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1. Introduction

During the previous decade, researchers were enticed to the p-adic analysis because it is a useful
tool to study different phenomenon in biology, physics and medicine, see for instance [1-3]. For this
reason, the study of operators that allows us to describe such phenomena is essential. Even more so
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when in the p-adic setting it is not possible to define the derivative in the classical sense. The p-adic
Herz spaces are a class of function spaces defined over p-adic numbers, which are an extension of the
rational numbers that arise in number theory and algebraic geometry.

Variable exponent Lebesgue spaces generalize the notion of g-integrability in the classical
Lebesgue spaces, allowing the exponent to be a measurable function. In [4], authors introduced
variable exponent Lebesgue spaces, where the underlying space is the field of the p-adic numbers.
They proved many properties of the spaces and also studied the boundedness of the maximal operator
as well as its application to convolution operators. In [5], boundedness of the fractional maximal and
the fractional integral operator in the p-adic variable exponent Lebesgue spaces was obtained. As an
application, they obtained unique solution for a nonhomogeneous Cauchy problem in the p-adic
variable exponent Lebesgue spaces.

The p-adic Herz-Morrey spaces are the generalization of p-adic Herz spaces. The boundedness of
p-adic fractional operator on p-adic Herz-Morrey spaces was proved in [6]. The boundedness of
commutators of a rough p-adic fractional Hardy-type operator on Herz-type spaces obtained in [7]
when the symbol functions belong to two different function spaces. The boundedness of commutators
of p-adic weighted Hardy-Cesaro operator with symbols in the Lipschitz space on the weighted
Morrey-Herz space was established in [8]. In [9], authors established the sharp boundedness of p-adic
multilinear Hausdorff operators on the product of Lebesgue and central Morrey spaces associated
with both power weights and Muckenhoupt weights. In [10], authors obtained the boundedness of the
Hausdorff operator in the Triebel-Lizorkin spaces and Herz spaces with absolutely homogeneous
weights and the Muckenhoupt weights on p-adic field. Moreover, the corresponding operator norms
were estimated. Some applications to the Hardy, Hilbert and weighted Hardy-Cesaro operators on
p-adic field were also shown.

Grand function spaces with variable exponent is active area of research (cf. [11-14]). The
boundedness of variable integral operators on grand variable Herz spaces proved in [15, 16]. Grand
variable Herz-Morrey spaces are the generalization of grand variable Herz spaces, see for
instance [17, 18]. It is reasonable to define the grand p-adic Herz-Morrey spaces with variable
exponent. Almost all results in this direction were obtained in the framework of R”. Motivated by
these results, in this paper we introduce p-adic intrinsic square function on grand p-adic Herz-Morrey
spaces with variable exponent. To the best of our knowledge, this was never considered since such
kind of results have been established only in classical function spaces. Furthermore, we will discuss
the boundedness of an p-adic intrinsic square function in grand p-adic Herz-Morrey spaces with
variable exponent.

This work is divided as follows. Section 2 contains a quick description of the preliminary on the
topic of the p-adic analysis and variable exponent Lebesgue spaces on the p-adic numbers, necessary
for the development of this work. In Section 3, we define the concept of grand p-adic Herz-Morrey
spaces with variable exponent and p-adic intrinsic square. Boundedness of p-adic intrinsic square
function in the frame work of grand p-adic Herz-Morrey spaces with variable exponent is proved in
the last section.

1.1. Notations

In this article we will use the following notations:
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(1) Foru € Z, BZ(b) is the ball of radius p* with centre at b = (by, ..., b,) € QZ and given as
Bib) = {z€ Q) : lz-bll < p}. (1.1)
(i1) The corresponding sphere is
Sub) = {z € Q. : lle = bll = p*} = Bi(b) \ Bl (b). (1.2)
(iii) B;(0) := By and S;(0) := § 7.
(iv) We define BZ(b) as BZ(b) = B,(b)) X ... X B,(b,), where,
Bu(b) ={ce Q) - bl < p}, (1.3)

is the one-dimensional ball.
(v) S,.(b) is the sphere of Q; with radius p* and centre at b € Q",

Sub)={zeQl:lz-bl=p}. (1.4)

(vi) For b = 0 one can write B,(0) = B, and §,(0) = §,.
(vii) y, is the characteristic function.

C is the constant and its value can vary from line to line. Note that there exists a positive Haar measure
dx in Q), since Q7 is the locally compact commutative group with respect to addition. The measure dx
: : — : — Nl — _ o n n

is normalized by fBg dx = 1. We can easily find fB,,(b) dx = p™ and fs,,(b) dx = p"(1—-p™)forb e Q.

2. Preliminaries

2.1. The field of p-adic numbers

For current section authors refer to [5-7,19-21]. Let p denotes the prime number. The Q, is the
field given by the completion of Q with respect to p-adic norm | - |,, defined as

0, if z=0,
lzl, =9 f . (2.1
pH, if z=p'y,

where a, b are integers co-prime to p. The integer u := ord(z)(ord(0) := +oc0) is represented as the
p-adic order of z. The norm of |z| can be extended to Q, as given by

llzllp := max |zil, forz=(z1,22,....2,) € Qp, (2.2)
1<i<n
and norm satisfies the strong triangular inequality
Iz + xl, < max izl l1xll . (2.3)

with equality if [|z][, # [|x]],.
A p-adic number z # 0 can be written uniquely in formal power series expansion as,

2=p" ) ), (2.4)
Jj=0
where z; € {0,1,2,...,p— 1} and zp # 0.
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2.2. Lebesgue space L1 (QZ) [5]
A measurable function g : Q) — C belongs to the Lebesgue space LY(Q)), g € [1, o), if

||g||zq(Qg) = [@ lg(2)l?dz < 0, q € [1,00), (2.5)
D
where
f lg(2)|?dz := lim f lg(2)|dz, (2.6)
Qp = JBrO)

if the limits exists.
Now we define notion of variable exponents p-adic Lebesgue spaces. If g : Q) — [1, ) by Q(Q)).
Let us denote the set of all variable exponent satisfying g* < oo, where

(1) g* :=esssupq(2),

n
z€Qj

(i) g~ :=ess inf ¢g(z).
z€Qj},
Let g € QQ}), Lq(')(QZ) denotes the space of measurable functions g : Q7 — R such that
l1gllLe gy = inf {y >0: '7‘1(')(%) < l} < 00, 2.7)

where 17,(,(g) := fQ; |g(2)|“@dz. For variable exponent Lebesgue space, as a result

gl < Macr(©) + 1, (2.8)
q+

Na0(@) < (1 +llglsoy) (2.9)

g0y = Mgl o gy s € 05471 (2.10)

Lemma 2.1. /5] [Holder’s inequality] Assume that f € Lq(')(Q;) and g € Lq'(')(Q;) then we have

f|f(Z)g(Z)|dZ < ||f||L4<')(QZ)”g”L‘i'(')(Qﬁ)’
Qn

I ST U n
7@ + 70 for every z € Qp.

Let g € Q(Q7), then we say that g € W,(Q7) if there exists a constant C such that

where q and q' are conjugate exponents defined as 1 =

y(7 B)») - 4" (B)») < C, @.11)
forall y € Q. Let g € Q(Q7}), then we say that g € W=(Qy) if there exists a constant C such that

C
(p + min{lizall, llz1ll,})°

lg(z1) — g(z2)| < 1 (2.12)
0g,

forz;,z0 € Q7. We define class W5 (@Q)) as Wi (Qy) := W=(Q)) N Wo(Q)).

AIMS Mathematics Volume 8, Issue 11, 26484-26497.
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Lemma 2.2. [5] Let r € Wg® (Q;’,), then

o Olloy) < Cp™" e, (2.13)
where
r(z), <0,
r(z,p) = @ # (2.14)
r(co), u=>0.

3. Main results
Now we will define main definitions and prove main results.

3.1. Grand p-adic Herz-Morrey spaces with variable exponent
Next we define grand p-adic Herz-Morrey spaces with variable exponent.
Definition 3.1. [7] Let0 < g < co, # € Rand 0 < s < co. The homogeneous p-adic Herz space
K;(Q7) is defined by
K@) = {g € L'(@) : ligllgeoay) < 0 (3.1)
where

k=00 %
ki
8l ap) :[ E Ip “g)(kllq,(Q;)) :

k=—oc0
Definition 3.2. Let @ € L¥(Q}), u € [1,00), s : Q) — [1,00),6 > 0and 0 < A < co. A homogeneous
grand p-adic Herz-Morrey spaces with variable exponent M I'(f(’.';)’e(Q’;) is defined as
Sa,U),0 Ny NOFFaY/] . )
MK,LS(‘) (Qp) - {g € Lloc (Qp \ {O}) . |IgI|MK/‘{:;‘():)ﬁ(QZ) < OO} s

where ]

ko u(l+e)
—kod | 6 ku(1 1+
Iglly ooy, = supsup 27t fe? X prlul O gy, feixa)
As() TP e>0 koeZ

k=—o00

Non-homogeneous grand p-adic Herz-Morrey spaces can be defined in a similar way. Now we will
define intrinsic square function Hgf(z;).

Definition 3.3. Let z; € QZ, we define a set,

I'(z1) :={(z2,0) € QZJII Ha -zl <t

where QZT = Q), X (0,0). Let 0 < 8 < 1 be a constant. The set Cp consists of all functions ¢ defined
on Q) such that

(i) supp ¢ C {lz1| < 1},
(i) [ ¢(z)dz =0,
Q@
(iii) |p(z1) = p&)I < |21 = 2} for 21, 2] € Q).
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For every (z,,1) € QZTI we write ¢,(z2) = t"¢(z»/t). Then we define a maximal function for f €

Llloc (Q;)

Apf(za,1) := sup |f * ¢(z2)|, where (z2,1) € QZT. Using above, we define the intrinsic square function

¢eCp
dz,dt\'?
Hgf(z1) = (ff Agf(z2, 1) nil ) :
(1) t

with order 8 by
3.2. Boundedness of p-adic intrinsic square function

In this section, we show that p-adic intrinsic square function is bounded on M K%(QZ).

Theorem 3.4. Let 1 <u < oo, a,q(-) € W (@Qy), g is defined as 1/q(zy) :==1/q¢'(z1) —1and 0 < A < 0.
And « is satisfying the following conditions

i) —n/q(z1) < @ <n/q'(z1),
ii) —n/q(0) < @ < n/q’' ().

Then p-adic intrinsic square function with order 3 is bounded on M K;',’;().’)H(Q;) .

Proof. Let f € MK{:7(@n), and f(z1) = E3_ f(zxi(z1) = Z2_ fi(z1). We will find the estimate

when k) is positive, since the negative case can be treated similarly. We have

ko u(lliﬂ)
o — —kod | O Z kau u(l+e€)
1Hp Sy ey, sup Z}i}; 2 [6 P e Hp fl o0 (Q;;)]

k=—0c0

ko 00 u(T+e)
- 1
< sup sup 271 [ & Z phaui+o (Z e Hpf (Xz)llﬁf,(;r(ag))]

e>0 koeZ

k=—0c0 [=—c0

1
u(1+€)\ u(i+e

ko k
< sup sup 2kod | Z plau+o Z “XkHﬂ(le)HL"(')(QZ)
e>0 ko€Z [

|=—c0

1
u(1+€)\ uivo

ko s
+ supsup 2ot | & Z praui+e Z e Hp(x)llsoany

€0 koez k=—oo I=k+1

= FE, + E,.

For E, we take k € Z, 1 < k, z; € §} and (22, 1) € I'(z1). For ¢ € Cg we have

G0 * ()] = f 6(22)f (x)dx
ST

<Cr f LF(x)ldx.
{xeS ] |z —xl<t}
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As aresult

1S s(fx) (@0l

/2
,dzod
= [ff (SUP |fxi = d(z)l* iilt) ]
I'(z1) \9€Cp

) 1/2
dzodt
<c f [l [ e S
\41 A {za:lz1 ~z2/<t} XES?:|ZZ_X|<[}
1/2
dt
<c f (Ol f f dz2 | oy
s" ki=x Nzp:lz1 —z2l<t}
T
1/2

- dt
=C f f@)ldx f e
st :

=C flf(X)ldx |z — ™

By using Holder’s inequality,

su(prel < Cp| [ I
!
< Cp_kn||f/\/k||Lq(')(Q$))”XIHL‘I'(‘)(Q;‘,))'
Splitting E; by the virtue of Minkowski’s inequality we get

u(1+€)\ ui+e
E, < sup sup 2—k0/l( Z pkau(1+6)[z ”XkHﬁ(fXI)”Lq()(Q ] ]

e>0 koeZ

[=—c0

" ) u(l+6)\ i
+supsup2” "Oﬂ[ Zpk““””)(z |WkT(le)||M<‘><Q;>J }

>0 ko€Z =0 f—
=EF1 + Eqs.

By virtue of Lemma 2.2

—kn & e i
"heillzso@plbeillroqn < Cp ™ " p p7e0 < Cpve.

By applying above estimates to E;; we obtain

4 % u(1+€)\ ui+o
Eyy < supsup27! [ef’ > pree (Z |bfkT(le)||Lq<'><Qﬁ)) ]
k=—0c0 I=—c0

e>0 koeZ

(3.2)
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e>0 koeZ

-1 k
< C sup sup 27 [Ee Z phaudi+e ( Z illzooan P
k=—00 I=—c0

u(l+e) u(117+f)
1 fxillsoapllellicoy :

Letb = - a,

n
q'(z1)

E;; < Csupsup2*ot|éf Z

e>0 koeZ

-1 [ k
k=—00 \/[=—00

u(l+€) u(i+o
1 b(l-k
> Pl xllaoepp™ >] .

(3.3)

Now by applying Fubini’s theorem for series, the Holder’s inequality and the fact p™(1+9 < p~* we get,

E; <C supsup 27** [e(’

e>0 koeZ

[=—c0

k=—o00

|=—c0

-1 k
1+e)l (1+€e) _bu(1+e)(I-k)/2
Z [Z pau( +€) ”fX ”zri()(aﬂ)p u(1+e)(I-k)/

k Gy | M+e
x Z pb(u(1+e)’(l—k)/2)

1

1 k u(l+e)
_ —koa | O 1+e)l u(l+e) _bu(l+e)(I-k)/2
=C sup sup 21| ¢ Z Z pau( +€) 3% ||Lq<)(Qn)P u(1+e)(1-k)/ )
e>0 k()EZ k=—00 |=—00
1
-1 u(l+e)
_ —kot| 0 Z au(l+e)l u(l+e) Z bu(1+€)(1-k)/2
C s:iop iug 2 € p ”f)(l”Lq(-)(Qn) )
0€ |=—00
1
-1 u(l+e)
—kod | 0 Z au(1+e)l u(l+e) Z bp(l=k)/2
<C seliop iug 2 € p ||f)(l||Lq<.)(Qn) p )
0€ [=—00
u(1+€)
—kod au(l+e)l u(l+e)
< ey,
<C seljop iugZ p Ifx: ”Lq()(Qn )
0€. [=—00
1
u(l+e)
_ —kod Z au(l+€)l M(1+E)
0€ [=—00

<C||f”MK‘;"())€(QZ)'

Now for E}, using Minkowski’s inequality

k() -1 u(l+s) u(l+e)
—koA 6 kau(1
Ep, <supsup27t| € )" ph O N o Hy(Frolloy)
e>0 koeZ k=0 |=—co
kO k M(]+E) u(l+€)
—koA 6 kau(1
+supsup2 | e Z prad+o Z Dk Hp(fx)llLaoan)
>0 ko€Z =0 =0
=A + A,
AIMS Mathematics Volume 8, Issue 11, 26484-26497.



26492

We can find the estimate of A, by using similar arguments applied for the case of Ey;.
estimate we will simply replace ¢’(z;) with ¢’(c0), and use the fact —"—

For the estimate of A; we will use Lemma 2.2 to obtain

k(—n) <C k(—n) % q/ig)
P i@y llillie oy < Cp= " pas pra

—kn

To get that

,() —a>0.

<Cpq(oo)pq(1>

As a — 5 < 0, estimate for A, is given as

(cx)
ko

‘)

k=0

A; < Csupsup2 o

e>0 koeZ

ko

60 Z pkau(1+e) %

k=0

[ ko
Z p(ka—kn/q’(oo))u(l+e) % (

| k=0

< C sup sup 27Fo

e>0 ko€Z [ —
-1

< C sup sup 2~

e>0 ko€eZ

[=—00

]u(l+e)
-1

ot al
37T il

|=—c0

< Csupsup 21| ¢

e>0 koeZ

-1
_n__
Z PN fxillaoan

|=—c0

< Csupsup 21| ¢l

e>0 ko€eZ

-1
—kn_ In
E P pa'eD
In
E pq'(zl)

B u(1+€)\ ui+o
kau(1
p au(l+e) (Z H)(kHﬁ(le)”Lq(‘)(Q}i)]
[=—c0

u(l+€)Jull+e
|le”L‘i(‘)(Q;)]

u(l+€)Jui+o
|f)(l||Lq<->(Q;;)]

1
u(l+e)

1
u(1+€)\ u(i+e)

A <supsup?2
e>0 koeZ

<Csupsup?2
e>0 ko€eZ

—koA [69

|=—c0

-1

<Csupsup2 | ¢

e>0 ko€eZ

<C||f||MK(yu)H(Q )

|=—c0

-1 u(l+€) u(l]+€)
In
—koA (7] o~ —al al
e (§ P fxilleo@np ]
[=—c0

1
Tu(1 (1+e)
2 POl

1
u(l+€) u(+e)

n , (u(1+e))’
% (Z P(q/(zl)_al)(u))
[=—c0

1
u(l+e)

Tu(1 u(l+e)
Z P u( +e)||fX ”LqU(Q”

For B>, take k € Z, 1 > k + 1, z; € S} and (2,1) € I'(zy). For ¢ € Cg implies that

[f Q) * di(z2)l = f ¢(22) f(x)dx

AIMS Mathematics
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<Ct™" f |f(x)|dx.
{xeS;‘:Izg—x|<t}

For x € §7 with |z; — x| < we obtain

1 1 1 1
t :E(f +1)> §(|Z1 — 2ol + |z —x]) > Z|Zl - x> Z'X - z1l.
As aresult

1S s(fx)(z0)l

/2
d d
:[ [ (o= sccor f,zf)]
I'(z1) \¢€Cp

) 1/2
1 dzodt
<C f f m f |f (x0)ldx ,n2+1
il izl —zl<t) {x€S§ e —xl<t}
1/2
dt
<C flf(x)ldx f f dz, W
S?’ |x— ~1| 22:|z1—201<t}
1/2
dt
-C f F(0ldx f S
S \X—421|
=C flf(X)ldx lx =z
SYl

Splitting E, by the virtue of Minkowski’s inequality to obtain

)

I=k+1

1

ko
E, <C sup sup o Z pkau(l+e)

e>0 ko€eZ

u(l+e)
I Hg(fx )l Lq(-)(QZ>)

k=—0c0
1

-1 oo u(l+e)
<C sup sup 2—ko/l 60 Z pktm(1+6) [ Z “/\/kHﬁ(le)HLq(')(QZ))
I=k+1

e>0 koeZ

k=—c0
ko oo u(l+€)\ uiro
+C sup sup y—kod | 0 Z pkau(l+6) [ Z “/\/kHB(fXZ)HLq(')(QZ))
e>0 koeZ k=0 I=k+1
=F> + Ey.

For E», Lemma 2.2 yields

(k=Dn

”/Yk”Lq()(Qn)HXl”Lq()(Qn < Cp pq(oo)p‘/l(m) < Cp )

u(l+e)

u(l+e)

(3.4)

AIMS Mathematics Volume 8, Issue 11, 26484-26497.
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these estimates yields

u(l1+€)\ uivo
E, < sup sup 2—k0/l Zpk(m(HE) [ Z “XkHﬁ(le)HLq()(Q )

e>0 koeZ =kt 1

< Csupsup2 ™ |e Z prod+o [ Z D ill ooy p

>0 koeZ I=k+1

u(l+e) ﬁ
Walsocplialiocy) |

ko o u(1+€)\ ui+o

—koA 9 1 d(k-1

< Csup sup2 0 Z ( Z pa ||f/\{1||Lq(«>(Q;)p ( )] ’
e>0 koezZ k=0 \Il=k+1

where d = ’s theorem for series and the fact p~“!*© < p™ to obtain

)

ko 00
_ 1 1 1 -0/2
ap— ( 5, i )

€0 kocZ k=0 \I=k+1
1
u(l+e) w(l+e)
oo (u(1+e))’ 1+
% Z pd(u(l+e)) (k=1)/2
1=k+1
1
k() 0 i u(l+e)
ko | aju(l+e) u(l+e) _du(l+e)k-0)/2
<C sup sup2 Z Z Z p ”f/\/j”Lq()(Q")p
>0 koeZ k=0 I=k+1 j=—o0
1
k() 00 u(l+e)
ko | 0 du(1+e)(k—=1)/2
< Csupsup2 ™| € Z p 111 pg g0y
€0 ko€Z k=0 I=k+1 e

SCU oy

Now for Ej,;, again applying Minkowski’s inequality we get

1

1 ] u(1+€)\ u(l+e)
E» <supsup y=kod | 0 Z pkau(1+e) [ Z ||/\I/kHB(fX,)||Lq<A)(QZ))

>0 ko€Z I=kx 1

k=—c0

_1
u(l+€)

- . u(l+e)
—k kau(1
+supsup 21| ¢’ Z proire [Z s (fx l)”L"“(QZ))
k=—o00 l:0

e>0 koeZ

:=B; + B,.

We can easily find the estimate for Bl by using same arguments as used in E,,. We will simply replace

—in

”XkllL‘[()(Qn)“Xl”Lq()(Qn < Cp pq( 1)pq(f><’) < Cpq(q)pq(w) 3.5

AIMS Mathematics Volume 8, Issue 11, 26484-26497.
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-1

o u(l+e) ive
By <Csupsup 270t [ )" phau+o (Z b (Fx I)HL"“(QZ))
=0

>0 ko€Z koo

1
]M(1+E) u(l+e)

—1 oo

_kn_ _In_

<C sup sup 2701 | ¢ Z prauive Z p " pa0 pa || fyvllpao @
>0 ko€Z =0

k=00

-1 0 u(l+e) u(ll+e)

: : : : _kn_ - —in_

SC Sup Sup 2—/(0/1 69 pkau(l‘FE) X pq(zl) pq(oo) ||f){l||Lq()(QZ)
>0 ko€Z =0

k=00

i o u(l+e)\ o

—In

<Csupsup27ot| e " pHem /et e | & pi il gy,
e>0 kOGZ k=00 1=0 g

o u(l+e) u(ll+e)
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As q(’;o s +a> 0, the Holder’s inequality implies
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SC QL U), 7y .
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Combining the estimates for E| and E; yields

”HBfHMK:,},“Z’;)(Q?) < C”f”MKm)he(QZ)’
which completes the proof. O

4. Conclusions

In this paper we defined the concept of grand p-adic Herz-Morrey spaces with variable exponents.
Additionally, we introduced the concept of a p-adic intrinsic square function, which characterizes
some important aspect of functions in these spaces. We estimate the operator norms associated with
the p-adic intrinsic square function within the grand p-adic Herz-Morrey spaces. The primary focus
of the research was to establish that the p-adic intrinsic square function is bounded when considered
within the grand p-adic Herz-Morrey spaces with variable exponents.
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