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Abstract: The circular intuitionistic fuzzy set (CIFS) is an extension of the intuitionistic fuzzy set
(IFS), where each element is represented as a circle in the /F'S interpretation triangle (/FIT) instead
of a point. The center of the circle corresponds to the coordinate formed by membership (M) and
non-membership (V) degrees, while the radius, r, represents the imprecise area around the coordinate.
However, despite enhancing the representation of /FS, CIFS remains limited to the rigid /FIT space,
where the sum of M and N cannot exceed one. In contrast, the generalized IFS (GIFS) allows for
a more flexible IFIT space based on the relationship between M and N degrees. To address this
limitation, we propose a generalized circular intuitionistic fuzzy set (GCIFS) that enables the expansion
or narrowing of the IFIT area while retaining the characteristics of CIFS. Specifically, we utilize the
generalized form introduced by Jamkhaneh and Nadarajah. First, we provide the formal definitions of
GCIFS along with its relations and operations. Second, we introduce arithmetic and geometric means
as basic operators for GCIF'S and then extend them to the generalized arithmetic and geometric means.
We thoroughly analyze their properties, including idempotency, inclusion, commutativity, absorption
and distributivity. Third, we define and investigate some modal operators of GCIFS and examine their
properties. To demonstrate their practical applicability, we provide some examples. In conclusion,
we primarily contribute to the expansion of CIFS theory by providing generality concerning the
relationship of imprecise membership and non-membership degrees.
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1. Introduction

The intuitionistic fuzzy set (IFS) [1] was introduced by Atanassov in 1986 as an extension of
the fuzzy set (FS) theory [2]. In FS, each element is characterized only by the membership degree.
However, in IFS, each element is indicated by both membership (M) and non-membership (N)
degrees, as well as a hesitancy degree. Additionally, various extension forms of F'S have been proposed,
including interval valued F'S (IVFS) [3], type-2 F'S [4], Hesitant FS [5,6] and others. These extensions
aim to provide generality in representing imprecise membership degrees instead of precise membership
degrees. Similarly, /FS has been expanded to include interval valued IFS (IVIFS) [7], type-2 IFS
(T2IFS) [8] and hesitant IF'S [9]. These extensions address problems related to imprecise membership
and non-membership degrees. IFS has been reported to be better at presenting a higher level of
complexity and uncertainty compared to F'S due to its flexibility. Since its introduction, numerous
studies have been carried out on IF'S, especially its applications in various decision-making models
(see [10-14]). Furthermore, research focusing on advancing [FS theoretically has also emerged,
including studies on algebraic aspects of IFS in group theory [15], graph theory [16,17], topology [18],
aggregation operators [19-21], distance, similarity and entropy measures [22-25], to mention a few.

In addition to that, another research direction on generalizing IF'S has emerged to solve problems
beyond the existing constraint of IFS, i.e., M+ N < 1. The generalizations of /F'S are normally
conducted with respect to the relation between M and N degrees. One of the representations of IFS
that has been mostly studied is the /FS interpretation triangle (/FIT). Based on this interpretation,
numerous developments of generalized IF'S (GIFS) have been proposed (see Table 1). Mondal and
Samanta [26] were the first to propose GIFSy,s, introducing an additional condition to the existing IF'S
and allowing for cases where M+ N > 1 to be considered. However, it is still limited to M+ N < 1.5.
Then, Liu [27] defined GIFS, through linear extension for interpretational surface. Hence, other cases
beyond M + N > 1.5 are also established. Furthermore, this GIFS; includes GIFSy; as a special
case. In another study, Despi et al. [28] proposed six types of GIFS (GIFSIpoy—GIFS6poy), which
extended various possible combinations between M and N. All the proposed GIFSs provide flexibility
in dealing with the possible cases of M+ N > 1. Another GIF'S has been proposed by Jamkhaneh and
Nadarajah, GIFS;y [29] based on power and root-type of M and N. They modify the relation between
M and N functions to expand and narrow the /FS surface interpretation area under the /FIT. This type
of GIFS,y covers some of the well-known extensions of /F'S in the literature (see, [30-34]). In general,
the above generalizations aim to enhance the expressive power of M and N degrees by extending the
definition of /FS in terms of the IFIT.
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Table 1. Comparison of some GIFSs.

GIFS Condition Relation
GIFSys [26] MNN <05 IFS C GIFSys
GIFS; [27] M+ N <1+ Lwhere L€ [0,1] IFSc GIFSysC GIFS;,
GIFSpoy [28]
GIFS1poy (OM+N=>1 -
GIFSZDOY (2) M<N -
GIFS3poy BGM=N -
GIFS4poy (1) and (3) or
2)and M+ N <1 -
GIFS5poy (1) and (2) or
B)and M+ N <1 -
GIFS6poy M+ N?<1 -
GIFS;y[29] M°+N°<1 if & = n then IFS C GIFS,y
where ¢ = norﬁforn ezt if 6 = %then GIFS;y C IFS

It is evident that GIF'S,;y concept is the most natural expression to overcome the problems mentioned
above and covers a lot of special cases of the existing extensions of /FS. In its formal definition, M
and N are parameterized by 6. This concept holds true in several forms, for example: if 6 = 1, then
it reduces to IFS; if 6 = 2, then it will be IFS 2-type (IFS2T) [30] or Pythagorean FS (PFS) [33]; if
0 = 3, then it represents Fermatean F'S (FFS) [35]; if 6 = n, for a positive integer n, then it represents
IFS n-type (IFS-nT) or generalized orthopair FS [34]. Moreover, if 6 = % then it will be reduced
to the IFS root type (IFSRT) [32]. The existence of these generalizations has sparked numerous
further studies, such as the proposal of generalized IVIFS [36], new operations in GIFS [37], defining
level operators for GIF'S [38] and determining reliability analysis based on GIFS two-parameter Pareto
distribution [39].

In recent years, Atanassov [40] proposed another extension of IF'S known as circular IF'S (CIFS).
In CIFS, each element is represented as a circle in the /FIT instead of a point. The center of the circle
corresponds to the coordinate formed by (M,N), while the radius, r, represents the imprecise area
around the coordinate. Initially, the radius takes values from the unit interval [0, 1] [40] and it has later
been expanded to [0, V2] [41] to cover the whole area of IFIT. Though still in the early research stage,
the theory of CIFS has already attracted significant research attention. Several studies have begun to
explore both the theoretical aspects and applications of CIFS. Researchers have expanded the use of
CIFS in various domains, including introducing distance and divergence measures for CIFS [41-43],
applying it in decision-making models [44—46] and utilizing it in present worth analysis [47]. The only
distinction between CIF'S and IF'S resides in the radius component; when the radius equals zero, CIF'S
reverts to IFS.

However, as CIFS is a direct extension of the /FS, its representation is still limited to the existing
IFIT. Considering this limitation, it becomes interesting to extend CIFS based on a more flexible
interpretation area, which allows increasing or decreasing the interpretation of /FIT. Following the
same idea, a generalization of CIF'S is proposed here, specifically using the GIF'S concept proposed by
Jamkhaneh and Nadarajah [48]. Here, instead of representing M and N degrees of an element as a
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point, a circular region is allowed. These considerations lead us to the objectives of this study:

(1) To introduce the generalized CIFS (GCIFS) along with its corresponding relations and operations.

(2) To propose arithmetic and geometric means of GCIF'S as the aggregation operators and extend
them to generalized arithmetic mean and generalized geometric mean and verify their applicable
algebraic properties.

(3) To examine some modal operators of GCIFS and combine them with the previously proposed
main operations.

The remaining parts of this paper are summarized as follows: Section 2 provides an outline of
fundamental concepts related to IFS, GIFS and CIFS. In Section 3, the generalized CIFS (GCIFS)
is presented in a general form, along with its basic relations and operations. Section 4 introduces
the arithmetic and geometric means of GCIF'S and the generalized arithmetic mean and generalized
geometric mean are defined. Section 5 examines some modal operators, which are then applied in
conjunction with the arithmetic and geometric means. Finally, Section 6 presents the conclusions and
suggestions derived from this paper.

2. Preliminaries

In this section, some basic definitions are given, in particular /F'S, GIF'S and CIFS. It is defined that
M(x) represents the degree of membership and N(x) denotes the degree of non-membership of x € X
within the unit interval, I = [0, 1]. Atanassov [1] defined the /FS as the following.

Definition 2.1. [1] An IFS A in X is defined as an object of the form A = {{x, Ma(x), Na(x))|x € X},
where Mg : X — [ and Ng : X — [ that satisfy 0 < Maz(x) + Ng(x) < 1 for each x € X. The
collection of all /F'Ss is denoted by IFS(X).

Furthermore, Jamkhaneh and Nadarajah [29] proposed the generalized /F'S by modifying the
relationship between M and N functions on /FS and obtain the following definition.

Definition 2.2. [29] A generalized IFS A" (denoted GIFS;y A*) in X is defined as an object of
the form A* = {{(x, Mg (x), Ng(x))|x € X}, where Mz : X — [ and Ng : X — [ that
satisfy 0 < Ma’(x) + Nal(x) < 1 for each x € X with § = n or %, for n € Z*. The collection
of all generalized /FSs is denoted by GIFS;y(6, X).

The interpretation area of GIFS,y is depicted such in Figure 1 and some special cases of it with
respect to ¢ are shown in Table 2.
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Figure 1. Geometric interpretation of GIFS;y for6 =nord =

Table 2. Special cases of GIFS,y.

[FS extention type Condition Relation

IFS [1] 5= GIFS,y(1,X)=IFS

PFS [33] or IFS-2T [5] 5=2 IFS C GIFS;x(2, X)

FFS [35] 5=3 IFS c GIFS;n(2,X) c GIFS;x(3, X)

IFS-nT [31] or g-ROFS [34] 6 =n,n€Z* IFS C GIFS;y(2,X) C GIFS;y(3,X) C GIFSy(n, X)
IFSRT [32] §=3 GIFS,y(5,X) C IFS C IFSRT

In the following, for simplicity, the notation GIFS,y is referred to GIF'S. In 2020, Atanassov [40]
expanded the representation of the elements in /F'S from points to circles and introduced the concept
of circular intuitionistic fuzzy set (CIFS).

Definition 2.3. [40] A circular IFS A, (denoted CIFS A,) in X is defined as an object of the form A, =
{(x, Ma(x), Na(x); r)lx € X}, where M4 : X — Iand N7 : X — [ that satisfy 0 < Ma(x)+Na(x) <1
foreach x € X and r € [0, \/5] 1s a radius of the circle around each element x € X.

The collection of all CIFSs is denoted by CIFS(X). There is clear that if r = 0, then A, is IF'S, but
for r > 0 it cannot be represented by IFS. Let L = {{p, ¢)|p,q € [0, 1] and p + g < 1}, then A, can also
be written in the form,

Ar = {(x, 0,(Ma, Na); r)lx € X}

where O,(Ma,, Na,) = ({p, )Ip, g € [0, 1] and /(Ma(x) — p)* + (Na(x) — > < r} N L.

Remark 2.1. Based on the definition and interpretation of L, it is clear that the region is triangular
with corner coordinates (0,0), (1,0) and (0, 1). The region can be modified to be wider or narrower by
adding powers to the relation between p and q. This is the basic form of GIFS from Jamkhaneh and
Nadarajah’s concept. In the next section, we will use the same concept but applied to CIFS.
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3. Generalized circular intuitionistic fuzzy set

In this section, we propose the Generalized Circular Intuitionistic Fuzzy Set (GCIFS) based on the
concepts of GIFS,;y and CIFS.

Definition 3.1. A generalized CIFS A; (denoted GCIFS ‘A?) in X is defined as an object of the form,
A = {{(x, Ma(x), Na-(x); r)|x € X}, where Mgz : X — [ and Ng : X — [ denoted, respectively
the degrees of membership and non-membership of x, radius r € [0, V2] that satisfy 0 < Mf;* (x) +
Ng‘[* (x) < 1foreach x € X, withd = n or i, for n € Z*. The collection of all of the generalized CIFSs
is denoted by GCIFS(6, X) with the interpretation shown on Figure 2.
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Figure 2. Geometric interpretation of GCIFS for (a) 6 = n and (b) 6 = %

Remark 3.1. It is known that for all real numbers p,q € [0,1] and 6 = n or % withn € Z*, the following
conditions apply:

o Let6>1,if0< p+q<1then0 < p°+q° < 1. It means if A* € CIFS(X) then A* € GCIFS(5, X).
e Let6<1,if0<p’+q° <1then0 < p+q < 1. It means if A* € GCIFS (6, X) then A’ €
CIFS(X) .

For special case, if 6 = 1 then GCIFS(1,X)=CIFS(X). Fundamentally, the relations in GCIFS
correspond to those in CIFS [40] and thus, they are redefined as follows.

Definition 3.2. Let A}, B; € GCIFS(6,X). For every x € X, the relations between A; and B; are
defined as follows:

o A7 C, B & (r <s) Ma(x) = Mg-(x) and Nz (x) = Ng:(x)).

o A’ C, B, & (r = s) and one of the conditions below is met,
Maz:(x) < Mg-(x) and Ng-(x) = Ng-(x),
Mgz (x) £ Mg (x) and Ng-(x) > Ng:(x),
Maz(x) < Mg (x) and Ng:(x) > Ng:-(x).

o A’ C B, © (r < s) and one of the conditions below is satisfied,
Ma:(x) < Mg-(x) and Ng-(x) = Ng-(x),
Mgz (x) £ Mg (x) and Ng-(x) > Ng:(x),

AIMS Mathematics Volume 8, Issue 11, 26758-26781.
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Ma(x) < Mg(x) and Ng:(x) > Ng-(x).
° ﬂj:pB?C}r:S.
o A7 =, B; & Ma(x) = Mg(x) and N (x) = Nig: ().
o A =B & (r=13) Ma(x) = Mg(x) and Nz (x) = N (x)).

In the previous work, Atanassov [40] defined radius operations as max and min within [0, 1] domain.
Here, we expand these operations to [0, V2] and introduce four more : algebraic product, algebraic
sum, arithmetic mean and geometric mean, denoted as ®,®,® and ©, respectively. Note that this
expansion of the domain covers the entire /FS interpretation triangle, as extreme case.

Definition 3.3. Let 7, s € [0, \/5] and 6 = nor % for n € Z*. The operations ®, ®, ® and © on radius are
defined respectively as follows,

X
Q(r, s) = %,@(r, s) = (r‘s +5° — (%) ) ,
0

&(r, s) :(

S\5

)b ,o(r, 8) = ( r‘ss‘S)% .

+ s
2

Theorem 3.1. The operations in Definition 3.3 have the closure property.

Proof. To prove the validity of these operations, we need to demonstrate that, for r, s € [0, V2] and
d=nor ﬁ for any n € Z*, the closure property holds true for ®, ®,®,® € [0, V2] and within [0, V2].

Let’s begin with the operation ®(r, s). When 0 < r,s < V2, it is evident that 0 < f/—% < % = V2.
5
Moving on to the operation &(r, s), our aim is to prove r° + s° — (:/—%) < V2% Using the contradiction,

5
suppose it is true for ° + 5% — (:/—%) > V27 such that,

r+s _(ﬁ) _\/z >0,

V20,0 4 V2050 — 90 — \/526>0’

r(s(\/za_sd)_\/i5(\/§5_s5)<0,
(7 V(=)0

For any 6 = n and %, it is obtained (r‘5 - \55) ( V20 - sé) < 0. Therefore, it is contradicted, hence 0 <

2

1 1
(r‘S + 50— (ﬂ)é)ﬂ < (\/5‘5)‘s = V2. For operation &(r, s), since ¥’ < V2° and s° < V?2° then, 0 <

&(r,s) = ('ﬁ;xd)3 < (27@)5 = V2. Lastly, for the operation @(r, s), it follows that 0 < @(r, s) =

(W)éS(\/@)é: V2 D

The operations defined in Definition 3.3 are the operations that will take effect at GCIFS radius.
Next, we will define the general operations that apply to GCIFS.

Definition 3.4. Let A, B, € GCIFS(5, X), with r, s € [0, \/5] and 6 = n or % for n € Z*. For every
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x € X, x€ {min, max, ®, ®,®, ©} be the radius operators, the operations between A’ and B can be
defined as follows:

o A = {{x, Na-(x), Ma-(x); r)lx € X}.

o A N, B = {{x, min [Mz:(x), Mg-(x)], max [Ng-(x), Ng:(x)] ; oc (1, 5))|x € X}.

o A; U B; = {{x, max [Ma:(x), Mg:(x)], min [Nz (x), Ng:(x)] ; &< (1, 5))|x € X}.
{

o A +. B = {{x, (M‘;,* (x) + M. (x) = MO (M, (x)>5 Na (ONg:(x); 0 (1, 5))|x € X}.
1
o AL o Br = {0, Ma (OMa (), (N5.(x) + NG.(x) = NG (NG ()" 1oc (7, 9))lx € X).
Theorem 3.2. For A;,B; € GCIFS, ¢ € {N,U,+,0} and «x€ {min, max,®,®,®,®}, it holds that
A B, € GCIFS.

Proof. The proofs for the radius have already been established in Theorem 3.1. To demonstrated this
theorem, we will divide it into two types of operations: (1) For operations N, and U, considering the
case A; N« B; where max{Nz(x), Ng-(x)} = Na-(x), we have,

0< (Mﬂjﬂxﬂi(x))é + (Nﬂjﬁaﬂ’;(x))é
= (min{Ma-(x), Mg-()})° + Nz (1))’ < (Ma-(x))° + (Nge (x))° < 1.

If max{N#-(x), Ng:(x)} = Ng-(x), then similarly to the previous proof we obtain,
0 < (min{ Mz (x), Mg-(0)})° + (Nz:(x))° < (Mg-(x))° + (N (x))’ < 1.

The same approach is applied for A; U, B;. Moving on to (2) operations +. and o, in the case of
A +. B, we have,

0 < (Moe,(0) + (Moo (0))
< MG () + M (3) = Mo (MG (x) + (1= M3 () (1 = M ()
= M (%) + M3 (%) = Mo COME(x) + 1 = M2 (x) = M. (x) + Mo ()M (x) = 1.

Similarly, this holds for A o, B;. Therefore, it is proven that the operations defined in Definition 3.4
also GCIFS. o

4. Arithmetic and geometric mean operators for GCIFS

Previously, arithmetic and geometric mean operations were introduced in the context of /F'S. These
operations were subsequently extended to GIFS,y [48] and explored in other studies [49]. Similarly,
these operations have also been proposed for CIFS [40]. In the following, we extend these operations,
contributing to establishment of generalized operations for arithmetic and geometric means within
GCIFS.

Definition 4.1. Let A’, B, € GCIFS(5, X), with r, s € [0, \/5] and 6 = nor % for n € Z*. For every
x € X and oc€ {min, max, ®, ®, ®, ©} be the radius operators, the arithmetic mean, @, and geometric
mean, $. between A and B can be defined as follows:
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S 0 % 6 0 %
M. (x) -2|- MB*(X)) ’ (Nﬂ*(x) ; N@*(x)) o (1, 8))x € X).

o ASB = (G (ML M, (x))‘ls (YN ONG.0) sox s sl € X).

Theorem 4.1. The operations in Definition 4.1 have also the closure property.

o« A'@.B = {(x,(

Proof. To prove these operations, we must show that for r, s € [0, V2] and 6 = n or % forany n € Z°,
the closure property for @, and $.. is valid. For operation @, we obtain,

5 5
0< (Mﬂ:@xzaz(x)) + (Nﬂ”;@och,(x))
Mo (x) + Mo(x)  NS.(x0) + NG.(x) B
= +

< = 1.
2 2

I 1
_+_
2 2

Likewise for A:$.B;, we have,

0% (Ms.s:(0) + (Nas.5, () = MM () + /NG (NG, ()
M) i My () N3 () : Ny

It is proven that the operations defined in Definition 4.1 have the closure property. m|

Example 4.1. Let A7 = {(x,0.01,0.8;0.02),(x,,0.2,0.3;0.02),(x3,0.1,0.1;0.02)} and B; =
{(x1,0.71,0.02;0.07), (x5, 0.05,0.2; 0.07), (x3,0.32,0.12; 0.07)} are two CIFSs. The operations
A @yB: and A $B: with 6 = % and 6 = 3 are demonstrated in Table 3.

Table 3. Results of @ and $ on GCIFS with 6 = % (No 1. and 2.) and 6 = 3 (No 3. and 4.).

No Result

(1) A @x8B; ={(x1,0.170,0.216; 0.040), (x,,0.108, 0.247; 0.040), (x3,0.189, 0.110; 0.040)}
(2) A$B: = {{x1,0.084,0.126;0.037), (x5, 0.100, 0.245; 0.037), {x3,0.179,0.110; 0.037)}
(3) A @g8B; = {(x1,0.564,0.635; 0.056), (x2,0.160, 0.260; 0.056), (x3,0.257,0.111; 0.056)}
4) A$B: = {(x1,0.084,0.126;0.037), (x5, 0.100, 0.245; 0.037), (x3,0.179,0.110; 0.037)}

Remark 4.1. It can be shown that A:$.B: = {{x, \/Mﬂ*(x)Mg*(x), VN (X)Ng-(x); < (1, s))|x € X}.
This indicates the existence of 6 parameter, but its significance in this operation is eliminated.

The following discussion concerns the algebraic properties that apply to these operations. The
properties are evidenced in, among others, idempotency, inclusion, commutativity, distributivity and
absorption.

Theorem 4.2. (Idempotency) Let A: be GCIFS, ¢ € {@,$} and xe {min, max,®,®,®,®}, then
Ao A = A

Proof. The proof is immediately fulfilled by using Definitions 3.3 and 4.1. O

Lemma 4.1. Let r, s € [0, V2] and 6 = n or % for n € Z*, then the following expressions hold:

AIMS Mathematics Volume 8, Issue 11, 26758-26781.
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(1) &(r,s) <rors.
(2) &(r,s) >rors.

Proof. We prove this lemma by contradiction.

(1) Suppose that &(r, s) = ’—\é > r, then,

L—r=2(s-V2)>0.
Note that, since s € [0, \/5] then we have (s — \/5) < 0. Therefore, the assumption is wrong and
®(r, s) < r. Similarly, we can prove the same way for ®&(r, s) < s.

1
(2) Suppose that &(r, s) = (r‘5 + 50 — (%)6)6 < r, then,

0 rs 0 _ s o
(&) =5 (V2 -r) <0
Since s € [0, V2] then we have (\/E‘S — %) > 0. Therefore &(r, s) > r and it applies in a similar

manner to ®(r, s) > s.
The proof is now completed. m|
Lemma 4.1 is used to determine the consistency of inclusion property in GCIFS.

Theorem 4.3. (Inclusion) For every two GCIFSs A} and B; with «c€ {min, max, ®, ®, ®, ©}, we have:

(1) If A* C B, then A’ @, B* C B
(2) If A: € B, then A'$. B’ C B-.

Proof. Let A; C B; such that (Vx € X)(r < s5) and assume that Mz-(x) < Mg-(x) and Ng-(x) >
Ng:(x). Thus for operation A; @.B;, we can show that,

(M(jf,{* () + M, (x)); . (Mg* () + M, ()

2 2 ) = MB*(X).

Analogously,

(N;[* (x) + N2, (x))3>' > (N;; (x) + N (x)
2 - 2

1
5
) = N. B (X)
This condition is promptly satisfied for the radius operations with each o«c€ {min, max, ®, ®, ®, ®}, as

per Definition 3.3 and Theorem 3.1. Hence, it is proven. Likewise, we can demonstrate the same for
A$.B; C B;. ]

Theorem 4.4. (Commutativity) For every two GCIFSs A’ and Bi,¢ € {@,$} and e
{min, max, ®, ®, ®, ©}, we have A’ 9. B; = B . A.

Proof. Based on Definition 4.1 and Theorem 3.1, for r, s € [0, V2] it is clear that o (r,s) = (s,7); In
other words, it is commutative for radius. Now we will prove the M and N parts for ¢ € {@, $}. We
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start from A; @B and thus we obtain,

M(x) + M, (x))«‘f (N;* (x) + N2, (x)

A @ B = (x,( ) yoc (1, 8))

2 2
Mo () + Mo O\ (N2(x) + N0\

_ B A B A .

T JERET

- B@ A

Whereas for A $.B; we get,
1 1
o o

A8, = (x (Y M0M0) (YN NG00 o6 ()

1 1
o s
’ )

= (oYM M ) (YNE NG @) 5 G 5)
= BISAL

The proof is now completed. m|

Theorem 4.5.  (Distributivity) For every two GCIFSs A and Bi,¢ € {@,$} and e
{min, max, ®, ®, ®, ®}, then the following relations apply:

(1) ﬂ;%(gi mmin/max C;k) = (ﬂ:f‘Poth) mmin/max (ﬂ:(ﬁ:xC;F)
(2) Arpe(B; Ne Cf) = (ArpeB;) Ne (A 0eC).
(3) Aro(B; Mo C)) = (Ar06B) No (ArpeC)).
(4) ﬂ;‘poc(gt Umin/max C;k) = (ﬂj‘pocgt) Umin/max (ﬂj%ccf)
(5) Ape(B; U C)) = (A;0eB5) Us (A, 0eC)).
(6) Axpo(B: Us C;) = (A:0eB.) Up (A:0sCY).
(7) ﬂﬁ@m(gz mmin/max C;) = (ﬂi@m'B:) mmin/max (ﬂﬁ@ch;)
(8) ﬂ;@GE(B:@@C:) = (ﬂj@cﬁgi)@@(ﬂi@@qk)-
9) A @o(B.@oC)) = (A, @6 B)) @o(A; @cC)).
(10) ﬂt$fx(B; mInin/rnax Cj) = (ﬂj&xBj:) mInin/max (ﬂj&xC}k)
(11) ﬂ;‘$®(8:$®0f) = (ﬂ’;$®8§)$®(ﬂ;$®cj)-
(12) ﬂﬁ$@(8f,$©c;") = (ﬂ;$©8:)$©(ﬂi$©cf)-

Proof. The proofs are provided for parts (1), (4), (8) and (12), and it can be shown analogously for the

remaining parts with certain operator assumptions. For any two GCIFSs A; and B} with r, s € [0, V2]
and 6 = nor }l where n € Z* then we can demonstrate the following results.

(1) Assume that ¢ = @ and occ= max, so it is obtained as follows,
A @ 1 (B Niin C7) = A7 @ o {{x, min{ M- (x), Mc-(x0)}, max{Ng-(x), Ne-(x)}; min{s, t})}
MZ.(x) + (min{ Mg (x), Mc- (X)})T [Nij* (x) + (max{Ng:(x), N¢- (X)})‘T _
2 ’ 2 ’

= {<x’ [
max{r, min{s, t}})}

L L L 3
~ (. min [(M; <x>;M;* (x))o , (M;* <x>;Mg* (x))A] max [(N; (x);Ng* u))b ’ (N;*(x);Ng* m)a] ;
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min [max{r, s}, max{r, t}])}
= (ﬂi@maxgi) Mmin (ﬂt@maxcj)'
(4) Assume that ¢ = @ and «= ®, then it can be derived as follows,
A @ (B Upax C7) = A; @g{(x, max{Msg-(x), Mc-(x)}, min{Ng-(x), N¢-(x)}; max{s, t})}
M. (x) + (max{Msg-(x), Mc- (X)})‘T [Nﬁl* (%) + (min{Ng:(x), N¢- (X)})‘S]"'

= = 2 2

r. max{s, t}

V2
_ M (D+ MG, (x) g MO (M, (x) g | No CO+NG. () g N O+NG () g
= {{x, max 5 , 5 ,min 5 , 5

2

i

b

a2, 2

= (ﬂj@@,gz) Unax (ﬂi@®0f)

MO (x) + M0\ (NG () + NG.(0)\° (5047 é>}
2 ’ 2 ’ 2

My () + 20 ] [N;* () + MoV ] _(ﬁ g )5>}

(8) A @o(BL@uC)) = ﬂi@®{<x,(

2 2 2

:{<X, 2 5 2 2 2

= (A, @gB) @(A; @ Cy).
(12) A;$6(B;36C;) = A \/ng*(x)M%*(x)%, \/N;*(x)Ng*(x)%; Vs0rs))

= {(x, ( \/M;* (x) \/M%*(x)./\/(g*(x)) , ( \/N;fq*(x) , /Ng*(x).Ng*(x)) : ( o Vs‘s.t‘s)ﬁ)}

1
B
s

_ {(x,(\/ M () MG, (). \/Mfﬂ*(x)./\/(g*(x)) (\/ NREYVAE) \/N;*(x).Ng*(x)) :

(\/ Vid 9. W.zﬁ)%}

The proof is now completed. O

1 1
Mg 1M () My (MG () }6 [N;;* NG () | N O+N. () }6 (,aﬂa P )3;
, ; i

Lemma 4.2. Let A; and B; are GCIFSs and § = n or + for n € Z*, then the following relations hold:
(1) A C A Unax B S, Ay Ug Bs.
(2) A7 C A +max B S, AL+ B
(3) A Ng B ) Ay Niin By € A
(4) Ay og By S, A omin By € A
Proof. The validity of this lemma follows from Lemma 4.1. Given r, s € [0, \/E] and 6 = nor i for
n € Z*, then the following properties apply,

B
rs
r < max{r,s} <r°+s° — (—) .

V2
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Analogously,
RkA < min{r, s} <r.

The proof is now completed. O

Theorem 4.6. (Absorption) For every two GCIFSs A. and B;,¢" € {U,+},¢” € {N,o} and
x€ {min, max, ®, ®, ®, ®}, then the following relations hold:

(1) ﬂ*@ (ﬂr‘pmdx’g*) c ﬂr(pmde* ) “(ﬂrQD@B*) c ﬂrgDEBB*

2) (A BH@ A C A (A gog;B*)@ A C AL
Proof. The proof of this theorem can be demonstrated by utilizing Lemma 4.2 and inclusion law
(Theorem 4.3). O

Furthermore, based on the previous studies [29, 48], we aim to develop general aggregation
operators for aggregating multiple GCIFSs. Specifically, we will explore operations involving
generalized arithmetic mean, @ and generalized geometric mean, $ on a family of GCIFSs denoted as
A, = {6, Mae (), N (x); ridlx € X}, i =1{1,2,3,- -+, k}.

Definition 4.2. Let A, be a family of GCIFSs with i = {1,2,3,--- ,k} and 6 = n or }l forn € Z*. The
generalized arithmetic mean and generalized geometric mean are defined as follows:

ZleMéﬂf(x) : Zf‘{:lN;{i*(x) : >k r‘5
l , l ;( = l) )x € X}

k k k

@ 8ol () = (0 (T Mg 0) (YT NG o) (407 ) )l € X).

Theorem 4.7. The generalized arithmetic and geometric means exhibit the closure property.

(1) @i (A;) = {<x,{

Proof. For operation @, it is proven that @®f:1(ﬂ;) € GCIFS since,
Zi';lM.éﬂf (%) 25'{=1N;ﬁ (x)
S 1 + 1
k k
B M‘;T(x) + M‘Sﬂz(x) +oe M;Z(X) + N;q(x) + N;q(x) +o+ N;{z(x)

k
MG () N (0] MG () + N (0] -+ + [MG (0 + N ()]

k

<

»|»
[y

Likewise for $,

0< \/H" M (x) + \/Hk N ()

= \k/MéﬂT(x) XM () X+ X M () + (/N;T(x) X N, () X+ X NG (%)
M‘;T (x) + M‘Sﬂ;(x) + Méﬂi(x) . N;‘T (x) + Ng,q(x) +oeot N;{Z(x)

<

- k k
| DM 4 NG (0] + DM () + NG9+ -+ DMy ) + N3y 0]
_ - <

Hence, it is proven that the generalized arithmetic and geometric means have the closure property. O

=1

»l»
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Example 4.2. Next, we will illustrate some examples of the generalized arithmetic and geometric
means of the GCIFSs. Suppose that A" , - - - s A, € GCIFS {3, X} for x1, x2, x3 € X, given as follows:

T’

= {(x1,0.32,0.43;0.2), (x,,0.23,0.18; 0.2), {(x3,0.42,0.77; 0.2)},

= {(x1,0.25, 0.30; 0.08), (x,0.76,0.54; 0.08), (x3, 0.28,0.16; 0.08)},
5, = {(x1,0.64,0.55; 0.32), (x5, 0.45,0.12; 0.32), (x3,0.33,0.83; 0.32)},

= {(x1,0.31,0.59; 0.1), (x2,0.86,0.48; 0.1), (x3,0.86,0.40; 0.1)},

= {(x1,0.16,0.77; 0.25),{x2,0.24,0.47; 0.25), (x3,0.31, 0.65; 0.25)}.

For k = 5, the operations @®f:1(ﬂﬁl_) and $@f~‘:1(ﬂ’;) of these GCIFSs are,

° @) (A;) = {(x,

1 1
ZleM;r(x)T X N (0 (25 P\

3
5 5 ’:51 ’ ) Mx € {x1, x2, x3}).

= {(x1,0.410,0.572; 0.226), (x2, 0.620, 0.423; 0.226), {x3, 0.542,0.650; 0.226)}.

1
$.5 (A") = s MG ; s A3 : S 2
b ©l:1( r,-) {<X, i=1 ﬂf(x) > i=1 ﬂT(X) s =17 >|X € {X],Xz,X3}}.
= {{x1,0.303,0.503;0.167), {x,,0.439,0.305; 0.167), (x3,0.401, 0.484; 0.167)}.

If we change 6 = %, then it can be proved that A;,--- ,A; ¢ GCIFS{%,X}. Suppose that

T’

B, .85, € GCIFS{%,X} for xi, x2, x3 € X as follows:

B;, = {(x1,0.11,0.02; 0.02), (x, 0.20, 0.07; 0.02), {x3, 0.02, 0.22; 0.02)},
B;, = {{(x1,0.05,0.15; 0.30), (x2,0.01,0.30; 0.30), (x3,0.08,0.16; 0.30)},
B;, = {(x1,0.09,0.04;0.17), (x2,0.32,0.02; 0.17), {x3,0.33,0.02; 0.17)},
B;, = {(x1,0.12,0.13; 0.32), (x, 0.03, 0.25; 0.32), (x3, 0.24, 0.05; 0.32)},

then for k = 4, the operations @®f.‘:1(82) and $@f:1(8’;i) are,

1

1 3 1 3 3
ZleMéj (X) ZleN;;l* (X) 24 Sj
MNx € {x1, x2, x3}}.

R e i K e ke

= {(x1,0.089,0.070; 0.162), (x», 0.090, 0.122; 0.162), (x3, 0.128,0.089; 0.162)}.

3 3 3
* Soii(B)) = {(x,(,4/H?=1M%7(x)] ( \ Hj‘lef;’?(x)) ;( \ Hles;) Mlx € {1, X, X3}

= {(x1,0.088,0.063;0.134), (x,,0.066,0.101; 0.134), {x3,0.106, 0.077; 0.134)}.

Remark 4.2.  For any n € Z' and n # 1, if A € GCIFS(}I,X) then A; €
GCIFS (n, X). But it does not hold otherwise, if A; € GCIFSn,X) then A is not
necessarily GCIFS(%,X). For the generalized geometric mean, it can be shown that $@f:1(ﬂj[_) =

{(x, (i/Hf.‘ley(;«(x)),((/Hi.‘leﬂ;(x));(i/l_[ileri)>|x € X}. This is the general form of the geometric
mean operation in Remark 4.1.
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5. Some modal operators for GCIFS

In this section, some other modal operators and their corresponding properties are defined for
GCIFS over the universal set X. Atanassov [40] previously defined the notions of “necessity” and
“possibility”” and introduced modal operators in CIFS. Other studies have also defined modal operators,
such as type-2 modal operators, which apply to /FS [50]. Therefore, in the following, the type-2 modal
operator in GCIFS is propossed along with its corresponding properties.

Definition 5.1. For any GCIFS A ,6 = nor % for n € Z* and real number A,y € [0, 1] for A + vy < 1.
Let x € X, modal operator type-2 over GCIF'S are defined as follows:

6* % N(S* 1 %

(1) m(ﬂﬁ)={<x,(M§(x)) ( ﬂ(;m ) ).
6* 1 % Né* %

@) x(ﬂi>={<x,(M5“ (;” ) ( ﬂz(x)) ).

(3) BAAD = {0 4 Mo (0, (NG (0 + (1 = D) 1)

@) 81 = [0 (WM () + (1= D) . 2 N (0 ).

(5) By () = {0 Mo (0, (NG (0 +7)° 3.

(6) By () = (6, (M () +7)" , AN (0 7).

(7) By (AL = 10, 1 M (x), (YN () + n)% ;1)) for any y € [0, 1] and max(2,y) + 7 < 1.
(8) By (A = [, (AM(x) + n)é ,¥5 N (x); 1)} for any y € [0, 1] and max(d,y) + 7 < 1.

It must be confirmed that some modal operators type-2 specified in Definition 5.1 are also GCIFS.

Theorem 5.1. The operations defined in Definition 5.1 for GCIFS are also GCIFS.

Proof. For A; € GCIFS such that A, = {(x, Mg (x), Na-(x);r)|x € X} ,0 = nor % for n € Z* and
A,y €10,1] for A+ vy < 1, then for each x € X we have,

(1) Since 0 < M (x), Na-(x) < 1 and 6 = nor + for n € Z* then,
170 170
M‘;{*(x) s N N;*(x) +1\? _ Mf;*(x) . N;*(x) +1 <1
2 2 2 2 -

(2) The operator R(A) is proved analogously.
(3) For any real number A € [0, 1] and GCIFS A;, we have 0 < M;*(x) + Nfz(*(x) < 1. Since

M, (%) = 16 M- (x) and Ng,()(x) = (AN (x) + (1 — )3 then,
M () + NS 0 (0) = |1 Mg, (x)r + [(1/\@1* (x)+ (1 - A))ﬁ]
= AMO(X) + AN () + (1 = Q)
= AML(0) + N2 () + (1 =) < 1.
(4) Can be proved in a manner analogous to (3).
(5) For any real number A,y € [0, 1] and GCIFS A, we have 0 < M;*(x) + N;[*(x) < 1. Since

7o

M, (%) = 1 Mg (x) and N, (x) = (ANS.(x) + )7 then,

My () + N () = [(
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5 s 1 0 5 i’
Mo+ NS () = [ Mae ()] + [(/lNﬂ*(x) +7) ]
= /l/\/(‘;{* (x) + /IN;* (x) +vy
= /l(M‘;{* (x) + N;I* x))+y< 1.
(6) Analogous to (5).
(7) Let n € [0,1] and max(4,y) + n < 1. Since Mg, a(x) = /l%ng*(X) and Ng,, (7)(x) =
(yN3.(x) + )7 then,
1 9 % 0
Mo AN (0= [ M ] + [(yN;* 0 +1) ] =AML (x) + YN () + 11
If max(4,y) = A then AMZ.(x) + YN.(x) + 7 < y(M%. + N5 + 1 < 1. So are, if max(4,y) =y

then AMZ.(x) + YNG.(x) +n < 1.
(8) Similar to (7).

So it is proven that the modal operators type-2 defined in Definition 5.1 are also GCIFS. O

There are special cases for modal operators type-2:(1) if 4 = 0.5 then B,(A}) = B(A?); and (2) if
y =1-Athen 8,,(A;) = 8,(A;), if y = 1 = 0.5 then B, (A;) = B(A;). Moreover, (3) if y = A then
By, (A7) = B, (A, if y=1-A2andn =1 -y then 8,,,(A;) = B (A;) andif y = 4 =5 = 0.5 then
B,y.,(Ay) = B(A;). This condition also applies to operator “®”.

Theorem 5.2. For any GCIFS A” and every A,y,n € [0, 1] we obtain:
(l) Eﬂ,y,n(ﬂj) <y &ﬂ,y,n(ﬂi)-
(2) = B,y (ﬂﬂj) = Ey,/l,n(ﬂj) and - Xy.n (_'ﬂj) = EEy,/l,n(ﬂ;)-
(3) Bayn(@Bryn(A) S Bayy(A) & y+n=1
(4) gﬂ,y,n(xﬂ,y,n(ﬂ:)) 2v gﬂ,y,n(ﬂi) < /l + n= 1
(5) Bayy(Riyn(A)) = Ray (@81, (A) & A=yorny=0.

Proof. The proof of this theorem will be provided as follows:
(1) For the Definition 5.1 and A, y,n € [0, 1] where max(A,y) + n < 1 we have,
(AL = {(x, 45 Mo (), (YN (x) +77)° 7)) and
1
R, (A7) = {06 (AMO) + 1) 7 N (); 7).

Obviously, the following expressions hold A Mag:(x) < (/IM‘;,* (x) + 17)

)/%N ‘#+(x), thus concluding the proof.
(2) = Biyy A = =By, (6 Na: (X), Ma:(x); 1)}

(%, 4 N (), (Y MG (0) + 1) 5 1)

1
(0, (Y Mo (0) +11)7 45 N ()3 1)) = Ry ().
Similarly with = &, (~A*) = B, ,(A?).

l=
=

and (yN;* (x) + 77) >

(3) (=) Biay(Biyy(AD) = By {6, A5 Mo (1), (YN () + 1)’ 1)
= {(x, 47 (M (), (Y NG (0) + 1) + 1) 5 7))
= {6, A M- (), (PPN () + ym + 1)’ 1)),

Sl—

Sl=
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Should be noted that 8, ,,,,(8,,,,,(A})) S, Ba,,(A;), therefore for non-membership we obtain,

(Y NE () +ym + n)% > (YNG (x) + 77)%
VNG (x) +yn+n 2 yNo.(x) + 1
YN (xX) + 1 > N5 (x)

n > N1 - y).

Thisistrueif 1 —y =n,sothaty +n = 1.
(<) Let 4,y,n € [0, 1], then:

B (B (AD)) = 10, 45 M (), (VNG () + oy +17)" 1))

If we have y + 1 = 1, then it can be proved that &8, ,,(B,,,(A;)) S, By, (A;) as follows:
(membership degree) /l%Mg{*(X) - /l%Mﬂ* (x) = /léMﬂ*x(/lé - 1) <0,
(non-membership degree) Y No.(x) + y(1 —=y) + (1 —y) = ¥’ N3.(x) = y* + 1 = yN3.(x) + 1.
So it is clear that B, ,(8,,,,(A;)) S, By y(A) © v+ =1.

(4) Similarly with (3). .

(5) (=) Bayn (Bayn(AD) = Bayyl(x, (M. () + 1), ¥7 N (); 7))
= (G A (M (0 ) (YN (o) + )" 5 7))
= (5 (PME 0+ An) (PN 1) 1),
1y (B (F)) = By 45 Mo (), (YN () 1) 1)
= {(x, (/1(/1/\/[;* (x)) + ;17)‘15 ,yh (yN;[* (x) + n)% )

1
= {5, (M. (0) + )", (VP NG.(0) +9m)” 5 1),
Let 8,,, (IZI A,y,n(ﬂﬁ)) = Ry (EE A,y,n(ﬂj)), then in terms of membership value, (4 — 1) = 0 and
for non-membership value n(y — 1) = 0. Hence, it is evident that A =y or p = 0.
(&) Let A4,y,1 € [0, 1], based on Definition 5.1 equation 8, ,, (IZI /Ly,,,(\?{*;)) 18,

=

1

By ('Z'M,n(ﬂj)) = {(x, (/12/\/[;* (x) + /177)5 ; ()/ZN;* (x) + 77)

Whereas for B, , (EE Am,,(ﬂﬁ)) we attain,

=

r}.

[

81 (1 (T = (5, (M () + 1) (NG () + 7)),
Since n = 0, this makes ®,,, (&L%,,(ﬂi)) and X, , (EEMW(&’C)) are equal. Hence, we can
conclude that 8., (B1y,(A)) = By (Bry(AD)-
The proof is now completed. O

Next, we will examine the relationship between the modal operators type-2 and the arithmetic and
geometric means that have been defined previously.

Theorem 5.3. For every two GCIFSs A; and B; and «€ {min, max, ®, ®, ®, ©} then, the following
expressions hold true:
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(1) EE/l,y,n(ﬂj@:xB:) = EE/l,y,n(ﬂj)@oc Ea/l,y,n (BT)
(2) g/l,y,n(ﬂ:i@ocgi) = Eﬂ,y,n(ﬂ?)@oc Raym (Bj)

Proof. Using Definitions 5.1 and 4.1, for every x € X we have,

Mo () + Mo D\ [N (0) + N ()
(1) aaﬁ,y,m*;@xﬂi’;):mﬁ,m«x,( (x)2 (x)) ( (x _ (x)) o (1, )

M, (x)+M5 (x) NC. (x)+N5 @ ;
[EEC T TN -

= {{x, A

« (/1/\/(‘5 L(x) + /U\/((S (x)) ( [YNS.(x) + 17] + [yNZ.(x) +
= {(x,

nl
3 ) o (1, 5))}

= {(x, s M (x), (w\ﬂ )+ 1) 5 M@l 1 M (), (YN () + 1) 5 )
_Eaxl,y,n(ﬂ )@ Ea/l,y,n (B*) 1 1
M (x) + Mo.(0)\° (No.(x0) + No. (0’
@) ﬂa,y,n(ﬂ?@oﬁ?):m,y,n{(x,( 2 ) - B(X)) ( X _ B(x)) o (1, )

5 5 3 5 5 3
= {(x, (A(Mﬂ*(x) ;‘ Mg.(x) N 77)) ,7% (Nﬂ*(x) ;' NB*(X)) L (1. 5)

[AME () + 7] + [AME. (0 + 71\ (YNG(0) + YN (0
{(x, . , . o (1, 9)))

= {(x, (AM(0) + 1) yd N (00 )N @i, (AME. () + 1) Ly Nige (x): )
= xd,y,n(ﬂi)@x E/l,y,n (Bt)

O

Based on the Definition 4.1, the following is a generalization of the properties that apply to the
generalized arithmetic and geometric means of GCIFS.

Theorem 5.4. Given a family of GCIFSs A,, fori =1,2,3,--- ,k and real number A,y,7n € [0, 1] then
the following expressions hold:

(1) (@®{;l(ﬂ;)) @B, = @g_(A; @ B;) for any B; € GCIFS.
(2) 8(@qf,(A;)) = @l (B(A;)).

(3) 8 (@of((A)) = @of (@(A}))

@) 81y (@6 (A;)) = @, (@,,(A)).

(5) By (@l (A)) = @l (B1,,(A)).

Proof. Let A, be a family of GCIFSs and 6 = n or % for n € Z* , then based on Definitions 4.1 and 5.1
the proof of this theorem will be provided as follows:

(1) Let 8; € GCIFS, then it applies,

k * % ZZLIM‘(;{;(X) ’ Zi{:lN‘g{;(X) ’ Zé{:lr? ’ %
(@elzi () @B, = (x| —— 1 (=] Ness;
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ML () s T NG () ; sk 8 3
« M (x) A NG() {f=7“+s5] '
= X .
’ 2 ’ 2 ’ 2
« M;T(x) +ot M;z(x) +k- M%*(x)]ﬁ [N;{T(x) +o+ N;;(x) +k- Ng(x))
=X
’ 2k ’ 2k
A+ +kes :
T )
1 1 |
521 M(;{,* (X);M('SB* ()2 Zle N-;f (x);N%* ()2 Ei-;l r?;v5 B
= {(x, . : . 3" M

= @®§:1{<-xa

M) + Mo, () ) (N (x) + N.(x) )
2 ’ 2

= @o | (A; @ BY).

1 1
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The proof is now completed. O

Theorem 5.5. Given a family of GCIFSs A, fori = 1,2,3,--- ,k and real number 4,y € [0, 1] then
we have:

(Soi1(A;)) $0B: = Soi_ (A $oB,) for any B; € GCIFS.

Proof. Let A;. be a family of GCIFSs and 6 = n or % for n € Z*. Based on Definitions 4.1 and 5.1 the
following result is obtained. Let B; € GCIFS, then it applies,
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The proof is now completed. O
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6. Conclusions

This study significantly enriches and deepens the existing C/FS theory by introducing GCIF'S as an
extension of CIFS. We define the basic operations and relations of GCIF'S, along with their algebraic
properties. Furthermore, we examine two operations, the arithmetic mean and geometric mean, on
GCIFS, demonstrating their desirable properties through theoretical proofs, including idempotency,
inclusion, commutativity, distributivity and absorption. Additionally, we introduce modal operators
applicable to GCIFS and apply them to arithmetic and geometric means. In the final section, we
develop aggregation operations, namely the generalized arithmetic and geometric means, extending
the capabilities of these two operators. These properties are further applied to the modal operators in
context of GCIFS.

However, it is essential to note that we do not fully explore several aspects of GCIF'S. For instance,
distance and similarity measurements, entropy, aggregation functions and other components require
additional investigation for practical use in decision-making models. Furthermore, from a theoretical
perspective, a deeper exploration is needed to understand the specific operating characteristics and
relations of GCIF'S. Future research should be to prioritize these areas to fully unlock the potential of
GCIFS across various applications.
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