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Abstract: In this paper, we consider the existence of radial solutions to a k-Hessian system in a general
form. The existence of radial solutions is obtained under the assumptions that the nonlinearities in the
given system satisfy k-superlinear, k-sublinear or k-asymptotically linear at the origin and infinity,
respectively. The results presented in this paper generalize some known results. Examples are given
for the illustration of the main results.
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1. Introduction

In this paper, we consider the existence of radial solutions for the following k-Hessian system

Su(o(D*z1)) = Af(xl, —z1, —22), in Q,
Si(c(D*22)) = pg(xl, —z1, —22), in Q, (1.1)
71 =20 =0, on 0QQ,

where A, u are positive parameters, Q = {x € RY : |x| < 1}, kK < N < 2k, the nonlinear terms f and g are
nonnegative continuous functions, S ;(c"(D?z)) is the k-Hessian operator of z, k = 1,2,--- , N. From a
discrete perspective, the k-Hessian operator has the form

I
Su (D)) = ) (5=

ij=1

7 2 . .
where S}/ = W, see details in [1,2].

In general, the k-Hessian operator is defined as

SHoD) =P = > Ay Ay, k=12 N,

1<ji<-<jk<N
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where A = (Ay,4,,---, dy) are the eigenvalues of Hessian matrix D?*z. In particular, when k = 1,
N

k-Hessian operator reduces to Laplace operator S (0(D?z)) = 3. A; = Az; when k = N, k-Hessian
i=1

N
operator is Monge-Ampere operator S y(o(D?*z)) = []A; =det(D?z). About Laplace problem and
i=1

Monge-Ampere problem, there are a lot of brilliant papers, see [3-7].

k-Hessian equations for k # 1 are fully nonlinear partial differential equations [8, 9], which have
important applications in fluid mechanics, geometric analysis and other disciplines [10—12]. For single
k-Hessian equation, in recent years, many interesting results have been obtained by different methods,
such as the monotone iterative method [13—15], upper and lower solution method [16, 17] and different
kinds of fixed point theorems [18-20]. However, there are few studies about k-Hessian system. In 2015,
Zhang and Zhou [13] investigated the k-Hessian system

S (o (D*z1)) = p(x)) f(z2), in Q,
S(o(D’2)) = q(lx)g(z1), in Q,

where p,q : [0,00) — (0, c0) are continuous, f,g : [0,00) — [0, c0) are continuous and increasing.
The existence of entire positive radial solutions was obtained by using monotone iterative method.
Recently, Yang and Bai [21] considered a class of more general k-Hessian system with parameters

Si(o(D*z21)) = Ap(x) f(=z1, —22), in Q,
Si(0(D*2)) = uq(|x))g(~z1, -z2), inQ,
71 =20 = 0, on 0Q.

They were interested in the existence of at least one or two k-convex radial solutions by analysing the
growth of f and g at the origin and infinity.

Some researchers focused on the blow-up radial solution of the k-Hessian equations, such as,
Covei [14] established the necessary and sufficient conditions for the coupled k-Hessian system

sHaD2)) = px)f(z1 220, in
SI%(O-(DZZZ)) = q(|x])g(z1, 22), in Q.

For more results about blow-up solutions, we refer the reader to [22-25].

Based on the above discussions, in this paper, we consider the existence of the radial solutions of
the k-Hessian system (1.1). Three cases are considered for the growth of the nonlinear terms f and g,
that is, k-superlinear, k-sublinear and k-asymptotically linear at the origin and infinity, respectively.

The results obtained in this paper generalize and develop some known results from two aspects. The
one is that the nonlinearities f and g have such more general form as f(|x|, —z;, —z») and g(|x|, —z1, —22)
than the nonlinearity in [21], in which the nonlinear term is separable with the form H(|x|) f(—z;, —22).
The other one is, to the best of our knowledge, there are few results about the existence of the entire
radial solutions for k-Hessian equations, especially for k-Hessian system. In [26], the authors only
discussed the existence of solutions for the single k-Hessian equation. From this perspective, parts of
our main results generalize the results in [26] .

The rest of the paper is organized as follows. In Section 2, we provide some preliminary results,
which are useful in the following proof. In Section 3, under the conditions of k-superlinear or k-
sublinear for nonlinear terms, the existence of solutions of (1.1) is obtained for any positive parameters
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Aand u. For the case of k-asymptotically linear growth, the range of parameters is determined to ensure
the existence of radial solutions of system (1.1). Four examples are given to verify some of our results
in Section 4.

2. Preliminaries

In this section we will provide basic lemmas which are necessary for the understanding of
subsequent results.

Lemma 2.1. [27] Assume y(r) € C?[0, 1), with y'(0) = 0. Then for z(|x]) = y(r), r = |x| < 1, we have
that z(|x|) € C*(Q), and

(y,,( ) Y (r) ”’yir))’ re@.1),

o(D*z) =
(y"(O),y"(O), ~+,y7(0), r=0
and then
S (D)) = - ( ) * G 1(y( )) reOD,
ChO"(0), 7
where Q = {x€R" : |x| < 1} and Cfv = %

Set space X = C[0, 1] x C[0, 1] with the norm ||(y1, y2)Il = l[Ville + |[¥2]lco, Where || - ||c denotes the
max norm in C[0, 1]. It is well known that the space (X, || - ||) is a Banach space. For any 6 € (0, %), the
cone K is defined by

K= {0002 € X1 33220, min, (0100 +3209) > 6yl + 2l

Throughout the paper, we assume that
(H) f,g:10,1] x[0,00) X [0, 00) — [0, c0) are continuous.

Define the operator T : X — X as follows
T (y1,y2)(r) = (T1(y1(r), y2(r), To(y1 (1), y2(1))),
for any (y;,y2) € X,and T; : X — C[0, 1], (i = 1,2) be the operators

S

ok f N-1 .
Ty(51(r),y2(r) = f (tN—k f A Y2(S))ds) d,

Lk 1 gN-1 i
T,(1(r), y2(r)) = f (N—_k f e ,ug(s,yl(S),yz(S))dS) dr.
P \1 o Cy
Now we can claim that the radial solutions of system (1.1) is equivalent to the fixed point of the
operator 7" in Banach space X. In fact, set (z;(|x]), z2(|x])) = (=yi(r), —y2(r)) with y{(0) = y3(0) = 0.
According to Lemma 2.1, system (1.1) can be transformed into the ordinary differential boundary value
problems
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1\ k-1 Y k
—c;-_gy;'m( : ‘r(r)) +C§‘v_1( : ‘r(r)) Ay ya(r). 0 <r <1,

o [N RAGA 2.1
- Cy5 (r)( ; ) + || =pgrn(), ), 0<r<1,
¥1(0) =0, ¥3(0) = 0, yi(1) =0, y(1) = 0.
Noticed that Cj‘v_ | = NT"‘CfV‘_ll, the left side of the first equation of (2.1) can be reduced to
o (YN AG IS A
~Cy_) (r)( p ) + || = 3 {0
then the first equation of (2.1) can be rewritten as
PNk g A
{T(_y/l(r)) } = Ck_l /lf(r,)’l(r), yZ(r))
N-1
Furthermore, integrating the above equation twice, we have
1 k t sN—l %
yi(r) = f (mf ﬂﬂf(&yl(s),h(s))ds) dr, 0<r<l1. (2.2)
ro\f 0 CN—]
Similarly, from the second equation of (2.1) and boundary value conditions, we can get
1 k t SN—l %
ya(r) = f (m f ﬁﬂg(&yl(s),)’z(s))ds) dr, 0<r<l. (2.3)
ro\l 0 CN—l

Combining (2.2), (2.3) and the definition of operators 7', T, and T, we can conclude that the radial
solutions of system (1.1) is equivalent to the fixed point of the operator 7" in Banach space X. In
addition, standard arguments show that the operator 7 : K — K is completely continuous.

Lemma 2.2. [28] Let X b_e a Banach space and K C X be a cone in X. Assume i, ), are open
subsets of X with 0 € Q, Q; C Q, and

T:-KNn(\Q) > K

is a completely continuous operator such that either

(DTl < 1yll, y € KN OQy and |ITyll = [Iyll. y € K N0,
or

2)NITyll = Iyl y € KN OQ and |ITyll < Iyll, y € K N 9y.
Then T has a fixed point in K N (€, \ Q).

AIMS Mathematics Volume 8, Issue 11, 26498-26514.



26502

3. Existence results

For the convenience, we firstly introduce some notation

IR T f(”’)’h)’z) IR T . f(r’yl’yZ)
Jo =liminf min ————,  f, = liminf min —————,
yi+y2-0 re[6,1-6] (y; + yo)K yi+ya—eo relf,1-6] (y1 + yp)¥
T . 8(r,y1,»m) T . 8(ry1,y)
go = liminf min ———, g, = liminf min =———,
yi+y2—0 re(6,1-6] ()’1 +y2)k yi+y2— 0 re[6,1-6] ()’1 +y2)k
r’ b . r’ b
£° = lim sup max f(y—lyi), /% = lim sup max f(y—lyzk),
yi4y2-0 01 (V1 + y2) Yty 70T (Y1 + ¥2)
g(r,ylayZ) g(’%)’b)’Z)

0_ 1 o 1
g = limsup max , &7 =limsup max .
y1+y,—0 T€[0.1] ()71 + yZ)k Y1 +y, —oo T€[01] (yl + yZ)k

Here we are in the position of our main results.
Theorem 3.1. Assume (H) holds, f° = g° = 0, f. = 00 0r go = co. Then, for all A, € (0, ), the

k-Hessian system (1.1) has at least one radial solution.

1
Proof. Let L, = 5~ ( Al )k. Since f° = g” = 0, we can choose J; > 0 such that

c
f(ryny) <elyr+ ) gryny:) < el + ),
for r € [0,1], 0 < y; +y, < Ji, where € > 0 satisfies

deye 1 ue\t 1
Lil—) <=, Li|=) <=
(F) =z b(F) =

Set
Q ={0Ly) €X [, y)Il < Ji }.
Then, for any (v, y,) € K N 9Q;, we have

ok rghl ¥
Tl@l,yz)(r):f (l‘N__kf d{—_l/lf(s,yl(s),yz(s))ds) dt
r 0 “n-1
Lk I (N-1 1
< f (tN_‘k f o /lf(s,y1(S),yz(s))ds) dt
0 0 Lyl
k(N[ :
:m(c—k ) ( fo SN“ﬁf(s,yl(sLyz(s»ds)
N

1
1 k
<1, (As | sN-lds) (ylle +lyll)
0

< ||(y1,y2)||, relo.1].
2
Therefore, we have
11, y2)Il
17,01, o)k < 122 (3.1)
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Similarly, we can get

Ny, y2)ll
— (3.2)

1721, y2)lleo <

Combining inequalities (3.1) and (3.2), for (y, y,) € K N 0Q,, we have

T 1yl = T 11 Y)lleo + 12015 Y2)lleo < N1 Y-

For any 6 € (0, %), denote

1

k NE 2k—-N

L, = —| (1-(-67%).
? 2k—N(Cj‘v)( (1-67)

Next, considering fi, = oo, an analogous estimate holds if g, = co. There is J > 0 such that

F(r,y1,y2) = 60 + ), (3.3)

forany r € [6,1 —6], y; +y, > J, where § > 0 satisfies
1-6 t
6L, (/16 f sN_lds) > 1.
0

Q ={(y,y2) € X| |G, Il < 2}

Let J, = max{2J;, +J} and

If (yl,yz) ekKn 692, then

min (y1(r) + y2(r)) = 0(l[y1lle + lIy2lle)-
re[6,1-0]

Furthermore, from the above inequality and (3.3), we have

S

1 k r JN-1 %
Tl()’l,yz)(l_e):f (ﬂv—_kﬁ —ﬂf(S,yl(S),yz(S))dS) dt

1-9 Cf\,‘_ll
Lk 16 (N-1 :
Zf (tN_‘kf o /lf(s,yl(s),yz(s))ds) dt
1-6 0 N_1
k N\ e 1-6
N 2k—N(C_j‘V) (1‘(1—9“)( fg SV TIAS (5, 31(9), ya(s)ds

1
k

1-6
29L2(/l5f SN_ldS) “(illeo + ly2lleo)
0

> |y, y2)II.
Therefore, if (y;,y,) € K N 0€),, then

1Tyl = 1IT1Gs y2)lleo + 17201, Y2)lleo 2 1101, 21

By part (1) of Lemma 2.2, system (1.1) has at least one radial solution. O
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Theorem 3.2. Assume (H) holds, f~ = g~ =0, fy = o or gg = oo. Then, for all A,u € (0, ), the
k-Hessian system (1.1) has at least one radial solution.

Proof. Considering fy = oo, an analogous estimate holds if gy = co. We can choose J3 > 0 such that

frynLy) 20 +y)f, re(6,1-6], 0<y +y, < Js, (3.4)

where 7 > 0 satisfies

1-6 k
6L, (an f sN_lds) > 1,
6

here the positive constant L, is defined the same as in proof of Theorem 3.1.
Set

Qs ={(y,y2) € X| |1, Il < J3 }.

For any (yy,y,) € K N 093, according to (3.4), we can get

1 k ISN—l %
T1(Y1,Y2)(1—9)=f (ﬂV_—kL —ﬂf(s,yl(s),)b(s))ds) dt

k—1
1-6 Cy_i

! k -6 (N-1 i
Z f (m f ﬁﬂf(s,yl(s),yz(s))ds) dt
1-9 \f [ CN—l

- (ﬁ)i(l_“‘g)%ﬂ)(f_e S i(9) ())d)
" 2k-N C]’il ; § F(s,y1(5), y2(s5))ds

1
x

1
1-6 k
20Lz(/lnf SN_ldS) “(yilleo + 11y2lleo)
6
> [I(vi, y2)Ils

furtheremore, we have

T 1yl = T 11 Ylleo + 12015 y2)lleo = 11 Y-

In order to construct Q4, we define two new functions

F(r’t): maxqf(”’)’b)’z), G(r’t):

max  g(r,y1,y2),
0<y1+y2< <y1+y2<t

0

it is easy to see F(r,t) and G(r,t) are nondecreasing about variable . From the definitions of f* and
g% and the expressions of F' and G, it can be seen that the following two limits are valid according to

[e=8"=0,
. F(r, 1) : G(r, 1)
lim max =0, lim max =
t—oo re[0,1] t—oore[0,1]  tF

0,
therefore, there is a constant J, > 2J3, such that
F(r,t) <ptt, Gr,py<pt, t>Jy, 0<r<]1,
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for p > 0 satisfying
Ap 1 up ) 1
L <-, L <=
‘(N) S 1(N -2
here positive constant L is defined the same as in proof of Theorem 3.1.
Set

Qi = {0y € X[ Lyl < Ja )
For any (y1,y;) € K N 0€y, we have

1

Af(s,ms),yz(s»ds) dr

t

T1(y1,y2)(r) =

Ckl

(L
N

k 1 1
(t_ ék 1 /lf(s yl(S) Y2(S))ds) dt
L

N

l 1
S

k
/lF(s J4)ds) dt

1
N ¢ : N-1 !
TAF (s, Jy)d
2k—N(C§) (fo . s)
1 i
SL1]4(/1pf sN_lds)
0

< ||()’1,)’2)||, relo.1].
2
Therefore, we have
17,01, o)k < 122 (3.5)
Similarly, we can get
17301, o)l < 122 (3.6)

Combining inequalities (3.5) and (3.6), for (v, y,) € K N dQ4, one has

1Tyl = 1710, y2)lleo + 172015 Y2)lleo < 115 21

By part (2) of Lemma 2.2, system (1.1) has at least one radial solution. O
Let
ko1 k(- C(N 5
Ly = —| . L= Mds) (=] (1-1 -8
: zk-N(c;«v) 4 2k_N(f9 , ) (cx) (1-(-0%).

Theorem 3.3. Assume (H) holds, 1°, g°, fw, 8w € (0,00), foo > 0 and g. > g°. Then, for each

e ( ij} 5o TE f02k) and u € ( T 102k , the k-Hessian system (1.1) has at least one radial solution.

AIMS Mathematics Volume 8, Issue 11, 26498-26514.
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Proof. Let A and u be given in (3.7). Now, let € > 0 be chosen, such that

1 1
mﬁﬂﬁm (3.7

and
1 1

Lige—e)fF = Iig0 + )2t

IA
IA

(3.8)
Since f9, g° € (0, ), for & > 0, there exists Js > 0, such that

fryny) < (P + )01 +y2)'  grnyny) <€+ +y2), (3.9)

for r € [0, 1], O < y; + y, < Js. Therefore, choosing (y,y,) € K with [|(y1, y2)|| = Js, one gets

1 k t SN 1 l
Ti(y1,y2)(r) = f (m f R yz(S))dS) i

1 k ISN—l ¥
< fo (IN—,C f Cklﬂf(s,yl(S),yz(S))dS) dr

% 1 I3
—) (f SNA + &)1 (5) +yz(S))"dS)
0

(f + )t 01yl

) (f Y (f0 + &)F -l )l

= A Ly(f° + &)t
< ||(Y1,}’2)||’ -
2

N )
€ [0,1].

Therefore, we have
1, y2)ll

> (3.10)

1711, y2)lleo <

Similarly, we can get

1O y2)l

> (3.11)

1721, y2)lleo <

Combining (3.11) and (3.12), we can get

ITGL Yyl = 17130, y2)lleo + 1IT2(015 Y2)lleo < 115 y2)II-

Therefore, if we set
Qs = {1, y2) € X[ |y, )l < Js 1,

then, for (y;,y,) € K N 0Qs,
T s y2)I < s y2)II-

AIMS Mathematics Volume 8, Issue 11, 26498-26514.
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In view of f., € (0, o), for & > 0, there is J > 0, such that
fryny) = (fo &)1 + 32", re[6,1-6], y1+y:>J.
Let Jo = max{2Js, 3.J} and set
Qs = {(y1,y2) € X| Iy, y2)ll < Jg 1.
If (1, y2) € K with [|(y1, y2)Il = Je, then

min (y1(r) + y2(r)) = 6(yille + ly2lle) = J.
rel6,1-6]

From the above inequality and (3.10), we have

1 k l‘SN—l %
T1@1,y2)(1—9):£9(mf —/lf(S,yl(S),)b(S))dS) dt

0 C1k\/__11
1 k 1-6 sN—l %

> f (m f — Af(s,yl(s),yxs))ds) di

1-o \ I o Cy_
2 55 (ﬁ)i(l—ﬂ—e)”ﬂ)(f I_GSN“M — &)y <s>+y<s>>"ds}c
= 2%-N\C% 0 " R

Lk N L - -0 i .
Zﬂka_N(C_fv) (1-(1-0% )(fe o 1ds) (foo = 10 100yl
= A Ly(foo — ©)F0 - |1 )
> 51, ¥l

Furthermore, ||T(y1, y2)Il = IT1(15 Y2)lleo T2y 15 y2)lleo = [[(V1, ¥2)II. System (1.1) has at least one radial
solution for the given A and u due to Lemma 2.2.
Similarly, we can also prove [|T(y1, y2)Il = [|(y1, y2)Il if g € (0, o0). This completes the proof. O

Theorem 3.4. Assume (H) holds, foy, go, f~, € € (0,00), fo > f~ and gy > g=. Then, for each

1 1 1 1 - . .
€ (W’ W) and u € T T ) the k-Hessian system (1.1) has at least one radial solution.

Proof. Let A and u be given in (3.13). Now, let £ > 0 be chosen, such that

1 1
<Aa

Fo—of =" = B~ + e G2

and
1 1

o —ot ~H= e 1 o2t
L,(go — £)6 L3(g™ + &)2
For fy € (0, ), an analogous estimate holds for g, € (0, 00), there exists positive constant J;, for
reld,1-6],0<y +y, <J7 such that

(3.13)

f(ryy2) = (fo — )01 + ).

AIMS Mathematics Volume 8, Issue 11, 26498-26514.
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Therefore, choosing (v, y,) € K with ||(y1, y2)I| = J7, one gets from (3.14)

Uk rgN-1 ;
T1(y1,y2)(1 - 6) Zf (ﬂ\/_—kf ci1 — A (s, y1(5), yz(S))dS) dt
1-6
ko (N\E( [ ;
Z N (C_") (fa SNAfo = &)1 (s) + )’2(S))kds)
N
1 k N % 2k—N 1-6 % 1
260 5 N(c—k) (1-a —9>k)( f SN‘lds) (o= -yl
N [%
= 0L X (fo = &)F - I3 )l
Z Ivis y2)II-

Thus, if we set
Q7 = {(YI,)’Z) € X| ||(V1,y2)|| < J7 }9

then, for (y1,y,) € K N 0€);, we have

1T )l = 1T1Gn y2)lleo + 112015 y2)lleo 2 (115 Y2)II-

In order to construct Qg, for ¢ > 0, we define two new functions

F(r)= max_f(ry.y), G(r)= max g(ry:,y).
0<y+y2< 0<y1+y2<
It is easy to see F'(r,t) and G(r, t) are nondecreasing about variable ¢. From the definitions of f* and
g% and the expressions of F' and G, it can be seen that the following two limits are valid according to
f* €(0,00) and g* € (0, 00),
F(r,1) G(r,1)

lim max = f*, lim max
t—co ref0,1] 1k t—ooref0,1]  f

oo

Therefore, there is a constant Jg > 2J5, such that
Fr,) <(fC+oft, Gr,n <@ +of, t>J 0<r<l,

where £ > 0 satisfying

LT (f2 + &)k < =, Lyt(g™ + &)t <

| =
l\JI*—‘

Set
Qg = {1, y2) € X[ i, Il < Js},

for any (y;,y,) € K N 0Qg, we have

Lk gV
T1(y1,y2)(r) =f (tN_‘kf ci 1/lf(s yi($), Y2(S))ds) dt

1 k 1 SN 1 l
Sf(; (t"’_—kf i lflf(s yi(s), )’2(5))0«'5) dt

AIMS Mathematics Volume 8, Issue 11, 26498-26514.
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1 k 1 SN—I %
o\ o Oy

k(NN :
= — TAF d
el (4 reson)

< T L AE(f + &)t

< II(yl,yz)ll, relo.1].
2
Therefore, we have

17201,y < 02, (3.14)
Similarly, we can get

172015 y2)lleo < w (3.15)
Combining (3.16) and (3.17), for (y1,y2) € K N 0€Qg, we can get

1T i yll = IT1 s y2)lleo + 11201, y2)lloo < M1 Cr1s 2

System (1.1) has at least one radial solution for the given A and u due to Lemma 2.2. O

4. Examples

Example 4.1. Consider the following 3-Hessian system

S3(a(D?zy)) = A(x| — z1)(=z1 — 22)°, in Q,
S3((D*z2)) = p(lxl = z1) sin*(~z; — 20), in Q, 4.1)
71 =20 =0, onoQ,

where Q = {x € R* : |x| < 1}. Similar to the transformation method in Section 2, the corresponding
nonlinear terms in (4.1) have the following form

FryL ) = (r+y)G1 +y2)°, g y,y2) = (r+y1)sin*(y; + ).

Therefore, the nonlinear terms f and g are continuous functions. It is not difficult to check that f° =
g" = 0and f,, = co. Then, all the conditions of Theorem 3.1 are fulfilled, the conclusion follows, that
is, for any positive parameters A and u, (4.1) has at least one radial solution.

Example 4.2. Consider the following 4-Hessian system
S (D*21)) = Alx| = 21 = 22), in Q,
S4(0(D’z2)) = psin’ (] - 21 = 22), in Q, (4.2)

721 =20 =0, ono0Q,

where Q = {x € R’ : |x| < 1}. Similar to the transformation method in Section 2, the corresponding
nonlinear terms of (4.2) have the following form

Fry,y2) =r+yi +y2, gr,y1,y2) = sin®(r +y; +y2).

AIMS Mathematics Volume 8, Issue 11, 26498-26514.
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So, the nonlinear terms f and g are continuous functions. It is not difficult to check that fy = oo and
[ = g% = 0. Therefore, all the conditions of Theorem 3.2 are satisfied, the conclusion follows, that
is, for any positive parameters A and u, (4.2) has at least one radial solution.

Example 4.3. Consider the following 3-Hessian system
S3((D’z1)) = Af(|xl,—z1,—22), in Q,
S3(0(D*2)) = pg(xl, =21, —22), in Q,
71 =20 =0, on 0Q,
where Q = {x € R* : |x| < 1}, the nonlinearities f and g are given by
Sxl, =21, —22)
(—z1 — 22)” arctan(|x| — z; — 22),
=490 arctan(jx| — z; — 22)[(91° x4 — 1)(—z; — zo — 90) + 1],
90° - 4(—z; — 2o)’ arctan(|x| — z; — 22),
and
g(lxl, —z1, —z2)

3 .0
(=21 — 22)” sin“(|x] — z1 — 22),

4.3)

OS—Zl—Z2<90,
90 < —z1 -2 <091,

-z71—22 291,

0<—-z1 —20 <30,

=430%sin®(|x| — z; — 22) + 62° x 10%(=z, — 2, — 30) arctan(jx| — z; — 22), 30 < —z; — 2 < 31,

30 sin®(|x| — z; — 22) + 8 X 10%arctan(|x| — z; — 22)(~z1 — 22)°,

respectively.

—-z71 — 2o = 31,

In fact, similar to the transformation method in Section 2, the corresponding nonlinear terms in (4.3)

have the following form

(y1 + y2)* arctan(r +y; + y,),

OSy1+y2<9O,

F(r,y1,y2) = 490 arctan(r + y; + y2)[(91° x4 = 1)(y; +y2 —=90) + 1], 90 < y; +y2 <91,

903 - 4(y; + y2)3 arctan(r + y; + y2),
and

(1 + y2)* sin*(r + y; + y2),

yi+y2 291,

0 <y +y <30,

g(r,y1,y2) = {30° sin’(r + y1 + y2) + 62% x 10%(y; + y, — 30) arctan(r + y; + y2),30 < y; + y» < 31,

30% sin®(r + y1 + y») + 8 x 10% arctan(r + y1 + y2)(y1 + y2)°, yi +y2 > 31,

From the expressions of f and g, we can calculate

fo=arctanl, f,, =2-90°1, g° =sin’1, g =4-10%7,

S0, fo > f2and g. > g°. Then all the conditions of Theorem 3.3 hold.

Furthermore, for fixed 6 = ;1‘,

1 1 2

3 (1) 3(5) 3\*
Ly=>-|- Li=>—=—] [1-(2] |.
T2 (4)’ ! 2(128)[ (4))

Therefore, it follows from Theorem 3.3 that (4.3) has at least one radial solution for any A € (%,

and u € (335, 10).
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Example 4.4. Consider the following 3-Hessian system

S3(o(D*z1)) = Af(1xl, —z1, —22), in Q,
S3(O-(D2Z2)) = /’tg(lxlv —Z1, _Z2)7 in Qv (4'4)
721=2 =0, on 0Q,

where Q = {x € R* : |x| < 1}, the nonlinearities f and g are given by

fxl, =z1, —22)
(=21 — 22)* (cos(|x| — z; — z2) + 200), 0< -z —2 <30,
={30%(cos(|x| — 21 — 22) + 200) + (=z; — 25 — 30) arctan(|x| — 71 — z2), 30 < —z; — 2o < 31,
30°(cos(|x| — z1 — z2) + 200) + arctan(|x| — z; — z2)(~z1 — 22)°, -1 -2 231,
and
g(|x|9 —Z1, _ZZ)
(=21 — 22)*(sin(x] — z1 = 22) + 200), 0< -z —2 <30,
=430%(sin(|x| — z1 — z2) + 200) + (—z; — zo — 30) arctan(|x| — z; — z2), 30 < —z; — 2 < 31,
30°(sin(|x| — z; — z2) + 200) + arctan(|x| — z; — 22)(=z1 — 22)°, -1 -2 231,
respectively.

As a matter of fact, similar to the transformation method in Section 2, the corresponding nonlinear
terms in (4.4) have the following form

(1 + y2)’(cos(r + y1 +y2) + 200), 0 <y +y, <30,
f(ryy1, ) = 303(cos(r +y1 +y2) +200) + 31(y; + y, — 30) arctan(r + y; +y,), 30 <y, +y, <31,

30°(cos(r + y1 + y2) + 200) + arctan(r + y; + y2)(1 + y2)°, yi +y, > 31,
and

(1 + y2) (sin(r + y; + y2) + 200), 0 <y +y <30,

g(r, y1,¥2) = {30°(sin(r + y; + y5) +200) + 31(y; + y» — 30) arctan(r + y; +y;), 30 <y, +y, < 31,
303(sin(r + y1 + y») + 200) + arctan(r + y; + y2)(v1 + y2)°, Vi +y, > 31.

From the expressions of f and g, we can calculate
Vg

ﬁ):gO:ZOO, fw:goozi,

so, fo > f~ and go > g*. Then all the conditions of Theorem 3.4 are fulfilled.
Furthermore, for fixed 8 = ‘—1‘,

3 (1) 3( 5\ 3\
Li=>2) . L=2(=2)11-(2) ]
2 \a 2\ 128 1

Therefore, it follows from Theorem 3.4 that (4.4) has at least one radial solution for any A € (ﬁ,

2
and pt € (155> 330)-

21
250
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5. Conclusions

In this paper, a class of k-Hessian system with parameter is concerned. we are interested in the
range of parameters A and p on which there exists at least one radial solution. By using the Guo-
Krasnosel’skii fixed point theorem, we find that there is a close relation between the range of parameters
and the growth of nonlinearities f and g at the origin and infinity. The results obtained in this paper
generalize and develop some of the known results, such as, parts of the results in [21,26] from two
sides. The one is that the more general form of nonlinearities f and g is investigated here. The other
is that there are no existence results for k-Hessian system under the conditions that nonlinearities f
and g satisfy k-superlinear, k-sublinear and k-asymptotically linear conditions at the origin and infinity.
Finally, we also illustrate the obtained results with four examples.
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