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1. Introduction

Fixed point theory has wide applications in various branches of science, engineering and other
fields. It deals with the solution of the fixed point equation of the form Λx = x, where Λ is a mapping
from a metric space (X,D) to itself. Suppose M,N ⊂ X and the mapping Λ from M to N, where
M ∩ N = ∅, then the fixed point equation does not have a solution. In that situation, it is desirable
to determine an approximate solution x such that the error D(x,Λx) is minimal. Such an approximate
solution is known as the best proximity point. The best proximity point theorems provide sufficient
conditions to ensure the optimum solution for this fixed point equation. Hence, the existence of the
best proximity points develops the theory of optimization. For more details about the existence of best
proximity point, one can go through [1–9] and references therein.

Suppose we have two non-self mappings Λ,Γ : M → N. The equations Λx = x and Γx = x are
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likely to have no common solution, known as a common fixed point of the mappingsΛ and Γ (For more
details about common fixed points, refer to [10–16]). In this situation, one needs to find approximate
solution x such that the errors D(x,Λx) and D(x,Γx) are minimal for these two fixed point equations,
called a common best proximity point of the mappings Λ and Γ.

Sadiq Basha et al. [17] have investigated a common best proximity theorm for mappings that satisfy
a contraction-like condition. A common best proximity point theorem for pairs of contractive non-self
mappings and for pairs of contraction non-self mappings has been explored in [18]. Sadiq Basha [19]
has investigated a common best proximity point theorem for proximally commuting non-self mappings,
an improved approach to which has been discussed in [20]. For detailed analysis on common best
proximity point for several types of contractions in different spaces, we direct the reader to see [21–27]
and references therein.

On the other hand, in 1999, Pant [28] defined a new class of mappings, called reciprocal continuous
mappings which is larger than the class of continuous mappings. He gave an example of a reciprocal
continuous mapping which is not continuous. He also obtained sufficient conditions for common fixed
point theorem even though the mappings may be discontinuous and some of the mappings may not
satisfy the compatibility condition.

After that, in 2011, Pant et al. [29] obtained a common fixed point theorem for discontinuous
mappings by introducing a new class of mappings called weak reciprocal continuous mappings which
is weaker than the assumption of reciprocal continuous mapping. The theorem is stated below.

Theorem 1.1. [29] LetΛ and Γ be weakly reciprocally continuous self mappings defined on a complete
metric space (X,D) such that,

1) Λ(X) ⊆ Γ(X),
2) D(Λx,Λy) ≤ aD(Γx,Γy) + bD(Λx,Γx) + cD(Λy,Γy), 0 ≤ a, b, c < 1, 0 ≤ a + b + c < 1.

If Λ and Γ are either compatible or R-weakly commuting of type MΓ or R-weakly commuting of
type MΛ, then Λ and Γ have a unique common fixed point.

Motivated by the above literature survey on common best proximity point and common fixed point
for weak reciprocal continuous mappings, in this paper, we introduce a new concept of weak reciprocal
continuity to non-self mappings called proximally weak reciprocal continuous mappings. Furthermore,
we provide sufficient conditions to ensure the existence of a common best proximity point for this new
class of non-self mappings.

2. Preliminaries

Let us recall some notations which will be used in the sequel.
Let M,N be two non-empty subsets of a metric space (X,D).

D(M,N) = dist(M,N) = inf{D(m, n) : m ∈ M and n ∈ N};
D(m,N) = inf{D(m, n) : n ∈ N};
M0 = {m ∈ M : D(m, n′) = D(M,N) for some n′ ∈ N};
N0 = {n ∈ N : D(m′, n) = D(M,N) for some m′ ∈ M}.

Definition 2.1. [23] An element t ∈ M is said to be a common best proximity point of the non-self
mappings Λ1,Λ2, ...,Λm : M → N if it satisfies D(t,Λ1t) = D(t,Λ2t) = ... = D(t,Λmt) = D(M,N).
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Definition 2.2. [23] If M0 is non-empty, then the pair (M,N) is said to have the P-property if for any
m1,m2 ∈ M0 and n1, n2 ∈ N0,D(m1, n1) = D(M,N)

D(m2, n2) = D(M,N)
implies D(m1,m2) = D(n1, n2).

Definition 2.3. [29] Two self-mappings Λ and Γ of a metric space (X,D) will be called weakly
reciprocally continuous if limn→+∞ΛΓxn = Λ(t) or limn→+∞ ΓΛxn = Γ(t), whenever {xn} is a sequence
in X such that limn→+∞Λxn = limn→+∞ Γxn = t for some t in X.

Definition 2.4. [25] Let M and N be two subsets of a metric space (X,D). Two non-self mappings Λ
and Γ, from M to N, are proximally compatible if for any sequences {an}, {un} and {vn} ∈ M with

D(vn,Λan) = D(M,N)
D(un,Γan) = D(M,N)

implies lim
n→+∞

D(Γvn,Λun) = 0,

whenever limn→+∞ un = limn→+∞ vn = t.
We can note that if M = N, then Λ and Γ are proximally compatibile implies they are compatible.

Definition 2.5. [16] Let (X,D) be a metric space and let Λ and Γ be self-mappings on X.

• The mappings Λ and Γ are said to be R-weakly commuting of type (MΛ) if there exists a positive
real number R such that D(ΛΓx,ΓΓx) ≤ RD(Λx,Γx), for all x ∈ X.
• The mappings Λ and Γ are said to be R-weakly commuting of type (MΓ) if there exists a positive

real number R such that D(ΓΛx,ΛΛx) ≤ RD(Λx,Γx), for all x ∈ X.

3. Main results

First, we define new notations called proximally reciprocal continuous, proximally weak reciprocal
continuous, R-proximally weak commuting of types MΓ and MΛ for non-self mappings.

The concept of weak reciprocal continuity in self mappings [29] can be extended to non-self
mappings as follows.

Definition 3.1. Let (X,D) be a metric space and M and N be non-empty subsets of X. Two non-self
mappingsΛ,Γ : M → N are called proximally reciprocal continuous if for all sequences xn, un, vn ∈ M,
such that D(un,Λxn) = D(M,N) = D(vn,Γxn), then limn→+∞ Γ(un) = Γ(t) and limn→+∞Λ(vn) = Λ(t)
whenever, limn→+∞ un = limn→+∞ vn = t, for some t ∈ M.

Example 3.2. Let X = R2,D(p, q) =
√

(p1 − q1)2 + (p2 − q2)2 where p = (p1, p2) and q = (q1, q2).
Take M = {(0, p) : 0 ≤ p ≤ 2} and N = {(1, q) : 0 ≤ q ≤ 8}. Then D(M,N) = 1.
Define Λ,Γ : M → N as follows: Λ(0, p) = (1, p2) and Γ(0, p) = (1, 2p2). Now if xn = (0, ηn) such
that, ηn → 0. Then, we can find un and vn such that,

D((0, η2
n), (1, η2

n)) = 1,
D((0, 2η2

n), (1, 2η2
n)) = 1.
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Here, un = (0, η2
n) and vn = (0, 2η2

n). Since η2
n → 0, we get, limn→+∞ Γ(0, η2

n) = (1, 0) = Γ(t) = Γ(0, 0)
and limn→+∞Λ(0, 2η2

n) = (1, 0) = Λ(t) = Λ(0, 0). Hence, Λ and Γ are proximally reciprocal continuous
mappings.

Definition 3.3. Let (X,D) be a metric space and M and N be non-empty subsets of X. Two non-
self mappings Λ,Γ : M → N are called proximally weak reciprocal continuous if for all sequences
xn, un, vn ∈ M, such that D(un,Λxn) = D(M,N) = D(vn,Γxn), then limn→+∞ Γ(un) = Γ(t) or
limn→+∞Λ(vn) = Λ(t) whenever limn→+∞ un = limn→+∞ vn = t, for some t ∈ M.

Example 3.4. Let X = R2,D(p, q) =
√

(p1 − q1)2 + (p2 − q2)2 where, p = (p1, p2) and q = (q1, q2).
Take M = {(0, p) : 0 ≤ p ≤ 2} and N = {(1, q) : 0 ≤ q ≤ 8}. Then, D(M,N) = 1.

Define Λ,Γ : M → N as follows, Λ(0, p) = (1, p2) and Γ(0, p) =
{

(1, 2p2) p > 0
(1, 2) p = 0

.

Now, let xn = (0, ηn) such that, ηn → 0. Then, we can find un and vn such that,D((0, η2
n), (1, η2

n)) = 1,
D((0, 2η2

n), (1, 2η2
n)) = 1.

Here un = (0, η2
n) and vn = (0, 2η2

n). Since η2
n → 0, we get, limn→+∞ Γ(0, η2

n) = (1, 0) = Γ(t) = Γ(0, 0)
but limn→+∞Λ(0, 2η2

n) = (1, 0) , Λ(t) = Λ(0, 0) = (1, 2).
Hence,Λ and Γ are proximally weak reciprocal continuous but not proximally reciprocal continuous

mappings.
One can note that Λ and Γ do not have a common best proximity point.
When Λ and Γ are self-maps, proximally reciprocal continuity becomes reciprocal continuity, and

proximally weak reciprocal continuity becomes weak reciprocal continuity.
Now, the concept of R-weakly commuting of type MΓ and MΛ for self mappings [29] can be

extended to non-self mappings as follows.

Definition 3.5. Let (X,D) be a metric space and M,N ⊂ X. LetΛ and Γ be two non-self mappings from
M to N. The mappings Λ and Γ are said to be R-proximally weak commuting of type (MΓ) if there exists
R > 0 such that D(Λu,Γv) ≤ RD(u, v) whenever D(u,Λx) = D(M,N) = D(v,Γx) for all u, v, x ∈ M.

Definition 3.6. Let (X,D) be a metric space. And M,N ⊂ X. Let Λ and Γ be two non-self mappings
from M to N. The mappings Λ and Γ are said to be R-proximally weak commuting of type (MΛ) if
there exists R > 0 such that D(Λv,Γv) ≤ RD(u, v) whenever D(u,Λx) = D(M,N) = D(v,Γx) for all
u, v, x ∈ M.

Example 3.7. Let X = R2,D(p, q) =
√

(p1 − q1)2 + (p2 − q2)2 where p = (p1, p2) and q = (q1, q2).
Take M = {0} × [1,+∞) and N = {1} × [1,+∞). Then, D(M,N) = 1. Define Λ,Γ : M → N as
follows: Λ(0, p) = (1, 2p) and Γ(0, p) = (1, 3p). It can be verified that Λ and Γ are R-proximally weak
commuting of type MΓ for R = 2 and R-proximally weak commuting of type MΛ for R = 3.

Here, we can see that when M = N, R-proximally weak commuting of type MΓ and MΛ reduces to
R-weakly commuting of type MΓ and MΛ.

Now, we state and prove our main result.
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Theorem 3.8. Let Λ and Γ be two proximally weak reciprocal continuous non-self mappings from M
to N where M and N are subsets of a complete metric space (X,D) such that

1) D(Λx,Λy) ≤ aD(Γx,Γy)+bD(Λx,Γx)+cD(Λy,Γy),∀x, y ∈ M,where 0 ≤ a, b, c < 1, a+b+c < 1,
2) Λ(M0) ⊆ Γ(M0) and Λ(M0) ⊆ N0,

3) The pair (M,N) satisfies P-property,
4) M0 , ∅ and N0 are closed.

If Λ and Γ are either proximally compatible or R-proximally weak commuting of type MΓ or R-
proximally weak commuting of type MΛ, then Λ and Γ have a unique common best proximity point.
Proof. Let us fix any point a0 ∈ M0. Now, by using condition (2), ∃a1 ∈ M0 such that Λ(a0) = Γ(a1).
Similarly we can find a2 ∈ M0 such that Λ(a1) = Γ(a2). Hence, in general, we can say that there exists
a sequence of points a0, a1, a2, ...., an, .. where Λ(an) = Γ(an+1), n = 0, 1, 2, 3, ...

Our claim is that {Λan} is a Cauchy sequence. Using condition (1), we can write

D(Λan,Λan+1) ≤ aD(Γan,Γan+1) + bD(Λan,Γan) + cD(Λan+1,Γan+1)
≤ aD(Λan−1,Λan) + bD(Λan,Λan−1) + cD(Λan+1,Λan)

≤ (
a + b
1 − c

)D(Λan−1,Λan).

Let p = ( a+b
1−c ). Then, we have D(Λan,Λan+1) ≤ pD(Λan−1,Λan). Let n,m ∈ N. Then, we derive

D(Λan,Λan+m) ≤ D(Λan,Λan+1) + D(Λan+1,Λan+2) + ... + D(Λan+(m−1),Λan+m)
≤ (1 + p + p2 + ... + pm−1)D(Λan,Λan+1)
≤ (1 + p + p2 + ... + pm−1)pnD(Λa0,Λa1)

≤ (
pn

1 − p
)D(Λa0,Λa1).

Since p < 1, we have pn → +∞ as n → +∞. This means that D(Λan,Λan+m) → 0 as n → +∞.
Hence, Λan} is a Cauchy sequence.

Let {un} be a sequence of elements in M0 such that D(un,Λan) = D(M,N) for all n ≥ 0. By the
P-property, we obtain D(un, um) = D(Λan,Λam),∀n,m ∈ N. Clearly, the sequence {un} is a Cauchy
sequence. Since M0 is closed, there exists u ∈ M0 such that un → u as n→ +∞.

The proof can be followed by the following three cases.
Case 1: Suppose that Λ and Γ are proximally compatible mappings.

Then, we have D(un,Λan) = D(M,N) = D(un−1,Γan) and un → u as n → +∞. By proximal weak
reciprocal continuity of Λ and Γ, as n→ +∞, either Γun → Γu or Λun → Λu.
Subcase 1: Let Γun → Γu.

By proximal compatibility of the pair (Λ,Γ), Λun−1 → Γu. Using condition (1) we can write
D(Λu,Λun) ≤ aD(Γu,Γun) + bD(Λu,Γu) + cD(Λun,Γun). D(Λu,Γu) ≤ bD(Λu,Γu), when n → +∞.
Since b < 1, we get Λu = Γu. Now, we have to show the existence of the common best proximity
point for the given mappings Λ and Γ. Since Λ(M0) ⊆ N0, there exists v ∈ M0 such that D(v,Λu) =
D(M,N) = D(v,Γu). By proximal compatibility of Λ and Γ, we have Λ(v) = Γ(v). Similarly, since
Λ(M0) ⊆ N0, there exists w ∈ M0 such that D(w,Λv) = D(M,N) = D(w,Γv). Now, we obtain

D(v,w) = D(Λu,Λv)
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≤ aD(Γu,Γv) + bD(Λu,Γu) + cD(Λv,Γv)
≤ aD(Γu,Γv)
≤ aD(v,w).

Since a < 1, v = w.We have D(v,Λv) = D(M,N) = D(v,Γv). Hence, v is a common best proximity
point of Λ and Γ.
Subcase 2: Let Λun → Λu as n→ +∞.

By proximal compatability of the pair (Λ,Γ), Γun → Λu. Since Λ(M0) ⊆ Γ(M0), there exists some
t ∈ M0 such that Λu = Γt. Now, we have Γun → Γt and Λun → Γt. Using condition (1) we can write
D(Λt,Λun) ≤ aD(Γt,Γun) + bD(Λt,Γt) + cD(Λun,Γun). D(Λt,Γt) ≤ bD(Λt,Γt), when n→ +∞. Since
b < 1, then Λt = Γt. Existence can be proved in the same method used in Subcase 1.
Case 2: Suppose that Λ and Γ are R-proximally weak commuting of type MΓ.

By proximal weak reciprocal continuity of Λ and Γ, as n→ +∞, either Γun → Γu or Λun → Λu.
Subcase 1: Let Γun → Γu as n→ +∞.

Let Λ and Γ be R- proximally weak commuting of type MΓ.We have D(un+1,Λan+1) = D(M,N) =
D(un,Λan) = D(un,Γan+1) for un, un+1 ∈ M0. Then, D(Λun+1,Γun+1) ≤ RD(un, un+1), for some R > 0.
Then, D(Λun+1,Γun+1)→ 0 when n→ +∞.

Since Γun → Γu as n → +∞, Λun → Γu as n → +∞. Using condition (1) we can write,
D(Λu,Λun) ≤ aD(Γu,Γun) + bD(Λu,Γu) + cD(Λun,Γun). As n → +∞,D(Λu,Γu) ≤ aD(Γu,Γu) +
bD(Λu,Γu) + cD(Γu,Γu). Since b < 1,Λu = Γu.

Existence of the common best proximity point can be proved as follows.
Using the condition Λ(M0) ⊆ N0, there exists u∗ ∈ M0 such that D(u∗,Λu) = D(M,N) = D(u∗,Γu).

Since Λ and Γ are R-proximally weak commuting of type MΓ, we have D(Λu∗,Γu∗) ≤ RD(u∗, u∗) for
some R > 0. Therefore, Λ(u∗) = Γ(u∗). Similarly, using the same condition, as Λ(M0) ⊆ N0, there
exists v∗ ∈ M0 such that D(v∗,Λu∗) = D(M,N) = D(v∗,Γu∗). Now, consider

D(u∗, v∗) = D(Λu,Λu∗)
≤ aD(Γu,Γu∗) + bD(Λu,Γu) + cD(Λu∗,Γu∗)
≤ aD(Γu,Γu∗)
≤ aD(u∗, v∗).

Since a < 1, u∗ = v∗. We have D(u∗,Λu∗) = D(M,N) = D(u∗,Γu∗). Hence, u∗ is a common best
proximity point of Λ and Γ.
Subcase 2: Let Λun → Λu as n→ +∞.

Since Λ(M0) ⊆ Γ(M0), there exists some t ∈ M0 such that Λu = Γt. Now, we have Λun → Γt and
Γun → Γt since D(Λun+1,Γun+1) → 0 as n → +∞. Using condition (1), we can write D(Λt,Λun) ≤
aD(Γt,Γun)+bD(Λt,Γt)+cD(Λun,Γun). D(Λt,Γt) ≤ bD(Λt,Γt), when n→ +∞. Since b < 1, Λt = Γt.
Existence can be proved in the same method used in Subcase 1.
Case 3: Suppose that Λ and Γ are R-proximally weak commuting of type MΛ.

By proximal weak reciprocal continuity of Λ and Γ, as n→ +∞, either Γun → Γu or Λun → Λu.
Subcase 1: Let Γun → Γu as n→ +∞.

Let Λ and Γ be R- proximally weak commuting of type MΛ. Already, we know D(un+1,Λan+1) =
D(M,N) = D(un,Λan) = D(un,Γan+1) for un, un+1 ∈ M0. Then, D(Λun,Γun) ≤ RD(un, un+1) for some
R > 0. Then, D(Λun,Γun)→ 0 when n→ +∞.
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Since Γun → Γu as n → +∞, Λun → Γu as n → +∞. Using condition (1), we can write
D(Λu,Λun) ≤ aD(Γu,Γun) + bD(Λu,Γu) + cD(Λun,Γun). As n → +∞, D(Λu,Γu) ≤ aD(Γu,Γu) +
bD(Λu,Γu) + cD(Γu,Γu). Since b < 1, Λu = Γu.

Existence of the common best proximity point can be proved as follows.
Using the condition Λ(M0) ⊆ N0, there exists u∗ ∈ M0 such that D(u∗,Λu) = D(M,N) = D(u∗,Γu).

Since Λ and Γ are R-proximally weak commuting of type MΛ, we have D(Λu∗,Γu∗) ≤ RD(u∗, u∗), for
some R > 0. Therefore, Λ(u∗) = Γ(u∗). Similarly, using the same condition, as Λ(M0) ⊆ N0, there
exists v∗ ∈ M0 such that D(v∗,Λu∗) = D(M,N) = D(v∗,Γu∗). Now, consider

D(u∗, v∗) = D(Λu,Λu∗)
≤ aD(Γu,Γu∗) + bD(Λu,Γu) + cD(Λu∗,Γu∗)
≤ aD(Γu,Γu∗)
≤ aD(u∗, v∗).

Since a < 1, u∗ = v∗. We have, D(u∗,Λu∗) = D(M,N) = D(u∗,Γu∗). Hence, u∗ is a common best
proximity point of Λ and Γ.
Subcase 2: Let Λun → Λu as n→ +∞.

Since Λ(M0) ⊆ Γ(M0), there exists some t ∈ M0 such that Λu = Γt. Now, we have Λun → Γt
and Γun → Γt since D(Λun,Γun) → 0 as n → +∞. Using condition (1) we can write D(Λt,Λun) ≤
aD(Γt,Γun)+bD(Λt,Γt)+cD(Λun,Γun). D(Λt,Γt) ≤ bD(Λt,Γt), when n→ +∞. Since b < 1, Λt = Γt.
Existence can be proved in the same method used in Subcase 1.

Uniqueness of the common best proximity point can be proved as follows.
Suppose that v and v∗ are two distinct common best proximity points of mappings Λ and Γ. Then, we
can write

D(v,Λv) = D(M,N) = D(v,Γv)

and

D(v∗,Λv∗) = D(M,N) = D(v∗,Γv∗).

Consider

D(v, v∗) = D(Λv,Λv∗)
≤ aD(Γv,Γv∗) + bD(Λv,Γv) + cD(Λv∗,Γv∗)
≤ aD(v, v∗).

Since a < 1, v = v∗. Hence, uniqueness is proved.

Example 3.9. Let X = Rn, n ∈ N and D(p, q) =
√

(p1 − q1)2 + (p2 − q2)2 + ... + (pn − qn)2 where
p = (p1, p2, ..., pn) and q = (q1, q2, ..., qn). Take M = {0} × {0} × ...{0}︸              ︷︷              ︸

n-1 times

× [2, 20] and N =

{0} × {0} × ...{0}︸              ︷︷              ︸
n-2 times

×{1} × [2, 20]. Then, D(M,N) = 1. Here, M0 = M and N0 = N. Moreover, M0

and N0 are closed and the pair (M,N) satisfies P-property.
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Define Λ,Γ : M → N as follows.

Λ(0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, p) =


(0, 0, ..., 0︸    ︷︷    ︸

n-2 times

, 1, 2) p = 2, p > 5,

(0, 0, ..., 0︸    ︷︷    ︸
n-2 times

, 1, 6) 2 < p ≤ 5,
and

Γ(0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, p) =



(0, 0, ..., 0︸    ︷︷    ︸
n-2 times

, 1, 2) p = 2,

(0, 0, ..., 0︸    ︷︷    ︸
n-2 times

, 1, 12) 2 < p ≤ 5,

(0, 0, ..., 0︸    ︷︷    ︸
n-2 times

, 1,
p + 1

3
) p > 5.

It can be verified that Λ(M0) ⊆ Γ(M0) and Λ(M0) ⊆ N0.

Also, Λ and Γ satisfies the contraction condition for a = 4
5 , b =

1
10 , c =

1
20 .

It can also be noted that Λ and Γ are proximally weak reciprocal continuous. To see this, let
(0, 0, ..., 0︸    ︷︷    ︸

n-1 times

, xn), (0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, un) and (0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, vn) be three sequences with


D((0, 0, ..., 0︸    ︷︷    ︸

n-1 times

, un),Λ(0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, xn)) = 1;

D((0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, vn),Γ(0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, xn)) = 1,

such that limn→+∞(0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, un) = limn→+∞(0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, vn) = (0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, t). Then, t = 2 and either xn = 2

for each n or xn = 5 + ϵn where ϵn → 0 as n→ +∞.
If xn = 2 for each n, then un = vn = 2. Hence, limn→+∞Λ(0, 0, ..., 0︸    ︷︷    ︸

n-1 times

, vn) = limn→+∞ Γ(0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, un) =

(0, 0, ..., 0︸    ︷︷    ︸
n-2 times

, 1, 2) = Λ(0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, 2) = Γ(0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, 2).

If xn = 5 + ϵn, then un = 2 and vn = 2 + ϵn3 . Hence, limn→+∞ Γ(0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, un) = (0, 0, ..., 0︸    ︷︷    ︸
n-2 times

, 1, 2) =

Γ(0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, 2). But, limn→+∞Λ(0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, vn) = (0, 0, ..., 0︸    ︷︷    ︸
n-2 times

, 1, 12) , Λ(0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, 2). Hence, Λ and Γ are

proximally weak reciprocal continuous.
Now, take sequences an = (0, 0, ..., 0︸    ︷︷    ︸

n-1 times

, 5 + 1
n ), un = (0, 0, ..., 0︸    ︷︷    ︸

n-1 times

, 2) and vn = 0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, 2 + 1
3n ). For

which D(un,Λan) = D(vn,Γan) = 1. But, limn D(Λvn,Γun) , 0. Therefore, Λ and Γ are not proximally
compatible mappings.

For R = 1, Λ and Γ are R-proximally weak commuting of type MΓ.
Hence, given Λ and Γ satisfies all the conditions of the Theorem 3.8 and hence they have a unique

common best proximity point (0, 0, ..., 0︸    ︷︷    ︸
n-1 times

, 2) ∈ M0.

Corollary 3.1. Let Λ and Γ be two proximally weak reciprocal continuous non-self mappings from M
to N, where M and N are subsets of a metric space (X,D) such that

1) D(Λx,Λy) ≤ kD(Γx,Γy),∀x, y ∈ M, 0 ≤ k < 1,
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2) Λ(M0) ⊆ Γ(M0) and Λ(M0) ⊆ N0,

3) The pair (M,N) satisfies P-property,
4) M0 , ∅ and N0 are closed.

If Λ and Γ are either proximally compatible or R-proximally weak commuting of type MΓ or R-
proximally weak commuting of type MΛ, then Λ and Γ have a unique common best proximity point.

Corollary 3.2. Let Λ and Γ be two proximally weak reciprocal continuous non-self mappings from M
to N, where M and N are subsets of a complete metric space (X,D) such that

1) D(Λx,Λy) ≤ kD(Λx,Γx),∀x, y ∈ M, where 0 ≤ k < 1,
2) Λ(M0) ⊆ Γ(M0) and Λ(M0) ⊆ N0,

3) The pair (M,N) satisfies P-property,
4) M0 , ∅ and N0 are closed.

If Λ and Γ are either proximally compatible or R-proximally weak commuting of type MΓ or R-
proximally weak commuting of type MΛ, then Λ and Γ have a unique common best proximity point.

Corollary 3.3. Let Λ and Γ be two proximally weak reciprocal continuous non-self mappings from M
to N, where M and N are subsets of a complete metric space (X,D) such that

1) D(Λx,Λy) ≤ kD(Λy,Γy),∀x, y ∈ M, where 0 ≤ k < 1,
2) Λ(M0) ⊆ Γ(M0) and Λ(M0) ⊆ N0,

3) The pair (M,N) satisfies P-property,
4) M0 , ∅ and N0 are closed.

If Λ and Γ are either proximally compatible or R-proximally weak commuting of type MΓ or R-
proximally weak commuting of type MΛ, then Λ and Γ have a unique common best proximity point.

Remark 3.10. In Theorem 3.8, whenΛ = Γ, we cannot conclude anything as the contraction condition
fails. Regarding best proximity point theory, we can observe that when M = N, the best proximity point
reduces to a fixed point and a common best proximity point reduces to a common fixed point. Here,
the Theorem 3.8 subsumes the following common fixed point theorem due to Pant [29], as a particular
case when M = N.

Corollary 3.4. Let Λ and Γ be weakly reciprocally continuous self mappings of a complete metric
space (X,D) such that

1) Λ(X) ⊆ Γ(X),
2) D(Λx,Λy) ≤ aD(Γx,Γy) + bd(Λx,Γx) + cD(Λy,Γy), 0 ≤ a, b, c < 1, 0 ≤ a + b + c < 1.

If Λ and Γ are either compatible or R-weakly commuting of type MΓ or R-weakly commuting of
type MΛ, then Λ and Γ have a unique common fixed point.

4. Conclusions

The fixed point and best proximity point results guarantee the existence of solutions for many
problems in non-linear analysis. Pant et al. [29] introduced the concept of weak reciprocal continuity

AIMS Mathematics Volume 8, Issue 12, 28176–28187.
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and obtained fixed point theorems by employing this new concept. In our paper, the above concept
of reciprocal continuity of self mappings is extended to non-self mappings and derived the sufficient
conditions which ensure the existence of a common best proximity point for a given pair of non-self
mappings.
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