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Abstract: This study investigates the problem of asymptotic fixed-time tracking control (AFXTTC)
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1. Introduction

The modeling of the vast majority of real engineering systems involves the use of various types
of linear or nonlinear dynamic differential equations [1-10]. Throughout the modeling process, it is
inevitable to encounter unknown parameters or functions. If these unknowns are ignored in controller
design, control performance may be degraded, or even lead to system instability. Thankfully, many
methods have been devised to handle unknowns. FLSs have become a significant method used to
deal with uncertainties in the dynamics of nonlinear systems. Since the introduction of fuzzy sets by
Zadeh [11], FLSs have been able to approximate any real continuous function on a tight set, which
has been further demonstrated in research [12]. In particular, the combination of FLSs with adaptive
backstepping techniques to construct adaptive fuzzy controllers has become a considerably effective
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control technique, and has been applied in a variety of different types of nonlinear systems [13—17].

Despite the aforementioned solutions, it is essential to note that only the infinite-time stability of
the system is taken into account. However, in many engineering applications, it is unrealistic for
the tracking error to converge to the origin or desired value in an infinite time. Consequently, finite-
time techniques have been developed and applied to adaptive control of various types of dynamical
systems [18-22]. Li’s [23] contribution is notable as he established a new finite-time stability (FTS)
criterion for finite-time asymptotic tracking control by introducing a scalar function. Unfortunately, the
convergence time may be unacceptably long and the target performance of the system may be difficult
to achieve if the initial conditions in finite-time control are too large. Moreover, the convergence time
cannot be calculated in cases where the initial conditions are difficult to obtain or unknown.

In 2012, Polyakov [24] introduced fixed-time control as an effective solution to the tracking control
problem. His work has been influential, as many scholars have applied fixed-time control to this
problem and achieved significant results over the past few years [25-27]. Fixed-time techniques have
been extensively employed in delay systems [28] and multi-intelligent systems [29,30]. Sun [31] solves
the problem of tracking control of UNS affected by actuator saturation. However, unknown factors
in actual modeling projects can make tracking errors only converge to an adjustable region rather
than zero. With increasing demand for accuracy, achieving practical fixed-time stability (PFXTS)
while asymptotically converging to zero is of considerable significance. In recent years, some relevant
results [32,33] have emerged. In [32], an event-triggered adaptive fuzzy asymptotic tracking control
scheme with prescribed performance was developed for nonlinear pure feedback systems. In [33],
an asymptotic predefined-time tracking controller was designed for high-speed aircraft with input
quantization and faults. Although both of them can make the tracking error converge to a small
neighborhood of zero within a finite time and ultimately converge asymptotically to zero, they are both
achieved by combining some control techniques with traditional asymptotic tracking control (ATC)
techniques, rather than directly analyzing the AFXTS of the system. It complicates the design process
of the controller. Therefore, the main motivation of this paper is to construct an AFXTS determination
criterion to simplify the controller design process.

In practical systems, the presence of various constraints is inevitable and requires careful
consideration during controller design, as system performance can be affected. Over the past several
years, numerous fixed-time control problems with state constraints have been addressed. Current
research [34-37] frequently employs BLF within the framework of backstepping control design to
develop controllers for constrained nonlinear systems, which approach infinity near a certain limit.
Typically, state constraints in these problems are expressed as constants [38—40] or time-varying
functions [41-44]. However, the representation of constraint bounds as a time-dependent and state-
variant functional form has recently gained attention as a trending research topic. Pure state constraints,
where the constraints on state variables depend directly on time and state variables of systems such as
industrial robots, oscillators, and spacecraft, have been studied previously [45,46]. Limited studies
have been dedicated to fixed-time control issues under pure state constraints. In this study, the
AFXTTC problem is addressed under pure state constraints, building on prior research.

Based on the aforementioned observations, the key contributions of the present study are as follows:

(1) Due to the presence of unknown nonlinear functions and disturbances, it is often challenging for
the tracking error to converge to zero, rendering traditional fixed-time methods inapplicable. To
address this issue, a new fixed-time stability (FXTS) criterion is proposed in Lemma 1, and a useful
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tool for analyzing AFXTS is constructed in Lemma 2 on its basis.

(2) We introduce a first-order filter along with the backstepping method to construct a DSC framework
to avoid the complexity explosion problem. Based on this, we have developed an adaptive fuzzy
asymptotic fixed-time controller using BLF and FLSs. It not only can achieve AFXTTC, but also
guarantees that the entire state is confined within a specified range.

(3) Different from [32, 33], this paper directly uses the AFXTS criterion to analyze the system’s
AFXTS. It not only simplifies the controller design process, but also ensures that the remaining
signals of the closed-loop system are not only bounded but also PEXTS.

(4) Different from constant state constraints [38—40] and time-varying state constraints [41-44], the
proposed control scheme in this paper can guarantee pure state constraints, which is more in line
with the needs of some practical systems. Currently, there is relatively little research on this type
of state constraint, especially for the tracking control problem of UNS.

Additional sections of this paper are organized as follows. Section 2 gives problem formulation and
necessary preparation. In Section 3, we provide the design process for the controller. And the stability
analysis is given in Section 4. The simulations are illustrated in Section 5. Finally, the conclusion is
given in Section 6.

2. System description and preliminaries

2.1. Asymptotic fixed-time stability

Consider the following nonlinear system:

v=f(v),v(0) =, 2.1

where v = [v1,v2,...,v,]" € R"is the system state, and f: R X R” — R” is a nonlinear function vector.
Definition 1. [24] The origin of system (2.1) is the FXTS if, for each € > 0, there is 6 = d(¢,0) > 0
such that for all [[vo|| < 6 and 7 > 0, the solution [[v(z, vo)ll < &, and AT, > 0, V vy € R", [|v|| = O for all ¢
>T,.

Definition 2. [31] The origin of system (2.1) is the PFEXTS if 3A > 0,37, > 0,V vy € R", |[v]| < A for
allt>T,.

Definition 3. The origin of system (2.1) is the AFXTSif 3A > 0,37, >0,V vy € R", [[v|]| < Aforall ¢
>T,,and ||v|| — 0 as t — oo.

Lemma 1. The origin of system (2.1) is the FXTS if there exists a continuous, continuous
differentiable, and positive definitefunction W : R” — R such that

z=é", (2.2)

W(z) < —e"'r,W"(z) — e"'rW"(z), (2.3)

where ri, 7> 0,0 <m < 1,n > 1, u > 0. Moreover, the settling time can be given by the following
equation

po M
rnn-1 r(l-m

1
TST,,::—In( +1].
u
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Proof. See the Appendix. O
Lemma 2. The origin of system (2.1) is the AFXTS if there exists a continuous, continuous
differentiable, and positive definite function W : R” — R, such that

7z = ey, (2.4)

W(z) < —e"'riW™(z) — é"'raW"(z) — e"'rsW(z) + €'b, (2.5)

where ry,rp, 13,6 > 0,0 <m < 1, n > 1, u > 0. Moreover, the settling time can be given by the

following equation

TSTP::lln( K + K +1).

u \nl-m) rnhn-1)

Proof. See the Appendix. O
Remark 1. Inspired by reference [47], the notion of AFXTS was introduced in the Definition 3,
providing theoretical support for the design of AFXTTC schemes and stability analysis. The
advantages of the AFXTTC scheme over some existing tracking control schemes are apparent. On
one hand, compared to ATC schemes based on asymptotic stability, the AFXTTC scheme not only
guarantees asymptotic convergence of tracking errors to zero but also ensures fast convergence of
tracking errors to a tiny neighborhood of zero point. On the other hand, compared to practical fixed-
time tracking control (PFXTTC) schemes based on PFXTS, the AFXTTC scheme, while ensuring
convergence of tracking errors to a tiny neighborhood of zero point within a fixed time, also achieves
asymptotic convergence of tracking errors to zero. The aforementioned advantages are clearly
demonstrated in Figure 5 of the Section 5.
Remark 2. In recent years, FT'S/FXTS problems have received much research attention. The study of
such problems usually requires the assistance of various forms of Lemma 1 [19] or Lemma 1 [31],
which requires a positive definite function W satisfying W(x) < —aW(x)-BW"(x) + b or W(x) <
—aW™(x)-pW"(x) + b where @, > 0,0 < m < 1, n > 1 and b is a normal number. Inspired
by [23], we establish a new FXTS characterization criterion by introducing a scalar function. Based
on this, we provide Lemma 2 as a direct means of analyzing the AFXTS property of a system, which
distinguishes our findings from those of [32,33]. Furthermore, for ease of reading, we have provided a
glossary of abbreviations of terms in Table 1.

Table 1. Glossary of abbreviations of terms.

Abbreviation Abbreviation of term
uncertain nonlinear systems UNS

dynamic surface control DSC

barrier Lyapunov function BLF

fuzzy logic systems FLSs

finite-time stability FTS

fixed-time stability FXTS

practical fixed-time stability PFXTS

asymptotic fixed-time stability AFXTS

asymptotic tracking control ATC

practical fixed-time tracking control ~ PFXTTC
asymptotic fixed-time tracking control AFXTTC
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2.2. Problem statements

Regard the following nonlinear strict feedback systems:

xi:Xi+1+ﬁ()_Ci)+di(t),i: 1,2,...,1’1—1,

Xp=u+ f,(x,) +d, (1), (2.6)
y =X,
where X; = [x1, x2,...,x]7 € RE(i = 1,2,...,n) is the state vector, u € R is the control input, and y

€ R is the system output. f;(X;) is an unknown but smooth nonlinear function. Furthermore, d;(¢) is a
bounded function such that |d;(¢)| < d: with d}€ R, which represents an unknown external disturbance.
Then, the control objective of this paper is to conceive an AFXTTC scheme for the proposed
system (2.6) such that it satisfies the following conditions:
O1: The tracking error y — y, must converge to a tiny neighborhood of zero point within a fixed
time and asymptotically converge to zero, where y is the output of system (2.6) and y, is the reference

signal.

02: All signals of closed-loop systems must remain bounded within a fixed time.

03: Full state are constrained as |x;| < W; (¥;_1,1) with ¥; = y; and Xi_1 = [yg, X1, . - ,x,-_l]T e R
(i=2,...,n), where ¥; (X;_1, 1) € R is a known time-varying function of state variables and time.

To accomplish these goals, some of the required assumptions are given below:
Assumption 1. [46] For V¢ > 0, %, 37"’]’, e ai‘f’_"l are exist and bounded, where ; is a constraint on

error variable, i.e., ¥;=¥;—w;, where the definition of w; will be given at the beginning of Section 3.
Assumption 2. [39] y, and y, are bounded, smooth and known with |y,4| < ¥ (y4, ¢). In addition, |x;(0)]
<Y (%:-1(0),0).

Remark 3. Based on our survey, there is a noticeable dearth of research on tracking control problems
involving pure state constraints. Compared to general state constraints, pure state constraints are
more practical, rendering tracking problems with pure state constraints more significant and worthy
of investigation. Different from previous studies, such as [45], the present inquiry focuses on systems
containing uncertain nonlinear functions, making the systems more general while also incorporating
an unknown disturbance term to enhance the control system’s reliability. Moreover, previous research
studies [45,46] focused on infinite time stability, whereas our study explores AFXTS problems. All
these aforementioned discrepancies underscore the heightened significance of our present study, which
are reflected in Table 2.
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Table 2. Comparison with state-of-the-art issues.

Types of State Constraint Convergence Time Convergence Accuracy
Time- Pure State Infintie - Finite- Fixed- Bound-
Constant . . . . . Zero

varying Constraint  time time time edness
[35,36,38,40] Y, X X v X X v X
[39] v X X X v X v X
9] v X X X X v v X
[42] X v X v X X v X
[41,43] X vV X v X X X v
[44] X v X X vV X v X
[26] X v X X X v v X
[45,46] X X i v X X v X
[23] X X X X vV X X Y,
[32,33] X X X X X v X V
This paper X X v X X v X 2V,

Remark 4. Similar to [46], it is necessary to use FLSs for handling the unknown terms that arise
from taking derivatives of pure state constraint functions, which requires assuming Assumption 1
to ensure that these terms are confined to a compact set for approximation with FLSs. This is
also the difficulty inherent in solving pure state constraint problems, and relaxing these assumption
conditions represents one of our future research directions. Assumption 2 is indispensable in solving
state constraint problems since if the initial value of the system state does not satisfy the constraint
conditions, achieving the control objective is impossible.

2.3. Some useful lemmas

Then, we introduce some useful lemmas:
Lemma 3. [46] Consider the continuous function H(y), which is provided for the compact set Q.
Then, for Y&>0, there exists the FLS: #(y) = ©" ®(y) such that sup, ., |‘H (x) - G)T(DQ\()| < &, where
X = [x1,-..,xa)" and ¥ are the input and output of the FLS, ® = [©4,...,0,]", ¢ > 1 is the number

[T pt Oc) .
of fuzzy rules, ® = [Dy,..., d)q]T, and @, = _h l, where pp (y;) 1s commonly selected as a
) 1

z;’:.{n;’zluﬂm
Gaussian function.

Lemma 4. [26] For arbitrary 7 > 0 and x € R, an inequality holds for the following: 0 < |x| —
xtanh (¥) < 0.2785r.

Lemma 5. [26] For arbitrary variable a; € R, k = 1,...,m, and a positive real number y > 0, an
inequality holds for the following:

[Zm: |ak|Jy < max {m"~", 1} [Zml |ak|7) :

k=1 k=1

Lemma 6. [26] For any real variables {;, {,, positive constants a;, a,, and as, there exists an inequality
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as follows:

ﬂ
aaz|,| e N ara;” ||

a +ap a +ap

IG11"181" <

Lemma 7. [26] Consider any variable of real numbers @ > 0, § > 0 and arbitrary real numbers y > 0,
the following inequality holds: @ (8 — @) < 11Ty (ﬁ by a/1+7).

Lemma 8. [26] For any real numbers p > 0, 0 < p and any constant m > 1, the following inequality
holds: (p —0)" > 0" — p™.

Lemma 9. [45] For arbitrary x,y € R, |x| < |y|, an inequality holds for the following: ;‘—i < In yzyfzxz <

3. Control design

In this section, the controller u will be synthesized through the implementation of both DSC and
adaptive fuzzy control scheme techniques, while BLF methodology will be employed to ensure the
constraint is consistently satisfied.

Define the following coordinate transformation:

Vi = X1 — W, 3.1
Vi = X; — W, (32)
Si = Wi — @1, 3.3)
where v, is the tracking error, v;(i = 2,3, ...,n) is dynamic surface error, @;_; is the virtual controller

to be designed in step i — 1, w; = y,; and w; is the output of the following first-order command filter
Lw; + w; = a;_;, 2<i<mn, (34)

where ¢; > 0 is a design constant and s; is first order filter output error.
For achieving asymptotic tracking control, we perform the following error transformation

7 = e, (3.5)

where u > 0.
Step 1. From (3.1), (3.3) and (3.5), one has
21 = pevy + e (& — y,)
= e (uvy + xp + fi(x1) + di(®) — Ya) . (3.6)

Then choose the Lyapunov function as

1 1 lﬁ%()’d, t) " 1 ~

Wi=zln———-—"+ 0],
2 et -z 27!

(3.7)

where ¥ (vq, =¥ (ya, )—Va, 6y = 07 — o, 6} is the norm of the unknown optimal parameters of FLSs
and @, is the estimate of o7
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Combining (3.6), the time derivative of W, is

. ez ) vi (O, O ~ A
W, = Qll vy + X + fi(x) +di(f) =Yg — ',0_11 (%)’d + %)] — 0,6,
where Q; = y? - 2.
Using Young’s inequality, we get
/UZI e,ulz% Mt
d\(t) € —5 + —d}’
Ql 1( ) 2Q% 2 1
Then, it produces
ez 2 vy [0y o,
W, < + X2 + Vit =————\|7—Va+ —
1575 Hvy+ x2 + fi(x1) — ya 20, " U 5ydyd o
~ A eﬂt *2
- 0,6, + jdl .
Let
Vi oY, 21
= + — Vg — Vg + —.
Hi(x1) = pvi + fi(x1) = ya ) 5ydyd 20,
According to Lemma 3, we have
Hi(x1) = O] Q1 (x1) + &1,
WhereXl = [)_Cl,Yda)'/d, wl’ g_Qa %]T
Clearly we have
O Di(x1) < 64,
with 67 = ||©7 ||, ¢1 = [1®].
Then substituting (3.11)—(3.13) into (3.10) yields
. etz | v 0 L s et
W, < Qll (91¢1+81+V2+S2+CU1—w—t%)—elgl'F?dlz.

The virtual control @ the parameter adaptive rules for 6] is chosen as

2p1—1 2p2—1
z) z .
a1 == kn—— —kin—— —kiszi — 614
0 0
2B 21 71 Oy
() L
710 201 Yy ot
A ~ A py— ez
91 = — e‘”0'1191 - 6“10'129?2 ! + —¢

O

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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where ki1, kio, ki3, By, T1, 0711, 0712 are positive constants, p; = 321, p, = 225 with m > 2 is an
integer.
Next, substituting (3.15) and (3.16) into (3.14) yields
‘ 22 P 22 P2 Zz
W, S—e’”ku( ) —eﬂtklz( ) mk13—+€ﬂ0'119191 + et 0'129 HZPZ !
0O 0O 1
s it B B etz
Lar e Z1S2+e_d;‘2+em[“1 D7 h(Zl 1)] L (3.17)
O O 2 O O 0171 207
Utilizing Young’s inequality and Lemma 4 results in
2| uB 1B, uB| 2B 21 B, 1€ 218,
——|— —— tanh = - tanh + -
01 o o1y o o o7 o o
C
< 027857, + |t
1
2
Z 1
(3.18)

<0.278571, + —— + =C?,
= T1 2Q2 2

1

where C| = max {0, (e; — B;)} is a positive number. If B, is selected to satisfy B; > &1, we have C; = 0.

Putting (3.18) into (3.17) yields

Z2 p1 Z2 p2 ZZ
W]S—eﬂtkll (—1) - ﬂtklz( ) ,utk13_ + é* 0'110191 + é* 0'129 9
0 0 (0]
T\ e

1
ut ut -
9 | C A% L8 424 e |0.2785T + L +-Cl|-—
202" 2 207

A2p2—1

(O 0 2 |
2 \P1 2 \P2 2
7 7 b4 .
<-e'k — ek — k3 — + eoy10,0
11(Q1) 12(Q1) 135, 11016
1t
;B P ¢ L2 E R iy (3.19)
1 O
where Dy = 3d;? +0.27857, + 5C7.
Step i. From (3.2), (3.3), and (3.5), one has
zi = e (i + X1 + fi(%) + di(0) — wy) . (3.20)
Then choose the Lyapunov function as
1 2(Xio1nt 1.
W; = W,y + = In f(—l) + =8 (3.21)
2 YLD -z 2

where y;(Xi_1, )=Y:(¥;_1, )—w;, 0; = 6F — 0;, @: is the norm of the unknown optimal parameters of FLSs

and 6 is the estimate of 6.
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The time derivative of W; is

Vi iz vi (O A
W =W + Huvi + o1 + fi(T) + dilt) — ;- %(a—yd)’d + Z:: (9_xj(xj+1

i

- 66,

+ﬁ@g+dm»

where Q; = Y7 — z7.
Utilizing Young’s inequality, we have

et z, Vi 6¢, e’" z & ([ ziv; oy, 2 Ly e o

l

Then, one has

Hz Zi Vi (OY; = oy
Wi <Wiy + =2 vy + Xy + fi(5) — @ + 20, %(iw + ; %(xjﬂ

i

= alpt < i i awl 2 i H « ~ A
+fj(xj)) + E) + ,Zl 2ZQZ (;L 6xj) ] + ; %d]? - 6,6,.

Let

6 i i
H(X: =pv; + f(xz) wl - J(a_l// l// Z al// (xj+1 + f](xj)))

i-1
L Qi le, i +zi(ﬁ%) L u
ziQi-1 Ot 420 \Yi Ox; 20;

Combining Lemma 3, one has
Hi(xi) = O Dixy) + &,

T
_ % + i i i 1
Where)(i - [Xi,yd, Wi, Aj—1, lpl? 6)2’ axll .o Bx,'_ll 5 lﬁi—b Wi-1, | o

Obviously, we have

®,‘T(Di(Xi) < 6;¢;,

with 67 = ||®F ||, ¢: = l|®i.
From (3.25)—(3.27), we can obtain that

pt . )
. . Z Vi '//
Wi <Wiot + S0+ o1+ viat + s+ 0= -
i Vg or
i
_ Qizi-18i _ QiVi—l)_ éé + e“’d*z
i0; E —d;".
ZiQio1 Qi1 ‘= 2/

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

Volume 8, Issue 11, 27151-27174.
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The virtual control a; the parameter adaptive rules for 67 is chosen as

Z_Zpl—l 2?2—1
a; =— kil - 1 ki2 : 1 ﬁZz 0¢l
o o
ZB Z. Z. 6 .
— B;jtanh | — | - — + —’i,
TlQl 2Ql 'ﬁi ot
A e/vltz. .
0= —e"ob; — "o pf" " + —Ql(pl,
i

where k;1, ki, ki3, Bi, Ti, 071, 0jp are positive constants.
Then substituting (3.29) and (3.30) into (3.28) yields

(3.29)

(3.30)

Z2 pP1 Z2 P2 Z2
W <W 1 —¢€ tkll ( ) - e‘”k,z( ) - 6’”](135 + €w0'110 0;

1 Ql

1

ZiZi+1 eMzisi1  zimz o €Mzis

5 A2pr-1
+ 6’”0’,‘29,‘91- Pt 4 + - -

0 0 Qi1 Qi1
ellt %2 :“l 12 t
+ Z —d 2_Q2 + e

Similar to Step 1, utilizing Young’s inequality and Lemma 4 results in

ZiEi

Qi

lBl lBl 2 1
— Z2 anh [ Z24) < 027857, +—+ ~¢,
Qsz 2Q

Zi€i

Qi

Qi 2

where C; = max {0, (g; — B;)} is a positive number. If B; is selected to satisfy B;

Putting (3.32) into (3.31) obtains

2

oo fi] e $eldf g

ZiBi (ZiB,- )]
— —tanh|—||.
0; it

| Gl eMziSin
+e‘”210']99’72 1+e”’20']19 AL Q”+ +

i i

where D; = 5 3 (i — j+ Dd? + 027853 7+ 5 20, C
Step n. Sumlar to Step 1, z, 1s given by

in = e (ﬂvi +u+ ﬁ1(7_cn) + dn(t) - wn) .
Define

1 PG 1
W, =W, +=ln—200 4 72,
M G- 2

(3.31)

(3.32)

> ¢g;, we have C; = 0.

"' D, (3.33)

(3.34)

(3.35)

where ¥, (X,_1, =Y, (¥u_1, )—w,, 0, = 6, — 0, g, is the norm of the unknown optimal parameters of

FLSs and 6, is the estimate of 6.
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The time derivative of W, is

yis
o n (OWn
W =W+ 2 v, 4+ fu() + dy(0) - i = (G5
-1
o, ~ A
di(t ) — 4,6,
2 () +di() + — ]
where Q, = ¥? — 72
Using Young’s inequality, one has
et'z, SR 2 e“’ N I(van 6t/fn)2 e
d, () — — d(n]< + — |+ —d-.
Qn [ ; wn axj / Q2 JZ in/’n an JZ:; 2 /
Then, we have
o 'z, N O S /A
W, <W,.1 + . My + U+ fn(xn) — Wy + 2Qn - @(aydyd + JZ:; a_xj(xjﬂ

— awn “ n n 5% ? * = A
o)) g (i) |+ 250 -

Let

7‘{n(Xn) =MV, + fn()_cn) - d)n - i((;}fd Ya + (;ﬁt + Z ali/ (x]+] + fj('xj)))

=1

+ ann—lsn ann 1 + = Zn (vn alr//n)z + Zn
ZnQn—l n— =1 2Qn wn ax} 2Qn

Based on Lemma 3, one has
7_(n()(n) = ®Zq)n(Xn) + Ens

W O o ne
. B = Wn-1, Wn-15 g | -

WhereX}’l = [)_Cn’Yda w}’l’ a’n—l’ wn’ 6yd 9 axl 9 ey 6xn,1
Clearly we have

@, D, (x») < O,

with 0, = = |1,
By incorporating (3.39)~(3.41) into (3.38), we have
. . ut P s .
W, <W,y + = Zn(@ B+ 60+ 1 — Wn  OnZn-1Sn  OnVn-i
" "D” at ZnQn—l Qn—l
Y n M "
-0,0,+ 7dj

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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The virtual control @, the parameter adaptive rules for 6; is chosen as

~ Z’21P1 1 Zﬁpz—l
U=-—-~Ky -1 — Kkn2 a—1 n3Zn - n¢n
rlBl’l n n 0 n
_ B, tanh |2 T | G O (3.43)
7,0n) 20, Y, Ot
A A A Mt
by = — By — om0 (3.44)
where k1, k.2, ki3, By, Tny On1, 0 are positive constants.
Substituting (3.43) and (3.44) into (3.42) yields
Z2 P1 Zz P2 ZZ A
Wn SWn 1= et k1 (Qn) - €wkn2 (Qn) - ewk,gann + 6””10',,19”9,,
o _ B t e,ulZZ
+ 0B, P - RN ol —d? - —
? Q1 Quoi 2720
g | L h( )] (3.45)
Qn Q}’l QnTn
Similar to Step 1, according to Young’s inequality and Lemma 4
Zn€n Zan Zan Z2 1
- tanh <0.27857, , 3.46
o.1 o " ( nrn) o T (540

where C,, = max {0, (¢, — B,)} is a positive number. If B, is selected to satisfy B, > &,, we have C, = 0.
Substituting (3.46) into (3.45) yields

= =1 J

+ et ZO’ﬂO 0; + e ZO'J 9 sz Y+ e"D,, (3.47)

J=1 J=1

where D, = 3 3%, (n— j+ 1) d;fz +0.2785 X T +3 2, C?

To date, we have formulated the virtual controller (3.15), (3.29), the controller (3.43), and the
adaptive rule (3.16), (3.30), and (3.44). The adaptive control scheme flow chart, as depicted in Figure 1,
outlines the proposed methodology. In the subsequent section, we shall conduct an analysis of system
stability to substantiate the theoretical capability of our control scheme to attain the desired control
objective.
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Systems(2.6)
. Y
61
Adaptive law(3.16) -
{ 2 X,
‘—( ) -+—f
Virtual .
controller(3.15)
a, !
@,
Dynamic surface
filter(3.4)
u A
6
Adaptive law(3.30) P
{ 2 X
Virtual
controller(3.29)
a
/
. @,
Dynamic surface

filter(3.4) n
Bn
*— Adaptive law(3.44) <—|:n X,
Actual 4—,

controller(3.43)

Figure 1. Flow chart.

4. Asymptotic fixed-time stability analysis

Then, the main results of this study will be summarized.

Theorem 1. For the nonlinear strict feedback system (2.6), if it is achievable that Assumptions 1
and 2, by devising an adaptive fuzzy controller (3.43), virtual controllers (3.15), (3.29), and adaptive
laws (3.16), (3.30), and (3.44), it is ensured that all signals of the closed-loop system are PFXTS, and
the tracking error y — yy, is capable of converging to a small neighborhood of zero within a fixed time,
and ultimately asymptotically converging to zero. At the same time, all of the state variables never

violate their constraints.

Proof. Let

1 2(Xi1, 1 1
W:WHZZ_IHM'F 2
i=1 2 wiz(-xi—ht)_ziz i=1 2

By combining Lemma 5, we can obtain that

i Z2 P1 i Zz P2 n Z2
W < — ek, [ 2L —etkyn' Sl -tk Y -
Qi 0 — Q;

i=] =! i=1

n n
~ A ~ Adpo ]
+ e Z 010:0; + et Z O'ZQH,-HI. P2t 4 e‘”D,,,

i=1 i=1

where k] = Hlil’l{kll, ey knl}, k2 = mil’l{klz, ey knz}, k3 = mil’l{klg, ey kn3}
Base on 6; = g; — 0;, we have

~ A (Y Tl ~
010,0; < ——191'2 - _161'2 +

Til .0
—0-.
4 4

2 l

4.1)

4.2)
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According to Lemma 6, let §; = 267, (> = 1, a; =

(%éf)’” <(1-p)p, = ;2 — 67

4
From (4.2) and (4.3), we can get
2 ~ A - i1 ~ 2) Til - 2 T-pr I’l
i 9,'91' <- 6 - 9 + 9 +n(l - .
; gi1 ;( 4 L 4 L 2 n( )29) 2

Then, utilizing Lemma 7, we have

2
1

2 = \2P2

And applying Lemma 8 to (4.5), one has

~ A 1 -

6i92p2—1 < _Hﬂpz o 9_2172 _ 9f2p2
1 2p2 1 2p2( 1 1 )

_9*2!72 _ Léizpz

2py

Putting (4.4) and (4.6) in (4.1), we have

an Z-2 P1 | n 2 \P2 Zn: Zg
W <- e‘”kl ( —l) - e“tkzn P ( —l] - mk3 —

]

t X 1~2p1 t 1 t 1 02 t
—e“(flz 59,. —e"az —e“(73 0+e"D

i=1

P1 P1 .
where 0| = min {(”“) , ..,(";‘) }, 0, = min {22 T2

_P1
* 0 2
+30, ‘725162 +n(1 —p])p1 ) ‘;2291 Pz
According to Lemma 5, we get

n. 2 2 \P1 n. 2 72 \P2
. 6 6
Ws—e‘”rl[ —+—] —e/”rz[ _’+_l)
i=1 Ql 2 Z Qi 2

i=1
—é''ry (Z - + 02] "' D,

min {k;, 01}, r, = min {k,n' =72, o,n'~P2)
Using Lemma 9, we have

where r; = , 3 = min {ks3, o3}

W < —re"WP' — e WP — 3" W + €' D.

AIMS Mathematics

— min (2L
Ty 2,,pzpz}, o3 =min {54, ...

pi.ay =1-py, a3 =p;', we get

4.3)

4.4)

(4.5)

(4.6)

(4.8)

4.9)
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2 ~
By Lemma 2, W is PEXTS, so In #, 6; are PFXTS. Furthermore, it can be inferred that |x;| <

¥, (%;_1,1). Meanwhilewe, we can know 6; is PEXTS due to the PEXTS of 8;. And the tracking error
x1 — yq 18 AFXTS with the fixed time

1 7 )7
T<T,:=—In + +11.
P \n=p)  rn(p-1

O

Remark 5. In the present study, the fuzzy adaptive controller constructed by constructing a Lyapunov
function analysis on z can make z bounded. Since z = /'y, that is, v = e 'z, v clearly converges to zero
when ¢ — oo, which explains why the introduction of the scalar function ¢ in Lemma 2 enables the
follow-up error to narrow to zero. Such findings are also reflected in Figure 4(a) in the simulation.
Remark 6. Prior researches [18-22,25-31] , have addressed the issue of finite/fixed time tracking,
but only an adjustable region could be reached. However, this studys’ finding indicate the eventual
convergence of the tracking error to zero, which is more aligned with our increasing demand for
precision.

Remark 7. Previously conducted researches [48-50] have demonstrated that the tracking error in
asymptotic tracking problems can eventually converge to zero. However, it fails to provide assurance
for the convergence of the error to a bound within a finite period, rendering it unsuitable for certain
practical applications. As such, the finite/fixed time theory presents a crucial approach to addressing
this issue.

5. Simulation results

We present in this section the simulation of a single-linked robot arm consisting of rigid links. Its
dynamic equations are

Jo = —Eo — MgLssin(o) + u, (5.1)

where g, 0, and o represent the link angular acceleration, velocity, and displacement, respectively.
Meanwhile, o is the system output, u is the control input, M and L are the mass and length of the link,
g 1s the acceleration of gravity, E is the constant of the damping and J is the moment of inertia.

Define x; = o, x, = 0, and select a disturbance as d,(r) = —0.5 sin(¢), d,(t) = 0.2 cos(0.5¢), we can
establish (63) as

X1 = xp — 0.51n(z),
E

)'c2 = ——Xy —

L
7 }g sin (x1) + u + 0.2 cos(0.57), (5.2)

where M = lkg, L = 1m, g = 10m/s*, E = 2N - m - s, J = lkg - m*. The states are constrained by
x1] < W1 g, 1) = eV 467" + 0.3, |xo] < W5 (yg, x1,1) = 0.25in(0.5¢) + e 05 +0.2 cos(0.5y,) + 0.5.
The reference singal is defined as y; = 0.3 (cos(—0.4¢) + sin(0.5¢)) and the system output y = x; is
anticipated to be consistent with the reference singal y, will be depicted by Figure 2.
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1
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0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20

time(s) time(s)
Figure 2. The trajectories of x; and x,. Figure 3. The trajectories of w,, a1, o,
and 6,.

Then, choose the fuzzy membership functions as

—(x1+0251)% —(vg+0.251) —(dyg+0.251)° —(y+0251)°
/’tF’i =e 8 - e 8 - e 8 e 8
_ 2
—(dk’/l /dyd+0.251)2 7(6 l+0.251)
-e 8 - e 8 ,
—(x;+0.251)% —(xp+0.251) —(dyg+0.251)° —(2+0.251)2 —(dyp [y +0.251)
#Fi =e 8 -e 8 - e 8 - e 8 - e 8
2
_ 2
—(dyp dx; +0.251)% —(+0.251)° —(wp+0.251)% (571 +0251)
- e 8 e 8 e 8 - e 8
—(+0.251)° —(y4+0.251)
-e 8 - e 8 ,

where:1=1,...,7.

7
Dy (x1) = #F{/ Z,UF;,
=1

7
Dy (x2) = #Fé'/ Z,UF;,
=1

where j=1,...,7.
The virtual controller,adaptive fuzzy controller, and adaptive laws of this paper are described as:
2p1-1 2py—1

_ Zl 1 N
@ =— ki o — ki ol — ki3z1 — 6141 (x1)

1
B 9
_Bltanh(a 1)_Z_1+Z_1£,
7101 20, Y, ot
2p1—1 2pr—1
U= =k 2 — k2 — sz — bohr (1)
217 22Qp2_1 2322 — 0202 (X2
2 2
B 9
_thanh(@ 2)_Z_z+z_2£,
72.0,] 20, Yo Ot
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i)
l Qi
where z1 = e (x1—y).,22 = " (-w),0 = Y - 3,0 = ¥ - H.x1 =
(X1, Ya, Yas Y1, %, =17 x2 = [%2, Yas Y2, %, %,wz,ah U yal”

The controller parameters are engineered in the simulation as: y = 0.5, ky; = 0.2, kjp =50, ki3 =1,
k21 :0.2,](22 :50,k23 = 1,0’11 =012 =07 :0'22:2,L2 :0.1,7'1 =T = l,Bl 232:2,p1 = %,
p2 = 5. And the initial values are chosen as x(0) = [0.5 ~177,6(0) = [0.1 0.1]", w, = 0.1.

The simulation results are shown in Figures 2-5. Figure 2 shows the trajectory of the system with
all states under the action of the controller u. It is easy to obtain that all states are guaranteed to be
purely state constraints and that the output x; can track to y,. Figure 3 illustrates the trajectories of
ws, @1, 6, and 6, which the closed loop system in which all signals are bounded. Figure 4(a) displays
the trajectory of the tracking error v;, which rapidly converges within the fixed time 7', = 5.5035 and
asymptotically converges to zero. Figure 4(b) showcases the trajectory of the control input u, where its
bounds are demonstrated. In Figure 5, we compare our results with the ATC [50] and PFXTTC [31].
Compared to ATC [50], the proposed controller in this article can enable rapid convergence of tracking
error to a smaller value. Compared to PEXTTC [31], the proposed controller in this article can ensure
asymptotic convergence of tracking error to zero. All of these demonstrate the superiority of the
controller constructed in this article.

A Adpr—1 .
6"”0}10,’ - 8/”0'1'29[-])2 , 1= 1,2,

0.2 T T T T T T T T T 0.3

tracking error with this article
0.1 4 02 = = = = tracking error with [50]

tracking error with [31]
0 U\W_/\ 0.1
1 ot /vv/’l—‘
0.1 . . . . . . . . . "
==
;
)

time(s) -0.1 %

‘
02!
‘

20 B 0.3 “\ ’/l
0 4 l'l /
05V
-10 - - - - - - - - -
2 4 6 8 ) 10 12 14 16 18 20 206 L n n
time(s) 0 5 10 15 20
(b) time(s)
Figure 4. The trajectories of v; and u. Figure 5.  Simulation results with

different control scheme.

6. Conclusions

In summary, this paper investigates the challenging problem of AFXTTC for a class of uncertain
nonlinear systems with pure state constraints. Specifically, an improved FXTS determination theorem
is proposed and an AFXTS determinacy theorem framework is established. A novel adaptive fuzzy
asymptotic fixed-time controller is introduced by combining DSC, FLSs, and BLF. Our research results
demonstrate that the tracking error can converge to zero within a fixed time domain independent of the
initial values, and then asymptotically converge to zero while satisfying a set of specific constraints
that are not only time-dependent but also state-dependent. Simulation results not only demonstrate the
effectiveness of the proposed approach but also confirm its superiority by comparing the results with
those obtained by the ATC and PEXTTC schemes. By the way, in recent years, constrained logical
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dynamic systems have been extensively studied [37,51]. Future work will focus on generalizing the
findings of this study to constrained logical dynamic systems.
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Appendix
1. Proof of the Lemma 1
Since there exists a Lyapunov function W: R — R, such that inequality (2.3) holds, the origin of
system (2.1) is asymptotically stable [2]. Here we will complete our proof in two steps:

Step 1. In case of W > 1, we can let v (¢, v(0)) be a solution of (2.2) and let y,(¢) : R, — R,o be a
function that satisfies

. _ t n
1 = —€e"'ryl,

and WEz©0) < yi(0) . Hence, if 0 < t < ﬁln[m(;j_l)(l—y}*"(O))+1], y; =

1
| 22D (et — 1) + 1 (0)] ™", and if £ 2 LIn| £
lemma [2], we have W (v (£, vo)) < y1(¢). Let

1
uo[nm-1)

)(1 —y}‘”(O)) + 1], y1 < 1. By the comparison

1 u n
Z;ln[m( _yl (0))+1

thus, W (v (¢,vg)) < 1 for ¢t > 1.
Step 2. When ¢ > #;, W < 1, we can let y,(7) : Ryy — R, be a function that satisfies

. t m
Y2 = —e ry,,

and W(z(t) < () = 1. Hence, if #, < t < ln[m+r2(n 1)+1] vy =

= 0. By the comparison

1
1 M
nd-m) ¢« uty _ ut 1-m :IITn 1 [ ]
[ ” (e —e)+y, ™ (t)| ", and if 1 > lnr(1 = rz(n 5+
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lemma [2], we have W (v (¢, vp)) < y,(¢). Let

1
-~ In H H

T + +
po(nd=m) r@a-1)

p

L,

thus, W (v (z,v)) = 0 for t > T,,. This shows that the trajectories of (1) can reach the origin in fixed
time T,. Hence, by Definition 1, the origin of system (2.1) is FXTS. O
2. Proof of the Lemma 2

Our proof is divided into two steps:

Step 1. Let B = {x € R| W(x) < (b/r3)}. Due to the fact that W is continuous and positive definite,
the set B is nonempty and closed. So, we can consider the following two cases.

Case L. If z € B, due to W(z) < 0, once the trajectory of z reaches the boundary of B, it does not
exceed the set of B.

Case IL. If z ¢ B, obviously, z(0) ¢ B, because if z(0) € B, from Case I, V t € R;(, we get z(t) € B,
which contradicts the previous text. Then, there exists a minimum moment #, such that the inequality
W(z(t,)) < (b/r3) holds, i.e., ¥V t € [0, 1,), W(z(t2)) > (b/r3), which implies that

W(z) < —e"'riW™(z) — e"'r,W"(z).

We have z(t) € Bfort > t, by Case I and T,> t, by Lemma 1. Thus, we have z(¢) € Bfort > T,,.

From Case I and Case 11, we have z(t) € Bforany t > T),. Let A; € (0, +c0) be a sufficiently large
constant, and By = {x € B | ||x]| < A,}. Itis clear that the set B; C B is non-empty, bounded, and closed,
this means that there must be a bounded constant A > O such that ||z]| < A is true for all z € B;. Thus,
the origin of system (2.2) transformed by inequality (2.5) is PEXTS according to Definition 2. There
must be a bounded constant A > 0 such that ||z]| < Aforall t > T),.

Step 2. From (2.4) and Definition 3, [[v|| < A/e*) < Aforallt > T,. Ast — oo, due to e/ — oo but
z = é"'v is bounded, so |[v|| = 0. Thus, the origin of system (2.1) is AFXTS. O
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