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Abstract: We provide a number of sharp inequalities involving the usual operator norms of Hilbert
space operators and powers of the numerical radii. Based on the traditional convexity inequalities
for nonnegative real numbers and some generalize earlier numerical radius inequalities, operator.
Precisely, we prove that if A;,B;,X; € B(H) (i = 1,2,---,n), m € N, p,g > 1 with 5 + é =1
and ¢ and ¥ are non-negative functions on [0, co) which are continuous such that ¢(¢#)y(¢r) = t for all
t € [0, 00), then
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1. Introduction

Let H be complex Hilbert space and B(H) be the C*-algebra of all bounded linear operator on H.
An operator T € B(H) is said to be positive if (T, &) > 0 holds for all € € H. We write T > 0 if T is
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positive.
The numerical radius of T € B(H) is defined by

w(T) = sup{|d] : 1 € W(D)} = sup{|[T&,&) | : £ € H, [|€]l = 1}

It is well known that w(-) defines a norm on B(H), which is equivalent to the usual operator norm ||-||.
In fact, for any T € B(H),

1
5 Il = w(T) < [T (1.1)

Also, if T € B(H) is normal, then w(T) = ||T]||.
An important inequality for w(T) is the power inequality stating that w(T") < (w(T))" for every
natural numbers n.

Several numerical radius inequalities improving the inequalities in (3.9) have been recently given
in [5,6, 12, 19-22]. For instance, Kittaneh [13, 14] proved that for any A € B(H),

1 . 1 1/2
W(A) < S lIAT+ AT < 5 (||A|| +[|a%]] ) (12)
where [A| = VA*A is the absolute value of A, and
1 * * 2 1 * %
leAA+AA IISW(A)SEIIAA+AA'||. (1.3)

Also, in the same paper, it was shown that

IA + BI* < [|AP + BP| + [||A*]* + B

|. (1.4)

Kittaneh and El-Haddad [15] established the generalizations of inequality (1.2) and the second
inequality (1.3) as follows:

W(A) < %lhAlzm + |A*|2r(1—/l)|| (1.5

and
w”(A) < |UAP" + (1 = DIATP

) (1.6)

where 0 < A< landr> 1.

A general numerical radius inequality has been established by Kittaneh [14], it has been proved that
if A,B,C,D,T,S € B(H), then

1
w(ATB + CSD) < 3 |AIT* VA" + B TP*B + CIS*'~”C" + D"|SP"D|| (1.7)
for all @ € (0, 1).

Although several open problems relating to numerical radius inequalities for bounded linear
operators remain unsolved, work on establishing numerical radius inequalities for a number of
bounded linear operators has begun (see, for example, [10] and [19-22]). If A, B € B(H), then

w(AB) < 4w(A)w(B).
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In the case that AB = BA, we have
w(AB) < 2w(A)w(B).

Moreover, if A and B are normal, then
w(AB) < w(A)w(B).

Recently, Dragomir [7] proved that if A, B € B8(H) and r > 1, then

1 o
W(BA) < 5 [IAF+ B (1.8)

Shebrawi and Albadawi [23] discovered a fascinating numerical radius inequality, it has been shown
that if A, X, B € B(H), then

. 1
Wr(A*XB) < E ||(A*IX*|2vA)r + (B*IX|2(1—V)B)r

, r>1,0<v<1. (1.9)

Recently, Al-Dolat and Al-Zoubi [3], showed that if A;,B;,X; € B(H) (i = 1,2,--- ,n), m € N and ¢
and ¥ are non-negative functions on [0, co) which are continuous such that ¢(¢)y(¢) = t for all ¢ € [0, c0),
then

D UE ) + (W)

i=1

n2r—l

1) XATB; | < 3
v (Dxam)<

for r > 1, where E;; = Xi¢? (|A7"|) X; and W;; = (A7 /B,)"v* (|A/]) A7 /B..

The goal of this study is to develop significant extensions of these inequalities based on the classic
convexity inequalities for nonnegative real numbers and some operator inequalities. For the sum of two
operators, usual operator norm inequalities and a related numerical radius inequality are also provided.
In specifically, if i = 1,2,---n € N, A;, B;, and X; are bounded linear operators, then we estimate the
numerical radius to 32| X;A"B; for some m € N.

(1.10)

2. Inequalities for sums and products of operators

Using well-known new numerical radius inequalities as an example, we constructed a general
numerical radius inequality for Hilbert space operators in this section. This section is initiated with an
operator for norm inequality. In fact, we provide an extra upper bound for ||B*A + D*C||. However,
the proof of the theorem depends on the next lemma.

Lemma 2.1 ([4]). Let £,¢,n € H. Then we have

[, P + 16,0 P < Il max{l€17, 121} + 1K€, O . 2.1)

Theorem 2.2. Let A,B,C,D € B(H). Then

IA

IB*A + DC|? % |[IA"B* + |CD"P|| + [|A"B* - |CD"?

+ w(DC*A*B) + 2 ||B*A|| |IDC||.

]
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Proof. For &, € H, we have by triangle inequality, we have

[(B'A+DCHEDP < [BAED P +I(DCED P (2.2)
+ 21(B°AL OH(DCE, D) |.

Now in inequality (2.1), for all £, € H, letting ¢ = A*B, ¢ = CD*¢ and np = € with ||€]| = ||Z]| = 1,
we get
(€ A'BE) [P + (£, CD"0) P < max{||A*BZI*, [CD"Z*} + | (A"BZ, CD*) |.

Now use the fact that
max{o, 7} = % [c+71+|c—1]] forany o,7€R,

we have
(BALOP+IDCEOP < 5

+ (A BP - 1CDP) £.)| + KA'BE. CD*@I] '

A'B +|CDP)£.Z) (2.3)

Combining the inequalities (2.2) and (2.3), we have

: . 1
(BA+DCEOE < [

A'B +|CDP)£.£)
+ |((|A*B|2 ~1CDP) ¢, g)‘ + KA"BY, CD*{)l] .
+ 2KBAL O (CDL, 0.
Taking the supremum over all unit vectors &, £, we obtain the desired inequality. O

In Theorem 2.2, if welet A =B = C =D = S, we have:
Corollary 2.3. Let S € B(H). Then

* * 1 *
I°S + 887" < > [[[ISf* + 187"

| +ISI* = 18"*

||+ w(sPISP) + 2|ISP|| [[Is*

In the proof of Theorem 2.2, if we let & = £, we have:

Corollary 2.4. Let A,B,C,D € B(H). Then

< +||A*Bf* - |CD*?
+ w(DC'A'B) + 2w(B*A)w(DC").

]

w (B*A +DC") < %[|||A*B|2+|CD*|2

The following lemma gives a basic but useful extension for four operators of the Schwarz inequality
due to Dragomir [8].

Lemma 2.5. Let A,B,C,D € B(H). Then for &,{ € H we have the inequality

[(DCBAE, O < (BAPE,£) ({DC)'PL. ).
The equality case holds if and only if the vectors BA¢ and C*D*( are linearly dependent in H.
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The following lemma, known as the Holder-McCarthy inequality, is a well-known conclusion
derived from Jensen’s inequality and the spectral theorem for positive operators (see [12]).

Lemma 2.6. Let T € B(H), T > 0 and let & € H be any unit vector. Then we have

(i) (T&, &) <(T'&,&) forr > 1.
(ii) (T7&,&) <(TE, &) forO<r< 1.
(iii) If T is invertible, then (T¢&, &) < (T'&,&) for all r < Q.

The next result is well known in the literature as the Mond-Pecari¢ inequality [18].

Lemma 2.7. If ¥ is a convex function on a real interval J containing the spectrum of the self-adjoint
operator T, then for any unit vector ¢ € H,

Yy((T¢, &) < (W(D)E, &) 2.4)

and the reverse inequality holds if ¥ is concave.
The forth lemma is a direct consequence of [2, Theorem 2.3].

Lemma 2.8. Let Y be a non-negative non-decreasing convex function on [0, o) and let T,S € B(H)
be positive operators. Then for any 0 < u < 1,

T + (1 = S|l < [l (T) + (1 = (S|l (2.5)
The above four lemmas admit the following more general result.

Theorem 2.9. Let A,B,C,D € B(H). If ¢ is a non-negative increasing convex function on [0, ),
then forany 0 < u < 1,

WP(DCBA)) < [y (BAIF) + (1 = oy (IDC)'1757)) (2.6)

In particular,

w¥(DCBA) < [BAI¥ + (1 - )|(DC)' |7

(2.7)
forallr > 1.

Proof. For any unit vector & € H, we have

IA

[(DCBAE, &) < (IBAP£,£) (IDC)%,€)  (by Lemma (2.5))

(BAF&.£) (|00 e )
(by Lemma 2.4 for concavity of ¢(f) = ¢ for O < u < 1)
u(IBALE,£) + (1 - ) (IDCY|77¢,£)

(by weighted arithmetic-geometric mean inequality ).

IA

IA

Taking the supremum over & € H with ||€]| = 1, we infer that

WA(DCBA) < [[uBAJF + (1 - |DCy |77

. (2.8)
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On account of assumptions on ¥, we can write

woDCBA) < v ([ulBAL + (1 - wIDCY |

)

Hﬂlﬁ(|BA|%) + (1 -y (|(DC)*|ﬁ)

IA

(by Lemma 2.5).

The inequality (2.7) follows directly from (2.6) by taking ¥(t) = " (r > 1). |

In the following result, we want to improve (1.9) under certain mild situations. We’ll need the
arithmetic-geometric mean inequality refinement [24] to do this.

Lemma 2.10. Suppose that u,v > 0 and positive real numbers 6, A satisfy

min{y, v} <6 < A < max{y, v}.

Then A+s
+ u+v
Vv <
2 VoA 2

The following lemma is very useful in the proof of the next result.

Lemma 2.11. Let  be a non-negative increasing convex function on [0, ), ¥(0) = 0 and a € [0, 1].
Then y(at) < ap(t).

Theorem 2.12. Let A,B,C,D € B(H) and let  be a non-negative increasing convex function on

[0, 00). If
0<BAP <6 <A< |DO)
or
0<|DC)"|* <6 <A<IBAP,
then VEE
6A .
ww(DCBA)) < —— o (BAP) + v (I0C) )| (2.9)
Proof. 1t follows from Lemma 2.5 that
|[(DCBAE, &) | < \/<|BA|2§, EY(IDC) ¢, €). (2.10)
AS
ACS |(IBAPE,£) + (IDC) e, £)] (2.11)
VAS

= = ((BAF + DOy P)£.¢)

Combining (2.10) and (2.11), we obtain

VAS

IKDCBAS, §)| <

((IBAP +(DC)P)£.£). (2.12)
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Taking the supremum over & € H with ||€]| = 1, we infer that

VAS o
w(DCBA) < -—— [|BAF +

Now, since ¢ is a non-negative increasing convex function, we have

|

6 ||IBAP +|(DC)*?
2

Yy(w(DCBA)) < lﬁ( T ‘

- 2VAS |BA|2 +|(DC)*)?
T A4S 2
2VAS
by L 2.11b = <1
(by Lemma ecause @ s S )
< IBAI2 +|(DC) P
- A + 5 2
<

As an applications of Theorem 2.12, we have:

—6 H¢, (|BA|2) +y (|(DC)*|2)H (by Lemma 2.8).

Corollary 2.13. Let T € B(H), o, > 0 with @ + B > 1 and let  be a non-negative increasing convex

function on [0, o). If
0<|T*<s<A<TP

or
0<IT* <6 <A<|TP,
then
—1 a-1 2ﬁ * 2
WOn(TITP I < 5Hw TP) +y (1°P))|

Remark 2.14. Following (2.13) we list here some particular inequalities of interest.

(1) If welety(r) =1t (r > 1), we have

VAS
"(DCBA) <
W/(DCBA) < 7=

|BAP" + [((DC)* ||,

whenever

0<BAP <5< A<|DCP or 0<|DO) <s<A<|BAP

(ii) Letting D = S*,A =T and let y(¢) = " (r > 1), we have

o VAS 2r 2r
W(T'S) < = [T + 181,

whenever
O0<|TP<6<A<ISP? or 0<ISP<d6<A<|TP

(2.13)
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(iii) LettingC=D =B =7and A =T and let y(¢) =t (r > 1), we have

N L
W) < [T +1

)

whenever
O0<|TP<6<A<MI or 0<I<86<A<|TP

We give an example to clarify part (ii) in Remark 2.14

3/2 1/2 1/2 0

Example 2.15. Let S = [1/2 3/2 0 1,2

] and T = [ ] and r = 2. A simple calculations show that

3.1
ST = (3 1] and so w*(S*T) = 1, ||ISI* + IT*|| = 2L = 16.0625. If we take 6 = 0.3 and A = .4, then
4 4
VAS
W (S'T) = 1< ISI* + IT1*|| = 7.94.
A+o

If A, B € B(H) are positive, the geometric mean of A and B, denoted by AfB, is defined as
AlB = A2 (A-%BA-%)% Az
For 0 < v < 1, the v-weighted geometric mean, denoted by A#},B, is defined as
A#B = Al (A IBAH) AL

The v-weighted geometric mean was introduced by Kubo and Ando [11], and when v = % this is just
the geometric mean. One can show that A#,B = Bff;_,A for 0 < v < 1. When A and B commute,
Af,B = AYB'™". The v-weighted arithmetic mean of A and B, denoted by AV, B, is defined as

AV,B = (1 -v)A +vB.

Theorem 2.16. Let A,B,C,D € B(H), and let ¥ be a non-negative increasing convex function on
[0, 00). If for given m’, M’ > O,

0<m <BAP <|DCYP <M or0<m <|(DC)| <BAP< M,

then

b

Y(wDCBA)) < % v (BAPR) +u (IDO)P)

where :

1 1\ M’
. S ey 1
Y= (1 8(1 —,)) 1 withh’ = —.
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To prove Theorem 2.16, we need the following result that established by Furuichi [9].

Corollary 2.17. Let0 <v<1,-1<r <0,0<r, < 1andlet T and S be strictly positive operators
satisfying (i) 0 <m <T<m' <M <S<Mor(ii) O<m<S<m' <M <T < Mwithh = %and
W =2 Then

v(l=v)(h-

12T|jS<TVS< V(l
2 h v = W S €Xpy,

exp,, ( D - 1) )TﬁVS.

Proof of Theorem 2.16. From Corollary 2.17, we have

2
expr(v(l —v) (1 - l) )TﬁVS <TV,S

2 W

for T,S > O with m’,M” > 0 satisfying 0 <m' < T<S <M or0<m <SS <T < M, where
exp (&) = (1 +r&)V7, if 1 + ré > 0, and it is undefined otherwise. Since exp,(£) is decreasing in
r € [—1,0), the above inequality gives a tight lower bound when r = —1. After all, we have the scalar

inequality:
oc+T

yVot <

for o,7 > 0 and m’, M’ > 0 such that 0 < m’ < min{c, T} < max{o, 7} < M’. Applying this inequality
with a similar argument as in Theorem 2.12, we obtain the desired result. m]

Theorem 2.18. Let A,B,C,D € B(H) 0 < v < 1 and let Y be a non-negative increasing convex
function on [0, 00). Then

Y DCBA)) < ||(1 = vy (BAI) + v (DC)F)|| - ryw) (2.14)

where r = min{v, 1 — v} and
Yw) = inf {y((BAI=E.€)) + v ((IDC)T°¢.£))

inf (BAIZ£.6) + (IDC) ¢, §>)§, §>J}

2 < > (2.15)

Proof. We assume 0 < v < % For each unit vector & € H,

v ((((1 = IBAI +v(DCY|) £, f}) + ry()
= y(A - (BAITEE) +v((DC)TPE,€)) + ry)

BA|™ + [(DC)*|>
= w[a—zv) (BA[E.&) +2 <(' =k )|)§,§>)+ry(w)

IBA|™ + [(DC)"|"
2

IA

(1 - 2v) ((IBAIT5E,£)) + 2vy (<( )f, §>) + ry (@)

(by convexity of ).
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Hence
v ({((1 = VIBAI™ +(DCY7)£,€)) + ry)

(1~ 2w (([BAI.£)) + 200 <(IBA|12-V +2|(DC)*|3)§, §>]
+ r(v((IBAIE )+ ((((DCYI°4,£))
)

(by inequality 2.15)
(1= ((BAIE €)) + vy ((I(DCYI°, £))
(1 =vw (BAI™) + vy (|(DC)*|%)) £.£)  (by Lemma2.7).

IA

INIA

If we apply similar arguments for % < v < 1, then we can write
w (1= IBAI= +MDOYT)£€)) < (1 -»y (BAI™)
+ w (IO)T))£,4| - rvw.

We know that if T € B(H) is a positive operator, then |[T|| = SUP|g=1 (T¢,€). By using this, the
continuity and the increase of i, we have

o - vimar +viooy )

w(sup (1 =vIBAI™ + DO)'T7) ¢, f))
£.£))

llé11=1
sup v ({((1 = VIBAIT + (D)) )
sup (1 = vy (BAI™) + vy (IDC)Y'[7)) £.€) - ry(w)
1 = v (BAI) + v (IOC)F)|| - rvwn).

IA

On the other hand, if X € B(H), and if ¢ is a non-negative increasing function on [0, ), then ¥(||X]|) =
Il (IXDII-

Now from the proof of Theorem 2.9, we have

IA

woOCBA) < w1 - vIBAI* +DOYT)

|1 = v (1BAI) + v (1DC)F) | = rvew,

IA

This completes the proof. O

Inequality (2.18) includes several numerical radius inequalities as special cases.
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Corollary 2.19. Let T € B(H), a + B > 1, 0 < v < 1 and let ¥ be a non-negative increasing convex
function on [0, o). Then

YWATITPITITI ) < —ry() (2.16)

2B w20
(1= (1) 4 v ()
where r and y(Y) as in Theorem 2.18.

Proof. Let T = U|T)| be the polar decomposition of the operator T, where U is partial isometry and the
kernel ker(U) = N(|T)). If we take D = U,C = |T}’, B = U and A = |T|%, we have

DCBA = TITF'TITI*, | BAP = [T and |[(DC)|* = |T**.
So, the result follows by Theorem 2.18. O

Corollary 2.20. Let T € B(H), a,B = 0 such that « + B > 2, 0 < v < 1 and let  be a non-negative
increasing convex function on [0, o). Then

YW (TT"F72T)) < H(l - v)l//(|T|5fv) + vy (ITI%)

—ry(¥) (2.17)

where r and y() as in Theorem 2.18.

Proof. Let T* = U|T"| be the polar decomposition of the operator T*, where U is partial isometry and
the kernel ker(U) = N(|T|). Then T = |T*|U*. If we take D = U, C = |T*/’,B = |T*|* and A = U*, we
have

DCBA = U|T*P|IT*|°U* = T*|T*|**72T, BA]* = |T*® and |(DC)*|* = |T|*%.

So, the result follows by Theorem 2.18. O
Corollary 2.21. Let T € B(‘H), a,8 > 0, 0 < v < 1 and let ¥ be a non-negative increasing convex

function on [0, c0). Then

POATITASE) < 0= v (1112 ) ()| - ) 2.18)

where r and y(¥) as in Theorem 2.18.
Proof. In Theorem 2.18, if we let D = |T|*,C = T,B = T and A = [T}, then

IBA> = A*BA = [TPITPIT|" = |T|**
(DC)'[* = DIC*PD* = [TI*IT*T|* = [T|*TT|T
= [TT(TI"T)* = |(TI*T)"|* = |T*|T|P,
so the result: O

Inequalities for numerical radius and operator norm have now been given, although in the context
of superquadratic functions. Remember that a function ¢ : [0, 0) — R is termed superquadratic if
there exists a constant C, € R such that

Y(t) 2 (&) + Ce(t = &) + Y|t = &) (2.19)
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for all # > 0. If —y is superquadratic, we say ¥ is subquadratic. As a result, for a superquadratic
function, ¥ must be above its tangent line plus a translation of . Superquadratic functions appear to
be stronger than convex functions at first glance, however they may be deemed weaker if ¢ has negative

values. If  is superquadratic and non-negative, then y is increasing and convex, and if C; is equal
to (2.19), then C > 0 [1].

Theorem 2.22. Let A € B(H) and let  be a non-negative superquadratic function. Then

2

WOVA)) < IwOADI = inf [l4(IA] - A1 D (2.20)
Proof. Letting & = [|A]| in the inequality (2.19), we get
w(e) = YOAID + Cipag (¢ = IAID + e = AT, 2.21)
By applying functional calculus for the operator |A| in (2.21) we get
W(AD = w(IAID + Cpa(AT = IAID + Y(IAT - AT D. (2.22)
Hence,
WIADE £) = PUIAID + Cuai<IAIE,€) ~ IAID + WCIAT = ATl DE, )
Consequently,
WOADE.£) 2 WIATD + Cia (AIE. &) ~ AT + [wiAl - 1A D5 (2.23)

for every unit vector & € H.
Now, by taking supremum over ¢ € H with ||€]| = 1 in (2.23), and using the fact w(JA|) = ||A]| >
w(A), and ¢ is increasing, we deduce the desired inequality (2.20). O

Applying Theorem 2.22 to the superquadratic function ¥(¢) = " (r > 2), we reach the following
corollary:

Corollary 2.23. Let A € B(H). Then for any r > 2,

W(A) < IAI" = int 1Al A1 ]

In particular

w(A) < \/IIA||2 - ”gllzf] AL = IANIP < 1Al

3. Further refinements of numerical radius inequalities

In this section, We provide various inequalities involving power numerical radii and the usual
operator norms of Hilbert space operators. In particular, if A;, B; and X; are bounded linear operators
(i=1,2,---n € N), then we estimate the numerical radius to )", X;A"B; for some m € N.

The following lemma is a straightforward application of Jensen’s inequality about the convexity or
concavity of certain power functions. Schlémilch’s inequality for the weighted means of non-negative
real numbers is a specific example of this inequality.
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Lemma 3.1. Leto,7>0and 0 <a < 1. Then
ot < a0+ (1 —a)r < (@0 + (1 - Q)Tr)% for r=1 G.1)

The following result was established by Kittaneh and Manasrah [16], which is a refinement of the
scalar Young inequality.

Lemma 3.2. Let 0,7 > 0, and p,q > 1 such that 11—7 + }1 = 1. Then

P oP 14
ot+r0f - < — + —, (3.2)
q
where ry = min{}l—?, Cll}.

Manasrah and Kittaneh have generalized (3.2) in [17], as follows:

Lemma 3.3. Let 0,7 > 0, and p,q > 1 such that é + ‘11 = 1. Then form = 1,2,--- , we have
()" + (o —T1)? < (U— + T—) , r>1 (3.3)
P q

where ry = min{—, ~}. In particular, if p = q = 2, then

11
r’q
1 m m m m
(Vo) + So(02 = 72)" <277 (07 + 7). (3.4)
Form =1, and p = q = 2, we have

1
VOT + (VT = VO <277(0 + 7 (3.5)
The convexity of the function ¥/(¢) = ", r > 1 leads to the following lemma, which deals with

positive real numbers.

Lemma 3.4. Let 0,i = 1,--- ,n be positive real numbers. Then

Y o rSn’_l Y ol forr>1. (3.6)
(2] < 3o

i=1 i=1
Theorem 3.5. Let A;,C;,D; € B(H), (i=1,--- ,n), m € N. Then

i (IC/AP" +1DC ) P)

i=1

-1

(S D,CrA | < y
(Eren) 5

(3.7

forallr > 1.

Proof. Let & € H be any unit vector. Then by Lemma 2.5, Lemma 3.1 and Lemma 3.4, we obtain that

<Z D,C/'A, §> <Z D.C/"'C/A, §>
i=1

i=1
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1 &(<& i '
< LS [Sercined).

This implies that

<Z D.C"A, §> < ”;l jzm; 1 '(Dicg”‘fc{A,-g, g}‘
< ”;1 gZQC{'Ailzg, &) iy e é)’
< szl Zl (ICIAPE€) (ID,C 7y e €)’
< ”Zml szl ; ((IC/AP +IDCIyP)é,¢).
Taking the supremum over all unit vectors & € H, we get the resullt. O

For D; = A; = I in inequality (3.9), we have:
Corollary 3.6. Let C; € B(H), (i=1,--- ,n), m € N. Then

n

> (cir + ey )

i=1

r—

(3.8)

forallr > 1.

The following is an example of how Corollary 3.6 may be used. It entails a numerical radius
inequality for operator powers.

Corollary 3.7. Let C € B(‘H) and m € N. Then for all r > 1, we have

Wr(Cm) < ﬁ ; |||C]|2r + |(Cm—j)*|2r

Theorem 3.8. Let A;,,C;,D; e B(H), (i=1,--- ,n),meNand 0 < a < 1. Then

n

 peral< L3S o ALY + (1 - a)lD,C |
o[Epera)s 33 fociad o
=1

i=1 j=1 i

1
2r

(3.9)

forallr > 1.

Proof. Let & € H be any unit vector. Then by Lemmas 2.5, 3.1 and 3.4, we obtain

<Zn: D;C/'As¢, §>‘ = %i <Zn: D.C'C/A¥, f>‘
-1 ;

Jj=1 i=1
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n

< Y (IS (D PeE)

n j=1 i=1
Hence,
<Z DiCrAL. f>‘ < JZ; Z] (IC]A P2 ) (D e )
< Z Z ((ciariedf (meryies) ™)
= % ]i] Zl (e (ICIAEE) +(1 - ) (DY) )
< %JZZ((&IC’A 1%+ (1 - a)DC )15, gf
Taking the supremum over all unit vectors ¢ € #, we deduce the desired result. o

Theorem 3.9. Let A;,C;,D; € B(H), (i=1,--- ,n), m € Nand p,q > 1 such that i + %] = 1. Then

(Z D,CA; ) < — Z C’A 1 + |(D CI Iy Pl — g Hgnlfl W(é), (3.10)
i=1 j=1 1l i=1
where ry = mln{ll—7 Lll} and
m n P ] g\2
w© =230 ((Ic/are.e) - (e i) )
j=1 =1

Proof. Let ¢ € H be any unit vector. Then by Lemmas 2.5, 3.2 and 3.4, we obtain

<Z D,CIA, §> <Z D,C{C/A. §>
i=1

2 2

1 m
2
J=1

WY LR

j=1 i=1

—iZQCfAlgg (D)) P4, €)

1

IA
§:
=

Jj=1 i

J

IA
§|3
= T

(l (CIAP.£)+ < (D, f))
1 i=1 p
oy ( (ICAPe.£) - <|<Dl-c;"‘f)*|2§,§>2)2.

m

S
3

Jj=1 i
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This implies that

<an D;C'A, §>
Py

2

IA
SR
.t\/ji

<(1|C{A,~|2P " 1|(D,'C;"‘f')>“|2‘1) ¢, -f>
2\ p q

j=1 i=
nry <A ; e 4
- S S (ke - (o))
j=1 i=1
Taking the supremum over all unit vectors ¢ € H, we deduce the desired result. |

Theorem 3.10. Let A;,C;,D; € B(H), (i = 1,---,n), m € Nand p,q > 1 such that i + %] =1 and
k=1,2,---. Then

n k=1 1 ) £
Wk [Z DiCTAi) |CfA P+ ~ D)y Pl 1 inf ), (3.11)
i=1 j=1 i=1 q ”ﬂll
where ry = min{%, é} and
n2k 1 & a j 2p % m—j\x|2q % 2
ne) = (Iciafre.) - (. ee.)')
Jj=1 i=1

forallr > 1.
Proof. Let ¢ € H be any unit vector. Then by Lemmas 2.5, 3.3 and 3.4, we obtain

<Z D,CI'A, §> %Z <Z D,CIIC/AL, §>
i=1

1:1 i=1
-1

NI L

j=1 i=1

2k

3

IA

This implies that

(Yoerace)
i=1

2k

N

A
S

3

s

/Al e.8) (IDiC) e, §>)k

IA IA
S S
3 3
1= 1
' INghling
— —_ —_

(
1 . 1K
(ICiAPre.8) (e 7y Poe. )

2%k-1 1. 1 N £
< ==Y 3 (-l + S f)*l”) £, g>
m j=1 i=1 p q
I . ‘ \2
PSS i) - (o).
j=1 i=1
Taking the supremum over all unit vectors ¢ € H, we deduce the desired result. O
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Fork =1, and p = g = 2, we have:
Corollary 3.11. Let A;,C;,D; € B(H), (i=1,--- ,n), m € N. Then

W [Z; DiC?"Ai] < nil gg”lcf&l‘” FIDCy P - %”5” nf (), (3.12)
where o | N
ne) = ,%;] > ((Ic/are.e)’ - ey riee)’)
forallr > 1.

The following lemma is an extended variant of the mixed Schwarz inequality, which has been shown
by Kittaneh [12] and is highly relevant in the following results.

Lemma 3.12. Let A € B(H), and  and ¢ be non-negative functions on [0, o) which are continuous
such that y(t)¢(t) = t for all t € [0, 00). Then

KAE, O < Il (ADENTI#UA™ DI (3.13)
forall €, € ‘H.

The next results give improvements of the inequality (1.10).

Theorem 3.13. Let A;,B;, X, € B(H), i=1,---,n), meN, p,qg > 1 with 113 + }1 = 1 and let ¥ and ¢
be as in Lemma 3.12. Then for all r > 1, we have

W2r [i X,ATB,)
i=1

2r1m

— 7o Hgllfl p(&), (3.14)

where ro = min{-,

LS = X (|A,]*

)x;f, T, = (A;’l_jBi)* ¢* (|A|) A" /B; and

)

j:1 i=

11
p’q

2r—1 n

PO = (((stee) - (7 re8))

Proof. Let & € H be any unit vector. Then by Lemma 3.3, Lemma 3.4 and Lemma 3.12, we obtain

2r 2r

n

D (XATTABE )

i=1

5 ar el

& i 2r
5 o ame)

j=1 i=1

I
S|=
'ME

Al'BiE,E)

~
Il
—_

A
SHE
'ME

1l
—_

J

—

IA
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and so
2r _ m n
AIBEE)| < "ZlZZKA{*X?x,AT"'Bix)\Zr
j=1 i=1
<% (A%l oG ar-ma*
j=1 =1
2r—1 M N
< nm ZZ(&;/&@ <Ti,j§,f>
j=1 =1
21 M N
S L2 {sieaTe).
J=1 =
Hence,
n 2r e 1 1
Sxares < T <(—ss; 15)e.e)
i=1 j=1 i=1 p
n2r—1 m %
)  ((s16.8) - (1:.8)')
j=1 =1
Taking the supremum over all unit vectors & € H, we deduce the desired result. O

Inequality (3.17) includes several numerical radius inequalities as special cases. Samples of
inequalities are demonstrated in what follows, for ¥(f) = ' and ¢(r) = 4, 2 € (0,1) in
inequality (3.17).

Corollary 3.14. Let A;,B;,X; € B(H), i=1,---,n), meN, p,qg > 1 with é + é = landlety and g
be as in Lemma 3.12. Then for all r > 1, we have

n 21
w2 [; XiA;'nBi) < Z Z SPV + — T‘f -1 ||11”1 1p(é—‘) (3.15)
where ry = min{;;, Cll}, Sii=X; |AIJ* % (Am ]B) |A’|2(1 2 A;"_jB,- and
m n » 2
p@ =" (Suffz (riee)) .

j=1 i=1
For X; = B; = I in inequality (3.17) we get the following numerical radius inequality.

Corollary 3.15. Let A;,€ B(H), (i=1,-- ,n), m €N, p,q > 1 with 5 + é = 1 and let y and g be as
in Lemma 3.12. Then for all r > 1, we have

n 1 m
5 n2r1
w PN IS
i=1 m 3
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Zn: S’” + - T‘”

i=1
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where ry = min{ﬁ, é}, Si;i=y¢* (‘(Af)*'), T;; = (A;."_j)* & (|A{|)A;ﬂ_j and
)2
An application of Corollary 3.15 can be seen in the following result. It involves a numerical radius
inequality for the powers of operator.

2r—1 n

S ((sre) ~(me)

]:1 =1

m
[SIE

p&) =

Corollary 3.16. Let A € B(H), m €N, p,q > 1 with é + é = 1 and let y(t) = t' and ¢(t) = t'*. Then

forallr > 1, we have

2r m 1 1 r 1 r
(A" < — Z ST+ 17| = inf p(&). (3.17)
where ry = min{}l—?, é}, S;= ‘(AJ')* 24 _ (Am_f')* |AJ.|2(1—A) A" gnd

'h

b0 =13 ((570.8) ~(rie))

Jj=1

Theorem 3.17. Let A;,B;,X; € B(H), (i=1,---,n), m,k €N, p,q > 1 with é + é = 1 and let ¥ and
¢ be as in Lemma 3.12. Then for all r > 1, we have

wk (Z Xl-A;”B,-] i Z

j=1 i=1

2k1

S’” T ' -7 ||1§1”1f1 w(é), (3.18)

LS. = X (IA{*

)X, Ty = (A)/B,) ¢ (|A!|) A" /B, and

=

J:1 i=

where ry = mln{ll—) é

n

k £\2
w(®) = ((sre.e) - (riee)) .
1

Proof. Let & € H be any unit vector. Then by Lemmas 3.3, 3.4 and 3.12, we obtain

2k 2k

n

D (XATB£,€)

i=1

n

%Zm: Z (XA ABE £)

j=1 li=1

Lo _ 2%
< 15(Sharames|

i=1

n

3 |(xaraie.e)”

1 i=1

2k-1

IA
S
MS -

m

J
2k-1

s |l

'(A{*ij, A,'."‘fB,-x>'2k

i=1

IA
S
3

—_

Jj=
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this implies that

n 2% i ) | e
;<X,~ATBI-§,§> < S22 )il o () A Bal
2k—l m n N
< 22(555 (124.6)")
< m (< SIE §> Lree, g))
j=1 i=1
- i (5769~ (1169
Jj=1 i=1
Hence,
n 2% PR ,
;(xiAﬁ"Bié‘,f) s — Z <(;S§;+ qu]’)g,g>

Taking the supremum over all unit vectors & € H, we

If we take k = 1 and p = ¢, we have:

Corollary 3.18. Let A;,B;,X; € B(H), i=1,---

Then for all r > 1, we have

j=1 =1
1

A ) (1)

j=1 i=1

[STE]

(g f)é)

deduce the desired result.

m n

1
(ZXA’“B) < —1 JZ:; 2 |57 + T,ZJ’ -3 ”gllf1 w(é),
where S, = Xy (A7) Xz, T;; = (A77/B;) ¢* (|A!|) A" /B, and
m n 142
w0 =123 ({28 (126 )

j=1

4. Conclusions

,n), m € N, and let ¥ and ¢ be as in Lemma 3.12.

(3.19)

In this work, we have derived a series of precise inequalities involving the standard operator norms
of Hilbert space operators and powers of the numerical radii. These inequalities build upon traditional
convexity inequalities for nonnegative real numbers and extend earlier numerical radius inequalities in

the context of operator theory.

As part of future work, further investigations could explore the practical implications and
applications of these inequalities in the context of operator theory and related areas of mathematics

and physics.

AIMS Mathematics
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