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1. Introduction

Special functions are important in the study of real analysis, geometry, functional analysis, physics
and differential equations. The Mittag-Lefller function is one of them and plays a vital role in the study
of fractional analysis. It is actually a generalization of the exponential function with the help of the
gamma function. The role of this function in fractional differential equations is equally as important as
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the role of the exponential function in the study of differential equations. The Mittag-Leffler function is
also used to define fractional integral operators of different types, which are further utilized in solving
problems in diverse fields of science and engineering. In this paper, we are interested in producing
fractional integral inequalities for fractional integrals containing a generalized extended Mittag-Leffler
function.

Fractional integrals (¥ Z's) are very useful in the advancement of fractional inequalities. A large
number of classical inequalities (such as Hadamard [1], Chebyshev [2], Griiss [3], Ostrowski [4]
and Pdlya-Szegd [5] inequalities etc.) exist in literature for several kinds of F7s. For example,
Sarikaya and Yildirim [6] derived Hadamard type inequalities for Riemann-Liouville # 7's. Almutairi
and Kiligman [7] gave the Hadamard inequality and related integral inequalities for Katugampola
type F7Is. Adil et al. [8] established Hadamard type inequalities for conformable ¥ 7s. Belarbi
and Dahmani [9] proved the Chebyshev type inequalities for Riemann-Liouville integrals. Habib
et al. [10] established Chebyshev type integral inequalities for generalized k-fractional conformable
integrals. Set et al. [11] gave Chebyshev type inequalities for generalized ¥ 7s involving a Mittag-
Leffler function. Tariboon et al. [12] derived Griiss type integral inequalities for Riemann-Liouville
integrals. Mubeen and Igbal [13] established Griiss type integral inequalities for generalized Riemann-
Liouville (k, r)-integrals. Habib et al. [14] gave Griiss type integral inequalities for generalized (k, s)-
conformable integrals. Basci and Baleanu [15] derived Ostrowski type inequalities for y-Hilfer ¥ Is.
Giirbiiz et al. [16] gave Ostrowski type inequalities for Katugampola ¥ 7's. Kwun et al. [17] established
Ostrowski type inequalities for generalized Riemann-Liouville k- I's. They also gave the error bounds
of the Hadamard inequality. Ntouyas et al. [18] derived P6lya-Szego and Chebyshev type inequalities
for Riemann-Liouville ¥ 7's. Rashid et al. [19] proved Pdlya-Szegd and Chebyshev type inequalities
via generalized k-F Zs. Du et al. [20] derived Bullen-type inequalities via generalized fractional
integrals.

With motivation from the above articles, we intend to produce integral inequalities by applying
a generalized convexity given in Definition 2.2 and utilizing fractional integrals given in Eqs (2.1)
and (2.2). In the next section, preliminary definitions are given which will contribute in establishing
the results of this paper.

2. Preliminaries

Recently, Zhang et al. [21] established Pdlya-Szegt and Chebysheyv type inequalities via generalized
k- I's involving an extended Mittag-Leffler function. In the following we give the definition of
generalized k-F I's directly linked with definitions of many well-known 7 Is.

Definition 2.1. Generalized k-5 Is: [21] Let U be a positive and integrable function and V be a
differentiable and strictly increasing function such that U, V : [n,{] = Rwith0 < n < {. Also let
o,p, 0, rnYeC,¢e,YT>0withk>0and0 < u<e+g. Then foro € [n,],

A
(zoer,, U)T) = f (V) = Vo) B (00VQ) = Ve YJU@dVien, @)
n

..o 0nt
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S
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are called generalized k-F I's involving the following Mittag-Leffler function:

- ﬁp(p"'nluar_p) (r)n,u o"
=0 ﬁ(p9 r—= p) krk(gn + \P) ((p)ne '

Remark 2.1. The F I's given in Egs (2.1) and (2.2) represent several well-known ¥ 1s which already
exist in the literature. For example, for k = 1, the ¥ Is defined in [22] are achieved. For k = 1 and
V(1) = A, the F Is defined in [23] are achieved. For k = 1, V(1) = Aand Y = 0, the F Is defined
in [24] are achieved. For k = 1, V(1) = Aand € = O = 1, the F Is defined in [25] are achieved. For
k=1, V) =A4 T =0and € =19 = 1, the ¥ Is defined in [26] are achieved. For k = 1, V(1) = 4,
T=0and u =€ =9 =1, the F Is defined in [27] are achieved. For k = 1, V(1) = %, Y > 0and
D =7 =0, the F Is defined in [28] are achieved. Fork = 1, V(1) = Indand ¢ = Y = 0, the F Is
defined in [29] are achieved. For V(1) = ' and 9 = Y = 0, the F Is defined in [30] are achieved.

Y+1
Fork =1 V) = &2

Bl o) -

(2.3)

§ig and 0 = T = 0, the ¥ Is defined in [31] are achieved. For V(1) = (-m®

7
Y > 0inEq(2.1) and V(1) = —@, Y > 0in Eq (2.2) with 9 = T = 0, the F Is defined in [10]
are achieved. For V(1) = “2% W > 0in Eq (2.1) and V) = =525 W > 0 in Eq (2.2) with k = 1
and @ = Y = 0, the ¥ Is defined in [32] are achieved. For & = Y = 0, the ¥ Is defined in [17] are
achieved. For ¢ = Y = 0 and k = 1, the F Is defined in [29] are achieved. For 9 = T = 0 and
V(A1) = A, the F Is defined in [33] are achieved. For ¢ = Y =0, V(1) = A and k = 1, the classical

Riemann-Liowville ¥ I's are achieved.

For adetailed study on different kinds of fractional integrals and their applications, refer to [29, 34—37].
From the k- I's defined in Eqgs (2.1) and (2.2), one can have

.00t

(v Z001) (6 =KV = VDT ELGHE(0VD = VO i ¥ )= Ty 1), 24)

(V2050 1) 6T =KV - VAL (0V@) - VR X )= Ty o). @9)

Convexity also plays an important role in the advancement of fractional inequalities. Its generalizations
and extensions have been defined in various ways. In literature, a large number of classical fractional
inequalities exist for various kinds of convexities. For example, Liu [38] proved the Ostrowski type
inequalities for Riemann-Liouville ¥ Is via h-convex functions. Chen [39] derived Hadamard type
inequalities for Riemann-Liouville # s via two kinds of convexities. Kang et al. [40] gave Hadamard
and Fejér-Hadamard type inequalities for generalized ¥ I's involving a Mittag-Leffler function via
(h —m)-convex functions. For further details related to the classical fractional inequalities, we refer the
readers to [41].
Next, we give the definition of strongly exponentially («, h — m) — p-convex functions.

Definition 2.2. Strongly Exponentially (o, h — m) — p-convexity: [42] A function U : (0,{] — R is
said to be a strongly exponentially (a, h — m) — p-convex function with modulus @ > 0, if U is positive
and

e -l

U

e

(9]
J

+mh(l = o)—3

w((anp +(1 - a)gp)%) < h(o®) — wmh(c®)h(1 — o) 2.6)

holds, whille J C R is an interval containing (0,1) and h : J — R be a positive function with (on” +
(1 —o0)P)r €(0,Z], (@,m) €[0,112, 0< 0 < 1and Q € R.
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Remark 2.2. A function satisfying Eq (2.6) can produces various kinds of convex functions as follows:
(1) For p = 1, a strongly exponentially (a, h — m)-convex function is achieved.

(2) For h(o) = o, a strongly exponentially (o, m) — p-convex function is achieved.

(3) For m = 1, a strongly exponentially (a, h) — p-convex function is achieved.

(4) For a = 1, a strongly exponentially (h — m) — p-convex function is achieved.

(5) For p = m = 1, a strongly exponentially (a, h)-convex function is achieved.

(6) For « = m = 1, a strongly exponentially (h, p)-convex function is achieved.

(7) For p = @ = m = 1, a strongly exponentially h-convex function is achieved.

(8) For h(o) = o, and p = 1, a strongly exponentially (a, m)-convex function is achieved.

(9) For h(o) = 0, and m = 1, a strongly exponentially (a, p)-convex function is achieved.
(10) For h(o) = o, and a = 1, a strongly exponentially (m, p)-convex function is achieved.
(11) For h(o) = o, and p = m = 1, a strongly exponentially a-convex function is achieved.
(12) For h(o) = o, and p = a = 1, a strongly exponentially m-convex function is achieved.
(13) For h(o) = o0, and @ = m = 1, a strongly exponentially p-convex function is achieved.
(14) For h(o) = 0, and p = @« = m = 1, a strongly exponentially convex function is achieved.

In recent years, authors have derived the bounds of several ¥ 7s for different kinds of convex
functions. For example, Farid [43] established the bounds of Riemann-Liouville ¥ 7s for convex
functions. Mehmood and Farid [44] gave the bounds of generalized Riemann-Liouville k-7 I's for
m-convex functions. Yu et al. [45] proved the bounds of generalized  7's involving the Mittag-Lefller
function for strongly exponentially (@, h — m)-convex functions.

This paper aims to derive the bounds of generalized k-7 s for strongly exponentially (a, h—m)— p-
convex functions. In the upcoming section, first we derive the bounds of k-7 I's presented in Egs (2.1)
and (2.2) for strongly exponentially (a,h — m) — p-convex functions satisfying the Eq (2.6). Then
an identity is proved to derive the Hadamard type inequality for k-F I's via strongly exponentially
(a, h — m) — p-convex functions. The presented results provide several bounds of various ¥ s and
convex functions by using convenient substitutions.

3. Main results

In this section, we first state and prove the following theorem which provides upper bounds of
generalized fractional integrals. After that, a modulus inequality is proved in Theorem 3.2. A
Hadamard type inequality is proved in Theorem 3.3 by first applying a symmetry like condition stated
in Lemma 3.1.

Theorem 3.1. Let U,V : [n,{] — R, n < ¢, such that U be positive, integrable and strongly
exponentially (a,h — m) — p-convex, m € (0, 1], and V be differentiable and strictly increasing with
V' € Li[n,]. Then, for h(mMh({) < h(n+ ), ¥, D > k and Q € R, we have:

(20l U 0 G) (4 0) + (K, Z060, U © G) (4, T) 3.1

st
= g
<@-n( V- Vo) g0V - vaptiv)

U((2))

L2((2)7)

_ @A =mn)h()(V(D) = V(p)
m(/l — n)eg(ﬁ‘*'(/l/m))

[(L{((n)lp)xz(h’ Qa;(v,) m
£Q7)

Xin1- @)
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+C - (VO - v(ﬂ))f_lEﬁggﬁ;fk(ﬂ((V@ - V)T )

u(G7)

@(mé — H*h()(V) - (vm»]
2((2)7)

' . )
X A(h, 1-Q%vV ) - (L — A)eQ&+jm)

[(Zi((i);)) Xﬁ(h Q" (V’) +m

where G(@) = ot, Xi(h @3 V') = [ H@V'(A - Q@ - 1)@ Xi[n1 = @3 V') = [ (1 -
QYV' (1 - QA - n)dQ.

Proof. Under the given assumptions, the following inequalities are valid:

(V@) = V@)t ELG (HV) = V(@) 1) V(o) (32)
< (V) =V EZE (9(V) = Vs 1)V (@), n<o <A,
(V(0) = V() EZGE (K V(o) = V)E: T) V(o) (3.3)
< (V) = V)T EZGY (HVQ) = VA T) Vo), A<o <.
By utilizing the strongly exponentially (@, h — m) — p-convexity of U, we obtain:
A=) - U@
U(()7) < h A1 - 3.4
(@) < (/l—T]) AMP) T ( (/1—7]) )eg((’i)}v) 34)
w(A—mn)* (A—o\* A—o0\*
 meQm+(A/m) (a - n) h(l - (/1 - n) )
1 N 1 U (L)
Uy < S HOD Ly (7 =y @) @9
(=) Lawr =7 (1))
wml — A)? (o — A\* o— A\
 meRCH@/m) h(g - /1) h(l - (g - /1) )

From inequalities (3.2) and (3.4), the following inequality is valid:

A
f V) = VN B (50V() = V) TV (@t de
n

¥,k
U)7)

QA7)
Lo\ ru((%)%) A A=\

fn h(/l—n) W(U)d0+meg((;)})£h(l_(m) )(V(O')dO'
_w(/l—mn)zflh/l—o”’hl_ A—o\ V(o ]
ey |, M=) 1= (3=5) ye].

¥_
k

< (Ve - va) IE’szy’f;,’k(ﬂ((vw S

meQ(U+(/l/’n)) /1 -7 -7
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By utilizing the left integral operator given in Eq (2.1) on the left-hand side and making substitution
Q = (1 - 0)/(A —n) on the right-hand side, we obtain:

( 2z, U o G) (AT

i . N[UG@T) [
<@-n(V - V) B0V - Vot ) % @ YV'(1- QA - 1)dQ
e’ 0
(LI( %)i) 1
tm———= f h(1 = Q")V'(1 - QA —n)dQ
cA(H)7) Jo
o A-mp)? (" o
B ITE) fO QM)A - QM)V'(1 - QA - n))da].
The above inequality takes the following form:
(205, U 0 6) (X T) (3.6)

<@-n(V- (V(n)) B (v - vat )

[w«n) ) u(;pr)

eQAM?) (4 ),,)

_w(d- mn)*h(1)(V(A) — (V(n))]
m(A — n)eX+m) '

On the other hand, multiplying (3.3) and (3.5), and following the same way as we did for (3.2) and (3.4),
the following inequality is valid:

X"(h Q" V') X"(h - Q";‘V')

e

(205 U 0 6) () < € = (VO - V)
UD?)

A7) Jo

1
hQ)V'(1 - QA - {))dQ

B (90v@ - vt

U(dy)
+m—" f h(1 - Q)V'(1 - QA - 0))dQ
A(2))

-1 2

The above inequality takes the followmg form:

(vzf ;lfprﬂ o g) (4;7) (3.7)
1

<@ - (V- fvw) B (00v@ - vt )

U vef, o) @) o N @ = PRV = V)
[ eg((()p) X (h Q (V) (e )p) X (h 1-q (V) m({ — A)eX&+/my)
By adding inequalities (3.6) and (3.7), inequality (3.1) is obtained. O
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Corollary 3.1. For ¥ = @ in (3.1), the following inequality is valid:
(2ol U 0 G) (B0 + (2050, U 0 G) (1) (3.8)

<=V - ‘V(n))_lE" (v - vaptiv)

UMD o oy U(E7) LN @@= mpPR(DEVD) — V)

[eﬂ((n)ﬂ) K@iy )em ol »)XU(’“ @) - S )
- a(vo-vw) B (aevo - v

U el o) o BLE) LN @m - DRV - VD)

[esz((,m) ( < (V) Lo((2)? )Xg(h -a (V) m({ — 1)eAc+am ]

In the following, we give the modulus inequality for k- I's via strongly exponentially (@, h—m)— p-
convex functions.

Theorem 3.2. Let U,V : [n,{] — R, such that U be positive, integrable and |U’| be strongly

exponentially (a,h — m) — p-convex, m € (0, 1], and V be differentiable and strictly increasing with
V' e Li[n, ). Then, for h(mh({) < h(n+ ), ¥, D > k and Q € R, we have:

¢zes mwwog)(ﬂ,w;‘rw(’fv Lol (V210 0 G) (A w: ) G5

s X,
< G=n(V- (V(’ﬂ) & fv’;’k(ﬂ(v(ﬂ) - Ve )
()|
()
€= vo- ("(”)% E?fp’”k(ﬂ(fv<§>—(vu)ﬁ;v)

Q(<¢>f")

[Iﬂ’((n) Py

A7)

@(A = mn)*h(D)(V() - ‘V(n))]

( Q v m(/l — n)eﬂ(m(/l/m))

X"(h, - Q“;fV') _

[I(U’(({) )

w(mf — )*h()(V() - (V(/l))]
eAO?)

4 . )
X (h Q (V) m(é’ — /1)69(§+(/1/m))

Xi(n1-asv)-

o

where

(lfv s (VU)o Q) A, w;T)

sV, 0.n

A c 1
= f (V@) = V@)t ELG (HV) = VeNE 1) V(U (o) )dor
n

and
((vzg gfprﬁ (VU)o Q) A, w;T)

f (V(0) = V) E XY (V@) = V@)E: T) V(o) U (o) )dor.
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Proof. By utilizing the strongly exponentially (@, 7 —m) — p-convexity of ||, the following inequality
holds:

U (o)) sh(i - Z)a I(L:Q(:Z)))I + mh(1 - (i — Z)a)l(::((((f)):))l (3.10)
B Zii(;m); h(ﬁ - Z)ah(l N (ﬁ))
The above inequality takes the following form:

o\ () — o\ U ()7)

] [h(i SN~ (422)) eg((;)})) G
- 2 — r\@ @

e (=) W= (=5))

s[5 P

— 2 — [02 _ o4
_w(/gl2 mn) h(/l 0') h(l B (/l 0') ) -
meXm+@/m) A— n A— n
Now, multiplying inequality (3.2) with the right-hand inequality of (3.11) and integrating over [, 4],
we obtain:

1 c 1
f (V) = V@)t ELg, (V) = V@)t T) V(@)U (0)7)do (3.12)
n

)l [ h(ﬂ— a)“

< (V) = V) ELg (9(V) - V)
(V) = V@) B (V) = V) )( et Jy A4

(4 é A _ a
V(oo + m " h(l - (u) )"V'(O')dO'
(2)7) Jn -
-0

S [ M- o)

After simplifying the inequality (3.12), we get

~

(B 208 e (VU 0 G) (A, w3 T) (3.13)
<=V - W(n))"_lE’;;;;i;fk(wvu) - Vat; )
’ l, ares %
[—W () )'xg(h, Q; V’) e 2 AG7)N ((’")1 ) lXZ(h, - @ (V’)
A7) A(H)7)

_ @A =mn)’h()(V(A) - (V(U))]
m(/l — n)eg(ﬂ"'(/l/m)) )
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By using the left-hand inequality of (3.11) and following in the same way as for the right-hand
inequality, we obtain:

(20587, (V= U) 0 G) (w3 ) (3.14)

oYedn
v 4.
> (= V) - Van) B (V) - Vet )
[W'«n)m (7))l
eA) 2((H)7)

_ @A =mn)*h()(V(A) - (V(n))]
m(A — )e+a/m) :

XZ(h, Q";W’) +m xg(h, - Q“;fV')

From inequalities (3.13) and (3.14), we have:

.0

'(]:V.vae,u,r (VU)o Q) (4, w; T)‘ (3.15)
<@-n(V-vi) B (revw - vap')

U ((2)r
1 Xg(h, Q" fV’) " mM
QA7) (D7)
_ @A =mn)’h()(V(A) - (V(U))]

(A — 1)eQr@/m) :

[I‘U’((n)fl’)l xfn1-@uv)

Again, by utilizing the strongly exponentially (a, h — m) — p-convexity of |U’|, we have

o= (O] o — U ((2)7)]
Uu M <h hl1 - 3.16
| ((0-) )l = ({—/l) eg((g)%) m ( (g—/l) ) eQ((%)%) ( )
w(ml — A)? (o — A\* o —\*
" meAHm) h({ - /l) h(l - ({ - /l) )
Following in the same way as was done for (3.2) and (3.10), from (3.3) and (3.16), we obtain:
(5225, (V) 0 G) (Lws ) (3.17)
21 c
<= (VO - VW) B9V -Vl
(AL wu ((4yr
[—W © )'Xﬁ(h, Q";(V’) G ((’”)1 )lxﬁ(h, 1 —Q";(V’)
O A7)
_@md = *h()(VQ) - (V(/l))]
m(L — A)eS&+/m) )
By adding inequalities (3.15) and (3.17), inequality (3.9) is obtained. O

Corollary 3.2. For ¥ = @ in (3.9), the following inequality is valid:
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(o z0sr,, (V5 Uy 0 §) ows 1)+ (5,205, (V£ U 0 6) (4, w3 T)|

. V.o, 00t sV, 0,(

v .
<@-n(V - Vo) E(oevi - vaptiv)
() [ ((4)7)]
|q/{ ((7])1 )|X;](h, Qa;(v/) +m ((m)l ) XZ(h, 1 _ Qa/;(vl)
CQADT) c(H)7)
@ = mp)’h(D)(VQ) = V() ]
m(/l — n)gQ(U"'(/i/m))

[
2_q

HE =D VO - VW) B9V -Vt )
YO e, o) o ™ (@)l - @)
or N L2((2)7) A\ ’

@(m = V)V - (vu»]
m(L — 1)eXE+A/m) :

The following identity is useful to prove the Hadamard type inequality.

(3.18)

Lemma 3.1. Let U : [n,ml] — R, n < ml, be a strongly exponentially (a, h — m) — p-convex function.

Form € (0,1], if

1 ((n/’+mgw>5 )
U@ _ "

1 1
LADT) Q[<nﬂ+m,zm>v ]
e

m

holds, then we have:

W mE\\ U@ (1 1
ﬂ(( 2 ))S LD (h(Z“)+mh(1 2“))

m \2¢ - a

P +mP +A(m+1)
e

Proof. The following identity is useful:

(77”+m§”)‘1’ :[l(( A0 s mgp_ﬂnp)‘l’)”

2 2\\m{pP —np mlP —nP
1
P mP-2 N
1 m{Pi]P 77[’ + méi’—np m{p !
+m(1 - —)
2 m

wh( 1 )h(l i)(np+m{p—/l—m/l)2.

(3.19)

(3.20)

(3.21)
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By utilizing the strongly exponentially (@, h — m) — p-convexity of U, we obtain:

l U (izmer + 25w) )
4 P\r mlP—nP meP—nP
U (ﬂ) ]<h(1) i k +mh(1—i), (3.22)

2 2a 1 24
A-nP m{P-2 1
Q (m(l’ —nP meP+ e p m¢P—nP ;7[7)
e

m

1
A—nP P m¢P -2 p\ P
U ( weP—p 1t gpp M

A-nP I m{P-2 2
AT A=y mer + mfP-A  p
1 1 m m{l’—y]l’ mé’l7 77
A=ygP . miP-2 P % B wmh ?)h 1_ ? ;pqpp’?” m{[pp /},ml A-nP P2
—5—p '+ m u Ui m. —1] mer —.
Q r:PnP’mmerPJ Q 0 i p MEP+
e
e

1
Q{ P +mgP =P ] m
m
e

1 U (_<n1’+m§" o) ,,)
z " P P — 1 —mA
:h(i) U@wr) +mh(1—i) wh(i)h(l )(" *me mi)’
2 eQ((/l) p) 2(1 2& 20{ Q( nP +mP +A(m+1) )
e m
(3.23)
By using the condition given in Eq (3.19), inequality (3.20) is obtained. O

In the following, we give the Hadamarad type inequality for k- s via strongly exponentially
(a, h — m) — p-convex functions.

Theorem 3.3. With the same conditions on U, V and h as were taken in Theorem 3.1, and in addition
if (3.19) holds, then we have:

(h(zl) fij()] _ ZL)) [(L{( (%)p )(j 20 (30 + T e -, 7) (3.24)
( : )h( 1 ) (42258 07+ me? = 2= may’ )& 7)

2a - 2a QAP+ ={7)/m)

( Koy e (1 +mg? = A - mﬂ)z)(n; T)

* QD)

< (AZttn, U 6)en + (3205, U 6)or D
< (= (V@ - Vo B [0V - Vs )
HVQ) = Vi Lt (00V@ - Vant: )

UW )X"(h Q" (V’) MX"(%; 1-Q (V’)

A7 ) e2G7
_ @ =mdPh()(V() - (V(n))]
m( — et

b
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where G(o7) = o7, A(Q) = e when Q > 0 and AQ) = ¥ when Q < 0.

Proof. Under the given assumptions, the following inequalities are valid:

(V) = V) LG (V) = Vet TV ()

(3.25)
< (VO - Vo' B (00 - Vap T v, ae g,
V) - VT B (0v© - vl v (3.26)
< (V@O - Ve F B (0vo - vopls t vy detn a1
By utilizing the strongly exponentially (a, h — m) — p-convexity of U, we obtain:
A= U A=y U (@)7)
UD?P) < h hl1 - 3.27
(D7) (g_n) s + ({_n)) e (3.27)

S - 3))

From inequalities (3.25) and (3.27), the following inequality is valid:

{ ® ¢ 1
f (VD = Vet g (5V) = Yoy TV (ot aa
n

< (V©) - V) Bl (06v@o) - Vap s ) wi(((i)f))
O
Cod-m\e U((Lyr) ¢ -
fn h(m)(‘/u)dum e fnh(l_(?) )(V(/l)d/l

_ % fn ‘ h(g)ah(l - (%)Q)(V’(/l)d/l].

By utilizing the right integral operator (2.2) on the left-hand side and making substitution Q = (4 —
1n)/({ — n) on the right-hand side, we obtain:

(hzgssse 1t G )

(3.28)
0 . c NU©O) [ ,
<=MV - (V(n))k_lEﬁfl;f;,k(ﬂ((V({ ) = Vm)F; T) gg(((i)l)) ; &)V (n+ QL —n)dQ
e P
U(Ly)
+m : f h(1 = Q)V'(n+ QU - n)dQ
L7 Jo
_ 2 pl
- % f H@HA(1 - Q)YV'( + QU - n))dQ].
me m 0
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The above inequality takes the following form:
(420500 U 0 6)om ) < (€ = (V@O - Vo' B 0V - Vap s x) - (3.29)

ﬂ((ﬂﬂ)

e )"

[w«m
eAD?P)
@ = md)Ph()(VE) - (V(n))]

m({ — e+

X”(h Q" (V’) X”(h - (V’)

Similarly, from inequalities (3.26) and (3.27), after simplification the following inequality is obtained:

(520500, U 0 G)&T) <@ = V@) - Vi B (0v - vaphir) - (3.30)
u (<ﬂ>l)

UL )1’

[fu(({) )
eAWD7P)
_ @ = m)*h()(VQ) - v(n))]
m(¢ —meXcn |

Xl @) 4 m Xin1-@v)

By adding inequalities (3.29) and (3.30), we obtain:
(5Z05t U o )& + (42050 U o 6) ) (331)
< = (V&) = Ve F B (9 - Vap s )
HVQ) - V' B 0V - Ve )

u()

e )P

[fu(@))

A7)

_ @ = m*h()(V(E) - v(n))]
m(¢ — e

Xih@:v)+m Xin1-@v)

¢, D0,k

Now, multiplying the inequality (3.20) with (V(1) — V()i EFH (19((V(/l) - V(n)i; T)(V’(/l) and

integrating over [, {], we have

v P p s
W((n 7 ) f V) = V)T PO - Vel a6
1 - €U, 7 %
bz )+ {1 - 5 f (V) = V) ELgl v - vap) )

4
“h gy Ly 1) [even - vt
n

X V() .
LQADT) 2

(n? + meP — A — mA)*
Q( nP +mP +A(m+1) )
e m
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By utilizing the right integral operator defined in Eq (2.2) and inequality (2.5), we obtain:

om0

1 0.ELLT 0,11
< h (1 _ 2_0) ( L Ze (o +mgP = A~ m/l)z)(n; T)) < ( vy U o Q)(n; ).

1

Similarly, multiplying inequality (3.20) with (V({) — (V(/l))%‘lE‘g’ ”;;f;;’rk(ﬁ((V({) - (V(/l))i;T)(V'(/l)

and integrating over [7, (], and then, by utilizing the left integral operator defined in Eq (2.1) and
inequality (2.4), we obtain:

AQ) ))(w(("p +2m§p)é) NPT PR - h(z—la) (334)

(h(zi) +mh(1 -1

1 €T €T
X h (1 - 2—@) ( ]%/Zg:‘l;ﬁ;,ﬂ,m(np +mlP — A — m/l)z)({; T)) < ( IfVZ’;:\P”;,MILI o Q)({; ).

By adding inequalities (3.33) and (3.34), we obtain:

ﬂ(Q) M % Y o+ . D . . .
(1{2) + maf1 - 5) [ﬂ(( 2 ) )T 60+ Ty ) (3.35)

@ (1 (42280, mer = 2= may g m)
k()
m

1- ? eQ((m{PH]P—{P)/m)

2(1

( v ewgas (7 +m? = A= m/l)Z)(U; 1)

* 200

(40 U o G) G + (5205, U o G) )
From inequalities (3.31) and (3.35), inequality (3.24) is obtained. O

Corollary 3.3. ForY = ® in (3.24), the following inequality is valid:

ﬂ(Q) M % Y o+ . ¥ o, . .
(1{2) + mal1 - ) [(u(( 2 ) T @0+ Ty ) (3.36)

@ (1) ( 1) (@Z‘g’fﬁf‘lw(n”+m§”—ﬂ—mﬂ)2)<g; T)
+—h|—=
2&

2(1/

e U(mgP+nP=LP)/m)
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( L Zo o +mg? = A m/I)Z)(n; )

+
D)

(4208, U 0 G) &0 + (K205 U o 6)p )

V.o,

< =MV = Ve B9V - Vap i)
’ U2y
[—(u(({)l )XZ(h,Q“;W’) + m—((”’)1 )
eD?) LP
@ = m)Ph(VQ) - V(n))]
m( — m)e '

Remark 3.1. From Theorem 3.1 and Theorem 3.2, many new bounds of several FIs (given in
Remark 2.1) for various kinds of convex functions (given in Remark 2.2) can be obtained. Similarly,
from Theorem 3.3, many new Hadamard type inequalities for several F Is (given in Remark 2.1) via
various kinds of convex functions (given in Remark 2.2) can be obtained. Further, from Theorem 3.1
for A =nand A = ¢, applications of Theorem 3.1 can be obtained. We leave this for readers.

X1 -a@sv)

4. Conclusions

We investigated the bounds of generalized k- I's that had interesting consequences in particular
cases. To derive these bounds, strongly exponentially (a,h — m) — p-convexity was applied in
different forms. The results provided a lot of new inequalities for well-known ¥ 7's by using suitable
substitutions. Further, an identity was established and applied to obtain the Hadamard type inequality
for generalized k-7 I's. These integral operators can be further applied to generalize fractional integral
equations and integral inequalities.
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