
http://www.aimspress.com/journal/Math

AIMS Mathematics, 8(11): 27065–27079.
DOI: 10.3934/math.20231385
Received: 07 August 2023
Revised: 07 September 2023
Accepted: 13 September 2023
Published: 25 September 2023

Research article

Global well-posedness for the 3D rotating Boussinesq equations in variable
exponent Fourier-Besov spaces

Xiaochun Sun, Yulian Wu∗ and Gaoting Xu

Collage of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, China

* Correspondence: Email: 2021212047@nwnu.edu.cn.

Abstract: We study the small initial data Cauchy problem for the three-dimensional Boussinesq
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1. Introduction

In this paper, we consider the three-dimensional Boussinesq equations with the Coriolis force:
∂tu − ν∆u + Ωe3 × u + (u · ∇)u + ∇P = gθe3, in R3 × (0,∞),
∂tθ − µ∆θ + (u · ∇)θ = 0, in R3 × (0,∞),
divu = 0, in R3 × (0,∞),
u(x, 0) = u0, θ(x, 0) = θ0, in R3,

(1.1)

where u = (u1, u2, u3) denotes the velocity field of the fluid, θ is the fluctuation, P is the the
pressure. The positive constants ν, µ and g are the kinetic viscosity, the thermal diffusivity and the
gravity, respectively. Ω ∈ R is the Coriolis parameter, which denotes twice the speed of rotation
around the vertical unit vector e3 = (0, 0, 1). The term gθe3 represents buoyancy force using the
Boussinesq approximation, which consists in neglecting the density dependence in all the terms but
the one involving the gravity. The parameters ν and µ do not play any important role and we set
ν = µ = 1 throughout the rest of this paper. Sun, Liu and Yang [31] proved that the three-dimensional
Boussinesq equations with Coriolis force possessed a unique global solution in Besov space. Koba,
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Mahalov and Yoneda [37] obtained the global well-posedness to the rotating Boussinesq equations for
(u0, θ0) ∈ Ḣ

1
2 (R3)∩ Ḣ1(R3) when the the Prandtl number P = 1. Charve and Ngo [10] proved the global

well-posedness to the rotating Boussinesq equations with the fading, anisotropic viscosities. For more
detailed explanation, we refer to [6, 9, 12, 27, 30, 32].

When Ω = 0, (1.1) reduces to the classical Boussinesq equations. The global well-posedness
result for three-dimensional Navier-Stokes-Boussinesq system with axisymmetric initial data has been
studied by many researchers, which can be referred to [2] and [20]. We also refer to [13,14,23,29] for
details on these results.

When Ω , 0, but θ ≡ 0, (1.1) reduces to the Navier-Stokes equations with the Coriolis force. Fang,
Han and Hieber [16] proved the uniqueness of the global mild solution to the rotating Navier-Stokes

equations with only horizontal dissipation in Fourier-Besov space F Ḃ
2− 3

p
p,r (R3) for p ∈ [2,∞], r ∈

[1,∞). Hieber and Shibata [19] proved that the well-posedness of the Navier-Stokes equations with
the Coriolis force. In addition, they also obtained the Navier-Stokes equations possess a unique global
mild solution for arbitrary speed of rotation provided that the initial data u0 is small enough in H

1
2
σ(R3).

We refer to [4–7, 17, 21, 22, 24, 25, 33, 35] for details.
When Ω = 0, and θ ≡ 0, (1.1) reduces to the classical Navier-Stokes equations. Sun and Liu [34]

demonstrated uniqueness of the weak solution to the fractional anisotropic Navier-Stokes system with
only horizontal dissipation. Bourgain and Pavlovic [8] proved the three-dimensional Navier-Stokes
equations is ill-posed in Ḃ−1,∞

∞ (R3). Ru and Abidin [28] obtained the global well-posedness for the

fractional Navier-Stokes equations in variable exponent Fourier-Besov spaces F Ḃ
4−2α− 3

p(·)

p(·),q (R3). There
are many studies on the classical Navier-Stokes equations, which we can refer to [1, 26, 36] and the
references therein.

There are many differences between variable exponent Fourier-Besov spaces and Fourier-Besov
Spaces. Some classical theories such as Young’s inequality and the multiplier theorem do not hold in
variable exponent Fourier-Besov spaces. Because of this, it is difficult to consider the well-posedness
of equations on such spaces. In this paper, we mainly use the properties introduced in Sections 2 and 3,
and combine with the Banach’s contraction mapping principle to consider the global well-posedness of
the Boussinesq equations with the Coriolis force in variable exponent frequency spaces F Ḃs(·)

p(·),q(R3).
The major results are as follows.

Theorem 1.1. Let p(·) ∈ Clog(R3) ∩ P0(R3), 2 ≤ p(·) ≤ 6, 1 ≤ q, ρ ≤ ∞, and there exist a sufficiently
small ε > 0, such that

‖u0‖
F Ḃ

2− 3
p(·)

p(·),q

+ ‖θ0‖
F Ḃ

2− 3
p(·)

p(·),q

< ε

for Ω ∈ R. Then problem (1.1) has a unique global solution

(u, θ) ∈ L̃∞(0,∞;F Ḃ
2− 3

p(·)

p(·),q ) ∩ L̃ρ(0,∞; Ḃ
2
ρ+ 1

2

2,q ) ∩ L̃∞(0,∞; Ḃ
1
2
2,q).

Moreover, let p(·) ∈ Clog(R3)∩P0(R3), s1(·) ∈ Clog(R3), and s1(·) = 2
ρ

+ 2− 3
p1(·) , if there exist a constant

c > 0 such that 2 ≤ p1(·) ≤ c ≤ p(·), then the above solution is still satisfied

(u, θ) ∈ C(0,∞;F Ḃ
2− 3

p(·)

p(·),q ) ∩ L̃ρ(0,∞;F Ḃs1(·)
p1(·),q).
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Remark 1.1. The Fourier-Besov space F Ḃ
2− 3

p(·)

p(·),q is critical for Eq (1.1). In fact, if u(t, x) is the solution
of Eq (1.1), then

uλ(t, x) = λu(λ2t, λx)

is also a solution of the same equation and

‖u0(0, x)‖
F Ḃ

2− 3
p(·)

p(·),q

∼ ‖uλ(0, x)‖
F Ḃ

2− 3
p(·)

p(·),q

.

Remark 1.2. From the structure of variable exponent Fourier-Besov space, we can find that this kind of
space is quite different from variable exponent Besov space. Comparing with variable exponent Besov
space, this kind of space is more favorable for us to consider the boundedness of semigroup operators
and the estimation of nonlinear terms. This kind of space has been applied to dynamic systems, image
processing and partial differential equations. However, due to the special structure of this kind of
space, it is limited in the local and global well-posedness of some equations.

In Section 1, we mainly introduce some backgrounds and major results. We recall the known
basic facts about Littlewood-Paley theory and function spaces in Section 2. In Section 3, we establish
the linear estimates of the semigroup {TΩ(t)}t>0 and we are devoted to the proof of Theorem 1.1 in
Section 4.

2. Function spaces

S(Rn) denotes the space of smooth rapidly decreasing functions on Rn. S′(Rn) denotes the
topological dual space of the S(Rn), also be called temperate distribution. For any f ∈ X, there exists a
constant c > 0 such that ‖ f ‖a ≤ c‖ f ‖b, then it is written as ‖ · ‖a . ‖ · ‖b. We first recall the homogeneous
Littlewood-Paley decomposition [18].

Let (χ, ϕ) be a couple of smooth functions with values in [0, 1], χ is supported in the ball B(0, 3
4 ) =

{ξ ∈ R3||ξ| ≤ 3
4 }, ϕ is supported in the shell C(0, 3

4 ,
8
3 ) = {ξ ∈ R3| 34 ≤ |ξ| ≤

8
3 }. We use ϕ j(ξ) to denote

ϕ(2− jξ) and ∑
j∈Z

ϕ j(ξ) = 1, ∀ξ ∈ R3\{0}.

The localization operators are defined by

∆̇ ju = ϕ j(D)u = 23 j
∫
R3
ψ(2 jy)u(x − y)dy, ∀ j ∈ Z,

Ṡ ju = χ(2− jD)u = 23 j
∫
R3

h(2 jy)u(x − y)dy, ∀ j ∈ Z,

where ψ = F −1ϕ and h = F −1χ.
From the definition above there hold that

∆̇k∆̇ ju = 0, if | j − k| ≥ 2,

∆̇k(Ṡ j−1u∆̇ ju) = 0, if | j − k| ≥ 5.
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If u ∈ S
′

h, there holds that
Ṡ ju =

∑
i≤ j−1

∆̇iu.

Let P0(Rn) be the set of all measure functions p(·) : Rn → (0,∞] such that p− = essinfx∈Rn p(x),
p+ = esssupx∈Rn p(x). For p ∈ P0(Rn), let Lp(·)(Rn) be the set of all measurable functions f on Rn such
that for some λ > 0,

‖ f ‖Lp(·) := inf{λ > 0 : %p(·)( f /λ) ≤ 1}

= inf

λ > 0 :
∫
Rn

(
| f (x)|
λ

)p(x)

dx ≤ 1

 .
We postulate the following standard conditions to ensure that the Hardy-Maximal operator M is

bounded on Lp(·)(Rn):

1) p is said to satisfy the Locally log-Hölder’s continuous condition if there exists a positive constant
Clog(p) such that |p(x) − p(y)| ≤ Clog(p)

log(e+|x−y|−1) , (for all x, y ∈ Rn, x , y).

2) p is said to satisfy the Globally log-Hölder’s continuous condition if there exists a positive
constant Clog(p) and p∞, such that |p(x) − p∞| ≤

Clog(p)
log(e+|x|) , (for all x ∈ Rn).

We use Clog(Rn) as the set of all real valued functions p : Rn → R satisfying 1) and 2).
Let p(·), q(·) ∈ P0(Rn), we use lq(·)(Lp(·)) to denote the space consisting of all sequences { f j} j∈Z of

measurable functions on Rn such that

‖{ f j} j∈Z‖lq(·)(Lp(·)) := inf

µ > 0, %lq(·)(Lp(·))

{ f j

µ

}
j∈Z

 ≤ 1

 ≤ ∞,
where

%lq(·)(Lp(·))({ f j} j∈Z) =
∑
j∈Z

inf

λ > 0 :
∫
Rn

(
| f j(x)|

λ
1

q(x)

)p(x)

dx ≤ 1

 .
Since we assume that q+ < ∞, %lq(·)(Lp(·))({ f j} j∈Z) =

∑
j∈Z

∥∥∥| f j|
q(·)

∥∥∥
L

p(·)
q(·)

holds.

Definition 2.1. [3] Let p(·), q(·) ∈ Clog(Rn) ∩ P0(Rn) and s(·) ∈ Clog(Rn). The homogeneous Besov
space with variable exponents Ḃs(·)

p(·),q(·) is the collection of f ∈ S′(Rn) such that

Ḃ
s(·)
p(·),q(·) = { f ∈ S′ : ‖ f ‖

Ḃ
s(·)
p(·),q(·)

< ∞},

‖ f ‖
Ḃ

s(·)
p(·),q(·)

:= ‖{2 js(·)∆ j f } j∈Z‖%lq(·)(Lp(·))
< ∞,

where S′ denote the dual of S(Rn) = { f ∈ S(Rn) : (Dα f̂ )(0) = 0,∀α}.

For T > 0 and ρ ∈ [1,∞], we denote by Lρ(0,T ; Ḃs(·)
p(·),r) the set of all tempered distribution u

satisfying

‖u‖Lρ(0,T ;Ḃs(·)
p(·),r) :=

∥∥∥∥∥∥∥∥
 ∞∑

j=0

‖2 js(·)∆ ju‖rLp(·)


1
r
∥∥∥∥∥∥∥∥

LρT

< ∞.
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The mixed L̃ρ(0,T ; Ḃs(·)
p(·),r) is the set of all tempered distribution u satisfying

‖u‖L̃ρ(0,T ;Ḃs(·)
p(·),r) :=

∑
j∈Z

‖2 js(·)∆ ju‖rLρT Lp(·)


1
r

< ∞.

For simplicity, we denote

LρT Ḃ
s(·)
p(·),r := Lρ(0,T ; Ḃs(·)

p(·),r) and L̃ρT Ḃ
s(·)
p(·),r := L̃ρ(0,T ; Ḃs(·)

p(·),r).

By virtue of the Minkowski’s inequality, we have

‖u‖L̃ρ(0,T ;Ḃs(·)
p(·),r) ≤ ‖u‖Lρ(0,T ;Ḃs(·)

p(·),r) if ρ ≤ r,

‖u‖Lρ(0,T ;Ḃs(·)
p(·),r) ≤ ‖u‖L̃ρ(0,T ;Ḃs(·)

p(·),r) if r ≤ ρ.

To obtain the global well-posedness of the small initial data Cauchy problem for the three-
dimensional Boussinesq equations with the Coriolis force in variable exponent Fourier-Besov spaces,
we need to introduce the following spaces.

Definition 2.2. [28] [Homogeneous Fourier-Besov spaces with variable exponents] Let p(·), q(·) ∈
Clog(Rn)∩P0(Rn) and s(·) ∈ Clog(Rn). The homogeneous Fourier-Besov space with variable exponents
F Ḃ

s(·)
p(·),q(·) is the collection of f ∈ S′(Rn) such that

F Ḃ
s(·)
p(·),q(·) = { f ∈ S′ : ‖ f ‖

F Ḃ
s(·)
p(·),q(·)

< ∞},

‖ f ‖
F Ḃ

s(·)
p(·),q(·)

:= ‖{2 js(·)ϕ j f̂ }∞−∞‖lq(·)Lp(·) < ∞.

Similarly, we denote by Lρ(0,T ;F Ḃs(·)
p(·),r) the set of all tempered distribution u satisfying

‖u‖Lρ(0,T ;F Ḃs(·)
p(·),r) :=

∥∥∥∥∥∥∥∥
 ∞∑

j=0

‖2 js(·)ϕ jû‖rLp(·)


1
r
∥∥∥∥∥∥∥∥

LρT

< ∞.

The mixed L̃ρ(0,T ;F Ḃs(·)
p(·),r) is the set of all tempered distribution u satisfying

‖u‖L̃ρ(0,T ;F Ḃs(·)
p(·),r) :=

∑
j∈Z

‖2 js(·)ϕ jû‖rLρT Lp(·)


1
r

< ∞.

Definition 2.3. [18] Let u, v ∈ S
′

h, the product uv has the homogeneous Bony decomposition as follows

uv = Ṫuv + Ṫvu + Ṙ(u, v),

where
Ṫuv =

∑
j∈Z

Ṡ j−1u∆̇ jv, Ṫvu =
∑
j∈Z

Ṡ j−1v∆̇ ju,

Ṙ(u, v) =
∑
j∈Z

∆̇ ju ˜̇∆ jv, ˜̇∆ jv =
∑
| j−k|≤1

∆̇kv.
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Lemma 2.1. The following inclusions hold for the variable exponent function spaces.

(I) (Hölder inequality [11]) Given a measurable set A and exponent functions r(·), q(·) ∈ P0(A)
define p(·) ∈ P0(A) by

1
p(x)

=
1

q(x)
+

1
r(x)

.

Then there exists a constant C such that for all f ∈ Lq(·)(A) and g ∈ Lr(·)(A), f g ∈ Lp(·)(A) and

‖ f g‖p(·) ≤ C‖ f ‖q(·)‖g‖r(·).

In particular, given A and p(·) ∈ P0(A), for all f ∈ Lp(·)(A) and g ∈ Lp′(·)(A), f g ∈ L1(A) and∫
A
| f (x)g(x)|dx ≤ Cp(·)‖ f ‖p(·)‖g‖p′(·),

where the function p′ is called the dual variable exponent of p and A∗, A1, A∞ are disjoint sets,
i.e.,

1
p(x)

+
1

p′(x)
= 1, Cp(·) =

(
1
p−
−

1
p+

+ 1
)
‖χA∗‖∞ + ‖χA∞‖∞ + ‖χA1‖∞.

(II) (Sobolev inequality [3]) Let p0, p1, q ∈ P0(Rn) and s0, s1 ∈ L∞(Rn) ∩ Clog(Rn) with s0 > s1. If 1
q

and
s0 −

n
p0

= s1 −
n
p1

are locally log-Hölder continuous, then

Ḃ
s0(·)
p0(·),q(·) ↪→ Ḃ

s1(·)
p1(·),q(·).

(III) ( [3]) Let p0, p1, q0, q1 ∈ P0(Rn) and s0, s1 ∈ L∞(Rn) ∩Clog(Rn) with s0 > s1. If 1
q0
, 1

q1
and

s0 −
n
p0

= s1 −
n
p1

+ ε(x)

are locally log-Hölder continuous and essinfx∈Rn ε(x) > 0, then

Ḃ
s0(·)
p0(·),q0(·) ↪→ Ḃ

s1(·)
p1(·),q1(·).

(IV) (Mollification inequality [15]) For p(·) ∈ Clog(Rn) and ψ ∈ L1(Rn), assume that Ψ(x) =

sup
y<B(0,|x|)

|ψ(y)| is integrable. Then

‖ f ∗ ψε‖Lp(·)(Rn) ≤ C‖ f ‖Lp(·)(Rn)‖Ψ‖L1(Rn)

for all f ∈ Lp(·)(Rn), where ψε = 1
εnψ( 1

ε
) and C depends only on n.

Lemma 2.2. [18] [Hausdorff-Young’s inequality] Let f ∈ Lp(Rn), 1 ≤ p ≤ 2. Then f̂ ∈ Lp′(Rn) with
1
p + 1

p′ = 1 and
‖ f̂ ‖Lp′ ≤ ‖ f ‖Lp .
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Lemma 2.3. [18] A constant C exists such that for all s ∈ R,

r1 ≤ r2 ⇒ ‖u‖Ḃs
p,r2
≤ C‖u‖Ḃs

p,r1
,

p1 ≤ p2 ⇒ ‖u‖
Ḃ

s−n( 1
p1
− 1

p2
)

p2 ,r

≤ C‖u‖Ḃs
p1 ,r
.

Lemma 2.4. Let s > 0, 1 ≤ p, r ≤ ∞, p1(·), p2(·) ∈ Clog(Rn) ∩ P0(Rn), and 1
p = 1

p1(·) + 1
p2(·) . Then

‖uv‖Ḃs
p,r
. ‖u‖Ḃ0

p1(·),r
‖v‖Ḃs

p2(·),r
+ ‖v‖Ḃ0

p1(·),r
‖u‖Ḃs

p2(·),r
.

Proof. According to Definition 2.3, for fixed j ≥ 0, we have

∆ j(uv) =
∑
|k− j|≤4

∆ j(S k−1u∆kv) +
∑
|k− j|≤4

∆ j(S k−1v∆ku) +
∑

k≥ j−2

∆ j(∆ku∆̃kv)

=: I1 + I2 + I3.

We will estimate each of the three above. Using Young’s inequality and Hölder’s inequality from
the Lemma 2.1, we have

‖2 js∆ j(S k−1u∆kv)‖Lp . ‖S k−1u‖Lp1(·)‖2 js∆kv‖Lp2(·) ,

then
‖2 jsI1‖Lp .

∑
|k− j|≤4

‖S k−1u‖Lp1(·)‖2 js∆kv‖Lp2(·) .

Similarly, for I2 we have

‖2 jsI2‖Lp .
∑
|k− j|≤4

‖S k−1v‖Lp1(·)‖2 js∆ku‖Lp2(·) .

Now, it remains to estimates I3. Using Young’s inequality, we have

‖∆ j(∆ku∆̃kv)‖Lp . ‖∆ku‖Lp1(·)‖∆̃kv‖Lp2(·) .

Hence,
‖2 jsI3‖Lp .

∑
k≥ j−2

‖2 js∆ku‖Lp1(·)‖∆̃kv‖Lp2(·)

=
∑

k≥ j−2

2( j−k)s‖2ks∆ku‖Lp1(·)‖∆̃kv‖Lp2(·) .

Taking the norm ‖ · ‖lr on both side of above inequality, there holds that

‖uv‖Ḃs
p,r
. ‖u‖Ḃ0

p1(·),r
‖v‖Ḃs

p2(·),r
+ ‖v‖Ḃ0

p1(·),r
‖u‖Ḃs

p2(·),r
.

�

Lemma 2.5. Let s > 0, 1 ≤ p, r, ρ ≤ ∞, p1(·), p2(·) ∈ Clog(Rn)∩P0(Rn), and 1
p = 1

p1(·) + 1
p2(·) ,

1
ρ

= 1
ρ1

+ 1
ρ2

.
Then

‖uv‖L̃ρT Ḃs
p,r
. ‖u‖L̃ρ1

T Ḃ0
p1(·),r
‖v‖L̃ρ2

T Ḃs
p2(·),r

+ ‖v‖L̃ρ1
T Ḃ0

p1(·),r
‖u‖L̃ρ2

T Ḃs
p2(·),r

.

Proof. In the proof of the Lemma 2.4, replacing Lp(·) with LρT Lp(·), we can get that the conclusion
holds. �
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3. Linear estimates

We establish the linear estimates of the semigroup {TΩ(t)}t>0 in this section, and see the specific
introduction of the semigroup {TΩ(t)}t>0 in Section 4.

Lemma 3.1. Let p(·) ∈ Clog(R3) ∩ P0(R3), 2 ≤ p(·) ≤ 6, 2 ≤ p1(·) ≤ c ≤ p(·), s1(·) = 2
ρ

+ 2 − 3
p1(·) and

1 ≤ q, ρ ≤ ∞. Then
‖TΩ(t) f ‖

L̃ρ
(
0,∞;F Ḃs1(·)

p1(·),q

) . ‖ f ‖
F Ḃ

2− 3
p(·)

p(·),q

for Ω ∈ R and f ∈ F Ḃ
2− 3

p(·)

p(·),q .

Proof. By Definition 2.2, we have

‖TΩ(t) f ‖
L̃ρ

(
0,∞;F Ḃs1(·)

p1(·),q

) =
∥∥∥∥{‖2 js1(·)ϕ jF [TΩ(t) f ]‖Lρ(0,∞;Lp1(·))

}
j∈Z

∥∥∥∥
lq(Z)

.

Since TΩ(t) f is bounded Fourier multiplier, we estimate by a positive constant. Using Lemma 2.1,
we have

‖TΩ(t) f ‖
L̃ρ

(
0,∞;F Ḃs1(·)

p1(·),q

)
=

∥∥∥∥{‖2 js1(·)ϕ jF [TΩ(t) f ]‖Lρ(0,∞;Lp1(·))

}
j∈Z

∥∥∥∥
lq(Z)

. ‖{‖2 js1(·)ϕ je−t|·|2 f̂ ‖Lρ(0,∞;Lp1(·))} j∈Z‖lq(Z)

.

∥∥∥∥∥∥
{∑

l=0,±1

∥∥∥∥2 j(2− 3
c )
∥∥∥∥

Lc

∥∥∥∥2 j( 2
ρ+ 3

c−
3

p1(·) )
ϕ j+le−t22( j+l)

∥∥∥∥
Lρ(0,∞;L

cp1(·)
c−p1(·) )

}
j∈Z

∥∥∥∥∥∥
lq(Z)

. ‖ f ‖
F Ḃ

2− 3
p(·)

p(·),q

,

where the second norm in the second line above is estimated as follows∥∥∥∥2 j( 2
ρ+ 3

c−
3

p1(·) )
ϕ j+le−t22( j+l)

∥∥∥∥
Lρ(0,∞;L

cp1(·)
c−p1(·) )

= ‖2 j 2
ρ e−t22( j+l)

‖Lρ(0,∞)‖2
j( 3

c−
3

p1(·) )
ϕ j+l‖

L
cp1(·)

c−p1(·)

= ‖2 j 2
ρ e−t22( j+l)

‖Lρ(0,∞) inf{λ > 0 :
∫
R3 |

2
j( 3

c −
3

p1(x) )
ϕ j+l

λ
|

cp1(x)
c−p1(x) dx ≤ 1}

. inf{λ > 0 :
∫
R3 |

2
j( 3

c −
3

p1(x) )
ϕ j+l

λ
|

cp1(x)
c−p1(x) dx ≤ 1}

. inf{λ > 0 :
∫
R3 |

ϕ j+l

λ
|

cp1(x)
c−p1(x) 2−3 jdx ≤ 1}

. inf{λ > 0 :
∫
R3 |

ϕl
λ
|

cp1(2 j x)

c−p1(2 j x) dx ≤ 1}
. C.

�

Lemma 3.2. Let p(·) ∈ Clog(R3) ∩ P0(R3), 2 ≤ p(·) ≤ 6, 2 ≤ p1(·) ≤ c ≤ p(·), s1(·) = 2
ρ

+ 2 − 3
p1(·) and

1 ≤ q, ρ ≤ ∞. Then ∥∥∥∥∥∥
∫ t

0
TΩ(t − τ)P f dτ

∥∥∥∥∥∥
L̃ρ(0,∞;F Ḃs1(·)

p1(·),q)

. ‖ f ‖
F Ḃ

2− 3
p(·)

p(·),q

for Ω ∈ R and f ∈ F Ḃ
2− 3

p(·)

p(·),q .
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Proof. Using Lemmas 2.1 and 2.2 and Young’ inequality, we obtain∥∥∥∥∫ t

0
TΩ(t − τ)P f dτ

∥∥∥∥
L̃ρ(0,∞;F Ḃs1(·)

p1(·),q)

=

∥∥∥∥∥{∥∥∥∥2 js1(·)ϕ jF [
∫ t

0
TΩ(t − τ)P f dτ]

∥∥∥∥
Lρ(0,∞;Lp1(·))

}
j∈Z

∥∥∥∥∥
lq(Z)

.

∥∥∥∥∥{∥∥∥∥∫ t

0
2 js1(·)ϕ je−(t−τ)|·|2 f̂ dτ

∥∥∥∥
Lρ(0,∞;Lp1(·))

}
j∈Z

∥∥∥∥∥
lq(Z)

. ‖ f ‖
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )

,

where the inner norm of the second line above is estimated as follows∥∥∥∥∫ t

0
2 js1(·)ϕ je−(t−τ)|·|2 f̂ dτ

∥∥∥∥
Lρ(0,∞;Lp1(·))

.

∥∥∥∥∥∫ t

0
‖2 js1(·)ϕ je−(t−τ)|·|2‖

L
2p1(·)

2−p1(·)
‖ϕ j f̂ ‖L2dτ

∥∥∥∥∥
Lρ(0,∞)

.

∥∥∥∥∥∫ t

0
‖2 j(s1(·)+1)ϕ je−(t−τ)|·|2‖

L
2p1(·)

2−p1(·)
‖∆ j f ‖L2dτ

∥∥∥∥∥
Lρ(0,∞)

.

∥∥∥∥∥∫ t

0
2 j( 2

ρ+ 1
2 )e−(t−τ)22 j

‖2−3 j 2−p1(·)
2p1(·) ϕ j‖

L
2p(·)

2−p(·)
‖∆ j f ‖L2dτ

∥∥∥∥∥
Lρ(0,∞)

.
∥∥∥∥∫ t

0
2 j( 2

ρ+ 1
2 )e−(t−τ)22 j

‖∆ j f ‖L2dτ
∥∥∥∥

Lρ(0,∞)

.
∥∥∥∥2 j( 2

ρ+ 1
2 )
‖∆ j f ‖L2

∥∥∥∥
Lρ(0,∞)

‖e−t22 j
‖L1(0,∞)

.
∥∥∥∥2 j( 2

ρ+ 1
2 )
‖∆ j f ‖L2

∥∥∥∥
Lρ(0,∞)

.

�

4. Proof of Theorem 1.1

In order to solve the Boussinesq equations with Coriolis force, we consider the following linear
generalized problem 

∂tu − ∆u + Ωe3 × u + ∇P = 0, in R3 × (0,∞),
divu = 0, in R3 × (0,∞),
u|t=0 = u0, in R3.

(4.1)

The solution of (4.1) can be given by the generalized Stokes-Coriolis semigroup TΩ(t), which has
the following explicit expression

TΩ(t)u = F −1
[
cos

(
Ω
ξ3

|ξ|
t
)

e−t|ξ|2 I + sin
(
Ω
ξ3

|ξ|
t
)

e−t|ξ|2R(ξ)
]
∗ u

= F −1
[
cos

(
Ω
ξ3

|ξ|
t
)

I + sin
(
Ω
ξ3

|ξ|
t
)

R(ξ)
]
∗ (et∆u),

where divergence free vector field u ∈ S(R3), I is the unit matrix in M3×3(R) and R(ξ) is skew-
symmetric matrix defined by

R(ξ) :=
1
|ξ|


0 ξ3 −ξ2

ξ3 0 ξ1

ξ2 −ξ1 0

 , ξ ∈ R3\{0}.
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Hence, the solution of the Eq (1.1) can be rewritten as u(t) = TΩ(t)u0 −
∫ t

0
TΩ(t − τ)P[(u · ∇)u]dτ +

∫ t

0
TΩ(t − τ)Pgθe3dτ,

θ(t) = et∆θ0 −
∫ t

0
e(t−τ)∆[(u · ∇)θ]dτ.

For the derivation of explicit form of TΩ(·), we refer to [4, 17, 19].

Proof of Theorem 1.1. Let M > 0, δ > 0 to be determined. Set

X =

(u, θ) : ‖u‖
L̃∞(0,∞;F Ḃ

2− 3
p(·)

p(·),q )
+ ‖θ‖

L̃∞(0,∞;F Ḃ
2− 3

p(·)
p(·),q )

≤ M,

‖u‖
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )∩L̃∞(0,∞;Ḃ

1
2
2,q)

+ ‖θ‖
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )∩L̃∞(0,∞;Ḃ

1
2
2,q)
≤ δ

}
,

which is equipped with the metric

d((u, θ), (w, υ)) = ‖u − w‖
L̃∞(0,∞;F Ḃ

2− 3
p(·)

p(·),q )∩L̃ρ(0,∞;Ḃ
2
ρ + 1

2
2,q )∩L̃∞(0,∞;Ḃ

1
2
2,q)

+ ‖θ − υ‖
L̃∞(0,∞;F Ḃ

2− 3
p(·)

p(·),q )∩L̃ρ(0,∞;Ḃ
2
ρ + 1

2
2,q )∩L̃∞(0,∞;Ḃ

1
2
2,q)
.

It is easy to see that (X, d) is a complete metric space. Next we consider the following mapping

Φ : (u, θ)→ (TΩ(t)u0, et∆θ0) −
(∫ t

0
TΩ(t − τ)P[(u · ∇)u]dτ,

∫ t

0
e(t−τ)∆[(u · ∇)θ]dτ

)
+

(∫ t

0
TΩ(t − τ)Pgθe3dτ, 0

)
,

where P := I − ∇(−∆)−1 denotes the Helmholtz projection onto the divergence free vector fields.
We shall prove there exist M, δ > 0 such that Φ : (X, d)→ (X, d) is a strict contraction mapping.
First, we establish that the estimate of (TΩ(t)u0, et∆θ0). According to Lemma 3.1, it follows that

‖TΩ(t)u0‖L̃ρ
(
0,∞;F Ḃs1(·)

p1(·),q

) . ‖u0‖
F Ḃ

2− 3
p(·)

p(·),q

,

and we have
‖et∆θ0‖L̃ρ

(
0,∞;F Ḃs1(·)

p1(·),q

) . ‖θ0‖
F Ḃ

2− 3
p(·)

p(·),q

when Ω = 0.
Similarly we can obtain

‖TΩ(t)u0‖
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )
. ‖u0‖

F Ḃ
2− 3

p(·)
p(·),q

,

‖et∆θ0‖
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )
. ‖θ0‖

F Ḃ
2− 3

p(·)
p(·),q

.

It is easy to show that the estimate for TΩ(t)u0 and et∆θ0 also hold for ρ = ∞ and p1(·) = p(·), i.e.,

‖TΩ(t)u0‖
L̃∞(0,∞;F Ḃ

2− 3
p(·)

p(·),q )
. ‖u0‖

F Ḃ
2− 3

p(·)
p(·),q

,

‖TΩ(t)u0‖
L̃∞(0,∞;Ḃ

1
2
2,q)
. ‖u0‖

F Ḃ
2− 3

p(·)
p(·),q

,

‖et∆θ0‖
L̃∞(0,∞;F Ḃ

2− 3
p(·)

p(·),q )
. ‖θ0‖

F Ḃ
2− 3

p(·)
p(·),q

,

‖et∆θ0‖
L̃∞(0,∞;Ḃ

1
2
2,q)
. ‖θ0‖

F Ḃ
2− 3

p(·)
p(·),q

.
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Next we show that the estimate of the remaining terms. Using Lemmas 2.1–2.3 and 2.5, we can
show that ∥∥∥∥∫ t

0
TΩ(t − τ)P[(u · ∇)u]dτ

∥∥∥∥
L̃ρ(0,∞;F Ḃs1(·)

p1(·),q)

=

∥∥∥∥∥{∥∥∥∥2 js1(·)ϕ jF [
∫ t

0
TΩ(t − τ)P[(u · ∇)u]dτ]

∥∥∥∥
Lρ(0,∞;Lp1(·))

}
j∈Z

∥∥∥∥∥
lq(Z)

.

∥∥∥∥∥{∥∥∥∥∫ t

0
2 js1(·)ϕ je−(t−τ)|·|2 ̂[(u · ∇)u]dτ

∥∥∥∥
Lρ(0,∞;Lp1(·))

}
j∈Z

∥∥∥∥∥
lq(Z)

. ‖u‖
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )
‖u‖L̃∞(0,∞;Ḃ0

3,q)

. ‖u‖
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )
‖u‖

L̃∞(0,∞;Ḃ
1
2
2,q)
,

where the inner norm of the third line is estimated as follows∥∥∥∥∫ t

0
2 js1(·)ϕ je−(t−τ)|·|2 ̂[(u · ∇)u]dτ

∥∥∥∥
Lρ(0,∞;Lp1(·))

.

∥∥∥∥∥∫ t

0
‖2 j(s1(·)+1)ϕ je−(t−τ)|·|2‖

L
6p1(·)

6−p1(·)
‖∆̇ j(u ⊗ u)‖

L
6
5
dτ

∥∥∥∥∥
Lρ(0,∞)

.

∥∥∥∥∥∫ t

0
2 j( 2

ρ+ 5
2 )e−(t−τ)22 j

‖2−3 j 6−p1(·)
6p1(·) ϕ j‖

L
6p1(·)

6−p1(·)
‖∆̇ j(u ⊗ u)‖

L
6
5
dτ

∥∥∥∥∥
Lρ(0,∞)

.
∥∥∥∥∫ t

0
2 j( 2

ρ+ 5
2 )e−(t−τ)22 j

‖∆̇ j(u ⊗ u)‖
L

6
5
dτ

∥∥∥∥
Lρ(0,∞)

.
∥∥∥∥2 j( 2

ρ+ 5
2 )
‖∆̇ j(u ⊗ u)‖

L
6
5

∥∥∥∥
Lρ(0,∞)

‖e−t22 j
‖L1(0,∞)

.
∥∥∥∥2 j( 2

ρ+ 1
2 )
‖∆̇ j(u ⊗ u)‖

L
6
5

∥∥∥∥
Lρ(0,∞)

.

Similarly, we can obtain∥∥∥∥∫ t

0
TΩ(t − τ)Pgθe3dτ

∥∥∥∥
L̃ρ(0,∞;F Ḃs1(·)

p1(·),q)
. ‖θ‖

L̃ρ(0,∞;Ḃ
2
ρ + 1

2
2,q )

,∥∥∥∥∫ t

0
e(t−τ)∆[(u · ∇)θ]dτ

∥∥∥∥
L̃ρ(0,∞;F Ḃs1(·)

p1(·),q)
. ‖u‖

L̃ρ(0,∞;Ḃ
2
ρ + 1

2
2,q )
‖θ‖

L̃∞(0,∞;Ḃ
1
2
2,q)
.

In addition, we can also get∥∥∥∥∫ t

0
TΩ(t − τ)P[(u · ∇)u]dτ

∥∥∥∥
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )∩L̃∞(0,∞;Ḃ

1
2
2,q)

=
∥∥∥∥∫ t

0
TΩ(t − τ)P[(u · ∇)u]dτ

∥∥∥∥
L̃ρ(0,∞;F Ḃ

2
ρ + 1

2
2,q )∩L̃∞(0,∞;F Ḃ

1
2
2,q)
,

. ‖u‖
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )∩L̃∞(0,∞;Ḃ

1
2
2,q)
‖u‖

L̃∞(0,∞;Ḃ
1
2
2,q)
,∥∥∥∥∫ t

0
TΩ(t − τ)Pgθe3dτ

∥∥∥∥
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )∩L̃∞(0,∞;Ḃ

1
2
2,q)

. ‖θ‖
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )∩L̃∞(0,∞;Ḃ

1
2
2,q)
,∥∥∥∥∫ t

0
e(t−τ)∆[(u · ∆)θ]dτ

∥∥∥∥
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )∩L̃∞(0,∞;Ḃ

1
2
2,q)

. ‖u‖
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )∩L̃∞(0,∞;Ḃ

1
2
2,q)
‖θ‖

L̃∞(0,∞;Ḃ
1
2
2,q)
.

We finally prove that the existence and uniqueness.
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Let Y = L̃∞(0,∞;F Ḃ
2− 3

p(·)

p(·),q )
⋂

L̃ρ(0,∞; Ḃ
2
ρ+ 1

2

2,q )
⋂

L̃∞(0,∞; Ḃ
1
2
2,q), then

‖Φ(u, θ)‖Y
= ‖Φ(u)‖Y + ‖Φ(θ)‖Y
. ‖u0‖

F Ḃ
2− 3

p(·)
p(·),q

+ ‖θ0‖
F Ḃ

2− 3
p(·)

p(·),q

+ ‖u‖
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )∩L̃∞(0,∞;Ḃ

1
2
2,q)
‖u‖

L̃∞(0,∞;Ḃ
1
2
2,q)

+‖u‖
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )∩L̃∞(0,∞;Ḃ

1
2
2,q)
‖θ‖

L̃∞(0,∞;Ḃ
1
2
2,q)

+ ‖θ‖
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )∩L̃∞(0,∞;Ḃ

1
2
2,q)
.

Denote δ = M = 2
‖u0‖

F Ḃ
2− 3

p(·)
p(·),q

+ ‖θ0‖
F Ḃ

2− 3
p(·)

p(·),q

 < 2Cε , if ε is small enough, then we have

‖Φ(u, θ)‖Y ≤
δ

2
+
δ

2
= δ,

and
d(Φ(u, θ),Φ(w, υ)) ≤

1
2

d((u, θ), (w, υ)).

It follows from the Banach’s contraction mapping principle that the rotating Boussinesq equation
has a unique global solution and satisfies

(u, θ) ∈ L̃∞(0,∞;F Ḃ
2− 3

p(·)

p(·),q ) ∩ L̃ρ(0,∞; Ḃ
2
ρ+ 1

2

2,q ) ∩ L̃∞(0,∞; Ḃ
1
2
2,q)

when ε is small enough.
On the other hand, let

Z = L̃ρ(0,∞;F Ḃs1(·)
p1(·),q) ∩ L̃ρ(0,∞; Ḃ

2
ρ+ 1

2

2,q )

∩ L̃∞(0,∞; Ḃ
1
2
2,q) ∩ L̃∞(0,∞;F Ḃ

2− 3
p(·)

p(·),q ),

then we have
‖Φ(u, θ)‖Z

= ‖Φ(u)‖Z + ‖Φ(θ)‖Z
. ‖u0‖

F Ḃ
2− 3

p(·)
p(·),q

⋂
F Ḃ

2− 3
p1(·)

p1(·),q

+ ‖θ0‖
F Ḃ

2− 3
p(·)

p(·),q
⋂
F Ḃ

2− 3
p1(·)

p1(·),q

+ ‖u‖
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )∩L̃∞(0,∞;Ḃ

1
2
2,q)
‖u‖

L̃∞(0,∞;Ḃ
1
2
2,q)

+‖u‖
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )∩L̃∞(0,∞;Ḃ

1
2
2,q)
‖θ‖

L̃∞(0,∞;Ḃ
1
2
2,q)

+ ‖θ‖
L̃ρ(0,∞;Ḃ

2
ρ + 1

2
2,q )∩L̃∞(0,∞;Ḃ

1
2
2,q)
.

Set δ = M = 2

‖u0‖
F Ḃ

2− 3
p(·)

p(·),q
⋂
F Ḃ

2− 3
p1(·)

p1(·),q

+ ‖θ0‖
F Ḃ

2− 3
p(·)

p(·),q
⋂
F Ḃ

2− 3
p1(·)

p1(·),q

 < 2Cε , if ε is small enough, then we

have
‖Φ(u, θ)‖Z ≤

δ

2
+
δ

2
= δ,

and
d(Φ(u, θ),Φ(w, υ)) ≤

1
2

d((u, θ), (w, υ)).

According to the Banach’s contraction mapping principle, it follows that the rotating Boussinesq
equations has a unique global solution and satisfies

(u, θ) ∈ L̃ρ(0,∞;F Ḃs1(·)
p1(·),q) ∩ L̃∞(0,∞;F Ḃ

2− 3
p(·)

p(·),q )

when ε is small enough. �
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Ḃ−(2β−1)
∞,∞ (Rn), Math. Methods Appl. Sci., 35 (2012), 676–683. https://doi.org/10.1002/mma.1582

37. H. Koba, A. Mahalov, T. Yoneda, Global well-posedness for the rotating Navier-Stokes-Boussinesq
equations with stratification effects, Adv. Math. Sci. Appl., 22 (2012), 61–90.

c© 2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 8, Issue 11, 27065–27079.

http://dx.doi.org/https://doi.org/10.1007/978-1-4612-4650-3
http://dx.doi.org/https://doi.org/10.1007/978-1-4612-4650-3
http://dx.doi.org/https://doi.org/10.1016/j.camwa.2018.10.039
http://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2019.02.003
http://dx.doi.org/https://doi.org/10.1007/s10884-019-09747-0
http://dx.doi.org/https://doi.org/10.1186/s13661-016-0526-6
http://dx.doi.org/https://doi.org/10.1007/s10231-016-0613-4
http://dx.doi.org/https://doi.org/10.1007/s10231-016-0613-4
http://dx.doi.org/https://doi.org/10.1002/mma.6727
http://dx.doi.org/https://doi.org/10.1002/mma.8541
http://dx.doi.org/https://doi.org/10.1002/mma.1582
http://creativecommons.org/licenses/by/4.0

	Introduction
	Function spaces
	Linear estimates
	Proof of thm1

