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1. Introduction

Gaussian harmonic analysis is basically the study of the notions of classical harmonic analysis (such
as semigroups, covering lemmas, maximal functions, Littlewood-Paley functions, Spectral multipliers,
fractional integral and derivatives, singular integrals, etc.), which are formulated in the Lebesgue
measure space (RY, B(RY), dx), in the probability space (R?, B(R?), y,(dx)), where

i

va(dx) = 7 dx, x € R%, is the Gaussian probability measure in R%.
7-[(

‘Q_a
?TN

d
A second component of classical harmonic analysis is the Laplace operator, A Z
k=1
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In Gaussian harmonic analysis is the Ornstein-Uhlenbeck second order differential operator,

L= %Ax —(x, V), where V, = (&, L, L),

A third component of Gaussian harmonic analysis are the Hermite polynomials that are orthogonal
with respect to the Gaussian measure and are eigenfunctions of the Ornstein-Uhlenbeck operator L.

Some differences between classical and Gaussian harmonic analysis, are: Lebesgue measure is a
doubling, translation invariant measure. Semigroups asociated to Lebesgue measure are convolution
semigroups. Gaussian measure does not satisfy any of these properties, which makes many of the
proofs are completely different from the classical case. For a detailed study, see [16].

The structure and properties of general Lipschitz spaces in the classical case (with respect to the
Lebesgue measure in R?) were studied in [12, 14, 15]. In analogous way, fora > 0and 1 < p,g < oo,
in [10,16], were introduced and studied the structure of Besov-Lipschitz B, q(yd) and Triebel-Lizorkin

F7 (va) spaces, with respect to the Gaussian measure y, in R?, that is, for expansions on Hermite
polynomlals In particular, for @ = 0,q = 2, F° 2(yd) = L”(y4) (Gaussian Lebesgue spaces) and for
P-q = o, BE, (va) = Lipa(ya) (Gaussian Llpschltz spaces) [16], i.e., these spaces generalize known
spaces. All of this, in the constant exponent setting.

Lebesgue spaces with variable exponents have been widely studied in the last three decades, see [2]
or [4]. These spaces arose for a purely theoretical interest, although a short time later applications
began to emerge, [23]. Also, recent research has been stimulated by applications in various problems,
for example, elasticity theory and fluid mechanics, where electrorheological fluids are of special
interest, see [1, 11]. All of the above motivates us to define more general variable exponent spaces.

In this paper, following [10] or [16] and replacing the constants p and g by measurable functions
p(+), g(-) taking values in [1, co] and satisfying suitable regularity conditions, we define and study the
structure of Besov-Lipschitz spaces B 0. ()(yd) and Triebel-Lizorkin spaces F Ol ,(va) with variable
exponents respect to the Gaussian measure, generalizing some of the results in [10,16] such as inclusion
relations of those spaces and interpolation results for them. Therefore, for the study of variable

104 (04 1 .
exponent spaces, Bp(_)’q(,)(yd) and F p(.)’q(.)(yd), we present four sections:

e In section 2, we give the preliminaries in the Gaussian setting and some background on variable
spaces with respect to a Borel measure p.

In section 3, we obtain some technical results for the Haar measure on R* that will be key in the
proof of the main results.

In section 4, we define and study the structure of the spaces B‘;(.)’q(.)(yd) and F Z(%q(-)(%l)'

In section 5, we give some conclusions.

Finally, there are some important references on variable Besov and Triebel-Lizorkin spaces in the
context of Lebesgue measure, for example, [6, 13, 17-22].

On the other hand, based on the results of this work, we can now study the boundedness of Riesz
Potentials, Bessel Potentials and Bessel Fractional Derivatives on Bg(_),q(_)(yd) and F ;(.)’q(.)(yd), in order
to generalize the ones presented in [7].
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2. Preliminaries

Let us consider the Gaussian measure

i

Yaldx) = —dx, x € R 2.1)

on R? and the Ornstein-Uhlenbeck differential operator
1
L= EAX —(x, V). (2.2)
Let v = (v},..., v4) be a multi-index such that v; > 0,i = 1,--- ,d, let v! = [T, vi!, Wl = 32, v,

9; =4, foreach 1 <i<dand 9 =9,..0}.
Consider the normalized Hermite polynomials of order v in d variables,

W) = o ')1/2 ]_[( 1" d (™). 2.3)
The Ornstein-Uhlenbeck semigroup on R? is defined by
T B 1 B e*Z’(\x\2+|y|2_)2—tze*’<x,y> 4
S = m Jl;de e FO)va(dy).

Using the Bochner subordination formula

e 22 /4u
= — —e du, 2.4
\/;fo Vi @H

we introduce the Poisson-Hermite semigroup by

1 e
— —Tp2 4, f(x)du. 2.5
Vi j(; Vi 2/auf (X) (2.5)
2
Now, taking the change of variables s = e P, f(x) can be written as
u

P f(x)

Pif(x) = f ) T, f o P (ds), (2.6)
0

t
where ,ugl/ 2)(a,’s) = Fe"z/ 457325, is the one-sided stable measure on (0, o) of order 1/2, it is easy
fs

to see that ¢, '~ is a probability measure on (0, c0).
It is well known, that Hermite polynomials are eigenfunctions of the operator L,

172y ;

Lhy(x) = = V| hy(x). (2.7)

In consequence
Tihy(x) = ey (), (2.8)
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and
Pihy(x) = e Wh,(x), (2.9)

i.e., Hermite polynomials are also eigenfunctions of 7} and P, for any ¢ > 0, for more details, see [16].
Next, we present some technical results for the measure /f /» needed in what follows.

r oA ok
As ,utl/z)(ds) = F3—/2ds = g(t, s)ds, for any k € N, we use the notation E k,u(l/z)(ds) for
TS
okal(t, s)

o ds) = =2 =ds (2.10)

Lemma 2.1. Given k € N,
ak (1/2) £ a5
(ds)=| ) aw |ui""ds). 2.11)
i,j

where {a; j} is a finite set of constants and the indexes i € Z, j € N verifies the equation 2j — i = k.

Lemma 2.2. Given k e Nandt > 0,

1 Cr 2*T(k + 3)
f wPds) = > Where Cy = —=. (2.12)
o s T2
Corollary 2.1. Givenk € Nandt > 0,
+00 ak (1/2) C
ds 2.13
fO a @) < (2.13)

On the other hand, by considering the maximal function of the Ornstein-Uhlenbeck semigroup

T"f(x) = sup T, f(x),

>0
we obtain:

Lemma 2.3. Let f € L'(y,), x e R and k € N

0P f(x)

5| < Ce T f(0) ¥t > 0. (2.14)

For the proofs of the previous technical results, see [10] or [16].

Now, for completeness, we need some background on variable Lebesgue spaces with respect to
a Borel measure y. A u-measurable function p(-) : Q € R? — [1,00] is said to be an exponent
function. The set of all the exponent functions will be denoted by P(Q,u). For E C Q, we set
p-(E) =ess 1nfp(x) p+(E) = esssup p(x) and Q,, = {x € Q: p(x) = oo}.

xeE

Also, we use the abbreviations p, = p,(Q) and p_ = p_(Q).
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Definition 2.1. Let E ¢ R? and p(-) : E — R a function. We say that:

i) p(:) is locally log-Holder continuous, denote by p(-) € LHy(E), if there exists a constant C; > 0
such that
Ci

lp(x) — p(y)| < —)

1
log (e + =

forall x,y € E.
it) p(-) is log-Holder continuous at infinity with base point at x, € R%, and denote this by p(-) €
LH(E), if there exist constants p., € R and C, > 0 such that

P pul ©
X) — Peo
e log(e + Ilx — %ol
forall x € E.
iit) p(-) is log-Holder continuous, and denote this by p(-) € LH(E) if both conditions i) and ii) are
satisfied.

The maximum, max{C, C,} is called the log-Holder constant of p(-).

Definition 2.2. Let E c RY, p(-) € Pﬁfg(E), if 1% is log-Holder continuous and denote by C,,(p) or
Cioq the log-Holder constant of 1%

Definition 2.3. Ler Q c R? and p(-) € P(Q, p). For a p-measurable function f : Q — R, we define the
modular pp, as

Pperu(f) = fg; “ |FIPOp(dx) + 1l s (2.15)

and the norm
1Nl = inf {4 > 02 ppu(F/0) < 1} (2.16)

Definition 2.4. The variable exponent Lebesgue space on Q C RY, LPO(Q,u) consists on those
u-measurable functions f for which there exists A > 0 such that p,.), (%) < 0o, Le.,

LPOQ, p) = {f :Q — R : f is measurable and PO (g) < 0o, for some A > 0}.

Remark 2.1. When u is the Lebesgue measure, we write p,., and || f ||, instead of pp.), and || f1 ) -

Theorem 2.1. (Norm conjugate formula) Let v a complete, o-finite measure on Q and p(-) € P(Q,v),
then

1 ’
Ellf oy < Wl < 2 pe.rs (2.17)
for all f v-measurable on Q, where

1/ = SUP { f [fllgldy : g € L”O(Q,v), lIglly oy < 1}.
Q

Proof. See Corollary 3.2.14 in [4]. O
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Theorem 2.2. (Holder’s inequality) Let v a complete, o-finite measure on Q and r(-), q(-) € P(Q,v).
1
Define p(-) € P(Q,v) by = + ,
px)  q(x)  rx)
Then for all f € L19(Q,v) and g € L'O(Q,v), fg € L’Y(Q,v) and

F&llpery < 21 llgermllglle).y- (2.18)
Proof. See Lemma 3.2.20 in [4]. O

Theorem 2.3. (Minkowski’s integral inequality for variable Lebesgue spaces) Given u and v complete
o-finite measures on X and Y respectively, p € P(X, u). Let f : X X Y — R measurable with respect to
the product measure on X X Y, such that for almost everyy € Y, f(-,y) € LPO(X, u). Then

Proof. 1t is completely analogous to the proof of Corollary 2.38 in [2] by interchanging the Lebesgue
measure for complete o-finite measures i and v on X and Y respectively, and by using (2.18), Fubini’s
theorem and then (2.17). i

f Fenav|| <4 f £ dv(). 2.19)
Y Y

)ZQN%;

dt
In the rest of the paper u represents the Haar measure u(dt) = - on R*.

3. Technical results

In this section we present some technical results regarding the Haar measure that will be key to the
main results.

Remark 3.1. For a u-measurable function f : R* — R, ¢(-) € P(R*, u), and any A > 0:

q(®)

f foo f(t) q(®) foo /a0 f(t)
wul=1 = — dr) = ——=| dt
pq( ). (/l 0 pl lu( ) 0 1
1140 f
= Pq(-)( 1 )
Thus,
1A g = Y90 Fllgeo- (3.1)

Next, we present a technical result for the Haar measure u.
Lemma 3.1. Let g(-) € PR*, u) and a, 3> 0

i) If g, < oo, then ||[t*e¢™"|| ), < oo.
i) xo0.1llgou < 0.
i) 7% (1,00 llgyp < 0. 1
iv) For any ty > 0, (In2)% < |lyyo2.01llgou < 1.
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Proof. Let us prove i). Set f(t) = t%¢™,

pQ('),,u(f) = f If(t)lq(’),u(dt) —f |t“e_’,3|4(f) f |ta —zﬁ|q(t)

1 dt 1 1
f |t“e"ﬁ|‘1(f)7 = f R f "7 ldt < oo,
0 0 0

since @, >0and 0 << 1.
On the other hand, by making the change of variables u = #8q_

|ta e—tﬂlq(t) @ — taq(t)e—tﬁq(wﬂ
1 t 1 4

124+ e—tﬁq,ﬂ < 14+ —fﬁlI— dt
1 tJo 4

du 1 0
¥4+ o — ag+—1 U
f (,3 7) » (Bq)‘"ﬂj; u e "du
1

(Bg-)a+

Thus, py)4(f) < oo, and therefore ||#*¢ ||, < o0. The proofs of ii) and iii) are immediate.
Now, in order to prove iv), set § = X(1/2.01>

“ 0 dt
Pyu(8) = f lg(O)1"u(dt) = f ~ =In2<1.
0 to

n

Now,

IA

I'(ag,) < oo, since @, > 0 and g, < oo.

Then, A > 1 implies pq(.),p(ﬁ) < pgyu(8) < 1. Thus, [Igllgeyu < 1.
On the other hand, taking 0 < 4 < 1

1 10
o (ﬁ) - fo a0t zf 9 e ano),
4 10/2 ! 10/2 t

So, A < (In2)"/%- implies py() (%) > 1. Thus, py),(5) < 1 implies 2 > (In2)"/4-.
Therefore, ||glly), = (In2)"/e-. o

In the case Q = R*, we denote M the set of all measurable functions p(-) : R* — R* which
satisfy the following conditions:
) 0 < p_ < py <oo.
iio) there exists p(0) = lim p(x) and |p(x) - p(0)] < 1(1% 0<x<1/2.
ii,) there exists p(co) = hm p(x) and |p(x) — p(c0)| < x> 2.

- ln(x) ’

We denote P ., the subset of functions p(-) such that p_ > 1.
Let a(-),8(-) € LH(R"), bounded with

1 1
1% 2
a(O)<p,(O), a( )<p,(oo) (3.2)
and 1 1
0) > ——— Io%) - 3.3
B0) > 0)’ B(e0) > () (3.3)
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Theorem 3.1. Let p(-) € Py, a(-),B(-) € LH(R"), bounded. Then Hardy-type inequalities
Xa/(x)—l ! @d

o ol < Caopollf lpey (3.4)
and .
e y£ 831 B < Gl (3.5)
are valid, if and only if, a(-), B(-) satisfy conditions (3.2) and (3.3).
Proof. For the proof see Theorem 3.1 and Remark 3.2 in [5]. O

As a consequence, we obtain the Hardy’s inequalities associated to the exponent function ¢(-) € Py
and the measure u.

Corollary 3.1. Let g(-) € Py and r > 0, then

!
r f g()dy
0
frf gdy < Crg0 ||y’“g||q(,)ﬂ , for all g such that y"'g € L10(u). (3.7)

t q()u ’

— _ 1 N
Proof. Let a(t) = —r + 70 = T+ 1 70"

a(-) € LH(R") and bounded, /(0) = —r +

and (3.4)
r f g()dy
0

< Cry0) ||y_r+1g||q(‘)’# , for all g such that y"'g € L1(u) (3.6)

q().u

and

for any t € RY, f(y) = y*¥g(y), for any y € R* then

< - and a(c0) = —r + —— < =L~ Then, using (3.1)

L
g0 = 40 q'(0) = g'(e0)”

b [ w1 [
£ f g()dy 0! f g()dy
0 q0) 0

Cr,q(') ||y(1(y)g||q(.) = Cr,q(~) Hy_rﬂ_ﬁgH

QN q¢)

IA

q()
—r+1

Crat) ||y 8 ”

O

On the other hand, by taking 8(f) = r — ﬁ, f(y) = y?O*g(y), ¢,y € R* then B(-) € LH(R") and the
proof of (3.7) is completely analogous. O

4. Main results

In this section we are going to introduce variable Gaussian Besov-Lipschitz spaces and variable
Gaussian Triebel-Lizorkin spaces. In what follows we will consider only variable Lebesgue spaces
with respect to the Gaussian measure y,. The next condition was introduced by E. Dalmasso and R.
Scotto in [3].

Definition 4.1. Let p(:) € P(RY,y,), we say that p(-) € P,‘;‘;(Rd) if there exist constants C,, > 0 and
P = 1 such that

Cytl
IP(%) = pocl < 5, 4.1)
llxll

for x e R\ {(0,0,...,0)}.
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Example 4.1. Consider p(x) = pe + x € RY forany poo > 1, A > 0 and q > 2. Then
p() € Py (RY).
Remark 4.1. It can be proved that if p(-) € P;‘;(Rd), then p(-) € LH.(RY).

In fact, by fixing xo € RY, such that ||xo|| = 1, we get log(e + ||x — xo||) < C||x||%, for all x € R4

A
(e + [IxID?’

Lipschitz spaces can be generalized of the following way (see, for example [10, 12, 14, 15]), using
the Poisson-Hermite semigroup. We are ready to define variable Gaussian Besov-Lipschitz spaces
B’ 4 (Ya), also called Gaussian Besov-Lipschitz spaces with variable exponents or variable Besov-
Lipschitz spaces for expansions in Hermite polinomials.

Definition 4.2. Let p(-) € P;Z(Rd) N LHy(RY) and q(-) € Poo. Let a > 0, k the smallest integer greater
than a. The variable Gaussian Besov-Lipschitz space BZ(-),q(.)(Vd) is defined as the set of functions
f € LPY(y,) such that

P
@ f < 0. (4.2)

otk

POyallge)u
The norm of f € BZ(-),q(-)(Vd) is defined as
Wl = 11, + | |22 (4.3)
f Bg(),q(.) T f Py 6tk :
PO Yallg)u

The variable Gaussian Besov-Lipschitz space BZ(.),w(Vd) is defined as the set of functions f €

LPO(y,) for which there exists a constant A such that

akaf < At—k+a/
otk
P()ya
and then the norm of f € B\ (Ya) is defined as
1N, 5= Wl + ARCE), (4.4)

where Ai(f) is the smallest constant A in the above inequality.

The following lemmas show that we could have replaced k with any other integer / greater than «
and the resulting norms are equivalents. Next, we denote u(-, 1) = P,f.

Lemma 4.1. Let p(-) € P53 (RY) N LHy(R?), f € L"(y4), @ 2 0 and k, L integers greater than a, then

O u(-,1)
otk

ou(-, 1)

< At if and only i
< Ay if and only if EY

P()yyd

< Alt—l+a )

P()sYa

Moreover, if Ai(f),Ai(f) are the smallest constants in the inequalities above then there exist
constants Ay o p) and Dy, such that

Ak 1o pAr(f) £ A(f) < Dy oAr(f),

for all f € LPO(y,).
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Proof. Let us suppose without loss of generality that k > [. We start by proving the direct implication.
For this we use the representation of the Poisson-Hermite semigroup (2.6), this is,

<mm:£wnmwmm>

Then, by differentiating k-times with respect to ¢t and by using the dominated convergence theorem,

we get
BkP ()C) +00 ak’u(l/z)
-7%—:£ 7,/ ),
By using Lemma 2.3, it’s easy to prove that for all m € N
0"P
im L2 e xere
t—+00 a[
Now, givenn € N, n > a
f*‘” P f ) , . 0"Pf(x) 5"sz (x)
- _— = — lim
, s+l so+e0 Q" or"
= —(’)”P,f(x) ae. xeR?
e .
Thus, for Minkowski’s integral inequality (2.19)
(. +00 n+l, 0.
0"u(-, 1) < 4f 0 ugl,s) s
o ooy f Os" PC).Ya

At () nva.

n—a

IA

+c0
4 [ At s =4
t

Therefore

A(f)<4 n+](f)

and since n > « is arbitrary, then, by using the above result k — [ times, we obtain
A (f) _ o Apa(f)
A < 4 <4
W= A =Y i1 -
< g+ Ar(f)
ST (ot l-a)k-1-a)
Dy 1oAr(f)-

To prove the converse implication, we use again the representation (2.6) and we obtain that

u(x,ty + 1) = P (P, f)(x) = f Ty(P,f )(X)Mt%1 (ds).
0

Thus, taking ¢t = #; + 1, and differentiating / times with respect to #, and k — [ times with respect to

1, we get

Futrt) [ IP,f(x) 9
- = T, 2 L(ds). 4.5
ot fo or, ) or! (s) ()

AIMS Mathematics Volume 8, Issue 11, 27128-27150.
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Then, by Corollary 2.1, Minkowski’s integral inequality (2.19) and the LP"-boundedness of the
Ornstein-Uhlenbeck semigroup (see [8]), we get

1
koo, t +00 a[P ak—l 2
6 l;(k’ ) < 4f TS( tlzf) tk/;tltl (dS)
! P()va 0 or, P()va on
1
alP f +00 6k—lﬂt§1
< 4C, a—; f = (ds)
2 pCya V0 1
al
< A4Cy || Puf Cpitt*
2 140571
< AC,HA(HCity Tt
Therefore, taking t, = 1, = 7,
Fu(-, 1) [ tra
p <AC,HA(NHCra(z) 7
ot 2
p().yd
Thus, A(f) < 4C, =LA
us, Ax(f) < P03 kra 1(f). =
Lemma 4.2. Let p(:) € P;(Rd) N LHy(R?) and q(+) € Py Let a > 0 and k, [ integers greater than a.
Then
k—a aku(" t)
o < 0
f POYyallg)pu
if and only if
o ||0uC, )
o < 00,
g POYallg()u

Moreover, there exist constants Ay q p.) and Dy o q) such that

[ k
Dk[a o tl_a 01/!(, t) < tk_a 0 u('9 t)
el ot otk
POWYallge).u POyl
ou(-, 1)
- ’
< Ak,l,a,p(~) 1 o7 s
POYallge)pu

for all f € LPO(y,).

Proof. Suppose without loss of generality that k > [. We prove first the converse implication; by
proceeding as in Lemma 4.1, taking t, = 1, = %, we have

O u(-, 1)
otk

ar,

dP.f
a3

12057

_ t
L CrtyF =4C, - Ck—l(i)l ¢

140571 P()sYa

AIMS Mathematics Volume 8, Issue 11, 27128-27150.
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Thus
/ t
k—a aku(,’ t) < 4'C Ck_l - 8 u(" E)
N T B a5y
POYallg)u 2 POvallg()p
O'u(-, s)
l_ bl
= Ak,l,a,p(~) h) @ —I )
as
P('),)’d q(),ﬂ

with Ak,l,a,p(-) = 4Cp(.)Ck_[2k_a.
For the direct implication, given n € N, n > a, again, as in the above lemma

0" u(:, 1) <4 f (0 ue, )
or" PO)ya P sl
Therefore, from this and by Hardy’s inequality (3.7)

anu(.’t) < 4llpe f+oo
t

or"
< 4Cn,a,q(~) sn+l—a

ds.

p().vd

an+lu(.’ S)

asn+1

-

P()ya

q()u PO Yallg()u

(9"+ll/t(~, S)

aer—]

POyallg)u

Now, since n > « is arbitrary, by using the previous result k — [ times, we obtain

I-a alu(’t) < 4C I+1-a (9l+1u(-,l‘)
ot = Lag() || I+1
t ot
POvallg)u PCOvallge)u
61+2u(~ l‘)
2 +2—a >
< A Crag)Critago ||t g2
PCOvallg)u
OFu(-, 1)
k— s
< Dijagoy ||t | ;
ot
POSYallg()u
k—1
where Dk,l,a,q(~) =4 Cl,a,q(~) cee Ck—l,a,q(~)- O

Now, we define variable Gaussian Triebel-Lizorkin spaces F a0 YD) which represent another way
to measure regularity of functions, proceeding as in [10, 14, 15].

Definition 4.3. Let p(-) € P;(Rd) N LHy(R?) and q(-) € Py Let @ > 0 and k the smallest integer

greater than a. The variable Gaussian Triebel-Lizorkin space F2 g0 (Ya) s the set of functions f €
LPO(y,) such that

op
tHkaf < oo, (4.6)
4O#p()ya
the normof f € F ;f(.)’q(.)(yd) is defined as
P, f
o k—a 1
Wl o= 1l + 5 .7)
4O4llpe)ya
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The following lemma shows that the definition of F¢
and the resulting norms are equivalents.

is independent of the integer k > @ chosen
p().4()

Lemma 4.3. Let p(-) € P}, RY) N LHy(RY) and q(-) € Py . Let @ > 0 and k, [ integers greater than a.
Then

if and only if

aO-Hp().yg

Moreover, there exist constants Ay q p.)> Dijaq) Such that

ﬁ Hl\f"

Ak,l,a,p(~)

Dk,l,mq(-) P of Y —P.f

aﬂ

4O+l p).ya 4Ol p).ya

IA

P,f

b

Btl

4O ()74

for all f € LPO(y,).

Proof. Suppose without loss of generality that k > /. Let n € N such that n > @, we can prove that

+00 n+1
P < f S PLf)|ds.
Then, by the Hardy’s inequality (3.7),
+00 an+1
S e e
a0u ! QT
" an+1
< Crago |5 TP P, f(x)

Now, since n > « is arbitrary, by iterating the previous argument k — [ times, we obtain

[+1

atl+1

l o I+1-a

—sz (x)

IA

P, f(x)
1+2

atl+2

Craq0 ||t

q().u

P, f(x)

q().u

tl+2—a

IA

Clag)Clataq0)

q().u

k
(9 P,f(x)

IA

Ck,l,a,q(-)

2

q().p

where Ck,l,a,q(~) = C,,a,q(.)CHLa,q(.) te Ck—l,a,q(~)-
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< ka

ThUS, Dk,l,a/,q(-)

ﬁP of s With, Dy jag) = 1/ Criaqe-
. . ORI,y 904l peyya
The other inequality is obtained from the case k = / + 1 by an inductive argument. Let #;,#, > 0 and
take t = t; + 1, from (4.5) we get

Fulx, 1) +OOT IP,f(x)\ o e
oo '\ ad o Ha

(ds),

0
and since, —u, (/ 2)(ds) = (tl

H
ar, ) My, l/ 2)(a’s) we obtain

2s

u(x, 1) e (|0Pyf () o (1/2)
T, — d
otk fo ( ot ‘ d )' (ds)
3 tl—l f+oo S( 61Pt2f(x ) (1/2)(d )
0
O0'P f(x) 1
I ) (1/2)
a ds
+5 ( ) M (ds).
Therefore
o Pl [ (R
t O 0 or, ow
. ljzc_a,t_l f+c><> TS( 61Pt2{(.X) ) 1 (1/2)(d )
2 Jo 8t2 § q().u

)+ UD).

Now, by using Minkowski’s integral inequality twice (2.19) (since T is an integral transformation
with positive kernel) and the fact that ,utl/ I(ds) is a probability measure, we get

= |5 f st(alP’zf (x)) ) (ds)
0 8t12 q().u
oo op
< 4f e T, (—g{(x)) w2 (ds)
0 h q().u
oo o'p
<o [n e[| Jeras
0 7 .
q().u
[
< 167" ( o —ap”{(x)
ot
q().u

For (1I), we proceed in analogous way, and by using Lemma 2.2 we get

—+00 1
]f (1/2)(ds)
0 S

AIMS Mathematics Volume 8, Issue 11, 27128-27150.

aanf(x)
ol

I

16
(a5 < 2T[

q().u



27142

1

O'P, f(x) ] o
f
q().u 1

k—a
Lt
[
ot

- o7

Now, since T* is defined as a supremum, we get

alP 5] f (x)
or,

k—a ,—1

() < 8C1T*[t2 f

q(~),u]

Then, taking #; = t, = § and the change of variable s = £, we have

. o'P f(x)
* - s
q().u
and
!
(II) < 8C,T*||s" IP.fx) .
os!
q().u

Thus, by the L (y,)-boundedness of T* (see [8]),

X i
k—a (9 I/t(',l) < 2k—(116 T* Sl—a aPSf
otk os!
4O p(-),y4 404/ p()ya
o'P
+ 2k—c18Cl T* Sl—a/ Sf
Os!
4O p(),ya
o'P
< 27°C,0(16+8C) |8 |— jf
s
4O+ p().ya
Therefore,
k !
k—a 6 I/l(,t) < C -« aPSf
o = Cporke |||[S ]
t s
404 ()74 4O p(-)ya

O

Next, we need a technical result for the L"")(y,)-norms of the derivatives of the Poisson-Hermite
semigroup:

Lemma 4.4. Let p(-) € P3(RY) N LH(R?). Suppose that f € L'(y,), then for any integer k,

o o
mP,f <Cy,y WPSf , for whatever 0 < s <t < +0o0. Moreover,
! P(C)yya 5 P()yya
o Crept)
ﬁpt‘f — tk ||f||p(~),7d’ r> O- (4'8)
P()ya
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Proof. First, let us consider the case k = 0. Fixed #,,#, > 0, by using the semigroup property of {P,},
we get
P f(x) = Py (Py, f(X)).
Thus, by the LP"-boundedness of {P,} (see [8]),

1P+ fllperya < CoollPr fllpeya-
In order to prove the general case, k > 0, using the dominated convergence theorem and
differentiating the identity u(x, t; + t,) = P, (u(x, t,)) k-times with respect to #,, we obtain

Fu(x, ty + ) B Fu(x, ty)
ot +n)k " ors ’

and then we proceed as in the previous argument.
Finally, to prove (4.8), we use again the representation (2.6) of the Poisson-Hermite semigroup and
differentiating k-times with respect to 7, we get

k
ork

Thus, by the Minkowski’s integral inequality, the L’-boundedness of the Ornstein-Uhlenbeck
semigroup (see [8]) and the Corollary 2.1,
P(')J’d

ak ',t —+00
u(- 1 [
0
Kk, ,(1/2)

ot
+00 a ﬂ
4‘[ ”Tsf”p(-),yd —tk
0

e
4C o fllpry f
0

—u(x, 1) = f T o ku(m)(d ).
0

Kk, (1/2)
d :ut

IA

(ds)

Tsf——

P()ya

(ds)

IA

(ds )| “’“ufn,,()yd

aku('a t)
orx

Chp)
< i ||f||p(~),yd, t>0. O
P()ya

Hence,

Now, let us study some inclusion relations between variable Gaussian Besov-Lipschitz spaces. The
next result is analogous to Proposition 10, page 153 in [12] (see also [10] or Proposition 7.36 in [16] ).

Proposition 4.1. Let p(-) € P;(Rd) N LHy(RY) and q,(-), ¢2(*) € Po.co. The inclusion
Bty g1 () € By, g, (va) holds i.e. ||f ||BZ§.),q2(_)(yd) SClfllgr o i

P().q1()
i) a1 > as > 0 (q;(-) and g,(-) not need to be related), or
ii) If ay = @y and q,(t) < q2(t)  a.e.
Proof. To prove part ii), let us take a the common value of @; and «;.
O P.f
otk

k—a

@ —
Let f € Bp(.)’q1 o and set A = ||t

P()yd

k—a
HX[’Q,ro]t
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However, by Lemma 4.4,

P, f OP.f fo
8tk < Cp(.) W AS [E,to].
0 Yp()ya P0)Ya
Thus, we obtain
oP, f opP.f
0 tkfa < C . l_kfa 3
otk (30 g = PO |30l otk
0 Yp()ya | POvallg ¢y u
< CpuA.
Therefore,
k k
(to)k—a 0P, f HX‘ 0P, f HX‘ ja
N - . 0 0
2 0t ||, 12 Man O 015 ||, 000 Naiow
< GpoA,
and by Lemma 3.1
k k
(t_o)kfa d Pfof (In 2)1/q1’ < (t_o)k—a 0 Ptof HX N
k = k (701},
2 oty P(O)va 2 oty POye Pl
< CpnHA.
Then,
k k=
k = g 700 2
ot by n2)Y
and since t is arbitrary
akaf —k+a
g < Ck,a,p(-)q1(~)At , forall ¢t > 0.
! p().va
Q@ 1 1 12
In other words, f € B 4, implies that f € B o
Now, let us take g(f) = ™ FPS th (g) < o0, si € B
ow, let us take g(¢) = e , , then pg,(y.(8 ,since f € B ) .
p)Ya

Thus, as g,(t) > q1(t) a.e.,

g
0

[
0

OP.f
otk
OP.f
ot

Par()u(8)

IA

(1)
) o dt
POva !

q2(1)—q1 (1)
J (tk—a
140571

+00
+_ k_
(CraporprA) N f [f ¢
0

&P,f O g
otk t
p()va

q1(t)
]1 dt

P, f
otk

P()ya

.
= (CrapOa(oA) 21 pg00u(8) < +oo.
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(07
Hence, f € Bp(~),q2(-)'

In order to prove part i), by Lemma 4.4, we obtain

oP.f »
8tk S Ck,p() ||f||p('>0’d t ’ > 0-
120571
Now, given f € B, . again by setting
k
A= tk_al —8 Ptf
o+ ’
POYdllg ()
we obtain, as in part ii),
P
;f < Cranpoyg (AL, forall £ > 0.
ot
P()yd
Therefore,
k k
keay || 9" Prf - e, |0°Pf
! ot = rouf otk
POYallgy () POydllgy(yp
k
+ 1 tk_CVZ aitf
(1e) otk
POYallgy(yp
= )+ UI).

Now, again by Lemma 3.1 we get,

I k—ay akptf < l,k—azc A —k+ay
D = |xont o <l ka1,p(O)q (HAL ||q2(.),,1
p()va 2 ON"
= CranponoA [ront™ 2| .., <o
and also by Lemma 3.1,
opP,f
_ - t - —k
D = |at™ e < P, Crpirt ||q2(,)’#
POyallgy(yp
— —a?
= Cipo et <
OP.f
k—an L @2
Hence, ||t ok < +o00, and then f € B oty |

POYallgy(yu
Remark 4.2. Variable Gaussian Besov-Lipschitz and variable Gaussian Triebel-Lizorkin spaces are,
by construction, subspaces of L'")(y,). Moreover, since trivially W1 o)y, < ||f||Ba() | and || f1 ¢y, <
: e :
I1£1] PO the inclusions are continuous.
ot

On the other hand, from (2.9) it is clear that for all t > 0 and k € N,
ak
2Py = (=D e Wy ),

and again by Lemma 3.1,
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ok @ 1
_ - /2\k ,—t /1Bl
o e - ”tk e Vi H 0
POvallg)u Porllgtom
k/2 —a -
= Bl || e VP
q().u
= Crapaollsllpery, < 0.
104
Thus, hg € Bp(.)’q(.)(yd) and
”hﬁllB‘() o = (1 + Crapa)hsllpe).y,-
. . a
In a similar way, hg € Fo gy (Ya) and
ok
_ k a
| B”Fp()q() = |hgllpeyy, + mpthﬁ
4O p(),ya
k2 || k—ar —
= Wallcr + B2 e VB gl

= (1 + Crapa gl pore = ||hﬁ||3p()q()

Hence, the set of all polynomials P is contained in B® )()/d) and in F' Z('),q(~)(7/d)'

QNS

Also, we have an inclusion result for variable Gaussian Triebel-Lizorkin spaces, which is analogous
to Proposition 4.1, see also [10] or Proposition 7.40 in [16].

Proposition 4.2. Let p(-) € P32 (RY) N LHy(R?) and q1(-), q2(-) € Pooo. The inclusion
Fllao@a CF L o0a) hOldS Le., ||f||p"2 ot S < Cllfllg ooy
foray > ap; > 0and q(t) > g2(t) a.e.

Proof. Let us consider f € F Z(l~),q1 (> then
“ e | P NI
k = k )
ot q2().u ot QN
e o P, f(x)
8tk X(l,oo)
0N
= (D) + ).
t t
Now, since q;(t) > q»(t) a.e., by taking r(t) = %, we obtain that () > 1 a.e. and
q:1\l)) —q>
1 1 1
— + —— = ——. Thus, by Holder’s inequality (2.18) and Lemma 3.1
¢ () @)
_ (9Pf(X) o [P f ()
_ |12 k—ay 2 a1 —a) k—ay ‘
) == x ot | = < 2 xonll, ok
q2().u q1().u
—a akP,f(X)
Coron.a10.020) o ||
q1().p
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Now, for the second term (/7), by using Lemmas 3.1 and 2.3, we get

0" P, f(x)
_ k—ap 4 * —ay .~k
(D = | | pras| < GTSO a0,
= GTI"f(x) |LY<1,oo>fa2||qz(.),ﬂ = Crangpy I f(X).

Then, by using the L”(y,) boundedness of T* (see [8]),

k k
k—(l/z 8 Plf < C tk_al a Plf
* = @1,@2,q1(:),q2(") k
ot ot
2Ol () v, DO p() g
+ CrargOll T fllpeya
oP.f
k— t
< Conanan0a0 ||| |5z
ot
QOH p(),ya
+ Crarprg:0llfllpeyy, < +o0.
Therefore, f € F°? m|

P()q2()*
Finally, we are going to consider some interpolation results for the Gaussian variable Besov-
Lipschitz and the variable Triebel-Lizorkin spaces. We will use the following results for general
variable Lebesgue spaces LPO(X, v).

Lemma 4.5. Let p(-) € P(Q,v) and s > 0 such that sp~ > 1. Then
A = I

Proof. It is the same proof of Lemma 3.2.6 in [4]. O
Lemma 4.6. Let v a complete o-finite measure on X. ri(-) € P(X,v), 1 < I r;.r < 00,j=0,1. Forall
0<A<1,iffeLiOX,v), j=0,1then f € L'"(X,v) where = -4 + A ,a.e.y € X and
r» o  nG)
e < 2012 AR e 4.9)
Proof. It is a consequence of Holder’s inequality (2.18) and Lemma 4.5. O

Now, we present the interpolation result.

Theorem 4.1. Let p;(-) € P(R?, v4), g; € PR*, ), with j = 0, 1. Suppose that 1 < Pj»4;, Pj-q; <+
and aj > 0. For all 0 < 6 < 1, let us take

a=ay(l -6)+ a0,

1 1-6 6
= + ,
p(x)  po(x) pi(x)
1 1-0 6

and — = + ——, ae teR".
q()  qo(t) qi(®)

a.e. x € RY,
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l) lff € BZ;(.)’qj(.)(Yd), ] = 0’ 1a then f € Bg(.)’q(.)(')/d)-
ll) lff € F:j(.)’qj(.)(Yd): .] = 0, 1’ then f € FZ(.)’q(.)(yd)

Proof. i) Let k be any integer greater than «( and a;, by using Lemma 4.6, we obtain for o =
a’o(l —-0) + a0,
‘ OP,f

tk—a
o

POYallge)pu

1-6 6

opP.f
otk

k
tk—(ag(l—&)ﬂn&)z 9 Ptf

IA

P10),Ya
oPr
or

Po().Ya
1-6

O*P.f
or*

q()p

2

t(l—é))(k—(yu)+9(k—(ll)
Po().Ya

1-6
[ tk—(to ) [ tk—oq
Po()sYa

Thus, by Holder’s inequality (2.18) and Lemma 4.5,

P1().Ya

6
14l (')J’d)

q().p
oF P.f
otk

o P, f
otk

2

q().u

k—a akaf
k
or POyallg(yu
k k
< afjpe | 221 o | E5S < +oo,
or* : or* _
PoC)Yallgo(p POallg ()

thatis, f € By (Ya)-

ii) Analogously, by Holder’s inequality (2.18) and Lemma 4.5, we obtain for @ = a¢(1 - 6) + a6,

1-6 4
oo | 2P O (tk_ao 6"Puk”<x)) (tk_a, akp,]k«x))
or q)p ot o q()u
k 1-6 k 0
< 2|k 6P,—]]:(x) o |9 P,]]:(x) ,ae. xeRY
O Mg o Mllgycra
Therefore
9P aP.f||I° dP.f|
t](—a ff < 2 k—aq ff k—a) ff
otk , - otk , otk _ ’
9Ol () ya IQNY GO p(),yq
and again by Holder’s inequality and Lemma 4.5,
X k 1-6 k 6
ko |9 Pif <4 HIJ“”" ) P TS < +00
k - k k ’
o 4O p()ya o 20O o). va o DM py ()74
1 (07
thatis, f € Fp(.)’q(.)(yd). |

In a forthcoming paper [9], we establish boundedness properties on B | q(,)(yd) for some operators
associated with the Gaussian measure, such as Riesz Potentials, Bessel Potentials and Bessel Fractional
Derivatives.
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5. Conclusions

i) Lemmas 4.1-4.3 showed that the definitions of BZ(.),q(.)(?’d) and F Z(_)’q(.)(yd) are independent of the
integer k greater than « considered and the corresponding norms are equivalent.
ii) Lemma 3.1 was the key in the proof of Proposition 4.1.
iii) The boundedness of the maximal function of the Ornstein-Uhlenbeck semigroup T7* on L""(y,)
(see [8]) was crucial in the proof of Lemma 4.4 and Proposition 4.2.
iv) The structure and properties of the Besov-Lipschitz and Triebel-Lizokin Gaussian spaces are
preserved when we go from constant exponent to variable exponent setting if the exponent

functions p(-), ¢(-) satisfy the regularity conditions p(-) € P (R?) N LHy(R?) and q(-) € Po.c.
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