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1. Introduction

We establish the notations used throughout this paper. The symbol Ny, = N U {0} refers to the set
of nonnegative integers. Let X be a complex Banach space and H be a complex Hilbert space. B[X]
(resp. B[H]) denotes the set of bounded linear operator on X ( resp. on H). Ford € N, let N =
(N1, ,Ng) € B[X]? be a tuple of commuting bounded linear operators. Let 8 = (8y,- - ,B4) € Ng
and set 8] := Z Bil, B := B!+ By, N := NP NP = ]_[ N’ Further, the Hilbert adjoint of

1<j<d 1<j<d

the commuting d-tuple N = (Ny, - -+ , N,;) € B(H)? is the d-tuple N* = (N7, - - -, N3).

J. Agler and M. Stankus introduced the class of m-isometry on Hilbert space [1-3]. An operator
N € B[H] is said to be m-isometric operator for some integer m > 1 if it satisfies

Z (—l)f(n?)N*m‘me‘f = 0. (1.1)
J
Notice that the Eq (1.1) is equivalently to

Z (—1)j(’;_1)||N’"_jx||2 -0 VxeH.

0<j<m
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Many authors have defined new concepts related to m-isometries, such as (m, p)-isometries, (m, 00)-

isometries, (m, C)-isometries, (m, p)-isometric tuples, (m, co)-isometric tuples and (m, C)-isometric

tuples. For the basic theory of these families of operators, the reader is referred to [8—-12,15,18,21-25].
Given m € N and p € (0, 00), an operator N € B[X] is called an (m, p)-isometry if and only if

> (—1>f(”7)||N'"-fx||P =0 VxeX,
0<j<m J
(see [8,22]).

The concepts of completely hyperexpansive and completely hypercontractive operators on Hilbert
space have attracted much attention from various authors. For a detailed account on these classes of
operators, the reader is referred to [4,5,7,13,19,28].

The concept of (m, p)-expansive and (m, p)-contractive operators on a Banach space were
independently introduced and studied in the papers [16,26,27].

Let N € B[X], and we denote

BPN,x) = > (- 1)!()

0<j<k

YV xe X,

where k € Ny := N U {0}, p € (0, 00). The operator N is said to be

(i) (m, p)-expansive if ﬂﬁ,f)(N, x) <0 forall x € X,

(ii) (m, p)-hyperexpansive if 8" (N, x) < 0 forall x € X and k € {1,2,--- ,m}.
(iii) (m, p)-contractive if B (N, x) > 0, forall x € X,

(iv) (m, p)-hypercontractive if ,8(” )(N, x) >0 forall xe Xand k € {1,2,--- ,m}.

The study of tuples of commuting operators has attracted much attention from many authors.
Recently, several papers have been published on the study of tuples of commuting operators [6, 14,
15,18,20,21,23,24,29-31].

The notion of an m-isometric tuple (resp. (m, p)-isometric tuple ) is a natural higher-dimensional
generalization of the notion of an m-isometry (resp (m, p)-isometry) in a single variable operator.
J. Gleason and S. Richter in [15] extended the notion of m-isometric operators to the case of commuting
d-tuples of bounded linear operators on a Hilbert space. The defining equation for an m-isometric tuple
N=(Ny,--,N,) € B[H] reads:

$uM = 3 () 3 Ene) <o (12)

0<k<m 1BI=k

or equivalently

(SuNx 1) = Y (-1 k( )(ZEnNﬁxn ) 0 forall x € H. (1.3)
0<k<m 1BI=k
More recently, P. H. W. Hoffmann and M. Mackey [23] introduced the concept of (m, p)-isometric
tuples on normed space. Given m € N and p € (0, o), the commuting d-tuple N = (Ny,--- ,Ny) €
B[X]9 is an an (m, p)-isometry if
PG k( )Z ~IN’x|" = 0 forall xeX. (1.4)
0<k=m = k
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Remark 1.1. We have the following particular cases.
(i) Whenm = 1, then N = (Ny,--- ,N,;) € B[X]?is a (1, p)-isometric tuple if

INix|IP + -+« + [|[Ngx||P = ||x||P, forall x € X.

(ii) When m = 2, then N = (N, - -+ , N,) € B[X]%is a (2, p)-isometric tuple if

>INl —( DN 2 Y ||Nijx||p) = ||x]|” forall x € X.

1<j<d 1<j<d 1< j<ksd

(iii) When m = d = 2, then N = (N}, N,) € B[X]* be a commuting 2-tuple is a (2, p)-isometric pair if
Ixll” = 2/IN [P = 21INoxlP + INZxI + [INZx]|P + [N\ Nox||P = 0 forall x € X.

Our aim in this paper is to consider a generalization of the concepts of (m, p)-hyperexpansive
and (m, p)-hypercontractive of a single operator as discussed in [17,27] to the (m, p)-hyperexpansive,
(m, p)-hypercontractive tuples of commutative operators on Banach spaces.

2. (m, p)-Hyperexpansive and (i, p)-hypercontractive tuples of commuting operators

For a d-tuple of commuting operators N := (Ny,-++ ,Ny) € B[X]?, m € N and p > 0 being a real

number, we define
DN o o M k! s
QPN 0= Y ( 1>(k)( > N x||f’).

0<k<m ﬁ € Ng

Bl =k

Definition 2.1. For a commuting d-tuple N = (N;,--- ,N,) € B[X]¢, integer m € N and p € (0, o).
We say:

(1) N is an (m, p)-expansive tuple if QP (N;x) <0 forall xeX,

(2) N is a (m, p)-hyperexpansive tuple if Q;{p )(N; x) <0forall x e X and
ke{l,---,mj},

(3) N is acompletely p-hyperexpansive tuple if it is a (m, p)-hyperexpansive
tuple for every integer m € N.

Definition 2.2. For a commuting d-tuple N = (Ny,--- ,N,) € B[X]?, integer m € N and p € (0, o).
We say:

(1) N is an (m, p)-contractive tuple if QP (N;x) > 0 forall x € X,

(2) N is a (m, p)-hypercontractive tuple if Q,ip )(N; x) > 0 for all x € X and
ke {]‘".. ’m}’

(3) N is a completely p-hypercontractive tuple if it is a (m, p)-hypercontractive
tuple for all m € N.
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Remark 2.1. When d = 1, Definitions 2.1 and 2.2 coincide with [16, Definition 1.1].
Notice that for N = (N, -+ , Ny) € B[H],
(Su(MN)x | x) = QP(N; %) ;¥ x € H.

Remark 2.2. When p = 2 and X = H, Definition 2.1 coincides with [5, Definition 2.1].

Remark 2.3. (i) Let N = (N},---,N,;) € B[X]¢ be a commuting tuple of operators. Then N is a
(1, p)-expansive tuple if
Xl < Z NP, (¥ x € X) (2.1)

I<j<d
and it is a (1, p)-contractive tuple if

P = >IN, (F x € X). 2.2)

1<j<d
(i) If d = 2, let N = (N}, N,) € B[X]? be a commuting pair of operators. Then N is a (2, p)-expansive
pair if
lIxll” < 2Ny xlIP + [[N2xlIP) = (INT P + INZxIIP + 2N Naxl)P) Y x € X, (2.3)

and it is a (2, p)-contractive pair if
[Ixl1P > 2Ny xlIP + [[N2xl1P) = (INT P + (IN3xIIP + 2N Naxll) ¥ x € X. (2.4)

(iii) Let N = (Ny,--- ,Ny) € B[X]? be a commuting tuple of operators. Then N is a (2, p)-expansive
tuple if

Ir <2 3 NGl = (3 IV +2 ) INNealP) v xe i, (2.5)

1<j<d 1<j<d 1< j<k<d

and it is a (2, p)-contractive tuple if

I =2 3 NGl = (3 IV 42 Y INNalP) Y we . (2.6)
1<j<d 1<j<d 1<j<k<d
Remark 2.4. Since the operators Ny, - - - , N; are commuting, every permutation of an (m, p)-expansive

tuple or a (m, p)-contractive tuple is also an (m, p)-expansive tuple or a (m, p)-contractive tuple .

Example 2.1. (1) Every (m, p)-isometric tuple of operators on a Banach space is an (m, p)-expansive
tuple and a (m, p)-contractive tuple of operators.

(2) Every (1, p)-isometric tuple is a completely p-hyperexpansive tuple and it is also completely p-
hypercontractive.

The following examples show that there exists a (m, p)-expansive tuple (resp. (m, p)-contractive tuple)
of operators that is not an (m, p)-isometric tuple for some positive integer m.
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Example 2.2. Let X = C? be equipped with the Euclidean norm || . ||,. Consider

111 00 1
N=|111|eB[Cland N,=|0 1 0 |eB[C].
111 1 00

Then, the pair N = (N, N,) is (2, p)-contractive pair for e p € (0, 1) on (X = C3,||.||]»).

In fact, it is easy to verify that Ny N, = N,N;. By direct computation, we have N\ N, = Ny, Nf = 3N,
u
v ], direct computation yields
w

and N7 = I5. Furthermore, for any vector x =

NS = [IN1 Naxlly

2
IN2x115 = [1x[l5 = [IN;x]I5
2
INyAS = (I3N1xdl; = 371N Xl

Hence,
2(||N1x||§ " ||N2x||§) - (||N%x||§ FIINZA + 2||N1Nzx||§)

- 2(||N1x||§ " ||x||’;) - (3P||N1x||§ A 2||N1x||§)

2AINE + 201l — (3P||N1x||§ Il - 2||N1x||§)

= [Ixl; — 37N Xl

< Il

Hence, N = (Ny, N,) is (2, p)-contractive tuple for p € (0, 1).

Example 2.3. Let X be a normed space and Iy be the identity operator. Then, (5Ix, Ix, Ix) € B[X]® is
a (2, p)-contractive tuple of operators which is not a (2, p)-isometric tuple.

Example 24. Let p € (0,00) and N € B[X] be an (m, p)-hyperexpansive (resp. (m, p)-
hypercontractive) operator (see [29, Definition 1.3]) and y = (y;,--- ,va) € (C4, ||| ») with

E= >yl =1.

1<j<d

Then, the operator tuple N = (Ny,---,Ny) with N; = y;N for j = 1,2,---,d is an (m, p)-
hyperexpansive tuple (resp. (m, p)-hypercontractive tuple).

In fact, it is clair that N;N; = N;N; for all 1 <i; j < d. Furthermore, by the multinomial expansion,
we get

J
lyi
1,82, ,,Bd) J;L

J
(m P bl mv’) - s

Br+Bat—+Bu=]
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On the other hand, we have forallk e {1,--- ,m}and x € X
[k !
QN v = 3 ) L)
0<j<k J m:jﬁ'
[k !
= D V(X e vear)
0<j2k I B
[k .
= Ui

It follows that if N is (m, p)-hyperexpansive then Qip )(N, x) < 0 and if N is (m, p)-hypercontractive
then Q,({p (N, x) > 0.

The following Proposition generalizes [16, Lemma 2.1].

Proposition 2.1. Let N = (Ny,--- ,N;) € B[X]¢ be a commuting tuple of operators. The following
identities hold for all x € X and m € N.

QYL(N, ) =QP(N, x) = > QP(N, Nj). Q2.7)
1<j<d
(P)(N- — (_1\n m_‘ @ P _ _ m—k[ M) A(p)
QP(N; x) = (-1) lz;n — N Osé_l( ) (k)ak (N, x). (2.8)

> (—1)’<(Z)Q,(j’)(N, ij))

1<j<d  0<k<m-1
= Z (—l)k(n-]: 1)Q,(CP)(N, X) + (—l)m( " )Q,(,f)(N, X). (2.9)
0<k<m-1 m—1

Proof. The identity in (2.7) follows from [23, Proposition 3.1] after noting the slight differences in
notation, and so its proof is omitted.
We prove the equality (2.8) by induction on m > 1. For m = 1, it is true, since

m k!
QN = ) (—D"(k)z—,IIN“xII”, where Q)(N, x) = [lxII".
O<ks<m LB|=k’8'

Assume that the induction hypothesis for some integer m > 1. By (2.7) we have

Q(P)

m+1

N, 1) =QPN, x)— > QP(N, Nyx) forall integers m > 1.

1<j<d

By the induction hypothesis and in view of (2.8) we have that

QY (N, x)

+
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= (-1" Z B N - S -1y k( )a(”kN )

0<k<m—1
-y (( D" Z—nNﬁquP >y "( )a(”)<N N;x)
1<j<d 1Bl= m 0<k<m~—1
— m+l Z (m+ 1) ||N/3 ”p
la|l=m+1 ﬁ
(- 1)’"Z—||Nﬁx||f’ D=0 "( ml)c??)(N, )
1Bl=m 1<k<m
la|l=m+1 ' 0<k<m—1
+ "( ml)Qﬁf’)(N, x)
1<k<m
(m+ 1)! o m
= 1)m+l NPx||P (p) N, —1y"*
(-1) WZM o IN + @ x>+l<;1_l< ) ((k_l)

+(’Z))Q§”><N, %)

+H=1"QP(N, x) + (m"_? 1)Q;f>(N, x)
(m+1)!

— (_1)m+l ”N,Bx”p _ Z (_1)m+1—k(ml': I)QI((P)(N’ X).

|Bl=m+1 B 0<k<m
The conclusion of (2.8) for (m + 1) is now immediate.

To prove (2.9), we have by (2.7)

> (—l)k(k " P 0

1<k<m -1

= e J@ne - Y @l vw)
& k—1 k—1 1 ’ 1 4 J
<k<m <j<

- -3 (—1)"(’; QN+ Y (—1)"(2)&2’”(& Nx)

0<k<m—1 1<j<d 0<k<m~—1
and therefore

> <—1>k(’;)ay><N; N;x)

1<j<d O<k<m-1

= > 1)( 1)62,&”)(N; 0+ ) <—1>k(Z)a,8’)(N, %)

1<k<m 0<k<m-1

- (_1)m( )Q(”)(N x) + Z (-1) (( 1)+(Z))Q;P>(N; x)

1<k<m-—1
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+QP(N, x)
— Z ( l)k(n+ 1)Q(p)(N X)+( 1)m( I)Q%?)(N’ X).
0<k<m-1

This completes the proof of the proposition. O

It is well-known that the class of (m, p)-isometric tuples is a subset of the class of (m+1, p)-isometric
tuples. The following example shows that the class of (m, p)-expansive tuples and (m + 1, p)-expansive
tuples are independent.

Example 2.5. Let N = (Iy, Iy, Ix) € B[X]’. A simple computation shows that
(1) Nis a (1, p)-expansive tuple but not a (2, p)-expansive tuple.
(2) N is a (2, p)-contractive but not a (1, p)-contractive.
The following Lemma generalizes [17, Proposition 5.3].

Lemma 2.1. Let N = (N,,--- ,N,;) € B[X]? be a commuting tuple that is a (2, p)-expansive tuple.
Then the following statements hold.

Z —||N'8x||p < (1 - mlldll + n( D ||ij||§<), V xeX, VneN. (2.10)
1B= n 1<j<d
D INpP 2 P Y xe X, neNon L @.11)
1<j<d
Z IN;xl? > [IxlP -V x € X. (2.12)
1<j<d

Proof. We shall prove the inequality (2.10) by induction on n. For n = 0 or n = 1 it is clear. Assume
that (2.10) is true for n and prove it for n + 1. Indeed, in view of [23, Lemma 2.1 ], it follows that

I = 3 (X SN

Bl=n+1 I<k<d " |B= B
Therefore, by the induction hypothesis, we get
(n+1)!
S N
Bl=n+1 B!
< A=m ) Nl 40 Y (D IV
1<k<d I<k<d " 1<j<d
= (1=m) D NP +n ) INFAIP + Zn( > ||Nijx||”).
I<k<d 1<j<d 1<j<ksd
Since N is a (2, p)-expansive tuple, it follows from (2.5)
(n+ 1!
D T INA
|Bl=n+1 ﬁ
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< (=) ) Nl = =2 ) N
1<k<d 1<k<d
< =l + G (Y IVl
1<k<d

so that (2.10) holds for n + 1.
The inequality (2.11) follows from (2.10) and the inequality (2.12) follows from (2.11) by taking

n — oo, O

Remark 2.5. There is an immediate related consequence of this result. If N is a (2, p)-expansive tuple,
then N is a (1, p)-expansive tuple i.e., N is a (2, p)-hyperexpansive tuple.

Lemma 2.2. Let N = (N,--- ,N,) € B[X]? be a commuting tuple that is a (2, p)-contractive tuple.
Then
!
D SN = (L=l ) INGall), ¥ xe X, Ve, (2.13)
Iﬂ|=n'8 ' 1<j<d
Proof. We omit the proof since it is similar to the one of Lemma 2.1. O

Remark 2.6. Let N = (N, --- ,N,;) € B[X]¢ be a commuting tuple of operators. The null space of N
is defined by
NNy = (x € X / Nyx=...= Ngx =0} = | N(N)).

The rang of N is given by

RON) = {z€ X /T x1,-++,xg € X 2= Nixy+---+Naxg } = ) RN)).

We discuss below several consequences of Proposition 2.1.

Proposition 2.2. Let N = (Ny,--- ,N,;) € B[X]? be commuting tuple of operators such that N RN =
(N1 gy > Najrang)-is an (m — 1, p)-isometric tuple. Then following properties hold.

(1) N is an (m, p)-expansive tuple if and only if N is a (m — 1, p)-expansive tuple on X.

(2) N is a (m, p)-contractive tuple if and only if N is a (m — 1, p)-contractive tuple.

Proof. In the first step, we note that R(N;) C R(N) forall j=1,---,d. In view of (2.7), we get

QPN; 0 = QY (N;x) - > QY (N; Njx), ¥ xeX.

1<j<d

Since N is an (m — 1, p)-isometric tuple on N RNy We deduce that
QP(N;x) = Q% (N;x), V x € X.
The desired results in the statements (1) and (2) follow immediately. O
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Proposition 2.3. Let N = (Ny,--- ,N,;) € B[X]? be commuting tuple of operators such that Nz =
(N 7wy » Najrany) B8 a (1, p)-isometric tuple. The following properties hold.

(1) If N is an (m, p)-expansive tuple, then N is an (m, p)-hyperexpansive tuple.

(2) If N is an (m, p)-contractive tuple, then N is an (m, p)-hypercontractive tuple.

Proof. By (2.7), we have forall k € {1,2,--- ,m}

QUN;x) = QP (N;x) = > QP\(N; Njw), ¥ xe X,

1<j<d

If N is an (1, p)-isometric tuple on R(N), it is well known that N is an (k, p)-isometric tuple on R(N)
fork =1,---,m. Consequently,

QPN x) = QP (N; x) = ... = Q7 (N; ) = QP(N; x).

If N is a (m, p)-expansive tuple, it follows that (1) is valid.
By the same argument as above, (2) is obtained. O

The next theorem shows that certain (m, p)-expansive (resp. (m, p)-contractive) tuples are (m, p)-
hyperexpansive (resp. (m, p)-hypercontractive) tuples.

Theorem 2.1. Let N = (Ny,---,N;) € B[X) be a tuple of commuting operators. The following

statements hold. \

(1) If N is an (m, p)-expansive tuple and sup ( Z %IINﬁxll”) < oo for all x € X, then N is an (m, p)-
" BEa

hyperexpansive tuple.

!
(2) If N is an (m, p)-contractive tuple and sup( Z n—"llN“xll”) < oo forall x € X, then N is a (m, p)-
a!

n
lal=n

hypercontractive tuple.

Proof. Assume that N is an (m, p)-expansive tuple. From (2.7), it is clear that

QPN <0 VxeX e QU Nxv< > QP (NNx) YxeX.

1<j<d
It can easily be established that
QPN < Y QY NN < < Q" (N, N, - Ny, x)
1<k <d 1<ky, - kg<d
S ......
S ......

< > QPN NY- N,

Lk — kg<d l
Since for any N = (N, - -+ , Ny) € B(X)¢,

QYN NN = QUL (NN N = D QP (NG NN - N ),

m
1<j<d

AIMS Mathematics Volume 8, Issue 11, 27227-27240.
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it is now easy to see that for 1 < ky,--- ;k; < d,

QY (NN - N;'x)

m— 2 n, n n n
{ Z =D ( )(Zﬁ'(”NﬁN: N Al = Z ||NﬁNij5---Nk11x||p)}
0<k<m-2 1BI=k

1<j<d
m-—2 n, n n n
{5 o NS - 5 5 el
O<k<m-2 BI=k 1<j<d 8= LB
Set 0
_ Z —||N'3N"" NP = YT S INENGNG - N

181= k 1<j<d |BI=k """

Under the assumption that sup(z —||N/3x||” ) < oo, it follows that the sequence (@, n,)y, .., 19
" Bl=n
bounded. Hence, there is a subsequence (a,, ..., ), .. Which converges. By a direct calculation we
17 gy g gy

get

QZ’EI(N,NZ:d...NZI"Ix)—)O as mny; — oo, j=1,---.,d.

This means that QZ’EI(N, x) < 0. Consequently, N is an (m — 1, p)-expansive tuple.

By repeating this process, we reach the following inequalities Q,ip "N, x) < Ofork =1, ---,m, from
which N is a (m, p)-hyperexpansive tuple as desired.

(2) Using the fact that N is an (m, p)-contractive tuple and together with (2.7), we obtain

QPN 20 VxeX e QP N.x2 Y QP (NNx) VxeX.

1<j<d

It can easily be established that

QPN > QY NNz = Y QY (NN Ny x)
1<ki<d 1<ky, - kg<d
2 ......
Z ......

> Z QY (N, N/ -+ N} ).

Now, using the line of argument from the proof of statement (1), one can prove that
Q’(,'{:jl(N,NZ:d .. N]:llklx) e 0 as nkj — OO’ J = l’. .o ’d.

Thus, foil(N, x) > 0, and hence, N is an (m — 1, p)-contractive tuple. By repeating this process, we
reach the following inequalities

QPN,x) >0, 1<ks<m,

from which N is an (m, p)-hypercontractive tuple. O
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3. Conclusions

In the work, we have introduced a new classes of operators known as (m, p)-hyperexpensive

tuple and (m, p)-hypercontractive tuple. Several properties are proved by exploiting the special
kind of structure of single operator. In the course of our investigation, we find some properties of
(m, p)-hyperexpensive and (m, p)-hypercontractive for single operators which are retained by (m, p)-
hyperexpensive tuple and (m, p)-hypercontractive tuple.
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