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1. Introduction

The variational inequality problem (VIP) was introduced by Stampacchia [1] and provided a very
useful tool for researching a large variety of interesting problems arising in physics, economics,
finance, elasticity, optimization, network analysis, medical images, water resources, and structural
analysis, see for example ( [2—15]) and references therein.

Let H be a real Hilbert space with inner product (-, -) and norm || - ||, respectively. Let C be a
nonempty closed convex subset of H. Let B : C — H be an operator.
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In this article, our study is related to a classical variational inequality problem (VIP) which aims to
find an element x* € C such that

(Bx",x—x"y>0, VxeC. (1.1)

It is well known that x* € VI(8,C) if and only if x* = Po(x* — ¢Bx¥), where ¢ > 0, in other words, the
VIP is equivalent to the fixed point problem (see [16]). Supposing that 8 is n-strongly monotone and

L-Lipschitz continuous with 0 < < %, the following sequence {x,} of Picard iterates:

Xne1 = Po(xn = {Bx,), (1.2)

converges strongly to a point x' € VI(8B,C) due to the fact that Po(I — £B) is a contraction on
C. However, in general, the algorithm (1.2) fails when 8 is monotone and L-Lipschitz continuous
(see [17]). In [7], Korpelevich put forward an extragradient method which provided an important idea
for solving monotone variational inequality:

Yn = Pelxy — Afx,),
Xns1 = Pe(Xn = Afyn),
where f is monotone, L-Lipschitz continuous in the finite dimensional Euclidean space R" and A €
0, 1).
The another motivation of this article is the split common fixed point problem which aims to find a
point u € H; such that

(1.3)

u e Fix(7) and Au € Fix(S). (1.4)

The split common fixed point problem can be regarded as a generalization of the split feasibility
problem. Recall that the split feasibility problem is to find a point satisfying

ueC and Auc€Q, (1.5)

where C and Q are two nonempty closed convex subsets of real Hilbert spaces H| and H,, respectively
and A : H, — H, is a bounded linear operator. Inverse problems in various disciplines can be
expressed as the split feasibility problem and the split common fixed point problem. Problem (1.4) was
firstly introduced by Censor and Segal [18]. Note that solving (1.4) can be translated to solve the fixed
point equation:

u=Swu—-tAUA-T)Au), v > 0.

Whereafter, Censor and Segal proposed an algorithm for directed operators. Since then, there has been
growing interest in the split common fixed point problem (see [19-22]).

Censor et al. [23] first proposed split variational inequality problems by combining the variational
inequality problem and the split feasibility problem. Very recently, in 2017, Tian and Jiang [24]
considered the following split variational inequality problem: finding an element u such that

u € VIA,C) and Bu € Fix(7), (1.6)

where 7 : H, — H, is nonexpansive, B : H; — H, is a bounded linear operator with its adjoint
B*, and A : C — H, is a monotone and L-Lipschitz continuous mapping. Then they presented
the following iteration method by combining the extragradient method with CQ algorithm for solving
the (1.6):
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Algorithm 1.1. Choose an arbitrary initial value x, € C. Assume x, has been constructed. Compute

Yn = PC()Cn - Tnﬂ*(l - T)ﬂxn)a
Zn = Pc(Vn — SaF Yu)s (1.7)
Xn+l = PC(yn - gnyjzn)-

They proved that the iterative sequence {x,} defined by Eq (1.7) converges weakly to an element
z € I, where I is the set of solutions of the problem (1.6). However, Algorithm 1.1 fails, in
general, to converge strongly in the setting of infinite-dimensional Hilbert spaces. We also notice
that Algorithm 1.1 is involved with three metric projections in each iteration, which might seriously
affect the efficiency of the method.

Motivated and inspired by the above works, in the present paper, we consider variational inequality
problems and split common fixed point problems for finding an element u such that

% € VI(A,C) and B3 € ﬂ Fix(T,), (1.8)

n=1

where {7,})", : H, — H, is an infinite family of nonexpansive mappings, 8 : H; — H, is a bounded
linear operator with its adjoint 8%, and A : H; — H; is a monotone and L-Lipschitz continuous
mapping. In contrast to Tian and Jiang [24], we consider the common fixed points of an infinite family
of nonexpansive mappings instead of only the fixed points of a nonexpansive mapping. The efficiency
of the algorithm is also improved by removing the projection operator in the first iteration which might
affect the efficiency of the method to a certain extent. Finally, we present a very simple modification to
extragradient method, which makes our algorithm have the strong convergence. It is well known that
the strong convergence theorem is always more convenient to use.

This paper is organized as follows: In Section 2, we give some definitions and key lemmas which are
used in this paper. Section 3 consists of our algorithms and provides the strong convergence theorems.
In Section 4, numerical examples are provided for illustration. Finally, this paper is concluded in
Section 5.

2. Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm | - ||, respectively. Let C be a
nonempty closed convex subset of H. Let 7 : C — C be an operator. We use Fix(7") to denote the
set of fixed points of 7, that is, Fix(7") = {x'|x" = Tx", x" € C}.

First, we give some definitions and lemmas related to the involved operators.

Definition 2.1. An operator T : C — C is said to be nonexpansive if ||[Tu — Tv|| < |lu — V|| for all
u,vecC.

Definition 2.2. An operator A : C — H is said to be monotone if (Ax—Ay, x—y) > 0 forall x,y € C.

A monotone operator R : H =3 2" is called maximal monotone if the graph of R is a maximal
monotone set.

Definition 2.3. An operator T : C — ‘H is said to be L-Lipschitzian if there exists L > 0 such that
7 x =Tyl < Lllx -yl for all x,y € C.
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Usually, the convergence of fixed point algorithms requires some additional smoothness properties
of the mapping 7 such as demi-closedness.

Definition 2.4. An operator T is said to be demiclosed if, for any sequence {u,} which weakly
converges to u*, and if T u, — w, then T u* = w.

Recall that the (nearest point or metric) projection from H onto C, denoted by P, assigns to each
u € H, the unique point Pcu € C with the property:
|lu—=Pcul| = inff|ju —v| : v € C}.
The metric projection P¢ of H onto C is characterized by

(u —Peou,v—Pcuy <0

2.1
or |lu —v|[* > |lu — Peull* + ||v — Peull® @1

forall u € H,v € C. It is well known that the metric projection P¢ : H — C is firmly nonexpansive,
that is,
U —v,Peu—Pev) 2 |Peu — Povil

2.2
or [Peu — Pyl < llu —vIP = I = Pe)u — (I = Pl 22

for all u, v € H. More information on the metric projection can be found, for example, in Section 3 of
the book by Goebel et al. (see [25]).
For all u,v € H, the following conclusions hold:

lltu + (1 = > = dlull® + (1 = o)l = ¢(1 = Hllu—v|*, te€[0,1], (2.3)
ll + VI[P = NJull® + 2¢u, vy + |VII* (2.4)

and
llu + VI < [lul® + 2¢v, u + v). (2.5)

Let {75}2, : H — H be an infinite family of nonexpansive mappings and A;, A5, ... be real numbers
such that 0 < A; < 1 for each i € N. For any n € N, define a mapping W, of C into H as follows:
(L[n,n+1 = -Z-,
(L[n,n = /lnﬂwn,m—l + (1 - /ln)-z—,
(L{n,n—l = /ln—lﬂ—lwn,n + (1 - /111—1)[,

Ui = 4T Upper + (1 = )T, (2.6)
U1 = a1 T i1 Ui + (1 = )T,

U,p = LT U3+ (1 - )T,
(Wn = q/ln,l = /llﬂﬂn,Z + (1 - /l])I

Such a mapping ‘W, is called the “W-mapping generated by 7,75, ..., 7, and 4y, Ay, ..., 4,. We have
the following crucial Lemma concerning ‘W,:
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Lemma 2.1. [26] Let H be a real Hilbert space. Let {T,}", : H — H be an infinite family of
nonexpansive mappings such that (., Fix(T,,) # 0. Let A, A,, ... be real numbers such that 0 < A; <
b < 1 for eachi > 1. Then we have the following:

(1) For any x € H and k > 1, the limit lim,,_,o, U, 1 x exists;

(2) Fix(‘W) = N, Fix(T,), where Wx = lim, oo W,x = lim, ., U,,1x, Yx € C;

(3) For any bounded sequence {x,} C H, lim,_,, Wx, = lim,_,., W, x,.

Lemma 2.2. [27] Assume that {«,} is a sequence of nonnegative real numbers such that
Api1 < (1 - ’)/n)a'n + 6n9 ne N9

where {y,} is a sequence in (0, 1) and {5,} is a sequence such that
(I) Z;ozl 7n = OO,'
(2) limsup, o, 2 < 0 or ¥77 16, < co.
Then lim,_,o, @, = 0.

Lemma 2.3. [28] Let {w,} be a sequence of real numbers. Assume there exists at least a subsequence
(@} of {w,} such that @, < @, forall k > 0. For every n > Ny, define an integer sequence {t(n)}
as:

T(n) = max{i < n: @, < @y, }

Then, T(n) — oo as n — oo and for all n > Ny, we have max{@ ), @,} < Wrpn)+1-
3. Main results

In this section, we introduce our algorithm and prove its strong convergence. Some assumptions on
the underlying spaces and involved operators are listed below.

(Ry) H, and H, are two real Hilbert spaces and C C H, is a nonempty closed convex subset.

(Ry) B : H; — H, is a bounded linear operator with its adjoint 8*.

(R3) A : Hy — H, is a monotone and L-Lipschitz continuous mapping.

(Ry) Q = (&% € VI(A,C) and Bx € (), Fix(7,)}, where Q is the set of solutions of the
problem (1.8).

Next, we present the following iterative algorithm to find a point X € Q.

Algorithm 3.1. Choose an arbitrary initial value x; € H. Assume x, has been constructed. Compute
Yn =Xy — TnB*(I - (Wn)ana

in = PC(yn - gnﬂyn)» (31)
Xn+l = PC((l - an)(yn - gnﬂzn))7

where {a,} is a sequence in (0, 1), ¢, is a sequence in (0, %), and 7, is a sequence in (0, W).

Theorem 3.1. If Q # () and the following conditions are satisfied:
(Cy) lim, @, =0and ¥, @, = oo;
(C>) 0 < liminf, e g, < limsup,_,., ¢, < 77
(C53) 0 < liminf, & 7, < limsup,_,, 7, < W.
Then, the iterative sequence {x,} defined by Eq (3.1) strongly converges to the minimum-norm
solution X(= Pq0).
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Proof. Set 7z = Pqf. We can obtain that

It follows from

llyn = 2II?
=l =z = 7,8°(I = W,)Bux,|
= b, = 2l = 27(%, = 2. 8" = W,)Bx,) + |[1,8°(I = W,)Bx, |’
= I, = 2l = 27,(Bx, — Bz, (I = W,)Bx,) + 11,8 (1 = W,) B, |’
< ey = 2P = 7l = W) Bxl + T IBIP - I~ W) Bx,|I°
< b = 2P = 7u(1 = TlIBIPIT = W) B, |
< Iy = 2l

(2.1) that

X1 = 2l
= IPc((1 = @)y — §uAz,)) — 2l
<1 = @) — 62 Az) — 2P = (1 = @) — §0AZy) = Xt
< N1 = @) = 60 Az, — 2) + Au(=2)I
=1 = @) = §uAzy = Xpi1) + (=25
< (1= apllyn — $aAzy — 2P + @l - 2l
= (1 = a)aullyn — suAz|
— (1 = aw)llyn = oAzy = Xpitl* + @all = X1
- (1 = aaullyn — $a Azl
= (1 = a)(lyn — 60 Azy — 2P = lyn = $aAZ0 = Xas1IP)
+ @, (IIZlP* = 1xs17)-

We also observe that

1V = §0Azn = 2> = Vn = §aAZn = Xpar I
= |y — 2> = 1w = Xpstll® + 26:(AZ0y 2 = Xpi1)
= lyn = 2l* = lyw = XustI* + 262(AZ0, 2 = 20) + 26 AZ0» 24 — Xus1)
= llyn = 2l = llyn = Xnstl® + 26:(Azy — Az, 2 = 20)
+ 26,(AZ, 2 = Zn) + 26,{AZn Zn = Xns1)
> lyn = 2P = yn = Xust 1P + 2654Az0s 20 — K1)
= lyn = 2P = lyn = zall® = llzw = Xpt I
+ 20Vn = §uAZn = Zus Xnt1 — Zn)-

On the other hand, we have that

AIMS Mathematics

Vn = SuAZp = Zns X1 — Zn)
= Vn = SnAYn = Zns Xns1 = Zn) + Sl AYn — Ay, Xps1 — Zn)
< SulAYn — Azpy X1 — Zn)
< Gull Ay, = Az X X541 = zall

< gnL”yn - Zn” X ||xn+l - Zn”
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(3.3)

(3.4)
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Hence, we can derive that

21 = 2P = (1 = @)lyn = §0Az0 = 2 = 1w = $0Az0 — Xt IP) + @Izl =[x,
(by3.4) < (1 = @)(lyn — 2> = lyn — zall* = llzw = X1 P
+ 2000 = S AZy = Zns Xnr1 — Zn)) + (2P = 611,
(by(3.5)) < (1 = @)(lyn — 2> = lyn = zall* = llzw = X1 P
+ 26, Lllyn = zall X [1%s1 = zall) + @ (Il = 1130411 (3.6)
< (1= a)llyn = 2P = lyn = zall® = llzn = XpstIP
+ 6r L2y = zall” + 1011 = zall®) + @2l = X011
< (1= a)lyn — 2P + (6oL = Dllyn — zall®) + @(llzl* = 1xsl ),
(by(3.2)) < (1 = @)(lIx, — 2> + (52 L* = Dllys — zal») + n(llzl* = 155117

Owing to the assumption (C3), it follows from (3.6) that

%001 = 2P < (1 = @)llyn = 2l + an(llzlP = 1),
(by(3.2)) < (1 = an)lloy = 2” + @izl = pa )

3.7
< (1 = allx, — 2P + a,llzll?
< max{llx, — zlI* llzII*}
and so
llx, — zII* < max{llx; — zII%, llzII*}, (3.8)

which implies that the sequence {x,} is bounded. In view of (3.2) and (3.7), we obtain that

(1 = TlIBIPIT = W,) B, |
< b = 2l = llyn = 2l (3.9)
< b = 2P = basr = 2l + @izl = 1 IP = 1y, = 2l

CASE L. Suppose that there exists m > 0 such that the sequence {||x,, —z||} is decreasing when n > m.
Then, lim,_, ||x, — z|| exists. Consequently, according to the assumptions (C;) and (C3), we deduce
that

lim |I(7 = W,)Bxll = 0. (3.10)
In virtue of the boundedness of the sequence {Bx,} and Lemma 2.1, we get that

lim |[W8Bx, — W,8Bx,|| = 0. (3.11)

n—oo

This together with (3.24) implies that

’P_)rg (I = W)Bx,|| = 0. (3.12)
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It follows from (3.6) that

(1 —a,)(1 = 2Ly — 2l

< (1= all, = 2P = 1xps1 — 2l
+ @, (IIzlI* = 1511117

< 1 = 2l = X1 — 2l

+ (2l = 11X P = lln = 2IP).

Thanks to the boundedness of the sequence {x,}, we derive that

lim Iy, = 2,/ = 0.
In view of (3.30), we can also get that

lim [, = x| = lim |[7,8°(1 = W,)Bx,l| = 0(by(3.24)).

Combining (3.14) and (3.15), we obtain that

lim [|z, — x|l = 0.
On the other hand, we get that

%041 = Zall = [IP((1 = @) (Yn = §2AZ1)) = Pe(Vn — SnAY)|
<A = @) = §uAzw) = (Vn = Ayl
S NOn = 6aAzn) = Vn = LAY + @ullyn — S Az
< suAzy = AVl + @nllyn — S Azl
< GullAzy = Aynll + @ullyn — €n Azl
< Gulllzn = yull + @nllyn — SaAz|-

Hence, by (3.14), it turns out that

lim 5,01 = 2,1 = 0
and consequently, according to (3.16), we have that

Im [|x,1 =2/l = 0.
Next, we can take a subsequence {n;} such that

. 2 2 . 2 2
lim sup(llzll” = [12,41[1%) = Hmllzll” = f1x4111)-

n—oo

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

By the boundedness of the real sequence {x,.;}, we may assume that x,,; — x". Since W is
nonexpansive, we can derive that Bx" = WBx(see Corollary 4.28 in [29]), that is, Bx" € Fix(‘W) =

Mowy Fix(T).
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Now, we show that x € VI(A, C). Let

(3.21)

Av+ Ne(v), veCQ,
R(v) =
0 véC,

where N¢(v) is the normal cone to C at v. According to Reference [30], we can easily derive that R is
maximal monotone. Let (v, w) € G(R). Since w — Av € N(v) and x,, € C, we have that

w—=x,,w—Av) > 0.
Noting that, due to v € C, we get
<V — Xn+1s X+l — (1 - a’n)(yn - gnﬂzn))> > 0.

It follows that et — Y o
<V — Xn+1 M + ﬂzn + _n(yn - gnﬂzn» > O

n g}’l
Thus, we can deduce that
(V= Xns1, W)
> (V= Xy11, AV)
xni+1 - yn,«

a’m
> - <V - xn,-+l’ + ﬂzn,- + g_())n, - gniﬂzni»
n;

n;
+ <v - xn,-+l’Av>

Xni+l = Yy
2 <V - -xl’l,'+l9ﬂv - ﬂzn,-> - <v - xnl‘+l5 Lyl>

O, ’ 3.22
- <V - xn,~+1, g_(ym - gniﬂzni)> ( )

n;

2V = X1, AV = Axp1) + (v = X1, Axyi — Az

Xni+1 — Yn; an;
— V= X1, ———) =V = X1, — O, — S Az))
n; ni
Xni+1 = Yy @y
> = (V= X1, ———) =V = Xyt g—(yn,- — S Azn))
n; ni

+ <V - xni+1’ ﬂxni+l - ﬂzm)-

As i — oo, we obtain that
(v—x",wy>0.

By the maximal monotonicity of R, we derive that x' € R'0. Hence, x' € VI(A,C). Therefore,
x" € Q. Since the norm of the Hilbert space H; is weakly lower semicontinuous(see Lemma 2.42
in [29]), we have the following inequality:

"Il < Tim inf []26,,41 |
1— 00
and therefore

Il = Tim sup(=|lx, .1 1)-

1—00
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From (3.7), we observe that
o1 = 2lI* < (1 = @)llx, — 2P + izl = sl (3.23)
Thanks to z = Pof and x™ € Q, we can deduce that

. 2 2 2 1 2 2 2
lim sup(llzlf* = [1x,+11*) = llzll* + lim sup(=||x,+1 1) < llzll* = lIx"|* < 0.

Applying Lemma 2.2 to (3.23), we derive that lim,_, ||x, — z|| = 0, which implies that the sequence
{x,} converges strongly to z.

CASE II. For any ny, there exists an integer m > ny such that ||x,, — z|| < [|x,,+1 — z/|. At this case, we
set @, = ||x, — z||. For n > ny, we define a sequence {7,} by

7(n) = max{l € Njny <[l < n,w; < w1}.
It is easy to show that 7(n) is a non-decreasing sequence such that

lim 7(n) = +o0

and
Wr(n) < Wr(ny+1-
This together with (3.9) implies that

lim ”(I - (W‘r(n))Bx‘r(n)Hz =0. (324)

n—oo

Employing techniques similar to CASE I, we have

. 2 2
tim sup(lizlP = e 1IP) < 0 (3.25)
n—0o0
and
21 < (1= ; 20 = 1%y I 3.26
wT(n)‘H = aT(”>)wT(n) + a/T(n)( < Xr(n)+1 ) ( . )
Since @) < Wry+1, We have
2 2 2
@y < 2ll” = Ixryll” (3.27)

By (3.25), we obtain that
lim sup @,y < 0

n—o00

and so
lim Wrn) = 0. (328)

By Eq (3.26), we also obtain
lim sup @ (py+1 < lim sup @ ().

In the light of the last inequality and Eq (3.28), we derive that

lim Wrn)+1 = 0.
n—oco

Applying Lemma 2.3, we obtain
@, < Wr(n)+1-

Therefore, we get that @, — 0, that is, x, — z. This completes the proof. O
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Algorithm 3.2. Choose an arbitrary initial value x, € C. Assume x, has been constructed. Compute
VYo = X — T, 8°(I — T)Bx,,
Zn = Pcn = SnAyn), (3.29)
Xt = Pe((1 = an)(yn = §uAzn)),

where {a,} is a sequence in (0, 1), g, is a sequence in (0, %), and 7, is a sequence in (0, W).

Theorem 3.2. If Q # 0 and the following conditions are satisfied:

(Cy) lim, o, = 0 and Z;O:() @, = 00,

(C>) 0 < liminf, e, < limsup, ., ¢, < 15

(C3) 0 < liminf, 7, < limsup, ., 7, < 730

Then, the iterative sequence {x,} defined by Eq (3.29) strongly converges to the minimum-norm
solution X(= Pyb), where

Q = {3]% € VI(A,C) and Bk € Fix(T)} # 0.

Algorithm 3.3. Choose an arbitrary initial value x, € C. Assume x, has been constructed. Compute

in = 7)C(xn - gnﬂxn),
Xn+l = PC((1 - a’n)(xn - gnﬂzn))’

where {a,} is a sequence in (0, 1) and g, is a sequence in (0, %).

(3.30)

Theorem 3.3. If Q # 0 and the following conditions are satisfied:

(Cy) limy o, =0and Y, @, = 0o;

(C5) 0 < liminf, e 5, < limsup,_,, ¢, < 7.

Then, the iterative sequence {x,} defined by Eq (3.30) strongly converges to the minimum-norm
solution (= Pqob), where Q = {%|% € VI(A,C)} # 0.

4. Numerical illustrations

In this section, we present some numerical examples to illustrate our main results. The MATLAB
codes run in MATLAB version 9.5 (R2018b) on a PC Intel(R) Core(TM)i5-6200 CPU @ 2.30
GHz 2.40 GHz, RAM 8.00 GB. In all examples y-axes shows the value of ||x,,; — x,|| while the x-
axis indicates to the number of iterations.

Example 4.1. Let H, = H, = R". The feasible set is defined as:
C:={xeR":|x|| <1}.
Let G : R" — R" is a linear operator defined by:
Ax = Gx
for all x € R", where G = (g;;)1<i,j<» 15 @ matrix in R whose terms are given by:

-1, ifj=n+1-iandj>|,

—

gi=11, ifj=n+l-iandj<i, (4.1)

0, otherwise.
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It is obvious that A is ||G||-Lipschitz continuous. By a direct calculation, we also have that (Ax, x) =
(Gx, x) = 0 and so, A is monotone. Let B be a matrix in R which is randomly generated.

Taking cognizance of the difference of the problems handled by Algorithm 3.1 and Algorithm in
Tian and Jiang [24], in order to comparing these two algorithms, we make a very small modification to
the one in [24] such that it can also solve the problem (1.8). The modified algorithm can be written as
follows:

Algorithm 4.1.

Yn =Xy — TnB*(I - (Wn)ana
in = PC(yn - gnﬂyn)» (42)
Xn+l = ?C((l - an)(yn - gnﬂzn))’

According to the proof of Theorem 3.1, we can easily verify that this modified algorithm works

for solving (1.8). The values of control parameters in these two Algorithms are ¢, = m, T, = 5

2|IBI?>
a) = %, a, = %(for alln > 2), 4, = ﬁ and x; = (1,---,1)T, and the infinite family of nonexpansive
mappings {7;};2, : R" — R" is defined by:
Tix := Myx,
for all x € R", where {M,} is a sequence of diagonal matrixes in R"™":
- 1
-5 ]
T k2
M, = . 4.3)
1
T k2
1--L

k+3

The numerical results of the Example 4.1 are reported in Table 1 and Figures 1-4 by using the stopping
criterion ||x,+1 — X,|| < 1071°.

Example 4.2. Let H, = H, = L?([0, 1]) with the inner product:

1
X, y) = f x(D)y()dt
0
and the induced norm: 1
Ixll 2= ( f 2(1dn)?.
0

The feasible set is defined as:
C:={xeR":|x|| <1}

The mapping A : L*([0, 1]) — L*([0, 1]) is defined by:

Ax(t) := (1 + H)max{0, x(1)} = (1 + t)w, x € L*([0, 1]).
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It is easy to see that
1
(Ax = Ay, x~y) = fo (Ax(t) = Ay())(x(r) — y())dt

e xX(t) = y(©) + [x(0)] = [y(@)|
= fo (1+1) > (x(1) = y(D)dt wa)

1
1
= fo S (L + (D) = YD) + (X)) = yOD(x(2) = y(1)))dr

>0
and
1
Ax = AP = f (AX() — Ay(D)dr
0

_ f (14 2 G0 2O+ XOL= BOD?
0 7 (4.5)

1
= f (1 + 1)*(x(t) — y(1))dt
0
< 4lx — yII*.

Therefore, the operator A is monotone and 2-Lipschitz continuous. Let ‘W, = I (Identity mapping).
The values of control parameters for Algorithm 4.1 and Algorithm 3.1 are ¢, = 1, @) = 3, @, = +(for
alln > 2), 4, = nlj and x; = 8¢2. It can be seen easily that {x,} strongly converges to the zero vector
6(e L*([0, 1])). The numerical results of the Example 4.2 are reported in Table 2 and Figures 5 by using

the stopping criterion ||x,+; — x,,|| < & = 0.01.

Remark 4.1. The numerical results of Example 4.1 and Example 4.2 show that the performance
of Algorithm 3.1 is better than Algorithm 4.1 both in CPU time and the number of iterations.
Algorithm 3.1 is more effective in both finite and infinite dimensional spaces and especially in
conditions involving complex projection calculations, see Tables 1, 2 and Figures 1-5. In Example 4.1,
we observe that the number of iterations tends to be stable, while the CPU time increases, as n
increasing.

‘%AIQ.AJ
#—Alg. 3.1

I,y %1

10710
0 50 100 150

Number of iterartions

Figure 1. Example 4.1: Comparison of Algorithm 3.1 with Algorithm 4.1 when n = 2.
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1010

10—12 i
0 50 100 150 200
Number of iterartions

Figure 2. Example 4.1: Comparison of Algorithm 3.1 with Algorithm 4.1 when n = 10.

10710
0 50 100 150 200

Number of iterartions

Figure 3. Example 4.1: Comparison of Algorithm 3.1 with Algorithm 4.1 when n = 50.

102 T r T

—o—Alg. 4.1
ﬁ —F—Alg. 3.1

lix, 4%, |
=
1
,
A

10—10 i i
0 50 100 150 200

Number of iterartions

Figure 4. Example 4.1: Comparison of Algorithm 3.1 with Algorithm 4.1 when n = 100.

AIMS Mathematics Volume 8, Issue 11, 27291-27308.



27305

10’ w
—o—Alg4.1
—%— Alg.3.1

100 L

0 2 4 6 8 10 12 14
Number of iterartions

Figure 5. Example 4.2: Comparison of Algorithm 3.1 with Algorithm 4.1 when & = 0.01.

Table 1. Example 4.1: Comparison of Algorithm 3.1 with Algorithm 4.1.

No. of Iter. Time
n Alg. 3.1 Alg. 4.1 Alg. 3.1 Alg. 4.1
2 120 154 0.288s 1.133s
10 156 201 0.691s 2.516s
50 157 202 4.641s 13.853s
100 157 203 12.333s 53.145s

Table 2. Example 4.2: Comparison of Algorithm 3.1 with Algorithm 4.1 when & = 0.01.

No. of Iter. Time
£ Alg. 3.1 Alg. 4.1 Alg. 3.1 Alg. 4.1
0.01 8 13 0.678s 79.280s

5. Conclusions

In the present paper, we consider variational inequality problems and split common fixed point
problems. We construct an iterative algorithm for solving Eq (1.8) which can be regard as a
modification and generalization of Algorithm 1.1 with fewer metric projection operators. Under some
mild restrictions, we demonstrate the strong convergence analysis of the presented algorithm. We also
give some numerical examples to illustrate our main results. Noticeably, in our article, A is assumed
to a monotone and L-Lipschitz continuous mapping. A natural question arises: how to weaken this
assumption?
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