AIMS Mathematics, 8(12): 28413-28434.
DOI: 10.3934/math.20231454
AIMS Mathematics Received: 12 May 2023

Revised: 27 September 2023

Accepted: 29 September 2023
http://www.aimspress.com/journal/Math Published: 18 October 2023

Research article

Stieltjes integral boundary value problem involving a nonlinear multi-term
Caputo-type sequential fractional integro-differential equation

Jigiang Zhang', Siraj Ul Haq?, Akbar Zada** and Ioan-Lucian Popa**

! Department of Basic, Anhui Sanlian University, China

2 Department of Mathematics, University of Peshawar, Peshawar, Khyber Pakhtunkhwa, Pakistan

3 Department of Computing, Mathematics and Electronics, “1 Decembrie 1918” University of Alba
Tulia, Alba Iulia, 510 0 09, Romania

* Faculty of Mathematics and Computer Science, Transilvania University of Brasov, Iuliu Maniu
Street 50, 500091 Brasov, Romania

* Correspondence: Email: akbarzada@uop.edu.pk.

Abstract: In this article, we analyze the existence and uniqueness of mild solution to the Stieltjes
integral boundary value problem involving a nonlinear multi-term, Caputo-type sequential fractional
integro-differential equation. Krasnoselskii’s fixed-point theorem and the Banach contraction principle
are utilized to obtain the existence and uniqueness of the mild solution of the aforementioned problem.
Furthermore, the Hyers-Ulam stability is obtained with the help of established methods. Our proposed
model contains both the integer order and fractional order derivatives. As a result, the exponential
function appears in the solution of the model, which is a fundamental and naturally important function
for integer order differential equations and its many properties. Finally, two examples are provided to
illustrate the key findings.
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1. Introduction

In the previous few decades, fractional differential equations have become of great interest for
researchers due to its high accuracy and usability in numerous subjects of science and technology.
A lot of physical and natural phenomena can be modeled through fractional differential equations,
which provides better results compared to integer order differential equations. Due to this, fractional
differential equations are counted as a special tool for modeling. Fractional differential equations arise
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in many engineering and scientific disciplines as the mathematical modeling of systems and processes
in the fields of physics, electrochemistry, aerodynamics, viscoelasticity, polymer rheology, economics,
biology, electrodynamics of complex medium, etc. For details, see [2,6-9,12,14-17,19,20,22,24,28,
29,31,37,39].

Additionally, fractional differential equations serve as an excellent tool for the description of the
hereditary properties of various materials and processes. Consequently, the subject of the
aforementioned equations is gaining great importance and attention from the researchers.
Additionally, researchers are attracted to the enriched material on theoretical aspects and
analytic/numerical methods for solving fractional order models. Furthermore, the mathematical
models involving fractional order derivatives are more realistic and practical compared to the classical
models. In the most recent years, many researchers have focused on the existence of solutions for
fractional differential equations, for instance, see [3,4, 10] and the references therein.

In 1940, while interacting with the mathematical community at the University of Wisconsin, Ulam
expressed his concern regarding the stability of group homomorphisms [25]. The broader form of his
views about the stability of functional equations is, “Impose constraints which converges the solutions
of an inequality to the exact solutions of the corresponding equations”. In 1941, by considering
Banach spaces, Hyers gave half an answer to Ulam’s question about the stability of functional
equations [18]. Due to this contribution of Hyers, Ulam’s problem was refereed to as Hyers-Ulam
stability of functional equations. For the first time, Hyers-Ulam stability of linear differential
equations were introduced by Obloza [21]. Along with generalization, the work of Obloza has been
enhanced with different features by using new approaches as time progressed. For more details
regarding Ulam’s stability with different approaches, we recommend [26,27,33-36].

In [32], the authors studied a new class of impulsive implicit sequential fractional differential
equations of the following form:

‘DA(D + Du(x) := f(x,u(x),* DPu(x)), x€ (xp,wil, k=0,1,...,m, B€(0,1],

M(X) = Gk(-x’ M(X)), X € (Wk—l’xk]’ k: 1»2’---ama (11)

u():=0, u(wy) :=0, k=0,1,2,...,m,
where D denotes the Caputo fractional derivative of order 8, D denotes an ordinary derivative, with
the lower limit 0, 0 = xp < wy < x; < w; < -+ < X, <w,, = T, and T is a pre-fixed number and
B € R*. The function f : [0,T] Xx R X R — R is continuous and G; : [w;_1,x:] X R — R is also
continuous forall k = 1,2,...,m,

Binlin et al. [38] studied the existence and uniqueness (EU) of the solution, as well as the stability
in the form of Ulam’s problem, for the following FDEs with Stieltjes integral condition:

CPUD + D)x(€) = p(&), £€]0,1]
p 1
x(0) = 0.€ Zyex(1) = > f Dy £(s)dxi(s).
‘ i=1 VY0 ’
Bashir et al. [5] studied the EU of the solution of the nonelinear multi-term fractional integro-DE with
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anti-periodic conditions:

(AT D'x(€) + A72°x(8)) = f(€, x(&) + [“g(£, x(€), & €[0,7]
x(0) = =x(1), x'(0) = =x'(7),

where, 41, 4, € R, 41 # 0,v € [1,2), 0 € (1,v), w > 0, f,g : [0,1] xR — R are appropriate
functions.

In this article, we analyze the multi-term, nonlinear, sequential fractional differential equation with
Stieltjes integral conditions of the following form:

(AT D" + AL D)D + A3)x(€) = f(&,x(6)) + [°g(£, x(€)), £ €10,1]

Pl
x(0) =0, x’(0)=0,° .@g%x(l) = Zfo Qg'fx(s)dxi(s), (1.2)
i=1

where, v € (1,2], o € (1,v),4;,4,€ RA3 € R4 # 0,p € N, € R for all
i=0,1,---,p,0<B I <P < <P, <V, Bo€[L,v), f,g:10,1] xR — R are appropriate functions,
and the integrals presented in Boundary Condions (BCs) are Riemann-Stieltjes integrals with
x;(i = 1,2,---, p) functions of a bounded variation. In addition to general FDEs, the multi—point
boundary conditions are more valuable than the classical initial/boundary conditions, because these
conditions describe the characteristics of chemical, physical or others processes happening inside the
domain.

2. Preliminaries

Here, we present necessary preliminaries so that the paper will be self contained.
Let C = C([0,1],R) be the Banach space of all continuous functions endowed with the norm
denoted by ||.||.

Definition 2.1. [/] The fractional integral of order v from 0 to & for the function x is defined by the
following:
1

15,§X(§) = %

f (& —5)""x(s)ds, £€>0,v>0
0

where I'(.) is the Gamma function.

Definition 2.2. [1] The Caputo derivative of fractional order v from 0 to ¢ for a function x can be
defined as follows:

1
I'(n-v)

Lemma 2.1. [/] The FDE C.@g,fx(f) = 0 withv > 0, involving Caputo differential operator C.@gg has
a solution in the following form:

“Doex(€) = f (& —s)"""'x"(s)ds, where n=|v]+ 1.

> -1
X)) =co+cié+éE + oM,

wherec, € R,k=0,1,--- , m—1=:0,m—1andm = |v]|+ 1.
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Lemma 2.2. [1] For each v > 0, we have the following:
LDy X)) = co+ 1 + € + -+ e,

wherec, € R, k=0,m—1andm = |v] + 1.

Lemma 2.3. [38] If R(v) > 0and A > 0, then
CPre® = 1eX and € P'e ™ = e .

Theorem 2.1. ( Krasnoselskii’s fixed point theorem [11]) If K is a closed, convex, non-empty subset of
a Banach space M such that P and Q map K into M and,

(i) Px+ Qye K (Vx,y € K),

(ii) P is compact and continuous,
(iii) Q is a contraction mapping,
then Ay in K such that, Py + Qy = y.

Theorem 2.2. (Banach fixed point theorem) Every contraction mapping 6 from B to B has a fixed
point (unique), where B is a non-empty closed set in a Banach space X.

Definition 2.3. Consider a Cauchy problem %x(l) = f(t) with x(ty) = xo, then, a continuous function
u is called its mild solution if

u(t) = x(ty) + ft f(s)ds.

Lemma 2.4. Suppose that f,g € C([0, 1] X R, R), then, the mild solution of (1.2) has the following
form:

A : 1
X&) =—-— f e BEI P x(5)ds — as f e BEI O x(s)ds + — f e BEIY £(s, x(s5))ds
/11 /11 0 /ll 0

1 S
+ N f e BEI e (s, x(s))ds + 7 /12A N Zf f ~BEI e Bl x(s)d sdxi(s)
/l A ‘ ‘
== Zf f A A ﬁ’x(s)dsdx,(S)_ 3 f f TREIPif (s, x(5))d sdxi(s)
i=1

—_ Zf fe_/l3(§_s)lv_ﬁi+wg(8, X(S))deXi(S)] (A& -1+ 6—135] + i(l _ 6—13{;‘)
1 0 4

113

1 1
+ ! [—_/12 f e BU=I Pl x(5)ds — —/12/13 e B P x(5)ds
/ll/l%A /ll 0 /ll 0
1 (! 1 !
+ yl e~ BB (s x(5))ds + 7 f e BU=I pBorwa(s x(s)ds|[A5€ — 1 + e7¢]
1 0

/12/13A[(_ %)BO -3 Zf( /13)5e‘”3§dx,(s)][/13§— 1 +€—/13§
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where, 2.1
V = L,I" 7 '%(0) + L,I"°x(0) — I'£(0, x(0)) — I""“g(0, x(0)).

1 14 1
pe LIS [ Capens - capen]wo
2l 2 o( Ve (—A3)e

Proof. Consider problem (1.2) and apply the fractional integral of order v to obtain the following:
(4 + BI7ND + 3)x(E) = I'f(€, x(€)) + g€, x(©)) + Co + Cié.
This implies the following:
A DxE) + L BXE) + LI X(E) + LT ™x(E) = I'f(€,5(6)) + g€, x(&)) + Co + C\&.

Equivalently, we obtain te following:
) 1 1
Zx() + 3x(&) = 2 —21 () - —1“’ (&) + —I‘f(f x(£)) + 1”“’8(6 x(&) + —Co + G

Now, multiplying by the integrating factor e%¢ and then integrating from 0 to & we obtain the
following:

-A ‘ A A ' 1 ,
x(£) :/1—2 f( e BEI el (5)ds — /21 S f e BEI 0 x(5)ds + m f e BEI f(s, x(s))ds
1 Jo 0

1 1Jo
1

¢ c c
+ — e‘h(f_s)lw“’g(s, x(s))ds + il f e BEgg 4 2L f seBEdg 4 e, (2.2)
A1 Jo A Jo A1 Jo

Therefore,

, 1 1
f e B ds = —(1 - %) and, f se” B g = =& -1+ e ¢,
0 /13 0 /13

Consequently, Eq (2.2) becomes the following:

-A : A A 1
x(&) =—=2 fe‘h(f_s)lv_"_lx(s)ds ] fe_’h(f_s)lv_"x(s)ds +— fe_@(f_s)lvf(s, x(s))ds
/ll 0 /11 0 /ll 0

1 ) ) e CO —
+ — e BEIPrOo(s (s ds+—1—ei3f+—/l —1+e P+ e ™. (23
/11,[: g(s, x(s)) /11/13[ ] /11/12[3§ 1+ (2.3)

Now, the boundary condition x(0) = O implies that ¢, = 0. Thus, (2.3) implies the following:

-A - A A 1
x(&) =—= f e BED el (g)ds — 2253 f e BEIN 2 x(5)ds + — f e BEIY (s, x(s5))ds
/11 0 A 0 /ll 0

1

1 (- Co _
+ — WD gy, ds + —[1 —e™ ]+ —[A3¢6 = 1 + ¢ 2.4
- fe g0, s + 1~ e 1 4] 2.4)

Differentiating Eq (2.4) w.r.t £ and then applying the boundary condition, we obtain the following:

co = LI x(0) + 31" 2x(0) — I' £(0, x(0)) — " g(0, x(0)).
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Now, let 5y € [1,v), then, from [38], we obtain the following:

A A3

1
e‘h(l_s)lv_g_ﬁox(s)ds
At Jo

1

-1 1
CPPox(1) :/1—2f e U= v=eho=l y(5)ds —
0

1 1!
+/l_1f e‘h(]_“‘)lv_ﬁ‘)f(s,x(s))ds+/l—lf e BU=Iprohog(s x(s))ds
0

— )P0 —/13+ Q)P0 _/l? 2.5
—/1/13( 3 /11/13( e (2.5)

Similarly, for 1 <8, <, <--- <, <v, we obtain the following:

-A ; Az [T
CPPix(e) = /1_2 f o~ BED) el g /21 3 f( o~ [0 B (6l
1 0 0

1

1 1
+ — f e BEI B f (s, x(s))ds + — f e B probio(s, x(s))ds
/11 0 A1 Jo

1

-3¢, 1 3&
143( 3 e +A ( A3)Pie™ ¢, (2.6)

Additionally,

Z f @ﬁ’x(f)dx,(s)— Z f f &) o Bl x(§)d sdxi(s)
+%32 f (— e Edxi(s)

i=1 V0

/l A
4243 Zf f ~3(E=9) pr-e ﬁlx(S)dexl(s)
+IZ f f e BEI B f(s, x(5))dsdxi(s)
1 i=1 0 0
L A3(6-5) B
- —5) pyv+w—pP; .
T sz f eI g5, M(s)dsdxils)

JMZZ f (~AsYPie B Edx (s). 2.7)

From Eqgs (2.5) and (2.7), we have the following:

€= ﬂzf elmormeh] Aods 1e(l“")Iv‘ﬁ"ﬁ‘)x(s)ds+Lf1 I (s, x(5))dss
A LA 0 A4 A 0 ,

1
T4 f (= phoreg(s, X(s)ds + ———[(=1: 3 oe™ Z f (3™ dxi(s)]

A
1A Zf f I () dsdx(s) + ﬁ Zf f It () dsdx(s)
1 1
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1 b4 f] fr : 1 p 1 é
—— e BEI T f(s, x(5))dsdxi(s) — — f e BEI oo (s, x(5))dsdxi(s).
A ; o Jo A1A ; 0o Jo

Now, Eq (2.4) becomes the following:

A 41 : 1
x(€) = - /1—2 f e BEI el x(5)ds — % f e BEI O x(s)ds + = félve_b(g_s)f(& x(s))ds
0 0

1 1 1 Jo
1

+ /l_f e B9 prw g(s, x(s))ds + 2 /le /1 Zf f —A3(é-3) pv-o-Pi- X(S)dsdxl(s)
1
/l A
2 3 Zf f\{ -A3(&- S)Iv_’B’ x(s)dsdxl(s) _ f f -A3(é- Y)Iv—ﬂof(s X(S))dsdxl(s)
i=1 i=1

L Z f f e BEITI (s, x(s))dexi(S)][/lSé: e FR A
i=1 0 41

143

1 - [ LA (!
+ 1 JZA[A_ZI e‘h(l_”lv_ﬁo_@_lx(s)ds - —/21 3 e_“(l_x)lv_ﬂo_gx(s)ds
145 1 Jo 1 Jo

1 ! 1!
+ I e B £ 5 x(s))ds + I f e BU=I pBorwa(s x(5))ds|[A3€ — 1e7¢]
1 0

[(_ 3)’80 —43 Zf( A )ﬁe /hcf@xl(s)] /136_ le—/lgg

/12/13A
which is the required proof.

Remark 2.1. According to Lemma 2, and the Counter-Example 1 in [13], Example 3.1 from [23] and
Fact 2, from [23], the existence of continuous (even Holderian) solutions of the fractional-type integral
forms is not sufficient to ensure the existence of solutions to the corresponding Caputo-type fractional
differential problems. For this reason, we only obtain the mild solution.

3. Existence and uniqueness result

Throughout the paper, in the case of the Stieltjes integral, we consider the same monotonic
functions, which are functions of ¢ and also functions of bounded variation.

The given problem can be converted into a fixed point problem as follows: 6(x) = x, where
0 : C — C s defined by

A 44 1
5X(§) E— -2 f{ e—/ls(tf—s)lv—g lx(s)ds _ s f e—/ls(f—s)lv—gx(s)ds + — f e—/ls(f—s)l\zf(s’ X(S))dS
/ll 0 /l 0 /ll

1 0

1 —A3(£=5) py+w 1 /12 —/1 (&=s) pv—o—-Pi—1
+ — p» f STV a(s, x(5))ds + ——— 7 /12A Z T TP x(8)d sd x;(s)
/l A
2 Zf f ~A(&=s) prpi- x(s)dsdx,(s)—— f f —Aa(e- S)Iv_ﬁ’ f(s, x(5))dsdx;(s)
i=1
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1 & [ \Y
- /1_1 ;L fe"“(f_”lv_ﬁ”“’g(s, x(s))dsdxi(s)][/lgf —1+e %)+ —/11/13(1 — 7%

1 1
1 [—_/12 f e_/h(l_s)lv_ﬁo_g_lX(S)dS _ % e—/lz(l—s)lv—ﬁo—gx(s)ds

+ 2
LA2AL A o - Jo
1 ! 1

+Z f e~ B9 pr=ho f(s,x(s))ds+/l— fo e BU=I prBorwo(s x($)ds|[A3€ — 1 + e5¢]
/12/13A[(_ AzYoe b Zf( 3Ye ”3fdxl(s)][/l3§— 1+ e ™). (3.1)

Theorem 3.1. H, : Suppose f,g € C([0,1],R) —» R and
If(£,0)] < Ny < oo and [g(£,0) < N, < oo,
where N = max{N;, N,}, and
1f (& x) = fE I < Lilx—yl, (g€, %) — g€, »)I < Lolx —yl,
with Ly, L, >0V é€[0,1]and x, y e R

H> : L =max{Ly, L,} and ; + L £, < 1, where

p| DA 1 Ll <A (1—ebr)preh-IR,
Q, = |42 (1—e )t |25 (1—e )+ 2[ |42 (I -e%)p N
41T (v - 0) 44T (v -0+ 1) |AA 5] LA A5 4 I'(v-pBi-0)
A 1 — e bP)pre PR, 1 A
|2 3| ( € ),0 ][/13 —/13] + - [ |2 (1- e—/ls)+
|l &0 Tv=Bi—o+ 1) AL 5L AT (v = 0 = Bo)
A A
Ll (1 —e-ﬂa)][@— 1+eh].
MBI —0 =B+ 1)
L—et) 1 1 1= e 1 1
)= (I-e )( + )+( ez )[ + ][/13—1+e‘ﬂ3]+
Ul \Tv+1) T+ 1+w) [ALLBITV=-B+]1) T(v-F+1+w)

P — e~ BP) VPR p _ o~ B\ V-BitwR
e 1 | R,
i [ Z( e )p” i (1-e")p ][/13_1+e_43]'
|A/11/1 |1143 Fv-g+1) Il = T -Bi+1+w)

i=

IVI(1 = e™) VI

Q3 = +
’ | A2

[(13)/?0(3—43 + Zp:(—@)ﬂfe—hp%i][@ —1+e™].
i=1

Then, Eq (1.2) has a unique mild solution in C.

Proof. Considering a closed ball B, = {x € C : ||x|| < r}, we show that 6B, C B,, where ¢ is defined by
Eq (3.1) and r > (NQ, + Q3)(1 — Q; — L)~ For any x € B,, it follows from condition (H;) that

If(& 0l < Lillxl[ + Ny < Lir + Ny and 8§, x) < Lor + N,
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Now, as ||[6(x)|| = SUPe(0,1] |0x(¢)|, the following holds true:
llo(0ll = sup

L [ 4,2 1
-2 f e BEI ey (o)ds - L2 f e BEI O x(s5)ds + — f, e BEI £(s, x(s5))ds
£€[0,1] /ll 0 /ll 0 /11 0
1
+ /l_ f e BEIo( s, x(s5))ds + 7 /12A p» Zf f ~E=9) preBitl x () d sdxi(s)
, Al :
202 Z f f ~a(é=9) prpis Qx(s)dsdxl(s)—— f f ~BED PP f (s, x(s))d sdxi(s)
i=1

Z f f TRE e, x(s))dsdxl(s)][/lgf— 1+ e ] v ——(1 — ™)
£ T

Lt [__/12 f ¢~a01=5) prpo-o-1 3 g g — 2243 L -9 e X(s)ds
/ll/lgA /11 0 /ll 0
1 (! 1 (!
+ A— e B f(s, x(s))ds + - f e BTt g(s, x(s))ds] [3¢ — 1+ ]
1 1 Jo

/12 A [(— A3)eh Z f (=3 e—@fdx,(s)][@g—ue ]

Now, using the mean value Theorem [30] for Stieltjes integral with y € [0, 1] and x;(1) = R; > 0 and
from (H,), we obtain the following:

|45

| 1| (1— e+ (1— e 4 (Lir + Ny)(1 — ™)

o)l <
|43 (v — o) |43 (v—po + 1) |4 A3T(v + 1)
(Lor + No)1 = e ™) + VI (1—e)+ ! [r|/12| o (1 — ey e PR,
LT+ 1T+ w) |44 A 5| L 1Ay 4 I'(v—-Bi—0)
N N3] & (1 — e Xy e PR iy (Lir + Ny) < (1 _e—/u)())(v PR
|4l &~ T(v=Bi—o0+1) Ml & T =-i+1)
Lor + Np) <& (1 — e BV PitoR, 1 A
(Lor + N>) (I —e®)y ][/13 Cl4eh4 i [ 1Ay (1 — )
il — T =i+ 1 +w) AL L AT (v = By — 0)
A Lir+ N
HA 43 (1—e) 4+ (Lir + Ny) (1 — )
|4 3T (v—0=Bo + 1) |40 (v = Bo + 1)
(LQI" + Nz)

_ 3 _ —3
+|/11|/13F(V—ﬁ0+w+1)(1 € )][/13 1 +e]

VI '[ N - ‘ -2
+ “e =) (s 3*9&,}/1—” ;
CRA (—A3Ye ;( 3fie (13 e ]
A A A 1 A
< r[—' ey il (1—e™)+ . [ i (1—e™)
|44 (v — 0) 4T (v -0+ 1) A A5 LT (v = Bo — 0)
A 1 A 1 — e BY) o hi-IR.
|25 (1—6_/13)][/13—1+€_/h] L [| 2|Z( e )X
4T (v —0—Bo + 1) AL 5 LA I'v-p6;-0)
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sl ¢ a—eﬂnw@ﬂ%

-  (d-e?)

][/13 —1+e™®+(Lr+ N)[

|4l 0 Tv=Bi—o+ 1) UGBTI+ D) 4T+ 1+ w)
)4 ) v—R3; -A v—3i+w
1 - 3x BiR . 1 1 - 3X )y VBi ‘R
2[ (- R O (1 — ey ][/1 _1+eag]]
|A/1 Al & T =6+1) Ul & T =i+ 1 +w)
1 [ 1 2 1 » B
+ (1-e)+ (1-e 3)][/1—1+e 3]]
AL AT (v = Bo + 1) LD =By + w + 1) 3
+ 1V ‘[(—13)%-*3 - Z”:(_@ﬁie_@%] A= 14 e ]+ (1 = gy,
|3 A3A] P |14,

This implies the following:
I6CONl < rQy + (Lr + N)Qy + Q3 < 7

Next, to prove the contraction, consider the following:

[l6x — 6yll = sup [6x(£) — 6y(£)
£€[0,1]

= sup |— Q f(e—ﬂs(f—S)Iv—Q l(x(s) y(s))ds — M f, —/la(éf—x)lv—g(x(s) —y(s))ds
£€[0,1] A1 Jo At Jo
+ % f e BEI(f (s, x(5) = £(s,y(8))ds + % f e BEI(g(s, x(5)) = g(s, y(5))ds
1 Jo 0

/le[j_ Zf f ~A3(6=9) py—o—Fi= (X(S) y(s))dstI(s)
Lk [

Zf f( TBEIPP(x(s) — y(s)dsdxi(s)

i=1 Y0
1 p

1
———sz\fZ”““V%UUJ@D—ﬂ&KQWMMM)
/11 i=1 YO0 0

1 & L
T ; fo fof e~ BEI RO (o5, x(5)) — g(s, y(s))dsdx,-(s)][/13§ 1+ e

1 [—ﬁz f e e (os) — y(sds — 22 [ e i) - y(s)ds
Taeal T J Ay

+/1—1f0 e B P(f (s, x(5)) = f(s,y(5))ds

1
+/1i f e BUmIP Pt (g (s, x(s)) — &(s, y(s))ds][/l3§_ 1+ e 4.
1 Jo

Now, using the mean value theorem for the Stieltjes integral with y € [0, 1] and x;(1) = R; > 0 and
from (H;), we obtain the following:

A A A
S R s

163 — Sy|| S ——2
=T - 0) ML —o + 1)

(1 —e™)llx ~ yll (3.2)
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Ll(l - 6_/13) Lz(l - €_/l3)

———|[x =l + llx = yll

|44 (v + 1) 4T + 1+ w)

||X )’||[|/12| Z (1- €_A3X)XV ePIR, " |23 < (1 — e X )y hiR,
|A/l1/l2 | I'v-gi-0 |4l &0 T =Bi—o+1)

L 1 = e~ BX) V" BisR L P (1 = eM3x v—ﬁi+w‘Ri

|/11|/13 IF'(v-pg;+1) s & Ty =i+ 1+ w)
2 A
llx — )’2||[ |42 (1= ) + |25 (1 - &)
AL LA AT (v = Bo — 0) GBI (v—0—Bo+ 1)
L, -2 L, yl -1
+ (I-e)+ (I-e 3)][/l—1+e °].
JAilAsT (v = Bo + 1) il AsT (v = By + w + 1) ’
| 5] -2 |A243] 1
<l =l e (1 =) + (1- )
Mare - o) AT - g+ 1)
1 A 1 — e By B-lR, |10 1 — e~ Bx)yro PR,
2[| 2|Z( ey +|23| (1-e™)y ][/13—1+e_’l3]
|A/11/1 |l I'(v—-pi—-o0) 4l &0 T =Bi—o+1)
1 2 A
+ 2[ 4 (1-e)+ Ll ( —e_/“)][/lg— 1+e™]
AL LA BT (v = Bo — 0) [T (v —0—=Bo+ 1)
| —eb l—eh
# Ll e
|/11|/13r(v + 1) ILATO + 1+ w)
1 1 1 — e BV PR 1 A (1= e by hroR,
[ o (- ety iy (I -y ][/13—1+e“3]
|A/l Gl & Th-gi+1) |l & T =i+ 1+ w)
1 [ 1 ) 1 -1 -1
N (1— eyt (1-e 3)][/1—1+e g
|A/11/l§| |/11|/l3r(v _,80 + 1) |/11 |/I3F(V —ﬂo +w+ 1) 3

< |lx = yll[€2 + Ly ].
Thus,
llox — oyl < [Q + L ]|x — yl|.

From (H,), we know that (Q; + LQ;) < I, which demonstrates that the operator ¢ is contractive.
Therefore, according to the Banach contraction principle, there exists a fixed point, which is the mild
solution of the problem (1.2).

Theorem 3.2. Suppose that (H,) and the following condition are satisfied.
(H3): 3 1, o € C([0, 11, RY) such that |f(§, 0)| < pi(§) and 1g(€, )| < po, Q < 1, then, I at least
one mild solution of problem (1.2) in C.

Proof. Suppose Ks={x € C : ||x]| < &} be a closed subset of B, and define ¢, and 6, on K; — C as
follows:

S1x(€) == f e EIN f(s, x()ds + — f e Mg (s, K()ds + (1 - e
! 1

0 1 Jo
1 1 & o
— _ —/13(§—s)1v—ﬁ,~ ’ dsd i
mgA[al Z;fo f:e f(s, x(s))dsdxi(s)
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1 < f : f 2
L e 3($—S)Iv—ﬂf+“’g(s, X(S))dexi(S)]
/11 ; 0 0

P 1
[( /13)50 -z _ Zf (_/13)ﬂie—/l3§dxi(s) [ﬂ%f -1+ e—/13§]
i=1 Y0

X [z — 1+ e ]+

/12/13A

| B L
—3(1-s5) ;v=Po
+ — 1 , d
e A[ T fo e F(s, x(s))ds

1 1
+ = f e~ b= phorw gy, x(s))ds] [A3€ — 1+ e,
1 Jo
(3.3)

and

A , 1A ’ .
Srx(6) = - == f e B Ix(s)ds - /1—3 f e BEI 0 x(s5)ds
0 0

l 1

A ~Aa(E=s) pr-o—pi-1
Y AZA[ZZI f ST A sdxs)
/12/13 N ! —/13(5 s) pv—0—p, -3¢
Z I 9Pix(8)dsdxi(s)|[A3€ — 1 + e™5¢]
i=1 0

1 [-2
+— [—2 f e~ U= ool y(5)ds (3.4)
L2AL A o

A A3
A1 Jo

1
e—”3<1—s>lv—ﬁo—@x(s)ds] [A5€ — 1+ 5%,

Clearly, 6 = 6, + 9. Now, we verify the hypothesis of Krasnoselskii’s fixed point theorem for x,y € K,
with & > (u€ + Q3)(1 — Q)~!. Presently,

161x(£) + 62y(&)Il = gS%pl] 161x(£) + 62y(£)

1 1 \Y
— f e BEIY £(s, x(5))ds + — f e BEI (s, x(s5))ds +
1 Jo A1 Jo A

1 143

= sup (1 — e %%)

£€[0.1]

! ! \ 1 f A3(§—s)
- R B [V_‘Bi ) d d i
/hxl%A[/ll ;fo . € f (s, x(s))dsdxi(s)
1 & 1
+ — Zf fe_/b(f_s)lv—ﬁﬁwg(s, x(s))dsdx,-(s)] [/135; -1+ e—/l3§]
A= Jo Jo

1 11 ! 1 !
[— f e BB £ 5 x(s))ds + 3 f e BU=I Bt ois x($)ds|[A3€ — 1 + e %]
0

_l_
L AALA

p 1
_ 0,—A3 _ _ i~ E g, _ -3¢
T |- sye Z] fo (5o d)|iAsg ~ 1+ )

_ A f €ﬁ3(§_s>lv‘9‘1x(s)ds—% f e BEI " x(s)ds
4 J A1 Jo
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iy /12A 1 Zf f DA () + Zf f THEI(s)dsdxi(s)
1

[‘AZI 509 prfome=l vy 1

X [ — 1+ e ]+

LLAL A Jy
LAz (!
-2 f e‘h(l_s)lv_ﬁ"_gx(s)ds][/lg(f— 1+ ™)
A Jo
(1-e) (1-e) v lall & (1= ey BR
R el + (1= e | 2 aS
LT + 1) LT+ 1+ w) N AR & T =B+ 1)
p A3 Vv=Bi+w
| — e ox R, 1
llgea | (I —e™)y ][/13 Cl4eh4 [ (|1 ] (1 - )
ilds £ T B+ 1+ w) AL EILG LT = o + 1)
Lz ] P R P vl |2y Z( PR - 14 e
LA = By + @ + 1) [23A]
2 DA 1 P! | — e bx e hlR,
|2 (1= e + |25 (1—e )+ 2[§| 2 Z( e )X
|| A0(v — 0) |44 (v —o + 1) |AA A5 |1 A3 I'v-Bi-0)
DA 1 — e Xy e PR, 1 Pl
s < (1 — ey ][/13—1+el3]+ 2[ &l (1 - )4
s & Tv=-Bi-o+1) (A A5 LT (v = Bo — 0)
&l A5

— -3 _ -3
|/11|/13F(V—Q—ﬂ0+1)(1 e )][/13 l1+e ].

S,UQQ + Qs +§Q1 < f

Thus, 61x + 02y € K.
(i) Next, we show that ¢; is continuous and compact. Since f and g are continuous thus ¢; is also
continuous. Additionally, d; is uniformly bounded, i.e.,

o1 xll < [l + €.
For compactness, assume that

sup  |f(& 0| = fi, sup g€, 0)| =g

(€,0)€[0,1]xK¢ (&,x)€[0,1]x K¢

and
(€ = 1+ "] = max {[361 — 1+ 7], [ady = 1+ ]}

Then, for & < &, we have the following:

1612(£2) = 61x(&0)| ='[i fz e~ BT f(s, x(9))ds + L fz e R BT g(s, x(s))ds
/11 0 /ll

0

—A3éy _ —3(52-5) VB , dsdx;
e ) /h/lgA[/h i; fo ) e f(s, x(s5))dsdx;(s)
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1 & 1 ré
+— Z f f e @) prpirew oo x(s))dsdx,-(s)] X [A3és — 1 + e19]
A1 4 0

! 1 1 —A3U=S) v 1 1 -A3(1-5) pv—Bo+w
+M—2A[Zfo eI f (s, x(s))ds + fo e 1P, x())ds |
3

T et Z f (e edx ()|t~ 1+ |

X [36 — 1 +e 9] +
(1362 e ] EEA

1 ! —-A3(£1-5) 1 f —3(& - v -
I 3(E1=98) v , d 3(&1 s)lv+a) , d 1= 31
[/11 f e f(s, x(s))ds + 1, e g(s, x(s))ds + /11/13( e )

/IZA Z f f ~BE=9 [P f (s, x(5))dsdxi(s)
N Z f f e—/la(fl—s)lv—ﬁiﬂug(s’ X(S))dsdxi(s)]
A Jo Jo

1 11
% 1 1+ -3¢ + [ f —Aa(l—s)lv—ﬁo , d
[43&] e 7 PN T | e f(s,x(s))ds

1 1
+Zf e‘l3(1_s)lv_ﬁ°+‘”g(s,x(s))ds]
0
[(— et

N
X[/lgfl—l+€ 21] /12/1%

P 1
= f (—@‘*l‘e‘”@ﬁdxi(s)]mgfl—1+e-*3<”1]”.
i=1 YO0

G2
Vo BE2=8) _ gv ,m -9y o 4 Vo~ B3(E2-9) g )
ﬂr(v+1)f( fie b j;gze g
g] 1 v+w —A3(E2—5) v+w —A3(£1-5) \rZ 0 —A3(Ers) )
o - ds + 3(62-9) g
/IF(V+1+a)) f,(fz ¢ e )ds 3 & e s
v=Pi ,—3(€2-5)
Mlﬁ[al Zr(v Bi + 1)f f( ¢

_ ég‘l’—ﬁie—/h(fl—s))ds + f é‘;_ﬁie_/h(fz_s)ds)dxi(S)]
&

1 & 1
X [A3€ -1+ "‘35—i[— f
14 el AL AI;r(v—ﬁiJer) o

Sl
(f (é:;—ﬁi+we—/l3(§z—S) _é:‘l’—ﬁiere—/ls(fl—S))ds
0

g \Y
+ f & "+“’e_ﬂ3(§2_s)ds)dx,~(s)][/l;;f — 1+ e+ ——(e755 — e7b)
&1 A1 A3
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p 1 p |
+ \ I:Z‘fo\ (—/13)ﬁie—/13§1dxi(s) - Zj; (_/13)ﬁie—/l3§2dxi(s) [A:&— 1+ 6_13"’{]”,
i=1 =1

LA
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Bl (o
Sm(é:z(e BE-E) _ /1362) _fl(l —e /13«51) +§2(1 _ b gl)))
1 3
o -i|_g11|+ i ( (e -3(&2-61) e—/ls(é‘z)) —ere(l - ey 4 arel - e—/13(g2_§])))
1 3

p

il [ 1 1 ( v=Bi( ,~3(2—x1)
A2 LA Z‘F(v—ﬁiH) (e e

/lz/\/z) XV ,31(1 _ e—/la)n) +XV—ﬁi(1 _ 6—130\(2—/\(1)))%1_]

g1 [ Z 1
A /12 |A1]45 F'v-6+1+w)

X [z — 1+ e "] +
( v ﬂ:+w(e—/13()cz —X1) _ e /1%)(2) Xl—ﬁzﬂv(l /13)(1)

+)(; ,BZ‘HU(I _ e_/l}(’\/z_)(l)))%i][/hf -1+ €—23§]+

/12/13A|/13 [ ZP: (=4 )ﬁ( - e_m)m"]%f — e

VI

—A3&1 -6
— e .
|/11 A3 o )

where y1, x2 € [0,1]. Ifé& — &, then y; — x» and the right side approaches to 0 independent of x
€ K:. Thus, 0, is equicontinuous. Therefore, by the Arzela-Ascoli theorem, J; is relatively compact.

(iii) As Q; < 1, therefore, 0, is contraction. Thus, there is at least one mild solution to the problem
in C.
4. Stability analysis

Lete >0, f, g € ([0, 1] X R, R), and assume the following inequality:

(4D + LDND + B)u@) - f(& u@) - I1¢E, u@) <e ¥ &e[0,1]. 4.1)

Definition 4.1. (1.2) is said to be Hyers-Ulam stable if there is a constant ky € R* such that for
each € > 0 and each red mild solution u € C of (4.1), there is a mild solution x € C of (1.2) with,

(&) — x(E)| < koe ¥ £ €0, 1].
Remark 4.1. A function u € C is a mild solution of (4.1) if there is € C depending on u, such that:
(i) (MWD + LDND + B)u@) = f(&u@) + 18, u@) +¢(&) ¥ &€[0,1].
(i) W@l<e ¥ &€l0,1].

Lemma 4.1. If u € C is a mild solution of the Inequality (4.1), then u is also a mild solution of the
following inequality:

u(€) = x(&)| < koe.

AIMS Mathematics Volume 8, Issue 12, 28413-28434.



28429

where,
1 1 1 O (1 —e ™) #R
A bt
*=lre+ ' TWE le; T(w=g;+1) i :
1 1—e
- — ( d-e™) )[13—1+e—*3]].
|G AZAN AT (v = Bo + 1)

Proof. If u is the mild solution of Inequality (4.1), then u will also be the mild solution of the following:

(M D"+ LDND + &) = f(& u@) + 17g(1,u(€)) + Y(&), t €[0,1]

x(0)=0, x'(0)=0, C.@g‘;u(l) = Zf DPiu()du(s). 4.2)
i=1 Y0
The mild solution of (4.2) is given by the following:
—/l (&-s) v—o-1 /11/13 —A3(&—5) Jv—
u¢) = TV y(s)ds — —— e~ BTVl u(s)ds 4.3)
/11 4 Jo
1
I'eSC) f(s,u(s))ds + — f e BEI e (s, u(s))ds
/11 A1 Jo

A
/l/le[/l_zzf fe_“(f_s)lv_g_ﬁ”_lu(s)dsdu,-(s)
1 =
/12/13 c : o~ BE=9) ppi- o~ BE=9) ppi
Z 1P u(s)dsdui(s) — — 1P £ (s, u(s))d sdu(s)
i=1

1 & L e
_ /1_ Zf 0 e—/l.%(f—s)lv—ﬁﬁwg(s, u(s))dsdui(s)][/l3 —1+ e—/lj;f] 4 /11/13(1 _ e_/hf)

1 1
+ 1 /112A[_/1—/12f e B9 pho=e=ly(o)gg — —/1/21/13 e B9 pho=ey(g)ds
145 1 Jo 1 Jo

1 1
+ —
/11

T eaA [( ~Asfhe Z f (=) e~ Edu, (f)][/l3é:—1+e_1‘f]

! 1
+ 7 fe—@(f—s)]vt//(s))ds b /le /11 f f ~6E=9 Biy()dsdu; (S)][/13§_ |+ e 6]

| B L
+ — =) prho d]ﬂ — 1+
mgA[ﬂlfoe W()ds|[ & = 1+ ]

1 1
e-ﬂsﬂ-”lv-ﬁo (s, u(s))ds + b f e B pforwg(s, u(s))ds] [3€ — 1 + e ]
0

Let the terms free of ¥ be denoted by x(¢); then,

p 1
[i Z f fe—/b(f—s)]v—ﬁi|,//(S)|dsdui(s) (A& — 18—/135]
0 Jo

_ L L E-s) v
lu(&) X(f)lsl oy f: e Ily(s)lds + P

41 2A)
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1
Lo [1 f e—/ls(l—s)IV—,BO|¢(S)|ds][,l3§_16—,135].
0

I 2AILA
_ 1 (1 — e B )" PR, _
< (et [ il =1+
6[|/11|/13F(V+1)( - | AZA] |/l1|/13; Iv=-gi+1) - <l
1 l—e™®
A ( (=€) )[/13—1+e_/l3]].
[ AN ATV = Bo + 1)
Assume that,
1 1 1 & (- #R,
ko :[—(1—e—ﬁ3)+ . [ (- [As—1+eb]
|40 (v + 1) WAL &0 T =i+ 1)
1 -
A ( d-e™) )[13—1+e—*3]].
[ AZAN AT (Y = By + 1)

In view of (ii) of Remark 3.2, we have the following:

(&) = x()] < koe,

which is the desired result.
5. Example

In this section, we solve some examples using the obtained theorems.

Example 5.1.

Cyl3s Ccoyll _ ¥l 2 siné|x(&)|
6“D P +4 D HND +1) = TSR @D + 1 T+ ° Y ¢£€]0.1],

5 | 5.1
x(0)=0 X0)=0 C.@é‘;x(l) = Zf DPix(s)dx;(s),
’ i=1 Y0

where,

p=2v=135¢é=11,0=2,41=6,4, =4, =1,y =0.1,
ﬁo = 112,ﬂ1 = 1.2,ﬁ2 = 132,%1 = 10, %2 = 15

Since,

e #|x(9)| Sing (@)l

= d =
F(&, x(&)) 1520 + @) and g(&, x(&)) V49 + 1)
From assumptions (H,) and (H;), we have the following:
eXElx—y 1
I/ (&, x(£) — f(& (&)l < i5e < glx =l
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sinélx — y| 1

18(&, x(£)) = (& YN = —= = < Zlx ).

T VM9 +

where, L, = 25, L, == and L = max{L;, L,} = % Calculating Q, and Q, from the given data, we
obtain €; = 0.93461 and Q, = 0.136698. Additionally, Q, + L, ~ 0.95414 < 1. Hence, the given
problem (5.1) has a unique mild solution in C for & € [0, 1].

Example 5.2.

X&) + P2Ex(¢), Véelo,1],

e'+15

(SC@IJS _C @16)(9 + 2)x(§) —

§3+17

1 (5.2)
x(0)=0 x'(0) =0, C@g%x(l) = Zf DPix(s)dx(s),
A £,

where,
/11:5,/12 —1/13 2)( OSP 2%1—30%2—15
v=175&=1.6,8)=124,8, =1.28,5, = 1.32.
Therefore,
2
FE, (@) = §3i A and g€ XE) = o
From assumption (H,) and (H;), we have
é_‘Z
I/ (&, x(£) — f(&,yE))l < §3 Ix V< ﬁlx )
18(£, x(£)) — &(&, () s < EIX vl

where, L, = 17, L, = and L = max{Ly, L,} = 11—6. Calculating Q, and Q, from the given data, we
obtain Q; = 0. 2188677, Qz = 0.324496. Additionally, Q) + L), ~ 0.239415 < 1. Hence, the given
problem (5.2) has a unique mild solution in C for t € [0, 1].

6. Conclusions

The paper established sufficient conditions that showed the existence, uniqueness and Ulam’s
stability for the mild solutions of Problem (1.2). The conditions were obtained from the view of fixed
point theorems. Furthermore, we demonstrated the obtained results using two examples. The
multi-point boundary conditions can be used to describe the characteristics of chemical, physical or
others processes occouring inside the domain. Thus, the obtained results can be fruitful in the
mentioned processes. The Hyers-Ulam stability means that for any approximation in a specific region
we will obtain an exact mild solution. Therefore, the obtained results of the Hyers-Ulam stability can
be utilized in a numerical analysis and approximation theory of the related mentioned processes.
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