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Abstract: This paper introduces a novel numerical approach for tackling the nonlinear fractional
Phi-four equation by employing the Homotopy perturbation method (HPM) and the Adomian
decomposition method (ADM), augmented by the Shehu transform. These established techniques are
adept at addressing nonlinear differential equations. The equation’s complexity is reduced by applying
the Shehu Transform, rendering it amenable to solutions via HPM and ADM. The efficacy of this
approach is underscored by conclusive results, attesting to its proficiency in solving the equation. With
extensive ramifications spanning physics and engineering domains like fluid dynamics, heat transfer,
and mechanics, the proposed method emerges as a precise and efficient tool for resolving nonlinear
fractional differential equations pervasive in scientific and engineering contexts. Its potential extends
to analogous equations, warranting further investigation to unravel its complete capabilities.

Keywords: Shehu transform; Adomian decomposition method; homotopy perturbation method;
fractional Phi-four equation; Caputo operator
Mathematics Subject Classification: 33B15, 34A34, 35A20, 35A22, 44A10

Nomenclature

ω : Independent variable; φ : Time; υ(ω, φ) : Dependent function representing the physical quantity;
α : Fractional order; S : Shehu transform; S −1 : Inverse Shehu transform; ε : Perturbation parameter

http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.20231390


27176

1. Introduction

In recent years, the utilization of non-integer order derivatives, also known as fractional derivatives,
has gained remarkable traction across various scientific and engineering disciplines due to its ability to
model complex phenomena with more accuracy and flexibility [1, 2]. Fractional calculus provides an
extended framework that goes beyond the restrictions of typical integer-order derivatives, allowing for
a more comprehensive modeling of processes with memory effects and long-range interactions [3, 4].
Mathematicians that study fractional calculus extend the idea of integrals and derivatives of integer
orders to non-integer orders. The creation of fractional differential equations is the result of this
concept’s multiple applications in a variety of scientific and technical fields. Differential equations
involving fractional derivatives of an unknown function are known as fractional differential equations.
Complex processes that cannot be modelled using integer-order differential equations can be described
by these equations. Numerous physical, biological, and engineering systems, including viscoelastic
materials, diffusion processes, wave propagation, and control systems, have been modelled using
them [5–7].

Nonlinear fractional differential equations are a specific category of fractional differential equations
that demonstrate nonlinear characteristics, wherein the unknown function is present in nonlinear
expressions [8, 9]. The resolution of these equations presents a greater level of difficulty compared
to their linear equivalents, necessitating the utilisation of advanced analytical and numerical methods
[10, 11]. In recent years, there has been significant interest in the examination of nonlinear fractional
differential equations, with numerous academics dedicating their efforts to exploring their properties,
solutions, and applications [12, 13]. Various techniques are employed to solve these equations,
encompassing numerical methods, analytical methods such as fractional calculus, and perturbation
methods [14,15]. In brief, fractional nonlinear differential equations play a crucial role in the modelling
of intricate systems that demonstrate nonlinear dynamics. These entities possess a wide range of
applications across diverse disciplines and want advanced methodologies for their examination and
resolution [16–21].

The fractional Phi-four equation is a non-linear partial differential equation that characterises the
temporal and spatial evolution of a field variable. The equation under consideration can be seen as a
fractional extension of the widely recognised Phi-four equation, which holds significant importance in
the field of mathematical physics due to its relevance in the analysis of solitons and nonlinear waves.
The equation known as the fractional Phi-four equation is characterised by the inclusion of a fractional
derivative of the field variable with respect to time, a second-order derivative of the field variable with
respect to space, and a cubic nonlinear factor. The inclusion of the fractional derivative in the system
introduces a memory component, so enabling the manifestation of non-local characteristics and long-
range interactions [22].

The fractional Phi-four equation is very important in the study of mathematical physics because
of its capacity to demonstrate many dynamics and its wide applicability in many physics disciplines.
The equation demonstrates a number of dynamic phenomena that are dependent on the parameters and
starting circumstances, such as the formation of solitons, chaotic behaviour, and turbulence. In recent
years, there has been a significant amount of study done on the aforementioned equation, owing to
its relevance in a variety of areas such as condensed matter physics, statistical mechanics, nonlinear
dynamics, and fluid mechanics [23, 24]. Researchers are presently investigating the equation and its
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many versions, employing fresh analytical and numerical methodologies to examine its behaviour
under various situations [25–28]. Furthermore, research into the fractional Phi-four equation has made
substantial contributions to the advancement of fractional calculus, a solid mathematical framework
used for the analysis of complex systems showing memory and non-local phenomena. Because of
its numerous applications, fractional calculus is widely used in a variety of scientific and engineering
areas, including physics, chemistry, biology, and finance [29]. Depending on the parameter values and
beginning conditions, the fractional Phi-four equation exhibits a variety of dynamic phenomena such
as soliton production, chaotic behaviour, and turbulence. Several analytical and numerical techniques,
such as the homotopy analysis method [30] and others [31, 32] have been developed to explore the
dynamics of the fractional Phi-four equation.

In the field of nonlinear differential equation solving, the Homotopy Perturbation Method (HPM)
and the Adomian Decomposition Method (ADM) are widely used numerical techniques. Liao
proposed the HPM (Homotopy Perturbation Method) as a mathematical technique in 1992 [33].
Adomian, on the other hand, developed the ADM (Adomian Decomposition Method) as an alternate
approach in 1988 [34]. The HPM (Homotopy Perturbation Method) includes creating a homotopy,
or continuous transformation, that connects a linear problem with a known solution to the nonlinear
problem under inquiry [35–38]. Particular advantages of High Performance Computing (HPC)
technology may be seen in scientific research. This method works well for handling nonlinear problems
with precision while avoiding the requirement for linearization. Utilising a homotopy parameter, the
Homotopy Perturbation Method (HPM) simplifies complex nonlinear problems into more manageable
linear ones, making it applicable in a variety of situations. It’s important to remember that researchers
can alter the convergence of solution series, which expands their practical applications. Because of its
versatility, HPM may be easily integrated with a variety of methods, which improves its accuracy and
effectiveness. The solution is obtained by working through a series of linear issues while progressively
raising the homotopy parameter from zero to one. Numerous nonlinear problems, such as Burgers’
equation [39], heat transport in porous media [40], and fractional differential equations [41], have been
solved using the homotropy perturbation method, or HPM.

Numerous nonlinear issues, such as the nonlinear Schrödinger equation, have been tackled with the
ADM approach [42]. A useful method for making nonlinear differential equations easier to solve using
the HPM and ADM processes is the Shehu Transform. Numerous nonlinear scenarios, including the
Duffing equation [43], the nonlinear Black-Scholes equation [44], and the Boussinesq equation [45],
have been solved using the Shehu Transform.

This work is summarised in the following. We start Section 2 by providing a definition and
description of the Shehu transform, which we employ in this study. The solution mechanism of the
Shehu transform decomposition method (STDM) is explained in Section 3. The solution approach for
the homotopy perturbation transform technique (HPTM) is explained in Section 4. For our current
study, the results of numerical simulations are shown and discussed in Section 5. Lastly, the results of
our investigation are presented in Section 6.
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2. Basic definitions

Definition 2.1. Fractional derivative of f ∈ Cn
−1 is given in the sense of Caputo as the following [45,46]:

Dα
φυ(ω, φ) =

 dnυ(ω,φ)
dφn , α = n ∈ N,

1
Γ(n−α)

∫ φ

0
(ω, φ − ϑ)n−α−1υ(n)(ω, ϑ)dϑ, n − 1 < α < n, n ∈ N.

Definition 2.2. Shehu transform is defined as follows [45, 46]:

S [Q(φ)] =

∫ ∞

0
e
(
−
℘φ
$

)
Q(φ)dφ.

Shehu transform will be transformed into Laplace transform by considering $ = 1,
Shehu transform will be transformed into Yang transformed by considering ℘ = 1, where S is
considered a Shehu Transform operator.

Definition 2.3. The Inverse Shehu transform operator is defined as [45, 46]
Let S [Q(φ)] = J(℘,$) and S −1[J(℘,$)] = Q(φ),
then Q(φ) = S −1[J(℘,$)] = limx→∞

1
2πi

∫ β−ix

β+ix
e−℘φ
$

J(℘,$)d℘,
where ℘ and $ are considered as Shehu transform variables and β is a real constant.

Lemma 2.4. Linearity property of Shehu transform [45, 46]:
If S

[
Q1(φ)

]
= J1(℘,$) and S

[
Q2(φ)

]
= J2(℘,$),

Then S
[
α1Q1(φ) + α2Q2(φ)

]
= α1S

[
Q1(φ)

]
+ α2S

[
Q2(ω, φ)

]
,

S
[
α1Q1(φ) + α2Q2(φ)

]
= α1J1(℘,$) + α2S J2(℘,$),

where α1 and α2 are the arbitrary constants.

Lemma 2.5. Linearity property of inverse Shehu transform [45, 46]:
If S −1 [J1(℘,$)] = Q1(φ) and S −1 [J2(℘,$)] = Q2(φ), then,

S −1 [α1J1(℘,$) + α2J2(℘,$)] = α1S −1 [J1(℘,$)] + α2S −1 [J2(℘,$)] ,
S −1 [α1J1(℘,$) + α2J2(℘,$)] = α1Q1(φ) + α2Q2(φ).

Definition 2.6. Shehu transform of Caputo fractional derivative (C.F.D) [45, 46]

S
[
Dα
φQ (η1, φ)

]
=
℘α

$α
S

[
Q (η1, φ)

]
−

θ−1∑
r=0

(
℘

$

)α−r−1
Qr (η1, 0) , θ = 1, 2, 3 · · · .

Definition 2.7. Mittag-Leffler function considered for two parameters [45, 46]

Eµ,$(n) =

∞∑
k=0

nk

Γ(kµ +$)
,

where E1,1(n) = exp(n) and E2,1

(
n2

)
= cos(n).
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3. Solution procedure of Shehu transform decomposition method (STDM)

In this section, we consider the nonlinear FDEs to demonstrate the basic idea of the projected
algorithm as given

Dα
φυ(ω, φ) = P1(ω, φ) + Q1(ω, φ), 1 < α ≤ 2, (3.1)

and
υ(ω, 0) = ξ(ω),

∂

∂φ
υ(ω, 0) = ζ(ω).

where Dα
φ = ∂α

∂φα
signifies fractional Caputo operator, P1, Q1 are respectively linear and non-linear

operators.
Now we apply ST to obtain

S [Dα
φυ(ω, φ)] = S [P1(ω, φ) + Q1(ω, φ)],

℘α

$α
S [υ(ω, φ)] −

θ−1∑
r=0

(
℘

$

)α−r−1
υr(ω, 0) = S [P1(ω, φ) + Q1(ω, φ)].

(3.2)

Now by employing inverse ST, I get

υ(ω, φ) =

θ−1∑
r=0

(
℘

$

)α−r−1
υr(ω, 0) + S −1[

$α

℘α
S [P1(ω, φ) + Q1(ω, φ)]. (3.3)

Now the solution is as

υ(ω, φ) =

∞∑
m=0

υm(ω, φ). (3.4)

The nonlinear terms Q1 is discarded as

Q1(ω, φ) =

∞∑
m=0

Am,

Am =
1

m!

 ∂m

∂`m

Q1

 ∞∑
k=0

`kωk




`=0

.

(3.5)

Using Eqs (3.4) and (3.5) into (3.3), I have
∞∑

m=0

υm(ω, φ) =

θ−1∑
r=0

(
℘

$

)α−r−1
υr(ω, 0) + S −1

$α

℘α
S

P1(
∞∑

m=0

ωm) +

∞∑
m=0

Am


 . (3.6)

Comparing both sides allows for a straightforward approximation to be obtained.

υ0(ω, φ) =

θ−1∑
r=0

(
℘

$

)α−r−1
υr(ω, 0),

υ1(ω, φ) = S −1
[
$α

℘α
S +{P1(ω0) +A0}

]
,

The general recursive equation can be derived as follows:

υm+1(ω, φ) = S −1
[
$α

℘α
S +{P1(ωm) +Am}

]
.
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4. Solution procedure of homotopy perturbation transform method (HPTM)

The basic idea of the projected algorithm is demonstrated by considering the nonlinear FDEs in this
section.

Dα
φυ(ω, φ) = P1[ω]υ(ω, φ) + Q1[ω]υ(ω, φ), 1 < α ≤ 2, (4.1)

and

υ(ω, 0) = ξ(ω),
∂

∂φ
υ(ω, 0) = ζ(ω).

The given expression involves the fractional Caputo operator Dα
φ, where α represents the order

of differentiation, and φ represents the variable with respect to which differentiation is performed.
Additionally, P1[ω] and Q1[ω] are the linear and nonlinear operators, respectively.

Using the ST, we obtain

S [Dα
φυ(ω, φ)] = S [P1[ω]υ(ω, φ) + Q1[ω]υ(ω, φ)], (4.2)

℘α

$α
S [υ(ω, φ)] −

θ−1∑
r=0

(
℘

$

)α−r−1
υr(ω, 0) = S [P1[ω]υ(ω, φ) + Q1[ω]υ(ω, φ)]. (4.3)

By applying the inverse of ST, we get:

υ(ω, φ) =

θ−1∑
r=0

(
℘

$

)α−r−1
υr(ω, 0) + S −1[

$α

℘α
S [P1[ω]υ(ω, φ) + Q1[ω]υ(ω, φ)]]. (4.4)

By HPM, we get

υ(ω, φ) =

∞∑
k=0

εkυk(ω, φ). (4.5)

The nonlinear terms are neglected, with ε serving as the homotopy parameter ranging from 0 to 1.

Q1[ω]υ(ω, φ) =

∞∑
k=0

εkHn(υ), (4.6)

with Hk(υ) representing the He’s polynomials

Hn(υ0, υ1, ..., υn) =
1

Γ(n + 1)
Dk
ε

Q1

 ∞∑
k=0

ε iυi


ε=0

, (4.7)

with Dk
ε = ∂k

∂εk .

Using Eqs (4.5) and (4.7) in Eq (4.4), we obtain

∞∑
k=0

εkυk(ω, φ) =

θ−1∑
r=0

(
℘

$

)α−r−1
υr(ω, 0) + ε ×

S −1

$α

℘α
S {P1

∞∑
k=0

εkυk(ω, φ) +

∞∑
k=0

εkHk(υ)}

 . (4.8)
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When we compare the ε coefficients, we arrive at the following conclusion:

ε0 : υ0(ω, φ) = υ(0) + υ
′

(0),

ε1 : υ1(ω, φ) = S −1
[
$α

℘α
S (P1[ω]υ0(ω, φ) + H0(υ))

]
,

ε2 : υ2(ω, φ) = S −1
[
$α

℘α
S (P1[ω]υ1(ω, φ) + H1(υ))

]
,

.

.

.

εk : υk(ω, φ) = S −1
[
$α

℘α
S (P1[ω]υk−1(ω, φ) + Hk−1(υ))

]
, k > 0, k ∈ N.

(4.9)

Thus, the analytical solution is

υ(ω, φ) = lim
M→∞

M∑
k=1

υk(ω, φ).

Theorem 4.1. Convergence analysis. Let X be a Banach space and let υm(ω, φ) and υ((µ, ψ) be in
X. Suppose Θ ∈ (0, 1), then the series solution {υm(ω, φ)}∞m=0 which is defined from

∑∞
m=0 υm(ω, φ)

converges to the solution of Eq. (7) whenever υm(ω, φ) ≤ Θυm−1(ω, φ)∀m > N, that is for any given
ε > 0 there exists a positive number N such that ‖υm+n(ω, φ)‖ ≤ ε∀m, n > N. Besides, the absolute
error is [46] ∥∥∥∥∥∥∥υ(ω, φ) −

m∑
n=0

υn(ω, φ)

∥∥∥∥∥∥∥ ≤ Θm+1

1 − Θ
‖υ0(ω, φ)‖ .

5. Numerical solutions

The phi-four equation, a nonlinear partial differential equation, finds practical applications across
physics and mathematics. It is crucial in describing phenomena like phase transitions in particle physics
and condensed matter, guiding insights into superfluidity and superconductivity. In fields such as
nonlinear optics, it models optical pulse propagation through solitons in optical fibers. Additionally, the
equation’s relevance extends to fluid dynamics, cosmology, and mathematical modeling, showcasing
its versatility in explaining phenomena ranging from wave behavior to early universe processes, making
it an invaluable tool in understanding a wide array of complex systems.

5.1. Example 1

Suppose that we consider the Phi-four equation in fractional form [22]:

∂αυ(ω, φ)
∂φα

=
∂2

∂ω2 (υ(ω, φ)) − χ1υ(ω, φ) − χ2υ
3(ω, φ), 1 < α ≤ 2, (5.1)

with

υ(ω, 0) =

√
−χ2

1

χ2
tanh

(
χ1

√
1

2(ρ2 − 1)
ω

)
,

∂

∂φ
υ(ω, 0) = −χ1ρ

√
−χ2

1

2χ2(ρ2 − 1)
sech2

(
χ1

√
1

2(ρ2 − 1)
ω

)
.
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Implementation of the HPTM
On taking the ST, we have

S
(
∂αυ

∂φα

)
= S

[
∂2

∂ω2 (υ(ω, φ)) − χ1υ(ω, φ) − χ2υ
3(ω, φ)

]
, (5.2)

℘α

$α
S [υ(ω, φ)] −

θ−1∑
r=0

(
℘

$

)α−r−1
υr(ω, 0) = S

[
∂2

∂ω2 (υ(ω, φ)) − χ1υ(ω, φ) − χ2υ
3(ω, φ)

]
. (5.3)

Now by employing inverse ST, we get

υ(ω, φ) = S −1[
θ−1∑
r=0

(
℘

$

)α−r−1
υr(ω, 0)] + S −1

[
$α

℘α

{
S

[
∂2

∂ω2 (υ(ω, φ)) − χ1υ(ω, φ) − χ2υ
3(ω, φ)

]}]
,

υ(ω, φ) =

(√
−χ2

1

χ2
tanh

(
χ1

√
1

2(ρ2 − 1)
ω

)
− φχ1ρ

√
−χ2

1

2χ2(ρ2 − 1)
sech2

(
χ1

√
1

2(ρ2 − 1)
ω

))
+

S −1
[
$α

℘α

{
S

[
∂2

∂ω2 (υ(ω, φ)) − χ1υ(ω, φ) − χ2υ
3(ω, φ)

]}]
.

(5.4)

By HPM, we attain

∞∑
k=0

εkυk(ω, φ) =

(√
−χ2

1

χ2
tanh

(
χ1

√
1

2(ρ2 − 1)
ω

)
− φχ1ρ

√
−χ2

1

2χ2(ρ2 − 1)
sech2

(
χ1

√
1

2(ρ2 − 1)
ω

))
+

ε

(
S −1

[
$α

℘α
S
[( ∞∑

k=0

εkυk(ω, φ)
)
ωω

− χ1

( ∞∑
k=0

εkυk(ω, φ)
)
− χ2

( ∞∑
k=0

εkHk(υ)
)

+

]])
.

(5.5)

The polynomial Hk(υ) is used to discard the nonlinear terms.

∞∑
k=0

εkHk(υ) = υ3. (5.6)

Certain terms are computed as

H0(υ) = υ3
0,

H1(υ) = 3υ2
0υ1.

AIMS Mathematics Volume 8, Issue 11, 27175–27199.



27183

Comparing the ε coefficients, we obtain

ε0 : υ0(ω, φ) =

(√
−χ2

1

χ2
tanh

(
χ1

√
1

2(ρ2 − 1)
ω

)
− φχ1ρ

√
−χ2

1

2χ2(ρ2 − 1)
sech2

(
χ1

√
1

2(ρ2 − 1)
ω

))
,

ε1 : υ1(ω, φ) =
χ2

1ρ
2φα

8(−1 + ρ2)Γ(α + 1)
sech6

(χ1ω
√

1
−1+ρ2

√
2

)(
− 3
√

2χ1ρφ

√
χ2

1

χ2 − ρ2χ2
+ 2
√

2χ3
1ρφ

3

√
χ2

1

χ2 − ρ2χ2
+

2
√

2χ1ρφ

√
χ2

1

χ2 − ρ2χ2
cosh

(
√

2χ1φ

√
1

−1 + ρ2

)
+
√

2χ1ρφ

√
χ2

1

χ2 − ρ2χ2
cosh

(
2
√

2χ1φ

√
1

−1 + ρ2

)

2

√
−χ2

1

χ2
sinh

(
√

2χ1

√
1

2(−1 + ρ2)
ω

)
+ 6φ2

(
−
χ1

χ2

) 3
2

χ2 sinh
(
√

2χ1

√
1

2(−1 + ρ2)
ω

)

+

√
−
χ2

1

χ2
sinh

(
2
√

2χ1

√
1

(−1 + ρ2)
ω

))
...

Therefore, the analytical solution is

υ(ω, φ) = υ0(ω, φ) + υ1(ω, φ) + · · · .

υ(ω, φ) =

(√
−χ2

1

χ2
tanh

(
χ1

√
1

2(ρ2 − 1)
ω

)
− φχ1ρ

√
−χ2

1

2χ2(ρ2 − 1)
sech2

(
χ1

√
1

2(ρ2 − 1)
ω

))
+

χ2
1ρ

2φα

8(−1 + ρ2)Γ(α + 1)
sech6

(χ1ω
√

1
−1+ρ2

√
2

)(
− 3
√

2χ1ρφ

√
χ2

1

χ2 − ρ2χ2
+ 2
√

2χ3
1ρφ

3

√
χ2

1

χ2 − ρ2χ2
+

2
√

2χ1ρφ

√
χ2

1

χ2 − ρ2χ2
cosh

(
√

2χ1φ

√
1

−1 + ρ2

)
+
√

2χ1ρφ

√
χ2

1

χ2 − ρ2χ2
cosh

(
2
√

2χ1φ

√
1

−1 + ρ2

)

2

√
−χ2

1

χ2
sinh

(
√

2χ1

√
1

2(−1 + ρ2)
ω

)
+ 6φ2

(
−
χ1

χ2

) 3
2

χ2 sinh
(
√

2χ1

√
1

2(−1 + ρ2)
ω

)

+

√
−
χ2

1

χ2
sinh

(
2
√

2χ1

√
1

(−1 + ρ2)
ω

))
+ · · · .

Implementation of the STDM
On taking the ST, we have

S
{
∂αυ

∂φα

}
= S

[
∂2

∂ω2 (υ(ω, φ)) − χ1υ(ω, φ) − χ2υ
3(ω, φ)

]
, (5.7)

℘α

$α
S [υ(ω, φ)] −

θ−1∑
r=0

(
℘

$

)α−r−1
υr(ω, 0) = S

[
∂2

∂ω2 (υ(ω, φ)) − χ1υ(ω, φ) − χ2υ
3(ω, φ)

]
. (5.8)
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Now by employing inverse ST, we get

υ(ω, φ) = S −1[
θ−1∑
r=0

(
℘

$

)α−r−1
υr(ω, 0)] + S −1

[
$α

℘α

{
S

[
∂2

∂ω2 (υ(ω, φ)) − χ1υ(ω, φ) − χ2υ
3(ω, φ)

]}]
,

υ(ω, φ) =

(√
−χ2

1

χ2
tanh

(
χ1

√
1

2(ρ2 − 1)
ω

)
− φχ1ρ

√
−χ2

1

2χ2(ρ2 − 1)
sech2

(
χ1

√
1

2(ρ2 − 1)
ω

))
+ S −1

[
$α

℘α

{
S

[
∂2

∂ω2 (υ(ω, φ)) − χ1υ(ω, φ) − χ2υ
3(ω, φ)

]}]
.

(5.9)

Now the solution is

υ(ω, φ) =

∞∑
m=0

υm(ω, φ). (5.10)

The Adomian polynomials are discarded and the nonlinear term υ3 is expressed as
∑∞

m=0Am.

∞∑
m=0

υm(ω, φ) = υ(ω, 0) + S −1

$α

℘α

S

 ∂2

∂ω2 (υ(ω, φ)) − χ1υ(ω, φ) −
∞∑

m=0

Am



 ,

∞∑
m=0

υm(ω, φ) =

(√
−χ2

1

χ2
tanh

(
χ1

√
1

2(ρ2 − 1)
ω

)
− φχ1ρ

√
−χ2

1

2χ2(ρ2 − 1)
sech2

(
χ1

√
1

2(ρ2 − 1)
ω

))

+ S −1

$α

℘α

S

 ∂2

∂ω2 (υ(ω, φ)) − χ1υ(ω, φ) −
∞∑

m=0

Am



 .

(5.11)

Some terms are calculated as

A0 = υ3
0,

A1 = 3υ2
0υ1.

We can easily obtain the approximation by comparing both sides

υ0(ω, φ) =

(√
−χ2

1

χ2
tanh

(
χ1

√
1

2(ρ2 − 1)
ω

)
− φχ1ρ

√
−χ2

1

2χ2(ρ2 − 1)
sech2

(
χ1

√
1

2(ρ2 − 1)
ω

))
.
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On m = 0

υ1(ω, φ) =
χ2

1ρ
2φα

8(−1 + ρ2)Γ(α + 1)
sech6

(χ1ω
√

1
−1+ρ2

√
2

)(
− 3
√

2χ1ρφ

√
χ2

1

χ2 − ρ2χ2
+ 2
√

2χ3
1ρφ

3

√
χ2

1

χ2 − ρ2χ2
+

2
√

2χ1ρφ

√
χ2

1

χ2 − ρ2χ2
cosh

(
√

2χ1φ

√
1

−1 + ρ2

)
+
√

2χ1ρφ

√
χ2

1

χ2 − ρ2χ2
cosh

(
2
√

2χ1φ

√
1

−1 + ρ2

)

2

√
−χ2

1

χ2
sinh

(
√

2χ1

√
1

2(−1 + ρ2)
ω

)
+ 6φ2

(
−
χ1

χ2

) 3
2

χ2 sinh
(
√

2χ1

√
1

2(−1 + ρ2)
ω

)

+

√
−
χ2

1

χ2
sinh

(
2
√

2χ1

√
1

(−1 + ρ2)
ω

))
...

The series form STDM solution are as follows:

υ(ω, φ) =

∞∑
m=0

υm(ω, φ) = υ0(ω, φ) + υ1(ω, φ) + · · · .

υ(ω, φ) =

(√
−χ2

1

χ2
tanh

(
χ1

√
1

2(ρ2 − 1)
ω

)
− φχ1ρ

√
−χ2

1

2χ2(ρ2 − 1)
sech2

(
χ1

√
1

2(ρ2 − 1)
ω

))
+

χ2
1ρ

2φα

8(−1 + ρ2)Γ(α + 1)
sech6

(χ1ω
√

1
−1+ρ2

√
2

)(
− 3
√

2χ1ρφ

√
χ2

1

χ2 − ρ2χ2
+ 2
√

2χ3
1ρφ

3

√
χ2

1

χ2 − ρ2χ2
+

2
√

2χ1ρφ

√
χ2

1

χ2 − ρ2χ2
cosh

(
√

2χ1φ

√
1

−1 + ρ2

)
+
√

2χ1ρφ

√
χ2

1

χ2 − ρ2χ2
cosh

(
2
√

2χ1φ

√
1

−1 + ρ2

)

2

√
−χ2

1

χ2
sinh

(
√

2χ1

√
1

2(−1 + ρ2)
ω

)
+ 6φ2

(
−
χ1

χ2

) 3
2

χ2 sinh
(
√

2χ1

√
1

2(−1 + ρ2)
ω

)

+

√
−
χ2

1

χ2
sinh

(
2
√

2χ1

√
1

(−1 + ρ2)
ω

))
+ · · · .

If we take α = 2, we get the exact solution as

υ(ω, φ) =

√
−χ2

1

χ2
tanh

(
χ1

√
1

2(ρ2 − 1)
(ω − ρφ)

)
. (5.12)

5.2. Example 2

Assuming the fractional Phi-four equation with χ1 = 1 and χ2 = −1 [22]

∂αυ(ω, φ)
∂φα

=
∂2

∂ω2 (υ(ω, φ)) + υ(ω, φ) − υ3(ω, φ), 1 < α ≤ 2, (5.13)
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with

υ(ω, 0) = tanh
(√

1
2(1 − κ2)

ω

)
,

∂

∂φ
υ(ω, 0) = tanh

(√
1

2(1 − κ2)
ω

)
.

Implementation of the HPTM
On taking the ST, we have

S
(
∂αυ

∂φα

)
= S

[
∂2

∂ω2 (υ(ω, φ)) + υ(ω, φ) − υ3(ω, φ)
]
, (5.14)

℘α

$α
S [υ(ω, φ)] −

θ−1∑
r=0

(
℘

$

)α−r−1
υr(ω, 0) = S

[
∂2

∂ω2 (υ(ω, φ)) + υ(ω, φ) − υ3(ω, φ)
]
. (5.15)

Now by employing inverse ST, we get

υ(ω, φ) = S −1[
θ−1∑
r=0

(
℘

$

)α−r−1
υr(ω, 0)] + S −1

[
$α

℘α

{
S

[
∂2

∂ω2 (υ(ω, φ)) + υ(ω, φ) − υ3(ω, φ)
]}]

,

υ(ω, φ) = (1 + φ) tanh
(√

1
2(1 − κ2)

ω

)
+ S −1

[
$α

℘α

{
S

[
∂2

∂ω2 (υ(ω, φ)) + υ(ω, φ) − υ3(ω, φ)
]}]

.

(5.16)

By HPM, we obtain

∞∑
k=0

εkυk(ω, φ) = (1 + φ)
(

tanh
(√

1
2(1 − κ2)

ω

))
+

ε

(
S −1

[
$α

℘α
S
[( ∞∑

k=0

εkυk(ω, φ)
)
ωω

+

( ∞∑
k=0

εkυk(ω, φ)
)
−

( ∞∑
k=0

εkHk(υ)
)

+

]])
.

(5.17)

The polynomial Hk(υ) is used to eliminate the nonlinear terms.

∞∑
k=0

εkHk(υ) = υ3. (5.18)

Certain terms are computed as

H0(υ) = υ3
0,

H1(υ) = 3υ2
0υ1.
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By comparing the ε coefficients, we can derive the following.

ε0 : υ0(ω, φ) = (1 + φ) tanh
(√

1
2(1 − κ2)

ω

)
,

ε1 : υ1(ω, φ) = −
φα

Γ(α + 1)
tanh

(√
1

2(1 − κ2)
ω

)(
− 1 − φ −

(1 + φ) sech2
(√

1
2(1−κ2)ω

)
κ2 − 1

)
+ (1 + φ)3

tanh2
(√

1
2(1 − κ2)

ω

)
,

ε2 : υ2(ω, φ) =
φ2α

Γ(2α + 1)
tanh

(√
1

2(1 − κ2)
ω

)
(1 + φ +

1 + φ

−1 + κ2 sech2
(√

1
2(1 − κ2)

ω

)
2(1 + φ)(κ2(1 + φ)2 − φ(2 + φ))

(−1 + κ2)2 × sech4
(√

1
2(1 − κ2)

ω

)
−

(1 + φ)(κ2(1 + φ)2 − φ(2 + φ))
(
− 2 + cosh

(
√

2
√

1
1−κ2

))
ω

(−1 + κ2)2

sech4
(√

1
2(1 − κ2)

ω

)
− (1 + φ)3 tanh2

(√
1

2(1 − κ2)
ω

)
+

2 sech2
(√

1
2(1−κ2)ω

)
2 − 2κ2

(−1 − φ −
(1 + φ) sech

(√
1

2(1−κ2)ω

)2

−1 + κ2 + (1 + φ)3 tanh2
(√

1
2(1 − κ2)

ω

)
) + 3(1 + φ)2 tanh2

(√
1

2(1 − κ2)
ω

)

(−1 − φ −
(1 + φ) sech2

(√
1

2(1−κ2)ω

)
−1 + κ2 + (1 + φ)3 tanh2

(√
1

2(1 − κ2)
ω

)
))

...
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Hence, the analytical solution is

υ(ω, φ) = υ0(ω, φ) + υ1(ω, φ) + υ2(ω, φ) + · · · .

υ(ω, φ) = (1 + φ) tanh
(√

1
2(1 − κ2)

ω

)
−

φα

Γ(α + 1)
tanh

(√
1

2(1 − κ2)
ω

)
(
− 1 − φ −

(1 + φ) sech2
(√

1
2(1−κ2)ω

)
κ2 − 1

)
+ (1 + φ)3 tanh2

(√
1

2(1 − κ2)
ω

)

−
φ2α

Γ(2α + 1)
tanh

(√
1

2(1 − κ2)
ω

)
(1 + φ +

1 + φ

−1 + κ2 sech2
(√

1
2(1 − κ2)

ω

)
2(1 + φ)(κ2(1 + φ)2 − φ(2 + φ))

(−1 + κ2)2 × sech4
(√

1
2(1 − κ2)

ω

)
−

(1 + φ)(κ2(1 + φ)2 − φ(2 + φ))
(
− 2 + cosh

(
√

2
√

1
1−κ2

))
ω

(−1 + κ2)2

sech4
(√

1
2(1 − κ2)

ω

)
− (1 + φ)3 tanh2

(√
1

2(1 − κ2)
ω

)
+

2 sech2
(√

1
2(1−κ2)ω

)
2 − 2κ2

(−1 − φ −
(1 + φ) sech

(√
1

2(1−κ2)ω

)2

−1 + κ2 + (1 + φ)3 tanh2
(√

1
2(1 − κ2)

ω

)
) + 3(1 + φ)2 tanh2

(√
1

2(1 − κ2)
ω

)

(−1 − φ −
(1 + φ) sech2

(√
1

2(1−κ2)ω

)
−1 + κ2 + (1 + φ)3 tanh2

(√
1

2(1 − κ2)
ω

)
))

Implementation of the STDM
On taking the ST, we attain

S
{
∂αυ

∂φα

}
= S

[
∂2

∂ω2 (υ(ω, φ)) + υ(ω, φ) − υ3(ω, φ)
]
, (5.19)

℘α

$α
S [υ(ω, φ)] −

θ−1∑
r=0

(
℘

$

)α−r−1
υr(ω, 0) = S

[
∂2

∂ω2 (υ(ω, φ)) + υ(ω, φ) − υ3(ω, φ)
]
. (5.20)

Now by employing inverse ST, we get

υ(ω, φ) = S −1[
θ−1∑
r=0

(
℘

$

)α−r−1
υr(ω, 0)] + S −1

[
$α

℘α

{
S

[
∂2

∂ω2 (υ(ω, φ)) + υ(ω, φ) − υ3(ω, φ)
]}]

,

υ(ω, φ) = (1 + φ) tanh
(√

1
2(1 − κ2)

ω

)
+ S −1

[
$α

℘α

{
S

[
∂2

∂ω2 (υ(ω, φ)) + υ(ω, φ) − υ3(ω, φ)
]}]

.

(5.21)
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Now the solution is

υ(ω, φ) =

∞∑
m=0

υm(ω, φ). (5.22)

The Adomian polynomials are discarded and the nonlinear term υ3 is expressed as the summation
ofAm from m = 0 to∞.

∞∑
m=0

υm(ω, φ) = υ(ω, 0) + S −1

$α

℘α

S

 ∂2

∂ω2 (υ(ω, φ)) − χ1υ(ω, φ) −
∞∑

m=0

Am



 ,

∞∑
m=0

υm(ω, φ) = (1 + φ) tanh
(√

1
2(1 − κ2)

ω

)

+ S −1

$α

℘α

S

 ∂2

∂ω2 (υ(ω, φ)) − χ1υ(ω, φ) −
∞∑

m=0

Am



 .

(5.23)

Some terms are calculated as
A0 = υ3

0,

A1 = 3υ2
0υ1.

The approximation can be readily acquired by comparing each side of the equation.

υ0(ω, φ) = (1 + φ) tanh
(√

1
2(1 − κ2)

ω

)
.

On m = 0

υ1(ω, φ) = −
φα

Γ(α + 1)
tanh

(√
1

2(1 − κ2)
ω

)(
− 1 − φ −

(1 + φ) sech2
(√

1
2(1−κ2)ω

)
κ2 − 1

)
+ (1 + φ)3

tanh2
(√

1
2(1 − κ2)

ω

)
.

On m = 1

υ2(ω, φ) =
φ2α

Γ(2α + 1)
tanh

(√
1

2(1 − κ2)
ω

)
(1 + φ +

1 + φ

−1 + κ2 sech2
(√

1
2(1 − κ2)

ω

)
2(1 + φ)(κ2(1 + φ)2 − φ(2 + φ))

(−1 + κ2)2 × sech4
(√

1
2(1 − κ2)

ω

)
−

(1 + φ)(κ2(1 + φ)2 − φ(2 + φ))
(
− 2 + cosh

(
√

2
√

1
1−κ2

))
ω

(−1 + κ2)2

sech4
(√

1
2(1 − κ2)

ω

)
− (1 + φ)3 tanh2

(√
1

2(1 − κ2)
ω

)
+

2 sech2
(√

1
2(1−κ2)ω

)
2 − 2κ2

(−1 − φ −
(1 + φ) sech

(√
1

2(1−κ2)ω

)2

−1 + κ2 + (1 + φ)3 tanh2
(√

1
2(1 − κ2)

ω

)
) + 3(1 + φ)2 tanh2

(√
1

2(1 − κ2)
ω

)

(−1 − φ −
(1 + φ) sech2

(√
1

2(1−κ2)ω

)
−1 + κ2 + (1 + φ)3 tanh2

(√
1

2(1 − κ2)
ω

)
)).
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The series form STDM solution are as follows:

υ(ω, φ) =

∞∑
m=0

υm(ω, φ) = υ0(ω, φ) + υ1(ω, φ) + υ2(ω, φ) + · · · .

υ(ω, φ) = (1 + φ) tanh
(√

1
2(1 − κ2)

ω

)
−

φα

Γ(α + 1)
tanh

(√
1

2(1 − κ2)
ω

)
(
− 1 − φ −

(1 + φ) sech2
(√

1
2(1−κ2)ω

)
κ2 − 1

)
+ (1 + φ)3 tanh2

(√
1

2(1 − κ2)
ω

)

−
φ2α

Γ(2α + 1)
tanh

(√
1

2(1 − κ2)
ω

)
(1 + φ +

1 + φ

−1 + κ2 sech2
(√

1
2(1 − κ2)

ω

)
2(1 + φ)(κ2(1 + φ)2 − φ(2 + φ))

(−1 + κ2)2 × sech4
(√

1
2(1 − κ2)

ω

)
−

(1 + φ)(κ2(1 + φ)2 − φ(2 + φ))
(
− 2 + cosh

(
√

2
√

1
1−κ2

))
ω

(−1 + κ2)2

sech4
(√

1
2(1 − κ2)

ω

)
− (1 + φ)3 tanh2

(√
1

2(1 − κ2)
ω

)
+

2 sech2
(√

1
2(1−κ2)ω

)
2 − 2κ2

(−1 − φ −
(1 + φ) sech

(√
1

2(1−κ2)ω

)2

−1 + κ2 + (1 + φ)3 tanh2
(√

1
2(1 − κ2)

ω

)
) + 3(1 + φ)2 tanh2

(√
1

2(1 − κ2)
ω

)

(−1 − φ −
(1 + φ) sech2

(√
1

2(1−κ2)ω

)
−1 + κ2 + (1 + φ)3 tanh2

(√
1

2(1 − κ2)
ω

)))
.

If we take α = 2, we get the exact solution as

υ(ω, φ) = tanh
(√

1
2(1 − κ2)

(ω − κφ)
)
. (5.24)

6. Results and discussion

In Example 1 of the Phi-four equation, Figure 1 compares the precise solution to the answer
determined by the supplied methodologies for the integer order situation with a value of α = 2 at
χ1 = 1 and χ1 = −1. Figure 1 depicts this comparison with graphs. The narrative structure allows for
a visual assessment of the precision and usefulness of the supplied approaches in approximating the
precise solution for this specific situation. The following study focuses on Figure 2, which depicts the
solution produced from the adoption of the suggested approaches for fractional orders. The solutions
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for fractional orders of α = 1.8 and α = 1.5 at χ1 = 1 and χ1 = −1 are displayed in Example 1’s
pictures. This comparative research sheds light on how various fractional orders affect the dynamics of
the solutions. This allows for the identification of solution trends or variations as the fractional order is
changed. A more thorough analysis of the proposed techniques is presented in Figure 3, which focuses
on a fractional order of α = 1.25 in Example 1 at χ1 = 1 and χ1 = −1. It is possible to fully assess
the accuracy and calibre of the solutions offered by the different approaches in this particular case by
concentrating on a single fractional order. Table 1 displays the absolute error values of the solutions
obtained using the suggested techniques in Example 1 for both the integer order α = 2 and the multiple
fractional orders α = 1.25, α = 1.5, and α = 1.8. The discrepancy between the precise answer
and the solutions obtained from the suggested methods is used to gauge how precise the solutions of
the supplied strategies are. For every fractional order, the performance and accuracy of the supplied
options may be evaluated using the absolute error numbers in Example 1.

Figure 1. The exact solution and the solution obtained using the proposed methods for the
integer order α = 2 at χ1 = 1 and χ1 = −1 of Example 1.

Figure 2. The solutions obtained using the proposed methods for the fractional orders α =

1.8 and 1.5 at χ1 = 1 and χ1 = −1 of Example 1.
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Figure 3. The solution obtained using the proposed methods for the fractional order α = 1.25
at χ1 = 1 and χ1 = −1 of Example 1.

Table 1. The absolute error values of the solutions obtained using the proposed methods for
different fractional order α in Example 1.

φ ω α = 1.25 α = 1.5 α = 1.8 α = 2 α = 2 q-HATM [22]
0.20 1 2.2345 × 10−3 1.7601 × 10−5 1.2023 × 10−7 7.8224 × 10−9 7.8224 × 10−9

2 2.7821 × 10−2 3.3233 × 10−5 2.3367 × 10−6 1.5192 × 10−8 1.5192 × 10−8

3 1.0279 × 10−2 4.78018 × 10−5 3.3360 × 10−6 2.1684 × 10−8 2.1684 × 10−8

4 1.7946 × 10−2 6.07350 × 10−5 4.1491 × 10−6 2.6965 × 10−8 2.6965 × 10−8

5 1.2796 × 10−2 6.84409 × 10−5 4.7420 × 10−6 3.0816 × 10−8 3.0816 × 10−8

0.50 1 1.8597 × 10−3 2.4849 × 10−5 2.0189 × 10−6 1.5626 × 10−8 1.5626 × 10−8

2 2.7649 × 10−2 4.72858 × 10−5 3.9274 × 10−6 3.0371 × 10−8 3.0371 × 10−8

3 2.7946 × 10−2 6.8238 × 10−5 5.6089 × 10−6 4.3360 × 10−8 4.3360 × 10−8

4 1.2379 × 10−2 8.5130 × 10−5 6.9773 × 10−6 5.3928 × 10−8 5.3928 × 10−8

5 2.8970 × 10−2 9.7255 × 10−5 7.9755 × 10−6 6.1634 × 10−8 6.1634 × 10−8

0.80 1 1.2790 × 10−2 3.0393 × 10−5 2.7327 × 10−6 2.3412 × 10−8 2.3412 × 10−8

2 1.7462 × 10−2 5.8129 × 10−5 5.3202 × 10−6 4.5535 × 10−8 4.5535 × 10−8

3 2.2561 × 10−3 8.3556 × 10−5 7.6004 × 10−6 6.5026 × 10−8 6.5026 × 10−8

4 1.2473 × 10−2 1.0426 × 10−4 9.4564 × 10−7 8.0887 × 10−8 8.0887 × 10−8

5 1.2479 × 10−2 1.1037 × 10−4 1.0810 × 10−6 9.2455 × 10−8 9.2455 × 10−8

1.0 1 3.9863 × 10−3 3.5056 × 10−5 3.3865 × 10−7 3.1180 × 10−8 3.1180 × 10−8

2 6.2736 × 10−3 6.7260 × 10−5 6.4868 × 10−7 6.0684 × 10−8 6.0684 × 10−8

3 9.7456 × 10−3 9.6633 × 10−5 9.3174 × 10−7 8.6683 × 10−8 8.6683 × 10−8

4 1.5496 × 10−2 1.1255 × 10−4 1.0823 × 10−6 1.0784 × 10−7 1.0784 × 10−7

5 1.7123 × 10−2 1.2821 × 10−4 1.2314 × 10−6 1.2327 × 10−7 1.2327 × 10−7

Figure 4 displays the graphs of the precise solution and the solution found using the proposed
approaches for the integer order α = 2 at χ1 = 1 and χ1 = −1 in Example 2 of the Phi-four equation.
The map facilitates a visual evaluation of the precision and efficacy of the recommended methodologies

AIMS Mathematics Volume 8, Issue 11, 27175–27199.



27193

in approximating the precise solution for this particular case. In Figure 5, the focus is on the solutions
produced using the provided approaches for fractional orders of α = 1.8 and α = 1.5 at χ1 = 1 and
χ1 = −1 in Example 2. This comparative analysis offers valuable insights into the impact of varying
fractional orders on the dynamics of the solutions. This enables the observation of solution variations
or trends in response to changes in the fractional order.

Figure 4. The exact solution and the solution obtained using the proposed methods for the
integer order α = 2 at χ1 = 1 and χ1 = −1 of Example 2.

Figure 5. The solutions obtained using the proposed methods for the fractional orders α =

1.8 and 1.5 at χ1 = 1 and χ1 = −1 of Example 2.

In Example 2, Figure 6 provides a more detailed analysis of the proposed approaches, specifically
focusing on a specific fractional order of α = 1.25 at χ1 = 1 and χ1 = −1. By directing attention
towards a certain fractional order, one may thoroughly examine the precision and attributes of the
solutions generated by the suggested methodologies in this specific scenario. The utilisation of
numerous graphs depicting different fractional orders enables the examination and juxtaposition of
solution behaviour and accuracy in response to alterations in the fractional order.
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Figure 6. The solution obtained using the proposed methods for the fractional order α = 1.25
at χ1 = 1 and χ1 = −1 of Example 2.

The measurement of the accuracy of the solutions produced through the proposed approaches is
achieved by assessing the disparity between the precise solution and the solutions derived from the
proposed methods. Table 2 displays the absolute error values of the solutions derived using the given
approaches for several fractional orders, namely α = 1.25, α = 1.5, α = 1.8, and the integer order
α = 2, in Example 2. The performance and precision of the offered approaches for each fractional
order discussed in Example 2 can be evaluated by analysing the absolute error numbers.

Table 2. The absolute error of the proposed methods of different fractional order of
Example 2.

φ ω α = 1.25 α = 1.5 α = 1.8 α = 2
0.20 1 2.5462 × 10−2 1.7216 × 10−4 6.7701 × 10−8 7.0832 × 10−13

2 3.5120 × 10−2 2.7439 × 10−4 1.2595 × 10−8 4.4031 × 10−13

3 4.1456 × 10−2 3.0123 × 10−4 1.7018 × 10−8 1.1304 × 10−13

4 5.8721 × 10−2 4.5789 × 10−4 1.9756 × 10−8 1.6642 × 10−13

5 7.2546 × 10−2 4.1587 × 10−4 2.0842 × 10−7 3.3639 × 10−13

0.50 1 1.1596 × 10−2 1.7290 × 10−4 7.5341 × 10−8 1.1326 × 10−11

2 1.4218 × 10−2 2.5197 × 10−4 1.3864 × 10−8 7.0326 × 10−12

3 4.2586 × 10−2 3.8712 × 10−4 1.8653 × 10−8 1.7976 × 10−12

4 5.5200 × 10−2 4.6523 × 10−4 2.1600 × 10−8 2.6707 × 10−12

5 3.7824 × 10−2 4.8745 × 10−4 2.2749 × 10−7 5.3857 × 10−12

0.80 1 1.1485 × 10−2 1.3578 × 10−4 6.6788 × 10−8 5.7308 × 10−11

2 3.0148 × 10−2 2.2794 × 10−4 1.2112 × 10−8 3.5546 × 10−11

3 7.1458 × 10−2 2.7228 × 10−4 1.6203 × 10−8 9.0450 × 10−12

4 2.7892 × 10−2 3.1272 × 10−4 1.8701 × 10−7 1.3560 × 10−11

5 2.1755 × 10−2 3.8742 × 10−4 1.9650 × 10−7 2.7284 × 10−11

1 1 7.0178 × 10−2 7.2330 × 10−5 4.8542 × 10−7 1.8101 × 10−10

2 2.7824 × 10−2 1.28452 × 10−4 8.5846 × 10−7 1.1217 × 10−10

3 7.0796 × 10−2 1.5424 × 10−4 1.1366 × 10−8 2.8412 × 10−11

4 2.7021 × 10−2 1.8168 × 10−4 1.3039 × 10−7 4.2984 × 10−11

5 2.1679 × 10−2 1.8784 × 10−4 1.3644 × 10−7 8.6290 × 10−11
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7. Conclusions

In conclusion, my study focused on the nonlinear fractional Phi-four equation, employing the
homotopy perturbation and Adomian decomposition methods with the Shehu transform. These
analytical techniques are potent tools, particularly for solving fractional differential equations.
Comparing the solutions obtained from both methods, we observed a high level of agreement,
validating their effectiveness as illustrated in the previous figures and tables. The homotopy
Perturbation and Adomian decomposition methods have consistently proven their efficiency and
reliability in solving various nonlinear differential equations across disciplines like physics,
engineering, and finance. The rising popularity of fractional calculus in modeling complex physical
phenomena underscores the significance of the nonlinear fractional Phi-four equation we examined.
The solutions obtained by both methods enhance our understanding and predictive capabilities for
such systems. In summary, the application of the homotopy perturbation method and the Adomian
decomposition method, with the Shehu transform, offers an efficient and accurate approach to solving
the Nonlinear fractional Phi-four equation. Furthermore, these methods can be extended to address
other nonlinear fractional differential equations, contributing significantly to the advancement of
mathematical modeling in science and engineering.

Use of AI tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

Funding

Princess Nourah bint Abdulrahman University Researchers Supporting Project number
(PNURSP2023R183), Princess Nourah bint Abdulrahman University, Riyadh, Saudi Arabia. This
work was supported by the Deanship of Scientific Research, the Vice Presidency for Graduate Studies
and Scientific Research, King Faisal University, Saudi Arabia (Grant No. 4126).

Acknowledgements

Princess Nourah bint Abdulrahman University Researchers Supporting Project number
(PNURSP2023R183), Princess Nourah bint Abdulrahman University, Riyadh, Saudi Arabia. This
work was supported by the Deanship of Scientific Research, the Vice Presidency for Graduate Studies
and Scientific Research, King Faisal University, Saudi Arabia (Grant No. 4126).

Conflict of interest

The authors declare that they have no competing interests.

AIMS Mathematics Volume 8, Issue 11, 27175–27199.



27196

References

1. J. G. Liu, , X. J. Yang, L. L. Geng, X. J. Yu, On fractional symmetry group scheme to the higher-
dimensional space and time fractional dissipative Burgers equation, Int. J. Geom. Methods Mod.
Phys., 19 (2022), 2250173. https//doi.org/10.1142/S0219887822501730

2. J. G. Liu, Y. F. Zhang, J. J. Wang, Investigation of the time fractional generalized (2+1)-
dimensional Zakharov-Kuznetsov equation with single-power law nonlinearity, Fractals, 31
(2023), 2350033. https://doi.org/10.1142/S0218348X23500330

3. C. Guo, J. Hu, Fixed-time stabilization of high-order uncertain nonlinear systems: Output
feedback control design and settling time analysis, J. Syst. Sci. Complex., 36 (2023), 1351–1372.
https://doi.org/10.1007/s11424-023-2370-y

4. J. G. Liu, X. J. Yang, Symmetry group analysis of several coupled fractional
partial differential equations, Chaos Soliton. Fract., 173 (2023), 113603.
https://doi.org/10.1016/j.chaos.2023.113603

5. J. T. Machado, V. Kiryakova, F. Mainardi, Recent history of fractional calculus, Commun.
Nonlinear Sci., 16 (2011), 1140–1153. https://doi.org/10.1016/j.cnsns.2010.05.027

6. J. A. T. M. J. Sabatier, O. P. Agrawal, J. T. Machado, Advances in fractional calculus, 2007.
Dordrecht: Springer. https://doi.org/10.1007/978-1-4020-6042-7

7. D. Baleanu, K. Diethelm, E. Scalas, J. J. Trujillo, Fractional calculus: Models and numerical
methods, World Scientific, 2012.

8. X. Zhang, Y. Wang, X. Yuan, Y. Shen, Z. Lu, Z. Wang, Adaptive dynamic surface control with
disturbance observers for battery/supercapacitor-based hybrid energy sources in electric vehicles,
IEEE T. Transp. Electr., 2022. https://doi.org/10.1109/TTE.2022.3194034

9. Y. Luchko, R. Gorenflo, An operational method for solving fractional differential equations with
the Caputo derivatives, Acta Math. Vietnam., 24 (1999), 207–233.

10. J. A. T. Machado, A. S. Bhatti, Fractional KdV equation, Nonlinear Dyn., 53 (2008), 79–85.

11. S. Mukhtar, R. Shah, S. Noor, The numerical investigation of a fractional-order multi-
dimensional model of Navier-Stokes equation via novel techniques, Symmetry, 14 (2022), 1102.
https://doi.org/10.3390/sym14061102

12. H. Y. Jin, Z. A. Wang, L. Wu, Global dynamics of a three-species spatial food chain model, J.
Differ. Equ., 333 (2022), 144–183. https://doi.org/10.1016/j.jde.2022.06.007

13. P. Liu, J. Shi, Z. A. Wang, Pattern formation of the attraction-repulsion Keller-Segel system,
DCDS-B, 18 (2013), 2597–2625. https://doi.org/10.3934/dcdsb.2013.18.2597

14. H. Y. Jin, Z. A. Wang, Global stabilization of the full attraction-repulsion Keller-Segel system.
Discrete Cont. Dyn.-A, 40 (2020), 3509–3527. https://doi.org/10.3934/dcds.2020027

15. F. Wang, H. Wang, X. Zhou, R. Fu, A driving fatigue feature detection method based on multifractal
theory, IEEE Sens. J., 22 (2022), 19046–19059. https://doi.org/10.1109/JSEN.2022.3201015

16. A. Atangana, A. Kilicman, Analytical solutions of the space-time fractional derivative of advection
dispersion equation, Math. Prob. Eng., 2013 (2013), 853127. https://doi.org/10.1155/2013/853127

AIMS Mathematics Volume 8, Issue 11, 27175–27199.

http://dx.doi.org/https//doi.org/10.1142/S0219887822501730
http://dx.doi.org/https://doi.org/10.1142/S0218348X23500330
http://dx.doi.org/https://doi.org/10.1007/s11424-023-2370-y
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2023.113603
http://dx.doi.org/https://doi.org/10.1016/j.cnsns.2010.05.027
http://dx.doi.org/https://doi.org/10.1007/978-1-4020-6042-7
http://dx.doi.org/https://doi.org/10.1109/TTE.2022.3194034
http://dx.doi.org/https://doi.org/10.3390/sym14061102
http://dx.doi.org/https://doi.org/10.1016/j.jde.2022.06.007
http://dx.doi.org/https://doi.org/10.3934/dcdsb.2013.18.2597
http://dx.doi.org/https://doi.org/10.3934/dcds.2020027
http://dx.doi.org/https://doi.org/10.1109/JSEN.2022.3201015
http://dx.doi.org/https://doi.org/10.1155/2013/853127


27197

17. D. Chen, Q. Wang, Y. Li, Y. Li, H. Zhou, Y. Fan, A general linear free energy relationship for
predicting partition coefficients of neutral organic compounds. Chemosphere, 247 (2020), 125869.
https://doi.org/10.1016/j.chemosphere.2020.125869

18. A. A. Alderremy, N. Iqbal, S. Aly, K. Nonlaopon, Fractional series solution construction for
nonlinear fractional reaction-diffusion brusselator model utilizing Laplace residual power series,
Symmetry, 14 (2022), 1944. https://doi.org/10.3390/sym14091944

19. B. Wang, Y. Zhang, W. Zhang, A composite adaptive fault-tolerant attitude control for
a quadrotor UAV with multiple uncertainties, J. Syst. Sci. Complex., 35 (2022), 81–104.
https://doi.org/10.1007/s11424-022-1030-y

20. M. Naeem, H. Yasmin, N. A. Shah, K. Nonlaopon, Investigation of fractional nonlinear
regularized long-wave models via novel techniques, Symmetry, 15 (2023), 220.
https://doi.org/10.3390/sym15010220

21. T. A. A. Ali, Z. Xiao, H. Jiang, B. Li, A class of digital integrators based on trigonometric
quadrature rules, IEEE T. Ind. Electron., 2023. https://doi.org/10.1109/TIE.2023.3290247

22. W. Gao, P. Veeresha, D. G. Prakasha, H. M. Baskonus, G. Yel, New numerical results for the
time-fractional Phi-four equation using a novel analytical approach. Symmetry, 12 (2020), 478.
https://doi.org/10.3390/sym12030478

23. A. K. Alomari, G. A. Drabseh, M. F. Al-Jamal, R. B. AlBadarneh, Numerical simulation for
fractional phi-4 equation using homotopy Sumudu approach, Int. J. Simulat. Proc. Model., 16
(2021), 26–33. https://doi.org/10.1504/IJSPM.2021.113072

24. X. Deng, M. Zhao, X. Li, Travelling wave solutions for a nonlinear variant of the PHI-four
equation, Math. Comput. Model., 49 (2009), 617–622. https://doi.org/10.1016/j.mcm.2008.03.011

25. J. Yousef, Y. Humaira, M. M. Al-Sawalha, R. Shah, A. Khan, Fractional comparative analysis of
Camassa-Holm and Degasperis-Procesi equations, AIMS Mathematics, 8, (2023), 25845–25862.
https://doi.org/10.3934/math.20231318

26. A. S. Alshehry, H. Yasmin, M. W. Ahmad, A. Khan, Optimal auxiliary function method for
analyzing nonlinear system of Belousov-Zhabotinsky equation with Caputo operator, Axioms, 12
(2023), 825. https://doi.org/10.3390/axioms12090825

27. H. Yasmin, N. H. Aljahdaly, A. M. Saeed, R. Shah, Probing families of optical
soliton solutions in fractional perturbed Radhakrishnan-Kundu-Lakshmanan model with
improved versions of extended direct algebraic method, Fractal Fract., 7 (2023), 512.
https://doi.org/10.3390/fractalfract7070512

28. H. Yasmin, N. H. Aljahdaly, A. M. Saeed, R. Shah, Investigating families of soliton solutions for
the complex structured coupled fractional Biswas-Arshed model in birefringent fibers using a novel
analytical technique, Fractal Fract., 7 (2023), 491. https://doi.org/10.3390/fractalfract7070491

29. M. Kamran, A. Majeed, J. Li, On numerical simulations of time fractional Phi-four equation
using Caputo derivative, Comput. Appl. Math., 40 (2021), 257. https://doi.org/10.1007/s40314-
021-01649-6

AIMS Mathematics Volume 8, Issue 11, 27175–27199.

http://dx.doi.org/https://doi.org/10.1016/j.chemosphere.2020.125869
http://dx.doi.org/https://doi.org/10.3390/sym14091944
http://dx.doi.org/https://doi.org/10.1007/s11424-022-1030-y
http://dx.doi.org/https://doi.org/10.3390/sym15010220
http://dx.doi.org/https://doi.org/10.1109/TIE.2023.3290247
http://dx.doi.org/https://doi.org/10.3390/sym12030478
http://dx.doi.org/https://doi.org/10.1504/IJSPM.2021.113072
http://dx.doi.org/https://doi.org/10.1016/j.mcm.2008.03.011
http://dx.doi.org/https://doi.org/10.3934/math.20231318
http://dx.doi.org/https://doi.org/10.3390/axioms12090825
http://dx.doi.org/https://doi.org/10.3390/fractalfract7070512
http://dx.doi.org/https://doi.org/10.3390/fractalfract7070491
http://dx.doi.org/https://doi.org/10.1007/s40314-021-01649-6
http://dx.doi.org/https://doi.org/10.1007/s40314-021-01649-6


27198

30. A. H. Bhrawy, L. M. Assas, M. A. Alghamdi, An efficient spectral collocation algorithm for
nonlinear Phi-four equations, Bound. Value Probl., 2013 (2013), 87. https://doi.org/10.1186/1687-
2770-2013-87

31. H. Tariq, G. Akram, New approach for exact solutions of time fractional Cahn-
Allen equation and time fractional Phi-4 equation, Physica A, 473 (2017), 352–362.
https://doi.org/10.1016/j.physa.2016.12.081

32. L. M. B. Alam, J. Xingfang, A. Al-Mamun, S.N. Ananna, Investigation of lump, soliton,
periodic, kink, and rogue waves to the time-fractional phi-four and (2+1) dimensional CBS
equations in mathematical physics, Partial Differ. Equ. Appl. Math., 4 (2021), 100122.
https://doi.org/10.1016/j.padiff.2021.100122

33. S. Liao, Homotopy analysis method: A new analytical technique for nonlinear problems, Commun.
Nonlinear Sci., 2 (1997), 95–100. https://doi.org/10.1016/S1007-5704(97)90047-2

34. G. Adomian, A review of the decomposition method in applied mathematics, J. Math. Anal. Appl.,
135 (1988), 501–544. https://doi.org/10.1016/0022-247X(88)90170-9

35. T. Liu, Z. Ding, J. Yu, W. Zhang, Parameter estimation for nonlinear diffusion
problems by the constrained homotopy method, Mathematics, 11 (2023), 2642.
https://doi.org/10.3390/math11122642

36. T. Liu, K. Xia, Y. Zheng, Y. Yang, R. Qiu, Y. Qi, C. Liu, A homotopy method for the
constrained inverse problem in the multiphase porous media flow, Processes, 10 (2022), 1143.
https://doi.org/10.3390/pr10061143

37. T. Liu, S. Liu, Identification of diffusion parameters in a non-linear convection-diffusion equation
using adaptive homotopy perturbation method, Inverse Probl. Sci. Eng., 26 (2018), 464–478.
https://doi.org/10.1080/17415977.2017.1316495

38. T. Liu, Porosity reconstruction based on Biot elastic model of porous media
by homotopy perturbation method. Chaos Soliton. Fract., 158 (2022), 112007.
https://doi.org/10.1016/j.chaos.2022.112007

39. S. J. Liao, Beyond perturbation: Introduction to the homotopy analysis method, Appl. Mech. Rev.,
57 (2004), B25–B26.

40. H. A. Peker, F. A. Cuha, Application of Kashuri Fundo transform and homotopy perturbation
methods to fractional heat transfer and porous media equations, Therm. Sci., 26 (2022), 2877–
2884. https://doi.org/10.2298/TSCI2204877P

41. S. Maitama, W. Zhao, Local fractional homotopy analysis method for solving non-differentiable
problems on Cantor sets. Adv. Differ. Equ., 2019 (2019), 127. https://doi.org/10.1186/s13662-019-
2068-6

42. E. K. Jaradat, O. Alomari, M. Abudayah, A. M. Al-Faqih, An approximate analytical solution
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