.

In particular, writing R ; = agij + bv;v; at p with some scalars a, b and a vector v, we see that the
left hand side of (3.5) is zero [12] at every point p. As (3.5) is an equality and, according to [7], g is
real-analytic, the metric g must be conformally flat or Einstein.

If there exists a point x, such that (1.4) is strict, then from (3.8) we have |I°€i il(xo) = 0. Which with
|l°{,~ ;| constant shows that 1°€i ; = 0 and the metric is Einstein. Otherwise, we have that the equality in (1.4)

occurs and
— 1 — 2 o
%IWI + yn(n = DIR;j| = R. 39)

and then M" = S! x S"! [5].

In this case, we have W = 0 and (3.9) becomes II%L- il =
Therefore, we complete the proof of Theorem 1.2.

R
Vn(n-1)’°
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4. Conclusions

The aim of this paper is to study rigidity results for closed vacuum static spaces. The main tool is
to apply the maximum principle to the function IR; iI* since the manifolds are closed. More precisely,
we obtain rigidity theorems by establishing some pointwise inequalities and applying the maximum
principle, which further proves that the squared norm of the Ricci curvature tensor is discrete.

Use of AI tools declaration

The authors declare that they have not used Artificial Intelligence (Al) tools in the creation of this
article.

Acknowledgments

The authors would like to thank the referee for valuable suggestions, which made the paper more
readable. The research of the authors is supported by NSFC(No. 11971153) and Key Scientific
Research Project for Colleges and Universities in Henan Province (No. 23A110007).

Contflict of interest

The authors declare no conflicts of interest.

References

1. L. Ambrozio, On static three-manifolds with positive scalar curvature, J. Differential Geom., 107
(2017), 1-45. https://doi.org/10.4310/jdg/1505268028

2. J. P. Bourguignon, Une stratification de I’espace des structures riemanniennes, Compositio Math.,
30 (1975), 1-41.

3. H.D. Cao, Q. Chen, On locally conformally flat gradient steady Ricci solitons, Trans. Amer. Math.
Soc., 364 (2012), 2377-2391.

4. H. D. Cao, Q. Chen, On Bach-flat gradient shrinking Ricci solitons, Duke Math. J., 162 (2013),
1149-1169. https://doi.org/10.1215/00127094-2147649

5. G. Catino, On conformally flat manifolds with constant positive scalar curvature, Proc. Amer.
Math. Soc., 144 (2016), 2627-2634.

6. Q. M. Cheng, G. X. Wei, 3-dimensional complete vacuum static spaces, preprint paper, 2023.
https://doi.org/10.48550/arXiv.2307.05989

7. D. M. DeTurck, H. Goldschmidt, Regularity theorems in Riemannian geometry. II.
Harmonic curvature and the Weyl tensor, Forum Math., 1 (1989), 377-394.
https://doi.org/10.1515/form.1989.1.377

8. A. Fischer, J. Marsden, Deformations of the scalar curvature, Duke Math. J., 42 (1975), 519-547.
https://doi.org/10.1215/S0012-7094-75-04249-0

9. H.P. Fu, J. Peng, Rigidity theorems for compact Bach-flat manifolds with positive constant scalar
curvature, Hokkaido Math. J., 47 (2018), 581-605.

AIMS Mathematics Volume 8, Issue 12, 28728-28737.


http://dx.doi.org/https://doi.org/10.4310/jdg/1505268028
http://dx.doi.org/https://doi.org/10.1215/00127094-2147649
http://dx.doi.org/https://doi.org/10.48550/arXiv.2307.05989
http://dx.doi.org/https://doi.org/10.1515/form.1989.1.377
http://dx.doi.org/https://doi.org/10.1215/S0012-7094-75-04249-0

28737

10. S. Hawkins, G. Eiiis, The Large Scale Structure of Space-Time, Cambridge: Cambridge University
Press, 1975.
11. G. Y. Huang, Y. Wei, The classification of (m, p)-quasi-Einstein manifolds, Ann. Global Anal.
Geom., 44 (2013), 269-282. https://doi.org/10.1007/s10455-013-9366-0
12. G. Y. Huang, B. Q. Ma, Riemannian manifolds with harmonic curvature, Collog. Math., 145
(2016), 251-257. https://doi.org/10.4064/cm6826-4-2016
13. G. Y. Huang, Integral pinched gradient shrinking p-Einstein solitons, J. Math. Anal. Appl., 451
(2017), 1045-1055. https://doi.org/10.1016/j.jmaa.2017.02.051
14. G. Y. Huang, Rigidity of Riemannian manifolds with positive scalar curvature, Ann. Global Anal.
Geom., 54 (2018), 257-272. https://doi.org/10.1007/s10455-018-9600-x
15. G. Y. Huang, F. Q. Zeng, The classification of static spaces and related problems, Collog. Math.,
151 (2018), 189-202. http://dx.doi.org/10.4064/cm7035-2-2017
16. G. Huisken, Ricci deformation of the metric on a Riemannian manifold, J. Differential Geom., 21
(1985), 47-62.
17. S. Hwang, G. Yun, Vacuum static spaces with vanishing of complete divergence of Weyl tensor, J.
Geom. Anal., 31 (2021), 3060-3084. https://doi.org/10.1007/s12220-020-00384-4
18. O. Kobayashi, A differential equation arising from scalar curvature function, J. Math. Soc. Japanm,
34 (1982), 665-675. https://doi.org/10.2969/jmsj/03440665
19. J. Kim, J. Shin, Four-dimensional static and related critical spaces with harmonic curvature, Pacific
J. Math., 295 (2018), 429-462. https://doi.org/10.2140/pjm.2018.295.429
20. J. Lafontaine, On the geometry of a generalization of Obata’s differential equation, J. Math. Pures
Appl., 62 (1983), 63-72.
21. B. Q. Ma, G. Y. Huang, Rigidity of complete noncompact Riemannian manifolds with harmonic
curvature, J. Geom. Phys., 124 (2018), 233-240. https://doi.org/10.1016/j.geomphys.2017.11.004
22. M. Okumura, Hypersurfaces and a pinching problem on the second fundamental tensor, Amer. J.
Math., 96 (1974), 207-213. https://doi.org/10.2307/2373587
23. J. Qing, W. Yuan, A note on static spaces and related problems, J. Geom. Phys., 74 (2013), 18-27.
https://doi.org/10.1016/j.geomphys.2013.07.003
24.J. Qing, W. Yuan, On scalar curvature rigidity of vacuum static spaces, Math. Ann., 365 (2016),
1257-1277. https://doi.org/10.1007/s00208-015-1302-0
25.J. Ye, Closed vacuum static spaces with zero radial Weyl curvature, J. Geom. Anal., 33 (2023),
64. https://doi.org/10.1007/s12220-022-01119-3
26. G. Yun, S. Hwang, Rigidity of generalized Bach-flat vacuum static spaces, J. Geom. Phys., 121
(2017), 195-205. https://doi.org/10.1016/j.geomphys.2017.07.016
. ©2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
% AIMS Press terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 8, Issue 12, 28728-28737.


http://dx.doi.org/https://doi.org/10.1007/s10455-013-9366-0
http://dx.doi.org/https://doi.org/10.4064/cm6826-4-2016
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2017.02.051
http://dx.doi.org/https://doi.org/10.1007/s10455-018-9600-x
http://dx.doi.org/http://dx.doi.org/10.4064/cm7035-2-2017
http://dx.doi.org/https://doi.org/10.1007/s12220-020-00384-4
http://dx.doi.org/https://doi.org/10.2969/jmsj/03440665
http://dx.doi.org/https://doi.org/10.2140/pjm.2018.295.429
http://dx.doi.org/https://doi.org/10.1016/j.geomphys.2017.11.004
http://dx.doi.org/https://doi.org/10.2307/2373587
http://dx.doi.org/https://doi.org/10.1016/j.geomphys.2013.07.003
http://dx.doi.org/https://doi.org/10.1007/s00208-015-1302-0
http://dx.doi.org/https://doi.org/10.1007/s12220-022-01119-3
http://dx.doi.org/https://doi.org/10.1016/j.geomphys.2017.07.016
http://creativecommons.org/licenses/by/4.0

	Introduction
	Some necessary lemmas
	Proof of results
	Proof of Theorem 1.1
	Proof of Theorem 1.2

	Conclusions

