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Abstract: The dengue viruses (of which there are four strains) are the causes of three illnesses of
increasing severity; dengue fever (DF), dengue hemorrhagic fever (DHF) and dengue shock syndrome
(DSS). Recently, dengue fever has reached epidemic proportion in several countries. Strategies or
preventative methods have to be developed to combat these epidemics. This can be done by development
of vaccines or by preventing the transmission of the virus. The latter approach could involve the use of
mosquito nets or insecticide spraying. To determine which strategy would work, we test the strategy
using mathematical modeling to simulate the effects of the strategy on the dynamics of the transmission.
We have chosen the Susceptible-Exposed-Infected-Recovered (SEIR) model and the Susceptible-
Exposed-Infected (SEI) model to describe the human and mosquito populations, repectively. We use the
Pontryagin’s maximum principle to find the optimal control conditions. A sensitivity analysis revealed
that the transmission rate (yy, ¥,,), the birth rate of human population (u;,), the constant recruitment rate
of the vector population (4) and the total human population (N},) are the most influential factors affecting
the disease transmission. Numerical simulations show that the optimal controlled infective responses,
when implemented, cause the convergence to zero to be faster than that in uncontrolled cases.
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1. Introduction

Dengue is a vector-borne infectious disease that has rapidly spread to all regions of the world,
mainly in tropical and sub-tropical countries. In the recent decades, the global incidence of dengue
outbreak has grown dramatically around the world, and some places, dengue is now a greater threat to
people than coronavirus disease 2019 (COVID-19). Dengue is a challenging disease in developing
countries due to a shortage of medical personnel and many other economic constraints [1-3]. The
number of dengue cases reported to the World Health Organization (WHO) has increased more than
ten times over the last two decades, from 0.5 million cases in 2000, to 5.2 million cases in 2019. Between
the years 2000 and 2015, children had the highest mortality rate [4]. In 2019, WHO listed dengue as one
of the top ten major threats to global health [5]. In Thailand, dengue is currently listed as a “neglected
tropical disease”. The number of new dengue cases of infection has gradually increased [6]. Thailand is
ranked among the thirty countries with the highest number of dengue fever outbreak in the world. It was
found that among the population with dengue fever outbreaks around the world, more than three-thirds
of the world's infected population is in Southeast Asia. In 2023, Thailand has had a serious out-break
of dengue fever because of the rainy season and El Nifio phenomenon, which is a major threat to public
health [1]. Dengue has been becoming a major public health problem in Thailand.

Dengue is caused by one of four known strains of dengue virus, i.e., DENV-1, DENV-2, DENV-
3 and DENV-4. Dengue virus can be transmitted by the bites of infected female Aedes mosquitoes.
The main vector is the mosquito Aedes aegypti, while the other Aedes species such as Aedes albopictus,
Aedes polynesiensis and Aedes scutellaris have a limited capacity to serve as dengue vectors [7,8].
WHO has classified dengue disease into dengue fever (DF), dengue hemorrhagic fever (DHF) and
dengue shock syndrome (DSS) [6]. The three stages of dengue disease symptoms are different. The
symptoms of dengue fever are those of a mild cold. Dengue hemorrhagic fever (DHF) can cause
serious blood discharge from the blood vessel and when the blood pressure drops rapidly (shock), it
becomes dengue shock syndrome (DSS) [9,10]. In most cases, people are rarely found to have DSS
and DHF, with the latter leading to death [11]. Currently, there are no effective antiviral drugs and
vaccines for treating and controlling dengue [6]. For this reason, we focus on the use of mathematical
modeling to describe the dynamics of the transmission of DF in Thailand and use it to qualitatively
analyze the epidemic in the country.

Several mathematical modeling studies have been done to develop and identify the transmission
dynamics of dengue in the human population [8,10,12-21]. The SEIR model is known as the basic
mathematical model for disease dynamics. At any given time, a population of size N is categorized into
sub-populations, e.g., those who are susceptible to the infection (S), those who are exposed to the virus
(E), those who are infectious and can transmit the virus to others (I) and those who have recovered (R).
The purpose of this study is to construct a mathematical model that describes the transmission
dynamics in Thailand and use the model to control the spread of the disease in Thailand. Creating an
optimal control model for the spread of the disease and finding an optimal control strategy are now
sought to help reduce the number of infected populations, control the spread of the disease and reduce
the cost of management related to disease control. In conclusion, the use of the control strategy for
disease prevention is a guideline to help prevent and control the spread of the disease.

Much research has already been done. For example, in 2006, Nishiura [12] summarized the recent
researches about mathematical and statistical approaches on dengue epidemiology regardless of the
mathematical background. They also stated that the operational researchers have very little to work on
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when compared to those in mathematical modeling, due to the impossibility of alternating the health
treatment in real life. In 2010, Supriatna et al. [10] studied mathematical models on dengue
transmission with four strains, which are denoted by dengue I-IV. They formulated mathematical
models of the critical vaccination level for indirect transmission of the disease. The mathematical
model was created to consider the transmission of dengue fever by taking into account the iceberg
phenomenon, dividing the illnesses into asymptomatic, mild and severe infections. In 2014, Isea and
Puerta [13] constructed a dengue model of the transmission dynamics in each dengue strain with a
SEIR-SEI model. The paper indicates that the model analyzing each of the four strains is very similar
to that of the two-strain model, thus it can be said that analytical studies of four dengue strains of the
epidemiology are not necessary.

In 2015, Phaijoo and Gurung [14] presented a mathematical model of dengue fever with the
transmission dynamics of dengue disease and absence of awareness in host population. The effect of
awareness parameters were included in the transmission dynamics of this dengue modeling. In 2017,
Pongsumpun [15] studied the transmission of dengue disease by formulating a mathematical model.
The transmission of dengue disease between human and vector population was considered in the
dengue model. In 2019, Pongsumpun et al. [16] developed a control mechanism in the model of the
dengue disease by including the effects of vertical transmission in their numerical analyses of the
optimal control in the model. Sungchasit and Pongsumpun [17] investigated the development of
dengue disease infection from dengue fever (DF) to dengue hemorrhagic fever (DHF) by using the
SEIR model for humans and SEI model for mosquitoes. In 2021, Khan and Fatmawati [ 18] displayed
a mathematical model of dengue fever with hospitalization to explain the dynamics of the infection.
The results showed that the protection from mosquitoes and using insecticide spray can significantly
lessen the dengue infection and may reduce the spread of infectious disease in the community. In 2022,
Affandi et al. [19] proposed mathematical models with optimal control that predicted a decrease in the
spread of dengue disease when the controls were used. Schaum et al. [20] developed a mathematical
model for the epidemic dengue that is based on a Markov—like continuous-time process by using a
simple six state automaton to represent the mixed human-mosquito population. Li and Gao have done
several studies [21-25] using mathematical models and optimal control for epidemic control and online
game addiction modeling. Li and Gao [21] studied transmission of the COVID-19 epidemic by
formulating mathematical models and optimal control. They found that vaccination, isolation and
nucleic acid testing are three control measures of the optimal control measure to control the spread of
mutated COVID-19 (Delta strain) with imperfect vaccination. Gao and Li [22] examined mathematical
model of novel coronavirus pneumonia (COVID-19) to investigate the effect of the Chinese
government's epidemic prevention in China. They concluded that intervention by the Chinese
government was effective in preventing the spread of COVID-19. Gao and Li [23] used mathematical
models and optimal control theory to apply a game addiction model considering family education.
Their research has found that both avoiding video game addiction and controlling the epidemic of
adolescent game addiction can be controlled with adequate financial resources and increased family
education. In 2023, Gao and Li [24] constructed the new fractional model for online game addiction
and simulated online gaming addiction in China. They generated partial differential equations
involving Caputo derivatives of fractional variable order for controlling the spread of online games.
Gao and Li [25] used an 11-dimensional mathematical model for studying the co-transmission of
Omicron and Delta strains of COVID-19. Vaccination with the third dose of a vaccine, isolation and
national nucleic acid testing are control measures that can reduce the number of infected people in the
optimal control. The optimal control of the spread of the Omicron variant of COVID-19 virus when
vaccination against this virus was performed was recently done by Lamwong, Pongsumpun, Tang and
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Wongvanich, [53]. In that study, it was found that optimal control could be achieved where the most
effective control strategy is controlling the rate of vaccinated people and immunity achieved from
vaccination to reduce the spread of COVID-19. The spread can be minimized by planning and control
strategy. Therefore, mathematical modeling has proven to be a powerful tool for simulating the results,
making predictions and gaining insights into the behavior of biological systems [24].

The data for the dengue disease in Thailand from 2013 to 2022 [26] are shown in Figure 1. It shows
that the dengue cases are high in the rainy season (May to October) because Aedes mosquitoes breed a
lot in the rainy season. But in big cities such as Bangkok, this disease may be found throughout the year.
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Figure 1. Number of dengue cases in Thailand from 2013 to 2022 [26].

In recent years, several vaccines have been developed for the treatment of dengue fever. Sanofi
Pasteur's Dengvaxia® (CYD-TDV) is the only licensed dengue vaccine approved by the United States
(US) Food and Drug Administration (FDA). Data from tested cases indicate that the CYD-TDV vaccine
can give a high level of protection (82%) against dengue infection for 9—16 year-old children [27,28].
But this vaccine has disadvantages because it depends on the serostatus of the recipient [29]. There are
other dengue vaccine candidates in ongoing clinical testing with promising results, including TDV
(TAK-003) and TV003/TV005. To develop a dengue vaccine, it should provide protection against all
four dengue serotypes, which can protect from risks of antibody-dependent enhancement [30,31].
Dengue vaccine acceptance has obviously changed during coronavirus (COVID-19) outbreak. For this
reason, it may have an impact on the use of dengue fever vaccines. Mathematical modelling is a method
to test whether a given intervention strategy will help in alleviating the course of an epidemic. There
may be many strategies that could accomplish this. The aims of these strategies could be saving of
money, the better allotment of resources or the combination of both. The optimal control approach
method is one way to determine which set of strategies is best to control the dengue fever epidemic
when vaccination against the fever is taking place.

In this study, the dynamical model of dengue disease is constructed by separating the populations
into human and mosquito populations. The human population is modeled using the susceptible-
exposed-infectious-recovered (SEIR) framework, whereas the mosquito’s population is modeled
through the susceptible-exposed-infectious (SEI) framework. Dynamical analyses of the presented
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model are given, including local and global stability analyses. An optimal controller was designed
based on the Pontryagin maximum principle to minimize the number of infected humans. The strategy
used in designing the Hamiltonian objective function in this study has been modified from the typical
approaches found in the literature. More emphasis has been placed on prevention strategies, such as
using mosquito nets, window screens and insecticide spraying, rather than treatment strategies, such
as taking medication and vaccination [16,43,44]. The former strategies are more commonly used in
the rural areas of Thailand, where it is more economical to seek the prevention strategies in lieu of the
medical treatment strategies.

2. Materials and methods
2.1. Mathematical model

We separate the human into susceptible, exposed, infectious and recovered populations (SEIR).
Mosquitoes are separated into susceptible, exposed and infectious populations (SEI). The relationship

between human and mosquitoes are shown as in Figure 2. The variables and parameters for human and
mosquito populations are defined in Table 1 and Table 2.

(1-9) BRx

i N VhShly chEn I

dnSh AdnEn (@ndn +ddly) drR

() Human populations

A Twdulh ot By

oSy il [Ef*L + ﬂT.L}L

(b) Mosquito populations

Figure 2. Diagram showing the relationship between human and mosquitoes.
We can write the dynamical equations as follows:
dSp

e dpNp, — ypSpl, + (1 — @)BRy, — dySh, (1)
dE

d—th = YrSuly — (ap+dp)Ey, 2)
% = thEh - (T' + dh + dd)lh' (3)
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dRp

L = 1, — (1 — @)BRy, — dyRy, (4)

dt
and Nh :Sh+Eh+1h+Rh' (5)

Table 1. Definition of variables and parameters for human population.

Variables and Description

parameters

Uy The birth and natural death rate of human population,

Nh The total human population,

Yn The transmission rate of dengue virus from human to vector population,
da The disease death rate of human population,

ap The incubation rate of dengue virus in humans,

r The recovery rate of dengue virus,

b The rate at which the recovery human changed to be susceptible human,
) The vaccine efficiency,

Sh The susceptible human population,

En The exposed human population,

In The infectious human population,

R The recovered human population.

For the mosquito population, we have

ds,

ar = A= y,Splp — d,,Sy, (6)

dE,

ac = VpSplp — (ay + dy)Ey, (7)

d,

ar = ayE, — (dv + dk)lw (8)
and N, =S,+E, + 1, 9)

Table 2. Definition of variables and parameters for mosquito population.

Variables and Description

parameters
N, The total vector population,
A The constant recruitment rate of vector population,
2 The transmission rate of dengue disease from vector to human population,
dy The natural death rate of vector population,
dy The disease death rate of vector population,
Oy The incubation rate of dengue virus in vector population,
Sy The susceptible human population,
Ey The exposed human population,
Iy The infectious human population.
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3. Analysis of the model

3.1. The equilibrium points of the model

Definition 1. The equilibrium point X* € R™ is defined as % = f(t,x).And f(t,x) =0 forall .

We assume that the dynamics of a system is described by a differential equation. An essential step
in the analysis of a differential equation is the determination of equilibrium points and the study of
their stability. Equilibrium points of the model are determined by setting the right-hand side of Eqs
(1)~(4) and (6)—(8) to zero. Then the disease-free equilibrium point is defined by

B = ( Np ,0,0,0,%, 0,0). (10)

The endemic equilibrium point is defined by B; :(S,:, E..l.,R.,S, E, I*) , where

vIiTvrloy

_ ((ap+dp)(ay+dy)(di+dy)(da+dp+r)H

S anyyT ’ (11)
Ej, = TR, (12)
=1 (13)
R, = Graior (14
S = av;’hH, (15)
B = aramrana (16)

y i (17)

V' (ap+dy)(ditdy)ynH’

and
H= ((th +dy)(dg + dp)d, + “hthth)(B +dp + Bo) + dpdy(ay + B+ dyp — Be)r, (18)

P =d,(B(1 — @)+ dp)(dndy(a, + dy,)(dy + dp)(dgtdptoyta,(da(detd,)(dg+tdytr)
Ty, (Ay Yo Nptdy(di+dy ) (dgtdy 1)), (19)

T = yy(dp(dp(ay, + dy,)(dy + dyy) + Aa,yp) ((B(1 — @) + dp)(dgtdptr) + ay
(dp(dp(dy + dy) + Ayp)(dg + dp + 7)HB(1 — @)((dg + dp)(dp(dy + dy) + Ayy)
+dp(dy + di)r)))), (20)

U =dp(dp(a, + dy)(dy +dy,) + Aayyp) (B — @) + dp)(dgt+dp+1) + ap(a,(dg + dp)
(dp(ditdi)FAyp)(B(1 — @) + dp)+ (aydp(AypH(dy + dy)(B(1 — @) + dp))r+dyd,
(di +dy) (B — @) +dp)(dgtdytr)). (21)
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3.2. The basic reproduction number

The basic reproductive number (Ro) is the key measure to estimate the ability of the disease to
spread. It is determined as the average number of secondary transmissions from one infected case. If
Ro is more than 1, the disease epidemic is growing. The values of Ro have important implications for
controlling disease. It indicates the level of mitigation efforts needed to bring an epidemic under
control. Mitigation measures include rapid case identification, quarantine measures and physical
distancing to prevent secondary transmissions. It brings down the effective transmission coefficient.
The basic reproductive number was evaluated by using the next-generation method [20,37,38,40,44].
The states E},, I, E, and I, are

Gains to Eu|y,S,I, Losses from E, (ap +dp)EL
Gains to I, 0 Losses from I,|—aE,+ (r+dy+dy)ly,
Gains to E,|y,S,I,| |Losses from E, (a, +d,)E,
Gains to I, 0 Losses from I,| —-a,E,+ (d,+dy)l,

Where F is the Jacobian matrix of the gains matrix and V is the Jacobian matrix of the losses matrix.
Thus we have

0 0 0 thh ap + dh 0 0 0
F= 0 0 0 0 V= —Qap T+dh+dd 0 0

0 y,8, 0 0 | 0 0 a,+d, 0

0 0 0 0 0 0 —a, d,+d,

Disease-free equilibrium point:

A
BS = (S*hIE*hII*hIR*hIS*‘IjIE*‘V'I*‘I]) = ( NR )OIOIOJd_I OJO)
v

Since R = FV ™1, R,is the eigenvalue of the matrix R considered from the most positive eigenvalue.
So the formula shall be:

_ AYnYvNnanay
RO - \/dv(dk+dv)(dd+dh+r)(dh+ah)(dv+av). (22)

3.3. Global stability analysis

The global stability analysis of two equilibrium points of Eqs (1)—(7) is established as follows:
Theorem 1. The disease free equilibrium point B; of Egs (1)-(4) and (6)—(8) is global
symptomatically stable in 6 if R, <1.

D
-V and =309 (23)

We let =
’h Nh A

Proof. We consider the Lyapunov function defined by

L:(Sh_S;:lnSh)+Eh+1h+Rh+(SU_S;lnSU)+Ev+Iv

d S
EL = (dpNp = YpSply + (1 — @ )BRy — dpSp) <1 - i) + (VuSnly — (ap + dp)Ep) + (anEp
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Sy
(r+ dy+ dI) + (1 = (1= 0)B +dn) Re) + (A= 1Syl — d,S,) (1 - 5—)
+(Yv5v1h - (av + dv)Ev) + (aV EV - (dv + dk)lv)

S*
= _(_thh —A + dh(Sh + Eh + Ih + Rh) + dv(Sv + EV + Iv) + dd1h+dk1v) + S_h(_thh
h

*

S
—(1= ¢ )BRy + diSy + ¥aSuly) + 5= (A +¥oInSy + dyS,)

v

Sr S
=—(dp,(Ey + I, + Ry) +d,(E, + I,) + dgl,+di1,) + d,N, (2 — S—h — S—") —(1- o)
h h
Sh . Sy Sy .
ﬁRhi + YhIUSh +A (2 - 5 - S_g) + )/UIhSU
We substitute Eq (23), and we have
d Sy Sh
%L = _(dh(Eh + Ih + Rh) + dv(E‘U + Iv) + dd1h+dklv) + thh 2 - S_ - F - (1 - @ )BRh
h h
- dv . dwd
iy AV _Sh_s), dhdy | o
St VS A(2 - S;)+ “hVAps;. (24a)

At the disease free equilibrium point S, = N, , S;Zdi, after we substitute them into Eq (24a) then

d S, S
aL = _(dh(Eh + Ih + Rh) + dv(Ev + Iv) + dd1h+dk1v) + thh (2 - = _h> - (1 - gD)
h

S, S
(Np) , dv Sy S dpd A
R + Iy (Np)+A[2=-2X_2V 4 ZREV (A

= —(dy(Ep + Iy + Ry) + dy (B, + 1) + dglp+d, ) + dy Ny, | 2 — z_h_s_h —(1-9)

*

Sy S
+ dVIv+A(2_S_v_S_{;>+ dh'h

N
ﬁRh(sh)

* N
= —(dy(Ey, + Ry) + dyE, + dgly+d, 1) + dpNy | 2 - z_h_s_ﬂ N—(1- ¢)BRy (sh)
h  Sp h

*
Sy S
+ 42— 2V
vV Sy

S, S
= _(dh(Eh + Rh) + dva + dd1h+deU) + thh (2 - = _h> - (1 - @ )BR}'L
h

*
+A@2- v _Sv)
SV SV
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—S, +57)2 N
= —(dp(En + Ry) + dyE, + dgly+dil,) — dyNy <M> - (1 4 )IBRh (Nh)
ShSh Sh

(S ET5
5.5;

_ *\2
Ly [(dh(Eh +Ry) + dyE, + dyl,+d, I, + d,Ny, <M> +(1- )RR, 2+
dt ShSy Sh
(_SU+S$)2
A (T)] < 0. (24b)

From LaSalle’s invariant principal [ 36,37] and knowing that %L IS not positive, we can say that the
disease-free equilibrium point B; is global asymptotically stable in 6 if R, <1.

Theorem 2. The endemic equilibrium point B; of Eqgs (1)—(4) and (6)—(8) is global asymptotically
stablein 6 if R, > 1.

= dvnyol — dn@wynH
Welet vi = e Gt et dpyagraninn 4 o == (25)

Proof. The Lyapunov function is defined by
M = (Sh _S;lnsh) +Eh +Ih + Rh + (Sv _S;;k lnSv) + Ev +Iv,

*

d Sh
EM = (dyNp — VpSpl, + (1 — @ )BRy, — dpSp) <1 - S_) + (VuSuly — (ap + dp)Ep) + (aiEy

S*
=G+ dy+ dh) + Oy = (L= 0)B + AR + A= 1Sl — 4,5 (1-3)
v
+()’v5v1h - (av + dv)Ev) + (aV EV - (dv + dk)Iv)
= _(_thh —A + dh(Sh + Eh + Ih + Rh) + dv(Sv + E‘U + Iv) + dd1h+dk117) +
Sh Sy
—( dpNp, = (1 = @ )BRp + dpSp, + v Sply) t ( —A+ VIS, + dySy)
Sy, Sy
= —( dh(Eh + Ih + Rh) + dv(Ev + Iv) + ddlh+dk1v) + thh 2————=-

(1= 0 )BRSE+yaloSi+ A (2 = E = 22) + 1olaS:.

v

We substitute Eq (25) then
d . S S,
- =_(dh(Eh+Ih+Rh)+d (E +I)+dd1h+dk )+thh 2————

Sh d ah)/v
—(1- ¢)BRy= S, " (an + dy) (e, +d)(dy + dy)(dy +dp + DH

S:; Sv) dh av)/hH
U

1,S;

InSy
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We substitute the endemic equilibrium point S; = ““”dh)(“”J’d";(i";d”)(d“dh”)H and S; =
hVv
U

ayynH

into Eq (26) and we get

d St S,
_M = —( dh(Eh + Ih + Rh) + dv(Ev + IU) + ddlh+dk1v) + thh 2 - =1

dt Sn Si
_ Sh dyanyyT ((apt+dp)(ay+dy)(di+dy)(dg+dn+r)H
(1 ¢ )'BRh Sh + ((ap+dp)(ay+dy) (di+dy)(dg+dp+r)H Y anyyT
Sy Sy dpayyYnH U
Al2—2 - I
t ( Sy s;;) Ty h a,ynH
= —( dp(Ep + Iy + Ry) + dy(E, + 1) + dylp+d, L) + dyN, (2 - ‘;—: - i—:) —(1-9)
Sh _S_ S
BRAZ:+d,l, + A (2 o S;) +dpl,
Sp S Sy
= —( dp(Ep + Rp) + dy(Ey) + dglp+dily) + dpNy, (2 —5- i) —(1- ¢ )BR G+
A (2 S S")
Sy Sy

-5, + S55)? S
= —( dy(Ep + Rp) + d,(E,) + dglp+dil,) — dp Ny (—( ;l 5 ) > —(1-¢ )ﬁRhS—h -
nSh h

1[50+ 5
5.5;

d =S, + 55)? Sy
—M = _(dh(Eh+Rh) +dv(Ev)+ddIh+dk1v+thh M +(1— ¢))BRh_h
dt SuSh S,
(=S, + 55)?
Al ———
¥ ( 55 )
<0. (27)

We will see that %M is nonpositive if R, > 1, implying that the endemic equilibrium Bj is
globally asymptotically stable in 6.

3.4. Numerical analysis

In this section, we simulate the numerical results for the Eqs (1)—(4) and (6)—(8). The values of
each parameter are given in Table 3. Note that the basic reproduction number for the disease free state
is determined to be 0.61, while the basic reproduction number for the endemic state is 610.69.

We see that the trajectories of all the system states converge to the disease-free state (1000, 0, O,
0, 120, 0, 0) when R, <1 and that these trajectories converge to the endemic point (0.01, 399, 200,
9400, 8, 5240, 3790) when R, > 1 as shown in Figures 3 and 4. When we vary the transmission rate
of dengue virus from human to vector population and the different vaccine efficiency, we will see that
the time of the epidemic peak and the length of outburst are different, as shown in Figures 5, 6 and 7.
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Figure 3. The time series solutions for the susceptible, exposed, infectious and recovered
human populations and susceptible, exposed and infectious mosquito populations for the
disease free state.
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Figure 4. The time series solutions for the susceptible, exposed, infectious and recovered
human populations and susceptible, exposed and infectious mosquito populations for the
disease endemic state.
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Figure 5. The time series solutions for the susceptible, exposed, infectious and recovered
human populations and susceptible, exposed and infectious mosquito populations for the
different transmission rates of dengue virus from human to vector population.
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Figure 6. The time series solutions for the susceptible, exposed, infectious and recovered
human populations and susceptible, exposed and infectious mosquito populations for the
different transmission rates of dengue virus from vector to human population.
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Table 3. The value of each parameter used in the numerical simulations.

Parameters Disease-free Endemic state References
Ny 1,000 10,000 assumed
Yu 0.000025 0.025 assumed
B 1/(180) 1/(180) [38-43]
oy 1/10 1/10 [38-43]

r 1/7 1/7 [38-43]
U 1/(70*365) 1/(70*365) [38-43]
0] 0.5 0.5 assumed
d; 1/(70*365) 1/(70*365) [38-43]
d, 1/(6*30) 1/(6*30) [38-43]
A 10 100 assumed
Yo 0.000005 0.05 assumed
d, 1/12 1/12 [38-43]
d 1/14 1/14 assumed
a, 1/9 1/9 [38-43]
R, 0.61 610.69 -

3.5. Sensitivity analysis of parameters

In this section, the results of the sensitivity analysis of the basic reproductive number (R,) is
presented. This will help us to know which parameters will have the most significant impact on the
numerical simulation results of the model. The sensitivity analysis allows us to determine the
importance of each parameter to the spread of dengue fever and this helps public health authorities to
focus on appropriate intervention strategies to prevent and control the spread of the disease, which can
be calculated from the following formula [46]:

YEO :%Xﬁ
op R,

where p is the epidemic parameter. For each parameter, we can determine the normalized forward
sensitivity index of R, which is derived as follows:

Ro _ vRo _ yRo _ yRo _ 1
YNh—Yyh—YA —vi =5,
Ro _ dy

YRo — "R
e 2(dy + ay)

R d
Yo - _%
v 2(dyptay)
.Y.RO _ dh(dd+2dh+r+ah)
dn 2(dgt+dp+r)(dp+ap)
Ro __ r
Yr = T g v
2(dg+dp+7r)
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dk

T 2(dgtdy)’

ddq
Z(dd+dh+1‘)'

_ dgQRdy+ay)+dy,(3dy+2ay)

2(dp+dy)(dytay)

The data in Table 3 show the parameters used for numerical simulations. The results of calculating
the sensitivity of the basic reproductive number of each parameter are shown in Table 4.

Table 4. Sensitivity values of the basic reproduction numbers.

Parameter Sensitivity index
Yh 0.5

ap 0.000196
A 0.5

Yo 0.5

Ny 0.5

a, 0.214286
d, —0.000327
r —0.481157
d; —0.230769
dy —0.018712
d, —0.983516

From Table 4, it can be seen that 6 of the 11 parameters have positive values: ;, , ., A, 5, N, @de, . The
negative parameters are o, d,,r,d,.dy and 4,. From the model, it was suggested that dengue control was
most likely to be achieved by decreasing the values of ,, a,,, andy,.

4. Optimal control problem

So far, we have determined the dynamics of the transmission of dengue fever described by our
dynamical model using a particular set of parameters. To reduce the transmission of dengue virus, we
used the control functions such as u; and u,, which can lead the values of the parameters to change.
We define u; to represent the prevention from the dengue infection by using clothes, mosquito nets
and window screens. The control function u, represents insecticide spraying.

AIMS Mathematics

% = dpNy — (1 = u, (8))14Suly, + (1 — @)BRy, — dpSp, (28)
dd% = (1 —w, ())ypSnly, — (an + dp)Ep, (29)
% =auE, — (r+dy, +dy)l, (30)
2R rl, — (1 = @)BRy — dyRy, (31)

dat
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% =A— (1 —u,(O)pSply — dySy — ux()S,, (32)
% = (1 —w (0)ySuln — (@ + dy)E, — uy(DE,, (33)
dl,

E = ava - (dv + dk)lv — uZ(t)Iv- (34)

We used the optimal control problem by using Pontryagin’s maximum principle [45-52] to reduce
the number of infectious populations. We determined the form of the following objective function:

J iy (6),u()) = min [ (Auly + Agly +35 45030 + 5 Au3(0).  (39)

The objective function defined in Eq (35) depends on the number I,, and I,,. We note that A,
A,, A; and A, are the weight constants. We solve the optimal control problem by Lagrangian and
Hamiltonian approaches, then we get:

LI, Iy uy (£), u(6)) = Aly + Agl, + 7 Azul (£) +5 Aud (D). (36)

Theorem 3. For problem-solving guidelines with Sy, Ey, I, Ry, Sy, E;, and I, and a suitable control
u* = (uj(t),u;(t)) forthe initial problems (28)—(34) that minimize J(u,(t), u,(t)), there exists an
adjoint variable A;;i = 1,2,3,4,5,6,7 under the control equations:

dA; _a_H
Priniar vt (37)
We define ¢ = (Sy,, Ey, I, Ry, Sy, Ey, I,) With the transversality condition given as A;(t)=0; i =
1,2,3,4,5,6,7 and

( 0 if (A2=A)ThShly+(A6—A5)VpSpln < 0
A3 -
(A=A TRShIy+(Ae—A5)VuSyln . (A=A TRShIy+(Ae—A5)VuSyln
u*l = 2 1 1;1 6 5)/vov lf 2 1 114 6 5)/v°ov < u{nax (38)
3 3
uzrlnax lf (A2=A1)ThShlIy+(A6—2A5)VuSuln > u{nax
\ A3
. p AsSy+AgE,+A1
( 0 lf 591 Z vTA7ly < 0
4
A5Sy+AgEy+As L, . AsSy+AgEy+As 1L, max
u*z = A—4 lf A—4 < U, (39)
AsSy+AgEy+A51
max . 5°v 6Cv 7'v max
\ U, lf A—4 = U,

Proof. We define the Hamiltonian function as follows:

dsy dE, dly, dRy ds, dE, dl,
= L(Ih, Iv,ul,uZ) +Al d AZ d A3 dt +A4 d +/15 d +A6 dt 17 dt

where

1 1
Ly, Ly uy (t),up(t)) = Ay ly + Ayl + EAsu%(t) + §A4u§ (t)
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is the Lagrangian of the control problem. We have

H = Allh + AZIU + %A?)u% + %A4u%
+4; [thh - (1 - u1(t))7’h5h1v + (1 —@)BRy — thh]

+/12[(1 - ul(t))yhshlv — (ap + dh)Eh]

+AslanEn — (r +dy + dg)ly]
+A4[rl, — (1 — @)BRy, — dpRp]

+/15 [A - (1 - ul(t)))/vsvlh - dev - uz(t)Sv]

+/16[(1 — Uy (t))vath - (av + dv)Ev — Uy (t)Ev]
+/17[ava - (dv + dk)lv - uz(t)lv]- (40)

The adjoint functions can be defined as

d, oH . )
PR NG ((1 —u ()l + dh) — ,(t) ((1 — Uy (t))yhlv)’
dA oH

d_tz = _O_Eh = () (ay + dp) — A3()ay,

d_l3

22 = = S = A(O0 + dy + dg) = A (O7 + (s(0) = A6(O)(1 = w1 ()RS, — Ay,

A, oH

=R = MO0 - e)p+ A (0)((A - @)B +dy),

Te = =2 =250 (1w Ol + dy + 05 (©)) = 4O (1 = w1 (O)poln,

da oH .
d_: = T3 26(0)(dy + ay + U5 (D) — A;(Day |,
di 0H
d—; = -5 = (h® = 20) ((1 - u*l(t))rhsh) + A,(6)(dy + dy + u™5 (1) — Aj.
v
The suitable controls u*;(t) and u*,(t) depends on % =0 forall j =12 at u; =u’;.
]
Therefore,
0H . A=A ThShly+(Ae—A5)YpSpl
G = Azt = (A = 2)TuSuly = (A6 = 5)YoSyly then u'y = Lo e toleonh,
;TH = Ayuy — AsSy — A6E, — 271, then u*, = —ASSV+A§EV+A7IV.
2 4

The optimal control function can be defined as follows:
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0

) (A2 = A Spl, + (A6 — A5)VpSulp

u 1=
As
max
u
\ 1
0
o) AsSutAsEu+asLy
u, = A,
u;nax

(A2 = A)TSpl, + (A6 — A5)Vu Syl

[ 0
if A, <
if (A2 = A8y + (A6 — A5)VpSpln < ymax
Az
o (A2 = 2)TSply + (A6 — A5)VuSyln max
if A Z U
3
lf AsSy+AgEy+A71L, <0
Ay
lf AsSy+AgEy+AsL, < u;nax
Ay
lf )lsS,,+lZE,,+/17Iv > u;nax
4

We show the numerical analysis of the optimal control in Figures 8 and 9. The numerical solutions
were given by Runge—Kutta forward-backward sweep method [46]. Time was supposed as 20 days. The
control weighted values were A; = 100, A, = 200 , A; =300 and A, = 400. We can see that the
cases with control converge to an equilibrium point faster than the cases without the optimal control.
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5. Discussion and conclusions

The optimal control of the dengue virus when vaccination against this virus was carriered out was
determined. The disease dynamics of the human population was modeled using the SEIR model, while
the mosquito population was modeled with a SEI model. The models were then analyzed by using
standard dynamical modeling. Disease free and endemic equilibrium points were found. The stability
of equilibrium points was determined by the Lyapunov function. The basic reproduction number was
found. If R, <1, the disease-free state is stable. If R, > 1, the endemic state is stable. A sensitivity
analysis of the basic reproduction number was also performed. It is found that for the developed models,
the dengue control is likely to be achieved with the decrement of y;, (the transmission rate of dengue
virus from human to vector population), p; (the birth and natural death rate of human population), A
(the constant recruitment rate of vector population), y, (the transmission rate of dengue disease from
vector to human population) and N, (the total human population). Based on these findings, the
optimal control problem was then formulated. The strategies for the control of the dengue infection
centred on the prevention of dengue virus through the use of mosquito nets and window screens, as
well as insecticides sprayings, rather than treatment measures such as medication and vaccination.
Such control measures are more appropriate for the rural areas of Thailand, where it is more
economical to use these strategies. Simulation results in Figures 8 and 9 show that the controlled
response trajectories converge to the equilibrium point faster than the ones without the control. Hence
the developed mathematical model, along with the designed control strategies could yield an important
guideline for the Thai Ministry of Public Health, as they attempt to contain the outbreaks that happen
in the rural areas, such as in the northeastern part of the country. Further research could consider the
multiple patch counterparts of the developed model, to enable ways of constraining the dengue
outbreaks optimally where there are movements from a higher populated rural area to a lower
populated one.
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