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1. Introduction and position of problem

A generalization of power series, in which each term has an integer exponent in mathematical
analysis, and Laurent series in the theory of functions of a complex variable, was Hadamard
series (Hadamard operator) and Frobenius series in mathematical physics with fractional exponents
for each term. It is possible to generalize the derivative of an integer order to a derivative of a
fractional order (Riemann-Liouville derivatives and Caputo-Gerasimov derivatives). It is natural to
write solutions of differential equations of fractional order in terms of Hadamard or Frobenius series.
Fractional derivatives appear in new physical, technical and chemical problems arising in research
activities. Here, we are interested in taking this phenomenon (fractional derivatives) in the boundary
conditions with respect to the time variable, for more detail, please see [5–7, 9, 19].

A new class of initial boundary value problems is a transmission problem given by the equations{
ρ1∂ttu − τ1uxx +ϖ1∂tu(x, t) = 0, x ∈ (0, l0) ,
ρ2∂ttv − τ2vxx +ϖ2∂tv(x, t) = 0, x ∈ (l0, L), t ∈ (0,∞),

(1.1)

subject to the initial conditions

u(x, 0) = u0(x), ∂tu(x, 0) = u1(x), x ∈ (0, l0) ,
v(x, 0) = v0(x), ∂tv(x, 0) = v1(x), x ∈ (l0, L) ,

(1.2)

transmission conditions

u(l0, t) = v(l0, t), ρ2τ1ux (l0, t) = ρ1τ2vx (l0, t) , ∀t > 0, (1.3)

boundary conditions

u(0, t) = 0, τ2vx (L, t) + γρ2τ2∂
α,ζ
t v (L, t) = 0, ∀t > 0, (1.4)

and compatibility conditions

u0(l0) = v0 (l0) , u1(l0) = v1 (l0) , ρ2τ1u0x (l0) = ρ1τ2v0x (l0) , (1.5)

where 0 < l0 < L, ϖ1, ϖ2 are positive constants, ρ1, ρ2, τ1, τ2 > 0 represent the densities and tensions of
the strings u and v, respectively, γ > 0, the initial data (u0, u1, v0, v1) belong to a suitable function space
which will be defined later. We will mention some works related to the stabilization of transmission
problems with mechanism of damping (see [8, 20, 21]). In [18], the authors consider a transmission
problem in viscoelasticity. The exponential decay of the solutions is obtained and it is proved that the
linear model is well posed. In [12], a transmission problem involving two Euler-Bernoulli equations
which model the vibrations of a composite beam is considered. By one boundary damping term, the
global existence and decay property of the solutions are showed.

Recently in [2], Benaissa and Atoui consider the following transmission problem
ρ1∂ttu − τ1uxx = 0, x ∈ (0, l0) ,
ρ2∂ttv − τ2vxx = 0, x ∈ (l0, L),
u(l0, t) = v(l0, t), ρ2τ1ux (l0, t) = ρ1τ2vx (l0, t) ,
u(0, t) = 0, τ2vx (L, t) + γρ2τ2∂

α,ζ
t v (L, t) = 0, t > 0.

(1.6)

AIMS Mathematics Volume 8, Issue 11, 27605–27625.



27607

The lack of exponential decay of the energy is proved and also the polynomial decay rate is showed by
using the spectrum method and the Borichev-Tomilov theorem [10].

The paper is organized as follows. In section 1, we introduce our model in (1.1) and the actual
state-of-the-art is given. In section 2, the well-posedness of strong/weak solutions of the system is
given by using the Hille-Yosida theorem. In section 3, we treat the question of stability where we find
that the augmented model is strongly stable in the absence of compactness of the resolvent by using
a criteria of Arendt-Batty. In section 4, we show the lack of exponential stability by spectral analysis
and the polynomial type decay rate is proved which depends on a parameter α. We finished our work
with section 5 by dealing with the polynomial stability for ζ , 0.

2. Preliminary and well-posedness of solution

The beginning of this section concerns to write the system (1.1) by another way. For this aim, we
will use the following result.

Theorem 2.1. [14] Let ϱ be a function defined by

ϱ (s) = |s|(2α−1)/2 , s ∈ (−∞,+∞), α ∈ (0, 1).

Then the relationship between the ’input’ U and the ’output’ O of the following system

∂tΦ (s, t) +
(
s2 + ζ

)
Φ (s, t) − Uϱ (s) = 0, s ∈ (−∞,+∞), 0 ≤ ζ, 0 < t, (2.1)

Φ (s, 0) = 0,

O (t) = (π)−1 sin (απ)
∫ +∞

−∞

ϱ (s)Φ (s, t) ds,

is introduced by
O = I1−α,ζU,

where [
Iα,ζ f

]
(t) =

1
Γ (α)

∫ t

0
(t − τ)α−1 e−ζ (t − τ) f (τ) dτ.

Lemma 2.1. [1] Define
D =

{
ϖ ∈ C/ℜϖ + ζ > 0

}
∪

{
ℑϖ , 0

}
.

If ϖ ∈ D, then

F1 (ϖ) =
∫ +∞

−∞

ϱ2 (s)
ϖ + ζ + s2 ds

=
π

sinαπ
(ϖ + ζ)α−1 ,

and

F2 (ϖ) =
∫ +∞

−∞

ϱ2 (s)(
ϖ + ζ + s2)2 ds

= (1 − α)
π

sinαπ
(ϖ + ζ)α−2 .
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We need now to reformulate the system (1.1). For this aim, we take U = ∂tv in (2.1) and using (1.4),
the system (1.1) becomes for t ∈ (0,+∞)

ρ1∂ttu − τ1uxx +ϖ1∂tu = 0, x ∈ (0, l0) ,
ρ2∂ttv − τ2vxx +ϖ2∂tv = 0, x ∈ (l0, L),
∂tΦ (ξ, t) +

(
ξ2 + ζ

)
Φ (ξ, t) − ∂tv (L, t) ϱ (ξ) = 0, ξ ∈ R,

u(l0, t) = v (l0, t) , ρ2τ1ux (l0, t) = ρ1τ2vx (l0, t) ,
u(0, t) = 0,
τ2vx (L, t) + ςρ2

∫ +∞
−∞

ϱ (ξ)Φ (ξ, t) dξ = 0,
u(x, 0) = u0(x), ∂tu(x, 0) = u1(x), x ∈ (0, l0),
v(x, 0) = v0(x), ∂tv(x, 0) = v1(x), x ∈ (l0, L),

(2.2)

where ς = (π)−1 sin (απ) γ. The energy associated with the solutions (u, v,Φ) of (2.2) is defined as
follows

E (t) =
1
2

∫ l0

0

(
|∂tu|2 +

τ1

ρ1
|ux|

2
)

dx +
1
2

∫ L

l0

(
|∂tv|2 +

τ2

ρ2
|vx|

2
)

dx +
ς

2

∫ +∞

−∞

|Φ (ξ, t)|2 dξ. (2.3)

Lemma 2.2. Let (u, v,Φ) be a regular solution of (2.2). Then, the energy (2.3) satisfies

E
′ (t) = −

(
ς
∫ +∞
−∞

(
ξ2 + ζ

)
|Φ (ξ, t)|2 dξ + ϖ1

ρ1

∫ l0
0
|∂tu|2 dx + ϖ2

ρ2

∫ L

l0
|∂tv|2 dx.

)
≤ 0. (2.4)

Proof. By multiplication of (2.2)1 by ∂tu and then integrating by parts over (0, l0), we obtain

1
2

d
dt

∫ l0

0

(
|∂tu|2 +

τ1

ρ1
|ux|

2
)

dx +
ϖ1

ρ1

∫ l0

0
|∂tu|2 dx −

τ1

ρ1
Reux (l0) ∂tu (l0) = 0.

Now, we multiply (2.2)2 by ∂tv and then we integrate by parts over (l0, L) and we arrive at

1
2

d
dt

∫ L

l0

(
|∂tv|2 + τ1

ρ1
|vx|

2
)

dx +ϖ2

∫ L

l0
|∂tv|2 dx − τ2

ρ2
vx (L) ∂tv (L) + Re τ2

ρ2
vx (l0) ∂tv (l0) = 0.

Summing, we obtain

1
2

d
dt

(∫ l0

0

(
|∂tu|2 +

τ1

ρ1
|ux|

2
)

dx +
∫ L

l0

(
|∂tv|2 +

τ2

ρ2
|vx|

2
)

dx
)

+
ϖ1

ρ1

∫ l0

0
|∂tu|2 dx +

ϖ2

ρ2

∫ L

l0
|∂tv|2 dx − Re

τ2

ρ2
vx (L) ∂tv (L) = 0.

From the boundary condition (2.2)6, we get

1
2

d
dt

(∫ l0

0

(
|∂tu|2 +

τ1

ρ1
|ux|

2
)

dx +
∫ L

l0

(
|∂tv|2 +

τ2

ρ2
|vx|

2
)

dx
)

+
ϖ1

ρ1

∫ l0

0
|∂tu|2 dx +

ϖ2

ρ2

∫ L

l0
|∂tv|2 dx + ς∂tv (L)

∫ +∞

−∞

ϱ (ξ)Φ (ξ, t) dξ = 0. (2.5)

We multiply (2.2)3 by ςΦ and then we integrate over (−∞,+∞) and we obtain

ς

2
d
dt
∥Φ∥22 + ς

∫ +∞

−∞

(
ξ2 + ζ

)
|Φ (ξ, t)|2 dξ − ςRe∂tv (L)

∫ +∞

−∞

ϱ (ξ)Φ (ξ, t) dξ = 0. (2.6)
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Then, using (2.5) and (2.6), we arrive at

E
′

(t) = −ς
∫ +∞

−∞

(
ξ2 − ζ

)
|Φ (ξ, t)|2 dξ −

ϖ1

ρ1

∫ l0

0
|∂tu|2 dx −

ϖ2

ρ2

∫ L

l0
|∂tv|2 dx ≤ 0.

Now, we will use a semigroup setting for (2.2). For this aim, we introduce the
vector X = (u, φ, v, ψ,Φ)T , where φ = ∂tu and ψ = ∂tv. Then we get that the system (2.2) is equivalent
to the following system {

X′ = AX, 0 < t,
X(0) = X0.

(2.7)

Here X0 := (u0, u1, v0, v1,Φ0)T . The operatorA given by

A


u
φ

v
ψ

Φ


=



φ
τ1
ρ1

uxx −
ϖ1
ρ1
φ

ψ
τ2
ρ2

vxx −
ϖ2
ρ2
ψ

−
(
ξ2 + ζ

)
Φ (ξ) + ψ (L) ϱ (ξ)


(2.8)

is a linear operator. We introduce the following Hilbert space (the energy space)

H1
∗ =

{
u ∈ H1 (0, l0) : u (0) = 0

}
.

H =
{
H1
∗ (0, l0) × L2(0, l0) × H1 (l0, L) × L2(l0, L) × L2(−∞,+∞) : u (l0) = v (l0)

}
.

For X = (u, φ, v, ψ,Φ)T and X = (u, φ, v, ψ,Φ)T , the inner product inH is defined as follows

〈
X, X

〉
H
=

∫ l0

0

(
φφ +

τ1

ρ1
uxux

)
dx +

∫ L

l0

(
ψψ +

τ2

ρ2
vxvx

)
dx + ς

∫ +∞

−∞

ΦΦ dx,

where the domain ofA is defined by

D (A) =


(u, φ, v, ψ,Φ)T ∈ H : u ∈ H2 (0, l0) ∩ H1

0 (0, l0) ,
φ ∈ H1

∗ (0, l0) , v ∈ H2 (l0, L) , ψ ∈ H1 (l0, L) ,
u (l0) = v (l0) , ρ2τ1ux (l0) = ρ1τ2vx (l0) ,
τ2vx (L) + ςρ2

∫ +∞
−∞

ϱ (ξ)Φ (ξ) dξ = 0, |ξ|Φ ∈ L2 (−∞,+∞)

 . (2.9)

We state now a result for existence and uniqueness.

Theorem 2.2. (1) If X0 ∈ D (A), then the system (2.2) has a unique strong solution

X ∈ C0 (R+,D (A)) ∩C1 (R+,H) .

(2) If X0 ∈ H , then the system (2.2) has a unique weak solution

X ∈ C0 (R+,H) .
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Proof. Firstly, we will show the dissipativity of the operatorA. In fact, we have ∀X ∈ D(A)

⟨AX, X⟩H =
∫ l0

0

[(
τ1
ρ1

uxx −
ϖ1
ρ1
φ
)
φ + τ1

ρ1
φxux

]
dx +

∫ L

l0

[(
τ2
ρ2

vxx −
ϖ2
ρ2
ψ
)
ψ + τ2

ρ2
ψxvx

]
dx

+ς
∫ +∞
−∞

(
−

(
ξ2 + ζ

)
Φ (ξ) + ψ (L) ϱ (ξ)

)
Φ (ξ) .

Then, by (2.5) and (2.6), we get

Re ⟨AX, X⟩H = −Reς
∫ +∞
−∞

(
ξ2 + ζ

)
|Φ (ξ, t)|2 dξ ≤ 0. (2.10)

Hence,A is dissipative.
Now, we will prove the surjectivity of the operatorϖI−A for 0 < ϖ. Let F = ( f1, f2, f3, f4, f5) ∈ H .

We will prove that there exists X ∈ D(A) such that

(ϖI −A) X = F. (2.11)

Here the Eq (2.11) is equivalent to the equation

ϖu − φ = f1,(
ϖ + ϖ1

ρ1

)
φ − τ1

ρ1
uxx = f2,

ϖv − ψ = f3,(
ϖ + ϖ2

ρ2

)
ψ − τ2

ρ2
vxx = f4,(

ϖ + ξ2 + ζ
)
Φ − ψ (L) ϱ (ξ) = f5.

(2.12)

Suppose that u and v are found with the appropriate regularity. Then, from (2.12)1 and (2.12)3, we find
that

φ = ϖu − f1,

ψ = ϖv − f3.
(2.13)

It is not hard to see that φ ∈ H1
∗ (0, l0) and ψ ∈ H1 (l0, L). Furthermore, by (2.12)5, we can find Φ as

follows
Φ =

ψ (L) ϱ (ξ) + f5

ξ2 + ζ +ϖ
. (2.14)

By (2.12) and (2.13), we have that u and v satisfy ϖ2u − τ1
ρ1

uxx +
ϖ1
ρ1
φ = ϖ f1 + f2,

ϖ2v − τ2
ρ2

vxx +
ϖ2
ρ2
ψ = ϖ f3 + f4.

(2.15)

The solving of the system (2.15) is equivalent to find u ∈ H2 ∩ H1
∗ (0, l0) and v ∈ H2 (l0, L) so that

∫ l

0

(
ϖ2uw − τ1

ρ1
uxxw + ϖ1

ρ1
φw

)
dx =

∫ l

0
(ϖ f1 + f2) w dx,∫ L

l0

(
ϖ2vχ − τ2

ρ2
vxxχ +

ϖ2
ρ2
ψχ

)
dx =

∫ L

l0
(ϖ f3 + f4) χdx,

(2.16)

for all w ∈ H1
∗ (0, l0) and χ ∈ H1 (l0, L). By (2.14) and (2.16), we get that u and v satisfying

∫ l

0

(
ϖ2uw + τ1

ρ1
uxwx +

ϖ1
ρ1
φw

)
dx

−
τ1
ρ1

[
ux (l0) w (l0) − ux (0) w (0)

]
=

∫ l

0
(ϖ f1 + f2) w dx,∫ L

l0

(
ϖ2vχ + τ2

ρ2
vxχx +

ϖ2
ρ2
ψχ

)
dx

−
τ2
ρ2

[
vx (L) χ (L) − vx (l0) w (l0)

]
=

∫ L

l0
(ϖ f3 + f4) χdx.

(2.17)
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Adding the Eqs (2.2)6 and (2.17)1,2, we obtain∫ l

0

(
ϖ2uw + τ1

ρ1
uxwx +

ϖ1
ρ1
φw

)
dx +

∫ L

l0

(
ϖ2vχ + τ2

ρ2
vxχx +

ϖ2
ρ2
ψχ

)
dx =

∫ l

0
(ϖ f1 + f2) w dx

+
∫ L

l0
(ϖ f3 + f4) χdx − ςχ (L)

∫ +∞
−∞

ϱ(ξ)
ξ2+ζ+ϖ

f5 dξ − ςχ (L)
∫ +∞
−∞

ϖv(L)−F3(L)
ξ2+ζ+ϖ

ϱ2 (ξ) dξ,
(2.18)

where ς = ς (L)
∫ +∞
−∞

ϱ2(ξ)
ξ2+ζ+ϖ

dξ. Then, (2.18) is equivalent to

a ((u, v) , (w, χ)) = L (w, χ) . (2.19)

Here the linear form
L : H1

∗ (0, l0) × H1 (l0, L) −→ C,

and the bilinear form
a :

(
H1
∗ (0, l0) × H1 (l0, L)

)2
−→ C,

are given as follows

a ((u, v) , (w, χ)) =
∫ l

0

(
ϖ2uw +

τ1

ρ1
uxwx +

ϖ1

ρ1
φw

)
dx +

∫ L

l0

(
ϖ2vχ +

τ2

ρ2
vxχx +

ϖ2

ρ2
ψχ

)
dx,

and
L (w, χ) =

∫ l

0
(ϖ f1 + f2) w dx +

∫ L

l0
(ϖ f3 + f4) χdx − ςχ (L)

∫ +∞
−∞

ϱ(ξ)
ξ2+ζ+ϖ

f5 dξ
−ςχ (L)

∫ +∞
−∞

ϖv(L)− f3(L)
ξ2+ζ+ϖ

ϱ2 (ξ) dξ,
(2.20)

respectively. It is not hard to check that a is coercive and continuous and L is continuous. By using
the Lax-Milgram theorem, we find that ∀ (w, χ) ∈ H1

∗ (0, l0) × H1 (l0, L). Then the problem (2.19) has a
unique solution

(u, v) ∈ H1
∗ (0, l0) × H1 (l0, L) .

Using the classical elliptic regularity and (2.20), we find that

(u, v) ∈ H2 (0, l0) × H2 (l0, L) .

Then, ϖI − A is surjective ∀0 < ϖ. Owing to the Hille-Yosida theorem, the result in Theorem (2.2)
yields.

3. On the strong stability of solution

In this part, as in [4, 11], we use the Arendt-Batty theorem and we see that a C0-semigroup of
contractions eAt in a Banach space is strongly stable whenever σ (A) ∩ iR contains only a countable
number of elements andA has no pure imaginary eigenvalues. The following theorem is our next main
result.

Theorem 3.1. [3] The C0-semigroup eAt is strongly stable in H , i.e, ∀X0 ∈ H , and the solution
of (2.7) satisfies

lim
t−→∞

∥∥∥eAtX0

∥∥∥
H
= 0.

To prove this result, we will have a need of the following lemma.
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Lemma 3.1. A has no eigenvalues on iR.

Proof. The proof has two stages. The first one is iϖ = 0 and the second one is iϖ , 0.
Step 1. It is easy to see, using the boundary conditions in domain (2.9), that the equationAX = 0 leads
to X = 0. Then, iϖ = 0 can not be an eigenvalue ofA.
Step 2. We will use a contradiction argument. Suppose that there exists ϖ ∈ R, ϖ , 0, and X , 0,
such thatAX = iϖX. Then, we have

iϖu − φ = 0,(
iϖ + ϖ1

ρ1

)
φ − τ1

ρ1
uxx = 0,

iϖv − ψ = 0,(
iϖ + ϖ2

ρ2

)
ψ − τ2

ρ2
vxx = 0,

iϖΦ +
(
ξ2 + ζ

)
Φ (ξ) − ψ (L) ϱ (ξ) = 0.

(3.1)

Using (2.10), we find
Φ ≡ 0.

Using (3.1)5, we get
ψ (L) = 0.

Hence, applying (3.1)3 and (2.9)4, we obtain

v (L) = 0 and vx (L) = 0. (3.2)

Inserting (3.1)3 into (3.1)4, we arrive at  −ϖ2v − τ2
ρ2

vxx = 0,
ϖϖ2
ρ2

v = 0.
(3.3)

The solution of (3.3) is given by v (x) = c1 cos ϖ
r2

x + c2 sin ϖ
r2

x, r2 =
√

τ2
ρ2
.

v = 0.
(3.4)

By (3.2), we get
v ≡ 0.

Due to the transmission and boundary conditions, we obtain

u (l0) = ux (l0) .

Similarly, we deduce that
u ≡ 0.

By the Picard Theorem, we get X = 0 . Then,A has no purely imaginary eigenvalues.

Lemma 3.2. For ϖ , 0, we have the operator iϖI − A is surjective. If ϖ = 0 and ζ , 0, then the
operator iϖI −A is surjective.
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Proof. Case 1. Suppose that ϖ , 0.
Let F = ( f 1, f 2, f 3, f4, f5) ∈ H . We seek X = (u, φ, v, ψ,Φ) ∈ D (A) as a solution of

(iϖI −A) X = F,

which is equivalent to 

iϖu − φ = f1,(
iϖ + ϖ1

ρ1

)
φ − τ1

ρ1
uxx = f2,

iϖv − ψ = f3,(
iϖ + ϖ2

ρ2

)
ψ − τ2

ρ2
vxx = f4,

iϖΦ +
(
ξ2 + ζ

)
Φ (ξ) − ψ (L) ϱ (ξ) = f5.

(3.5)

The proof is divided into several steps.
Inserting (3.5)1 into (3.5)2 and inserting (3.5)3 into (3.5)4, we get

(
−ϖ2 + iϖϖ1

ρ1

)
u − τ1

ρ1
uxx = f2 +

(
iϖ + ϖ1

ρ1

)
f1,(

−ϖ2 + iϖϖ2
ρ2

)
v − τ2

ρ2
vxx = f4 +

(
iϖ + ϖ2

ρ2

)
f3.

(3.6)

The solving of the system (3.6) is equivalent to find (u, v) ∈ H2 ∩ H1
∗ (0, l0) × H2 (l0, L) such that

∫ l0
0

((
ρ2

1ϖ
2 +ϖ1

)
uw + τ1ρ1uxxw

)
dx = −

∫ l0
0
ρ1 f2w dx,∫ L

l0

((
ρ2

2ϖ
2 +ϖ2

)
vχ + τ2ρ2vxxχ

)
dx = −

∫ L

l0
ρ2 f4χ dx,

∀ (w, χ) ∈ H1
∗ (0, l0) × H1 (l0, L). By using (3.1)5, (2.2)3 and (3.5)5, the functions u and v satisfy the

following equation∫ l0
0

((
ρ2

1ϖ
2 +ϖ1

)
uw − τ1ρ1uxwx

)
dx +

∫ L

l0

((
ρ2

2ϖ
2 +ϖ2

)
vχ − τ2ρ2vxχx

)
dx + iϖρ2

2ςχ (L) v (L)

= −
∫ L

l0
ρ2 f4χ dx −

∫ l0
0
ρ1 f2w dx + ρ2

2ςχ (L) f3 (L) + ρ2
2ςχ (L)

∫ +∞
−∞

f5
iϖ+ξ2+ζ

ϱ (ξ) dξ,
(3.7)

where ς = ς
∫ +∞
−∞

ϱ2(ξ)
iϖ+ξ2+ζ

dξ. We can rewrite (3.7) as follows

− ⟨LϖX,Y⟩H1
R
+ ⟨X,Y⟩H1

R
= l (Y) , (3.8)

where
H1

R =
{
(u, v) ∈ H1

∗ (0, l0) × H1 (l0, L) /u (l0) = v (l0)
}
,

with

⟨X,Y⟩H1
R
= τ1ρ1

∫ l0

0
uxwxdx + τ2ρ2

∫ L

l0
vxχxdx,

and

⟨LϖX,Y⟩H1
R
=

(
ρ2

1ϖ
2 +ϖ1

) ∫ l0

0
uw dx +

(
ρ2

2ϖ
2 +ϖ2

) ∫ L

l0
vχ dx − iϖρ2

2ςχ (L) v (L) .

Using the principle of compactness embedding from
(
L2 (0, l0) × L2 (l0, L)

)
into

(
H1

R (0, L)
)′

and
from H1

R (0, L) into L2 (0, l0) × L2 (l0, L), we find that Lϖ is compact from L2 (0, l0) × L2 (l0, L)
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into L2 (0, l0) × L2 (l0, L). Consequently, by using the Fredholm alternative, to prove that X is a
solution of (3.8) we will prove that 1 can not be an eigenvalue of Lϖ. Thus, if 1 is an eigenvalue,
then ∃X , 0 and

⟨LϖX,Y⟩H1
R
= ⟨X,Y⟩H1

R
, ∀Y ∈ H1

R. (3.9)

In particular, if Y = X, then we have(
ρ2

1ϖ
2 +ϖ1

)
∥u∥2L2(0,l0) +

(
ρ2

2ϖ
2 +ϖ2

)
∥v∥2L2(l0,L) − iϖρ2

2ς ∥v (L)∥2(l0,L)

= τ1ρ1 ∥ux∥
2
L2(0,l0) + τ2ρ2 ∥vx∥

2
L2(l0,L) . (3.10)

From the definition of a null complex number, we find

v (L) = 0.

By (3.9), we have
vx (L) = 0

and {
−n2

1u − s1uxx = 0,
−n2

2v − s2vxx = 0,
(3.11)

where n1 =

√
ρ2

1ϖ
2 +ϖ1, n2 =

√
ρ2

2ϖ
2 +ϖ2, s1 = τ1ρ1, s2 = τ2ρ2. We deduce now that the general

solutions of (3.11) are given in the form u (x) = c1 cos n1√
s1

x + c2 sin n1√
s1

x,
v (x) = c3 cos n2√

s2
x + c4 sin n2√

s2
x.

With the boundary conditions u(0) = 0 and v(L) = vx (L) = 0, we have

c1 = c3 = c4 = 0.

Under the transmission conditions, u (l0) = v (l0) and s1ux (l0) = s2vx (l0), we have

c2 sin
n1
√

s1
x = 0.

Then c2 = 0. So, X = 0.
In this case the operator iϖ −A is surjective ∀ϖ ∈ R∗.

Case 2. Assume that ϖ = 0 and ζ , 0.
Then, the problem (3.5) can be reduced to the problem

−φ = f1,
ϖ1
ρ1
φ − τ1

ρ1
uxx = f2,

−ψ = f3,
ϖ2
ρ2
ψ − τ2

ρ2
vxx = f4,(

ξ2 + ζ
)
Φ (ξ) − ψ (L) ϱ (ξ) = f5,

(3.12)
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which gives the following system
−
τ1
ρ1

uxx = f2 +
ϖ1
ρ1

f1,

−
τ2
ρ2

vxx = f4 +
ϖ2
ρ2

f3,(
ξ2 + ζ

)
Φ (ξ) − ψ (L) ϱ (ξ) = f5.

With (3.12)2 and (3.12)4, using that u (x) = 0, we see that u (x) = −ρ1
τ1

∫ x

0

∫ s

0

(
f2 +

ϖ1
ρ1

f1

)
(r) drds +Cx

v (x) = −ρ2
τ2

∫ x

l0

∫ s

l0

(
f4 +

ϖ2
ρ2

f3

)
(r) drds +C

′

x +C
′′

.

From (2.2)6, (3.12)3, Lemma 2.1 and (3.12)5, we arrive at

−θ f3 (L) ζα−1 +
τ2

ρ2
vx (L, t) + ς

∫ +∞

−∞

f5ϱ (ξ)
ξ2 + ζ

dξ = 0,

where θ = ς π
sinαπ .

We have,

vx (x, t) = −
ρ2

τ2

∫ x

l0

(
f4 +

ϖ2

ρ2
f3

)
(r) dr +C′.

We substitute into the equation (3.13) and we find

C
′

=
ρ2

τ2

[
θ f3 (L) ζα−1 +

∫ L

l0

(
f4 +

ϖ2

ρ2
f3

)
(r) dr − ς

∫ +∞

−∞

f5ϱ (ξ)
ξ2 + ζ

dξ
]
.

Using the boundary transmission conditions, we get

u (l0) = v (l0)⇒ l0C′ −C
′′

= −
ρ1

τ1

∫ l0

0

∫ s

0

(
f2 +

ϖ1

ρ1
f1

)
(r) drds +Cl0,

ρ2τ1ux (l0) = ρ1τ2vx (l0)⇒ C = −ρ1ρ2

∫ x

0

(
f2 +

ϖ1

ρ1
f1

)
(r) dr − ρ1ρ2

∫ x

l0

(
f4 +

ϖ2

ρ2
f3

)
(r) dr +C′.

Finally, we get thatA is surjective and σ (A) ∩ iR = Φ. The proof is now completed.

4. The absence of exponential stability

This section is devoted to the study of the absence of exponential decay of the solutions associated
with (2.7). We will need some results and useful lemmas.

Theorem 4.1. [11–19] Let S (t) = eAt be a C0-semigroup of contractions on a Hilbert space. Then S (t)
is exponentially stable if and only if

ρ (A) ⊇ {iβ : β ∈ R} ≡ iR,

and
lim
|β|−→∞

∥∥∥(iβI −A)−1
∥∥∥
L(H) < +∞.

Our main result is given in the following theorem.
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Theorem 4.2. The semigroup generated by the operatorA can not be exponentially stable.

Proof. We have the following two cases.
Case 1. Let ζ = 0. We will show that iϖ = 0 can not be in the resolvent set of A. Note
that (sin x, 0, sin x, 0, 0) ∈ H , and let (u, φ, v, ψ,Φ) be the image of (sin x, 0, sin x, 0, 0) with the
operator A−1. We see that Φ(ξ) = −|ξ|

2α−5
2 sin L. Then Φ < L2 (−∞,+∞), since 0 < α < 1.

So (u, φ, v, ψ,Φ) < D (A).
Case 2. Assume that ζ , 0. We aim to show that an infinite number of eigenvalues ofA approach the
imaginary axis which prevents the wave system (1.1) from being exponentially stable. Indeed, we first
compute the characteristic equation that gives the eigenvalues ofA. Let ϖ be an eigenvalue ofA with
associated eigenvector (u, φ, v, ψ,Φ). ThenAX = ϖX is equivalent to

ϖu − φ = 0,(
ϖ + ϖ1

ρ1

)
φ − τ1

ρ1
uxx = 0,

ϖv − ψ = 0,(
ϖ + ϖ2

ρ2

)
ψ − τ2

ρ2
vxx = 0,(

ϖ + ξ2 + ζ
)
Φ (ξ) − ψ (L) ϱ (ξ) = 0.

(4.1)

Inserting (4.1)1, (4.1)3 into (4.1)2, (4.1)4 and (4.1)5, respectively, we get
(
ϖ2 + ϖϖ1

ρ1

)
u − τ1

ρ1
uxx = 0,(

ϖ2 + ϖϖ2
ρ2

)
v − τ2

ρ2
vxx = 0,(

ϖ + ξ2 + ζ
)
Φ (ξ) −ϖv (L) ϱ (ξ) = 0.

(4.2)

By (4.2)3, Lemma2.1, (2.2)6 and the boundary conditions, we have
τ2

ρ2
vx (L, t) + θϖ (ϖ + ζ)α−1 v (L) = 0, (4.3)

where θ = ς π
sinαπ .

By the fact that u(0) = 0, u(l0) = v(l0), τ1ρ2ux (l0) = τ2ρ1vx (l0) and (4.3), we get

(
ϖ2 + ϖϖ1

ρ1

)
u − τ1

ρ1
uxx = 0,(

ϖ2 + ϖϖ2
ρ2

)
v − τ2

ρ2
vxx = 0,

u(0) = 0, u(l0) = v(l0), τ1ρ2ux (l0) = τ2ρ1vx (l0) ,
τ2
ρ2

vx (L, t) + θϖ (ϖ + ζ)α−1 v (L) = 0.

(4.4)

The general solutions of the equations (4.4)1 and (4.4)2 are given by

u (x) =
i=2∑
i=1

cieti x and v (x) =
i=4∑
i=3

cieti x,

where t1 =

√
ρ1ϖ2+ϖϖ1

τ1
, t2 = −t1, t3 =

√
ρ2ϖ2+ϖϖ1

τ2
, and t4 = −t3.

Thus, 
c1 + c2 = 0,
et1l0c1 + e−t1l0c2 − et3l0c3 − e−t3l0c4 = 0,
τ1
ρ1

t1et1l0c1 −
τ1
ρ1

t1e−t1l0c2 −
τ2
ρ2

t3et3l0c3 +
τ2
ρ2

t3e−t3l0c4 = 0,
h (t3) et3Lc3 + h (−t3) e−t3Lc4 = 0,
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where h (r) = τ2
ρ2

r + θϖ (ϖ + ζ)α−1,
and

M (ϖ) C (ϖ) =


1 1 0 0
et1l0 e−t1l0 −et3l0 −e−t3l0

τ1
ρ1

t1et1l0 −
τ1
ρ1

t1e−t1l0 −
τ2
ρ2

t3et3l0 τ2
ρ2

t3e−t3l0

0 0 h (t3) et3L h (−t3) e−t3L




c1

c2

c3

c4

 =


0
0
0
0

 .
Hence, a non-trivial solution φ exists if and only if the determinant of M(ϖ) vanishes. Let
f (ϖ) = det M(ϖ). Thus, the characteristic equation is f (ϖ) = 0. Our purpose in the sequel is to prove
by Rouché’s theorem that there is a subsequence of eigenvalues for which their real parts tend to 0.
Since A is dissipative, we treat the asymptotic behavior of the large eigenvalues ϖ of A in the
strip −α0 ≤ Re(ϖ) ≤ 0, for some 0 < α0 large enough and for such ϖ, we remark that eti , i = 1, 2
remains bounded.

The operator A has no exponential decaying branch of eigenvalues. Thus, the proof is now
completed. Case τ1

ρ1
= τ2

ρ2
:

Lemma 4.1. [2] There exists N ∈ N such that

{λk}k∈Z∗, |k|≥N ⊂ σ (A) , (4.5)

where

λk = i 1
rL

(
k + 1

2

)
π + α̃

k1−α +
β

|k|1−α
+ o

(
1

k3−α

)
, k ≥ N, α̃ ∈ iR, β ∈ R, β < 0, r =

√
ρ1
τ1
.

λk = λ−k, if k ≤ −N.

Moreover for all |k| ≥ N, the eigenvalues λk are simple.

Proof.

f (λ) =

∣∣∣∣∣∣∣∣∣
e−t1l0 −et3l0 −e−t3l0

−
τ1
ρ1

t1e−t1l0 −
τ2
ρ2

t3et3l0 τ2
ρ2

t3e−t3l0

0 h (t3) et3L h (−t3) e−t3L

∣∣∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣∣∣

et1l0 −et3l0 −e−t3l0

τ1
ρ1

t1et1l0 −
τ2
ρ2

t3et3l0 τ2
ρ2

t3e−t3l0

0 h (t3) et3L h (−t3) e−t3L

∣∣∣∣∣∣∣∣∣
= e−t1l0

[
−
τ2
ρ2

t3et3l0h (−t3) e−t3L −
τ2
ρ2

t3e−t3l0h (t3) et3L
]
+ τ1

ρ1
t1e−t1l0

[
−et3l0h (−t3) e−t3L + h (t3) et3Le−t3l0

]
= e−t1l0

[
−
τ2
ρ2

t3et3(l0−L)h (−t3) − τ2
ρ2

t3et3(L−l0)h (t3)
]
+ τ1

ρ1
t1e−t1l0

[
−et3(l0−L)h (−t3) + h (t3) et3(L−l0)

]
= − τ2

ρ2
t3e−t1l0

[
−et3(l0−L) τ2

ρ2
t3 + θλ (λ + η)α−1 et3(l0−L) + et3(L−l0) τ2

ρ2
t3 + θλ (λ + η)α−1 et3(L−l0)

]
−
τ1
ρ1

t1e−t1l0
[
−et3(l0−L) τ2

ρ2
t3 + θλ (λ + η)α−1 et3(l0−L) − et3(L−l0) τ2

ρ2
t3 + θλ (λ + η)α−1 et3(L−l0)

]
= −r2

1
t2

3

[(
e2t3(l0−L) + 1

)]
+ θλ et3(l0−L)+et3(L−l0)+et3(l0−L)+et3(L−l0)

(λ+η)1−α .

We set
f̃ (λ) =

(
e2t3(l0−L) + 1

)
+ θλ et3(l0−L)+et3(L−l0)+et3(l0−L)+et3(L−l0)

(λ+η)1−α + ◦
(

1
λ1−α

)
= f0 (λ) + f1(λ)

λ1−α + ◦
(

1
λ1−α

)
,

(4.6)

where
f0 (λ) = e2t3(l0−L) + 1, (4.7)

and

f1 (λ) = θλ
et3(l0−L) + et3(L−l0) + et3(l0−L) + et3(L−l0)

(λ + η)1−α .
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Note that f0 and f1 remain bounded in the strip −α0 ≤ Re (λ) ≤ 0.
Setep 2. We look at the roots of f0. From (4.7), f0 has one familie of roots that we denote λk

0.

f0 (λ) = 0⇔ e2t3(l0−L) = −1.

Hence

2

√
ρ2λ2 + λλ1

τ2
(l0 − L) = i (2k + 1) π,

i.e.,

λk
0 =

i (2k + 1) π

2
√

ρ2λ2+λλ1
τ2

(l0 − L)
, k ∈ Z.

Now with the help of Rouche’s Theorem, we will show that the roots of f̃ are close to those of f0.
Changing in (4.6) the unknown λ by u = 2

√
ρ1
τ1
λL then (4.6) becomes

f̃ (u) = (eu + 1) + O
(

1
u(1−α)

)
= f0 (u) + O

(
1

u(1−α)

)
. (4.8)

The roots of f0 are uk =
i(k+ 1

2 )
rL π, k ∈ Z., and setting u = uk + reit, t ∈ [0, 2π], we can easily check that

there exists a constant C > 0 independent of k such that |eu + 1| ≥ Cr for r small enough. This allows
to apply Rouche’s Theorem. Consequently, there exists a subsequence of roots of f̃ which tends to
the roots uk of f0. Equivalently, it means that there exists N ∈ N and a subsequence {λk}|k|≥N of roots

of f (λ), such that λk = λ
0
k + ◦ (1) which tends to the roots i(k+ 1

2 )
rL π of f0. Finally for |k| ≥ N, λk is simple

since λ0
k is.

Setep3. From Step 2, we can write

λk = i
1
rL

(
k +

1
2

)
π + ϵk. (4.9)

Using (4.9), we get
e2rλkL = −1 − 2rLϵk − 2rL2ϵ2

k + ◦
(
ϵ2

k

)
. (4.10)

Substituting (4.10) into (4.6), using the fact that f̃ (λk) = 0,, we get:

f̃ (λk) = −2rLϵk −
2γ√
τ1/ρ1

1(
i(2k+1)π

2rL

)1−α + ◦ (ϵk) = 0, (4.11)

and hence

ϵk = −
γr1−α

Lα((K+ 1
2 )iπ)1−α + ◦ (ϵk)

= −
γr1−α

Lα((K+ 1
2 )π)1−α

(
cos (1 − α) π

2 − i sin (1 − α) π
2

)
+ ◦ (ϵk) for k ≥ 0.

(4.12)

From (4.12) we have in that case |k|1−α Reλk ≈ β, with

β = −
γr1−α

Lαπ1−α cos (1 − α)
π

2
.
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Case τ1
ρ1
, τ2

ρ2
:

Lemma 4.2. [2] There exists N ∈ N such that

{λk}k∈Z∗, |k|≥N ⊂ σ (A) , (4.13)

where
λk = iµk +

α̃

|k|1−α
+

β

|k|1−α
+ ◦

(
1

k3−α

)
, k ≥ N, α̃ ∈ iR, β ∈ R, β < 0.

Moreover for all |k| ≥ N, the eigenvalues λk are simple.

Proof.

f (λ) =

∣∣∣∣∣∣∣∣∣
e−t1l0 −et3l0 −e−t3l0

−
τ1
ρ1

t1e−t1l0 −
τ2
ρ2

t3et3l0 τ2
ρ2

t3e−t3l0

0 h (t3) et3L h (−t3) e−t3L

∣∣∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣∣∣

et1l0 −et3l0 −e−t3l0

τ1
ρ1

t1et1l0 −
τ2
ρ2

t3et3l0 τ2
ρ2

t3e−t3l0

0 h (t3) et3L h (−t3) e−t3L

∣∣∣∣∣∣∣∣∣
= e−t1l0

[
−
τ2
ρ2

t3et3l0h (−t3) e−t3L −
τ2
ρ2

t3e−t3l0h (t3) et3L
]
+ τ1

ρ1
t1e−t1l0

[
−et3l0h (−t3) e−t3L + h (t3) et3Le−t3l0

]
= e−t1l0

[
−
τ2
ρ2

t3et3(l0−L)h (−t3) − τ2
ρ2

t3et3(L−l0)h (t3)
]
+ τ1

ρ1
t1e−t1l0

[
−et3(l0−L)h (−t3) + h (t3) et3(L−l0)

]
= − τ2

ρ2
t3e−t1l0

[
−et3(l0−L) τ2

ρ2
t3 + θλ (λ + η)α−1 et3(l0−L) + et3(L−l0) τ2

ρ2
t3 + θλ (λ + η)α−1 et3(L−l0)

]
−
τ1
ρ1

t1e−t1l0
[
−et3(l0−L) τ2

ρ2
t3 + θλ (λ + η)α−1 et3(l0−L) − et3(L−l0) τ2

ρ2
t3 + θλ (λ + η)α−1 et3(L−l0)

]
= −r1r2t2

3

[(
e2t3(l0−L) + 1

)]
+ θλ et3(l0−L)+et3(L−l0)+et3(l0−L)+et3(L−l0)

(λ+η)1−α + ◦
(

1
λ1−α

)
.

We set

f̃ (λ) = −r1r2
ρ2λ

2+λλ1
τ2

[(
e2t3(l0−L) + 1

)]
+ θλ et3(l0−L)+et3(L−l0)+et3(l0−L)+et3(L−l0)

(λ+η)1−α + ◦
(

1
λ1−α

)
= f0 (λ) + f1(λ)

λ1−α + ◦
(

1
λ1−α

)
,

where

f0 (λ) = −r1r2
ρ2λ

2 + λλ1

τ2

[(
e2t3(l0−L) + 1

)]
, (4.14)

and

f1 (λ) = θλ
et3(l0−L) + et3(L−l0) + et3(l0−L) + et3(L−l0)

(λ + η)1−α + ◦

(
1
λ1−α

)
.

We look at the roots of f0. From (4.14), f0 has one familie of roots that we denote λk
0. Indeed, f0 (λ) = 0

corresponds to the eigenvalues problem to the conservative problem associated with
(
P
′
)
:

ρ1utt(x, t) − τ1uxx(x, t) + λ1ut(x, t) = 0 in (0, l0) × (0,+∞),
ρ2vtt(x, t) − τ2vxx(x, t) + λ2vt(x, t) = 0 in (l0, L) × (0,+∞),
∂tϕ (ξ, t) +

(
ξ2 + η

)
ϕ (ξ, t) − vt (L, t) µ (ξ) = 0 in R × (0,+∞),

u(l0, t) = v (l0, t) , ρ2τ1ux (l0, t) = ρ1τ2vx (l0, t) on (0,+∞)
u(0, t) = 0 on (0,+∞)
τ2vx (L, t) + ςρ2

∫ +∞
−∞

µ (ξ) ϕ (ξ, t) dξ = 0 on (0,+∞),
u(x, 0) = u0(x), ut(x, 0) = u1(x) on (0, l0),
v(x, 0) = v0(x), vt(x, 0) = v1(x) on (l0, L),

(4.15)

where ς = (π)−1 sin (απ) γ. For a solution (u, v, ϕ) of (4.15). The abstract formulation of (P
′

) is
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A0


u
φ

v
ψ

ϕ


=



φ
τ1
ρ1

uxx −
λ1
ρ1
φ

ψ
τ2
ρ2

vxx −
λ2
ρ2
ψ

−
(
ξ2 + η

)
ϕ (ξ) + ψ (L) µ (ξ)


. (4.16)

The domain ofA0

D (A0) =


(u, φ, v, ψ, ϕ)T ∈ H : u ∈ H2 (0, l0) ∩ H1

0 (0, l0) ,
φ ∈ H1

∗ (0, l0) , v ∈ H2 (l0, L) , ψ ∈ H1 (l0, L) ,
u (l0) = v (l0) , ρ2τ1ux (l0) = ρ1τ2vx (l0) ,
τ2vx (L) + ςρ2

∫ +∞
−∞

µ (ξ) ϕ (ξ) dξ = 0, |ξ| ϕ ∈ L2 (−∞,+∞)

 . (4.17)

We introduce the following Hilbert space (the energy space):

H1
∗ =

{
u ∈ H1 (0, l0) : u (0) = 0

}
. (4.18)

H =
{
H1
∗ (0, l0) × L2(0, l0) × H1 (l0, L) × L2(l0, L) × L2(−∞,+∞) : u (l0) = v (l0)

}
. (4.19)

A0 is clearly a skew adjoint operator with a compact resolvent, then there is an orthonormal system of
eigenvectors ofA0 which is complete inH0. All eigenvalues ofA0 are of the form. Now iµk, µk ∈ R

f0 (iµk) = 0⇔

√
ρ2 (iµk)2 + iµkλ1

τ2
(l0 − L) = i (2k + 1) π. (4.20)

By representation of graph of the functions tan and cot, we easily have µk ≈ ck for large k and a
constant c depending on parameters ρ1, ρ1, τ1, τ2, l0 and L. Moreover, the algebraic multiplicity of µk

is one. Then, we follow exactly as the case τ1
ρ1
= τ1

ρ1
. The operator A has a non exponential decaying

branche of eigenvalues. Thus the proof is completed.

5. Polynomial stability for ζ , 0

In this part, we prove that (2.2) is polynomially stable when ζ > 0.

Theorem 5.1. The semigroup SA (t)t≥0 is polynomially stable and

∥SA (t) X0∥H ≤
1

t
1

4−2α

∥X0∥D(A) .

Proof. We have a need to study the resolvent equation (iϖI −A) X = F, for ϖ ∈ R, namely,

iϖu − φ = f1,

iϖφ − τ1
ρ1

uxx +
ϖ1
ρ1
φ = f2,

iϖv − ψ = f3,

iϖψ − τ2
ρ2

vxx +
ϖ2
ρ2
ψ = f4,

iϖΦ +
(
ξ2 + ζ

)
Φ (ξ) − ψ (L) ϱ (ξ) = f5,

(5.1)

AIMS Mathematics Volume 8, Issue 11, 27605–27625.



27621

where F = ( f1, f2, f3, f4, f5)T .

The proof is divided into several steps
Step 1. Inserting (5.1)1 into (5.1)2 and (5.1)3 into (5.1)4, we get uxx + m1u = −

[(
ϖ1
ρ1

f1 + f2

)
+ iϖ f1

]
,

vxx + m2v = −
[(
ϖ2
ρ2

f3 + f4

)
+ iϖ f3

]
,

where m j =
ϖ2ϖ j

τ j
− iϖϖ j

τ j
with j ∈ {1, 2} . We have

u (x) = C
(
em̃1 x − e−m̃1 x

)
− 1

2m̃1

∫ x

0

[(
ϖ1
ρ1

f1 (σ) + f2 (σ)
)
+ iϖ f1 (σ)

] [
em̃1(x−σ) − e−m̃1(x−σ)

]
dσ,

v (x) = 1
2

(
em̃2(x−l0) + e−m̃2(x−l0)

)
v (l0) + 1

2m̃2

(
e−m̃2(x−l0) − em̃2(x−l0)

)
vx (l0) ,

− 1
2m̃2

∫ x

l0

[(
ϖ2
ρ2

f3 (σ) + f4 (σ)
)
+ iϖ f3 (σ)

] [
em̃2(x−σ) − e−m̃2(x−σ)

]
dσ,

(5.2)

and hence,
ux (x) = −1

2

∫ x

0

[(
ϖ1
ρ1

f1 (σ) + f2 (σ)
)
+ iϖ f1 (σ)

] [
em̃1(x−σ) − e−m̃1(x−σ)

]
dσ +Cm̃1

(
em̃1 x + e−m̃1 x

)
,

vx (x) = m̃2
2

(
em̃2(x−l0) − e−m̃2(x−l0)

)
v (l0) − 1

2

(
e−m̃2(x−l0) + em̃2(x−l0)

)
vx (l0) ,

−1
2

∫ x

l0

[(
ϖ2
ρ2

f3 (σ) + f4 (σ)
)
+ iϖ f3 (σ)

] [
em̃2(x−σ) − e−m̃2(x−σ)

]
dσ.

(5.3)
Step2. With the fifth equation of (5.1), we get

Φ (ξ) =
ψ (L) ϱ (ξ) + f5

iϖ + ξ2 + ζ
. (5.4)

Inserting (5.4) into the boundary condition (2.2)6 and using Lemma 2.1, we deduce that

r2vx (L, t) + γϖ (iϖ + ζ)α−1 v (L) = γ (iϖ + ζ)α−1 f3 (L) − ζ
∫ +∞

−∞

ϱ (ξ) f5 (ξ)
iϖ + ξ2 + ζ

dξ.

Using the Eq (5.2) and the Eq (5.3), we arrive at

1
2v (l0)

[
r2m̃2

(
em̃2(L−l0) − e−m̃2(L−l0)

)
+ β

(
em̃2(L−l0) + e−m̃2(L−l0)

)]
−1

2vx (l0)
[
r2

(
e−m̃2(L−l0) + em̃2(L−l0)

)
−

β

−̃m2

(
em̃2(L−l0) − em̃2(L−l0)

)]
= γ (iϖ + ζ)α−1 f3 (L) − ζ

∫ +∞
−∞

ϱ(ξ) f5(ξ)
iϖ+ξ2+ζ

dξ

+ r2
2

∫ L

l0

[(
ϖ2
ρ2

f3 (σ) + f4 (σ)
)
+ iϖ f3 (σ)

] (
em̃2(L−σ) + em̃2(L−σ)

)
dσ

+
β

2m̃2

∫ L

l0

[(
ϖ2
ρ2

f3 (σ) + f4 (σ)
)
+ iϖ f3 (σ)

] (
em̃2(L−σ) − em̃2(L−σ)

)
dσ,

(5.5)

where β = γϖ (iϖ + ζ)α−1. By u (l0) = v (l0) and r1ux (l0) = r2vx (l0), we get
v (l0) = − 1

2m̃1

∫ l0
0

[(
ϖ1
ρ1

f1 (σ) + f2 (σ)
)
+ iϖ f1 (σ)

]
em̃1(l0−σ) dσ

+ 1
2m̃1

∫ l0
0

[(
ϖ1
ρ1

f1 (σ) + f2 (σ)
)
+ iϖ f1 (σ)

]
em̃1(σ−l0) dσ +C

(
em̃1l0 − e−m̃1l0

)
vx (l0) = − r1

2r2

∫ l0
0

[(
ϖ1
ρ1

f1 (σ) + f2 (σ)
)
+ iϖ f1 (σ)

]
em̃1(l0−σ) dσ

−
r1

2r2

∫ l0
0

[(
ϖ1
ρ1

f1 (σ) + f2 (σ)
)
+ iϖ f1 (σ)

]
em̃1(σ−l0) dσ + Cm̃1r1

r2

(
em̃1l0 + e−m̃1l0

)
.

(5.6)
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By (5.6), we note that we can rewrite (5.5) as an equation in the unknown C

1
2

(
C

(
em̃1l0 − e−m̃1l0

)) [
r2m̃2

(
em̃2(L−l0)

− e−m̃2(L−l0)
)
+ β

(
em̃2(L−l0) + e−m̃2(L−l0)

)]
−

1
2

(
Cm̃1r1

r2

(
em̃1l0 + e−m̃1l0

)) [
r2

(
e−m̃2(L−l0) + em̃2(L−l0)

)
−

β

m̃2

(
e−m̃2(L−l0)

− em̃2(L−l0)
)]

= γ (iϖ + ζ)α−1 f3 (L) − ζ
∫ +∞

−∞

ϱ (ξ) F5 (ξ)
Iϖ + ξ2 + ζ

dξ

−
r2

2

∫ L

l0

[(
ϖ2

ρ2
f3 (σ) + f4 (σ)

)
+ iϖ f3 (σ)

] (
em̃2(L−σ) + e−m̃2(L−σ)

)
dσ

+
β

2m̃2

∫ L

l0

[(
ϖ2

ρ2
f3 (σ) + f4 (σ)

)
+ iϖ f3 (σ)

] (
em̃2(L−σ)

− e−m̃2(L−σ)
)

dσ

+
1

4m̃1

∫ l0

0

[(
ϖ1

ρ1
f1 (σ) + f2 (σ)

)
+ iϖ f1 (σ)

] (
em̃1(l0−σ)

− e−m̃1(l0−σ)
)

dσ[
r2m̃2

(
em̃2(L−l0)

− e−m̃2(L−l0)
)
+ β

(
em̃2(L−l0) + e−m̃2(L−l0)

)]
+

r1

2r2

∫ l0

0

[(
ϖ1

ρ1
f1 (σ) + f2 (σ)

)
+ iϖ f1 (σ)

] (
em̃1(l0−σ) + e−m̃1(l0−σ)

)
dσ[

r2

(
e−m̃2(L−l0) + em̃2(L−l0)

)
−

β

m̃2

(
e−m̃2(L−l0)

− em̃2(L−l0)
)]
.

Step 3. We set

g (ϖ) =
1
2

(
C

(
em̃1l0 − e−m̃1l0

)) [
r2m̃2

(
em̃2(L−l0)

− e−m̃2(L−l0)
)
+ β

(
em̃2(L−l0) + e−m̃2(L−l0)

)]
−

1
2

(
Cm̃1r1

r2

(
em̃1l0 + e−m̃1l0

)) [
r2

(
e−m̃2(L−l0) + em̃2(L−l0)

)
−

β

m̃2

(
e−m̃2(L−l0)

− em̃2(L−l0)
)]
,

and we have

g (ϖ) =
1
2

C
(
em̃1l0 − e−m̃1l0

) [
r2m̃2

(
em̃2(L−l0)

− e−m̃2(L−l0)
)
+ β

(
em̃2(L−l0) + e−m̃2(L−l0)

)]
−

Cm̃1r1

2m̃2r2

(
em̃1l0 + e−m̃1l0

) [
r2m̃2

(
e−m̃2(L−l0) + em̃2(L−l0)

)
− β

(
e−m̃2(L−l0)

− em̃2(L−l0)
)]
.

As ( f1, f2) ∈
(
H1
∗

)2
and ( f3, f4) ∈

(
H1 (l0, L)

)2
, we have∣∣∣∣∣( β

2m̃2
−

r2
2

) [∫ L

l0

[(
ϖ2
ρ2

f3 (σ) + f4 (σ)
)
+ iϖ f3 (σ)

]
em̃2(L−σ) dσ

]∣∣∣∣∣ ≤ c1

(
∥ f4∥L2(l0,L) + ∥ f3∥H1(l0,L)

)∣∣∣∣∣− (
β

2m̃2
+ r2

2

) [∫ L

l0

[(
ϖ2
ρ2

f3 (σ) + f4 (σ)
)
+ iϖ f3 (σ)

]
em̃2(σ−L) dσ

]∣∣∣∣∣ ≤ c2

(
∥ f4∥L2(l0,L) + ∥ f3∥H1(l0,L)

)∣∣∣∣∣( 1
4m̃1
+ r2m̃2

) [∫ l0
0

[(
ϖ1
ρ1

f1 (σ) + f2 (σ)
)
+ iϖ f1 (σ)

]
em̃1(l0−σ) dσ

]∣∣∣∣∣ ≤ c3

(
∥ f2∥L2(0,l0) + ∥ f1∥H1(0,l0)

)∣∣∣∣∣( r1
2r2
− 1

4m̃1

) [∫ l0
0

[(
ϖ1
ρ1

f1 (σ) + f2 (σ)
)
+ iϖ f1 (σ)

]
em̃1(σ−l0) dσ

]∣∣∣∣∣ ≤ c4

(
∥ f2∥L2(0,l0) + ∥ f1∥H1(0,l0)

)
.

We can easily prove that
|g(ϖ)| ≥ c|ϖ|α for ϖ large.
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Then, we deduce that
∥ux∥L2(0,l0) ≤ c|ϖ|1−α for ϖ large.

Moreover, the transmission conditions are as follows

u(l0, t) = v(l0, t), ρ2τ1ux (l0, t) = ρ1τ2vx (l0, t) , ∀t ∈ (0,+∞).

We obtain
|v(l0)| ≤ c|ϖ|−α and |vx(l0)| ≤ c|ϖ|1−α as |ϖ| −→ ∞.

Hence,
∥vx∥L2(l0,L) ≤ c|ϖ|1−α as |ϖ| −→ ∞.

From (5.1)1, (5.1)3 and (5.2), we get

∥φ∥L2(0,l0), ∥ψ∥L2(l0,L) ≤ c|ϖ|1−α as |ϖ| −→ ∞.

From (5.4), we have

∥Φ∥L2(−∞,+∞) ≤ |ψ(L)|
∥∥∥∥ ϱ(ξ)

iϖ+ξ2+ζ

∥∥∥∥
L2(−∞,+∞)

+
∥∥∥∥ f5(ξ)

iϖ+ξ2+ζ

∥∥∥∥
L2(−∞,+∞)

≤ c|ϖ|
−α
2

(
∥ f2∥L2(l0,L) + ∥ f1∥H1(0,l0)

)
+ c
|ϖ|
∥ f5∥L2(−∞,+∞),

for ϖ , 0. If |ϖ| > 1, we get
∥X∥H ≤ c|ϖ|1−α ∥F∥H .

Thus, we conclude that ∥∥∥(iϖI −A)−1
∥∥∥
L(H) ≤ c|ϖ|1−α as |ϖ| −→ ∞. (5.7)

6. Conclusions

In this work, the existence and uniqueness result for the transmission problem is proved in a
functional framework by means of the semigroup theory, after a reformulation of the system above
into an augmented system according to the transformation introduced in reference [14]. Besides this,
in a series of results concerning the asymptotic behavior the following are proved: (i) the strong
stability of the semigroup, by using a criteria of Arendt-Batty [4], (ii) the impossibility of exponential
decay, and (iii) a polynomial decay by means of the Borichev-Tomilov theorem [10].

Some of previous recent works prove exponential decay but without a fractional derivative in the
boundary condition. The recently published article [2] has a very strong relationship with our paper.
Indeed, the results here are the same than those proved in [2] with ϖ j = 0, j = 1, 2; that is without
inner damping. Moreover, the same techniques are employed.

The authors in [2] proved that the fractional derivative in time can not ensure the exponential
stability of the total system, however they shown polynomial stability. In this paper even with the
inclusion of linear damping terms in the equations for u, v, the exponential stability of the total system
is not achieved under an appropriate conditions.
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