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1. Introduction

Digraph is an important topology model of complex networks. For example, taking Alipay users
as the vertices, we determine the directed edges by the relationship of paying, so the complex network
composed by Alipay users can be regarded as a digraph.

In 2012, A. Grigor’yan, Y. Lin, Y. Muranov and S.T. Yau first defined and studied the path homology
of digraphs [1]. Subsequently, there are many references about path (co)homology of digraphs [2—6]
and meanwhile homotopy of digraphs is developed [7, 8].

Weighted structure can provide more information about mathematical objects. We can take the
degree of each vertex in the digraph as the vertex weight. In the actual complex network, the weight of
nodes shows the importance of nodes in the entire digraph. For example, if we regard the urban traffic
network of a country as a digraph, the communication between each city and other cities reflects the
importance of its traffic hub to some extent.

In this paper, we mainly consider homotopy invariance of weighted digraphs in Theorem 3.1 based
on the definitions in [9].

2. Preliminaries

In this section, we review some relative definitions of path homology of vertex-weighted digraphs
in [9], and similar to [7], we give the notion of homotopy of morphisms between vertex-weighted
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digraphs. Let R be an integral domain with unit 1.

2.1. Weighted path homology and morphisms between weighted digraphs

A digraph G 1is a pair determined by a finite set V and an ordered binary subset E of V X V where V
is called the vertex set of G and E is called the directed edge set of G. For each n > 0, an elementary
n-path (abbreviated as n-path ) on V is a sequence v, - - - v, of vertices in V. If all pairs (v;,v;1) € E
where v; and v;;; are assumed to be distinct for each 0 < i < n — 1, then the n-path is called allowed.
Let A, (V) be the free R-module consisting of all the formal linear combinations of the n-paths on V.
Let A, (G) be the free R-module consisting of all the formal linear combinations of allowed elementary
n-paths on G. Then A, (G) is a sub-R-module of A, (V).

A weighted digraph i1s a digraph G with an R-valued weight function w : V — R, which is simply
denoted as G if there is no danger of confusion. The weighted boundary map 9} : A,(V) — A,-1(V)
is defined as

n

By wovi...v) = Y W=D di(vovy ... v,)

i=0
where d; is the face map given by
di(vovy ... vy) = Vovy .. Vi v,

Note that ), is an R-linear map from A, (V) to A,_;(V) satisfying 9,/9" , = 0 for each n > 0 (cf. [1-6]).
Hence {A,(V), 8} },50 1s a chain complex. We define
Q,(G)
I,(G)

A(G) N (@) A,i(G),
AG) + 8 A (G).

Then as graded R-modules,
QY(G) CAG) CTY(G) S A(V).
And as chain complexes,
{Q,(G),8)) lapc)tnz0 S A(G), 0y, Irr)lnz0 S {AW(V), 8} }ns0-
By [10], the canonical inclusion
L:Q(G) —TI(G), n=0
of chain complexes induces an isomorphism between the homology groups
t. . H,,({Q,)(G), 0}, larc)}n=0) — H,,({T)(G), 0 Irr@c)ln=0), m = 0.
This isomorphism gives the weighted path homology of G, denoted as H,,(G, w; R), m > 0.

Remark 2.1. When all weights are 1, the weighted path homology is the usual path homology.
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Definition 2.1. (cf. [7, Definition 2.2]) A morphism from a digraph G to a digraph G’ is a map f :
V(G) — V(G’) such that for any directed edge u — v on G we have f(u) = f(v) on G’ (that is, either
f(w) — f(v)or f(u) = f(v)). We will refer to such morphisms also as digraphs maps (sometimes
simply maps) and denote them shortly by f : G — G".

Let G = (VLE,w) and G' = (V',E’,w’) be two weighted digraphs. A weighted morphism of
weighted digraphs from (G, w) to (G’,w’) is a morphism of digraphs f : G — G’ such that for any
vi € V,w(v) = w'(f(v).

2.2. Weighted homotopy

A line digraph I, is a digraph with the vertex set {vo,vy,...,Vv,} and the directed edge set {v; —
Vigp or viyg = v, i =0,1,...,n— 1}(ct. [7, p. 632]). Note that a path is a special line digraph with all
the directed edges v; — v;4;. For 0 < i < n, we sometimes write v; as i for short.

The Cartesian product of vertex-weighted digraph G and line digraph I, is a vertex-weighted di-
graph G X I; such that

Vexi, = {(v,0)and (v, 1),v € V(G)}and
Ecx, ={(v,0) = (v, )or(v,0) = (u,0)or (v,1) = (u, 1) | (v,u) € E(G)}, with

Wexr, © Vexi, — R such thatweyy, (v, 0) = weyy, (v, 1) = w(v).

Here I, is the digraph I} = (0 — 1) (the case I] = (1 — 0) is similar).
Let f,g : (G,w) — (G’,w’) be two morphisms of weighted digraphs (G, w) and (G’,w’). Then f, g
are called one-step homotopic if there exists a digraph map

F:GX11—>G/

such that
FlGx0)= f and Flgx1y = 8
Waxr, (v, 0) = W/ (F(v,0)) = w'(f(v))
waxr (v, 1) = w/(F(v, 1)) = w'(g(v)).
For simplicity, we denote (v,0) as v and (v, 1) as V' respectively in this paper. Let R = F be a field.
Consider the case in which the weight is a non-vanishing function on the vertex set of G. For any

n
_ i i i i i
element x = aaa € Q,(G,w) where o = Vo oo ViV, € A, Define
=

n p
xx I, = Z a Z(—l)p_m(W(Vi,,))_lvf) VLY O L) (an)/
-1 m=0 ) 2.1)

xx {1} = Z ai(vf))’...(vj-)’...(vi,)’, xx {0} = Z aivé...vj-...v;,

i=1 i=1
where w(v! ) is the weight of vertex v/ or (v')’, a' € F.
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3. Main theorem

In this section, we will give some auxiliary results for main theorem in this paper and prove the
main theorem.
Let FF be a field. Firstly, by the definition (2.1), we can prove the following proposition.

Proposition 3.1. Let (G,w) be a vertex-weighted digraph where w : V(G) — F \ {0} is a weight
Jfunction on G. Then for any x € Q},“(G), xx 1 € Q;V (G X ).

+

Proof. Suppose x = Y, d'o’ € Q¥(G) where o' = v|--- v, are allowed elementary p-paths on G.
=1

Denote
i

T = O ) ()

According to the action of weighted boundary operator 9%, it is sufficient to consider the following
cases.
Case 1. j = m. If m = 0, then

di(o,) = do() = () V) -+ - (V) € AG x I);
If m > 1, then for each
di(o) = Vo V() (V) & AG X ),
we have that
du(0},_) = du(0o),)
and the coefficient of d;(c) in 8"(c” X I) is
(D7D, ) D W) + (1P w,) T (1w (,) = 0.
Case2. j=m+ 1. If m = p, then

_ i i\
o, = vO---vp(vp),

dj(O'fD) vf)~--vfp € A,(G X 1)),

If m < p, then for each
di(o) = vy V() - (V) & ALNG X T,
we have that
At (1) = dar(0,)
and the coefficient of d;(c) in 8"(c” X I) is

(=1 "Dl )T D™ WO, )+ (CDPw) T (D™ w(r) = 0.
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Case 3. j < m. The coefficient of d;(c”) in 8"u is

> d Do =o.

{(kDldi(F)=d (o)}

On the other hand, the coefficient of d j(ain) in 0"(x x 1) is

2. d" (=17 (=D (w5 T wk)

{(kLldi(ob)=d(o})}

= ) dEDTED ) woh
{(kDldi(oh)=d (o)}
=l Y d DD weh
{(kDldi(oy)=d ()
=DPwely ! Y d =D weh.
{(k.Dld(or)=d (o)}

Hence,
dj(o-fn) gA,GX]) & dj(o-i) ¢ A,(G) for j < m.

Since x € QF(G)and 9"x € ﬂ;f_l(G), it follows that if d j(O'fn) ¢ A (G x 1)), its coeflicient in 0" (x X I;)
is zero.

Case 4. j > m+ 1. Similar to the analysis in Case 3, we have that
di(cl) ¢ AG X)) & di_(0) ¢ AG),

Then for d;(c},) ¢ A,(G x 1), dj-1(0) & A,(G). Since x € Q(G) and §"x € A (G), the coefficient
of d;_i(0") in 0"x is

> dEnTwol) =o.

{(kDldj-1 (0%)=d -1 (o)}

Hence, the coeflicient of d j(a'fn) ino"(xx 1) is

S T by Wk )
{(kLnldi()=d (o))
= Y AT EDWOL)
{(kDldi(oh)=d (o))
= Doy Y dEDwol)

{(kDldi-1 (0F)=d -1 (o)}

=0.
Combing Case 1-Case 4, we have that for any x € QJ(G), 0"(x X ;) € AHG X I;). Therefore,
x X I EQZH(GxIl). m|
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Remark 3.1. In Case 3 of the proof of Proposition 3.1, since di(o*) = d;(c), it follows that r = m

and (w(v,)™" = (W)™

m

Secondly, by Proposition 3.1, we have that
Proposition 3.2. (Weighted Product Rule)

M"(xx 1) =(0"x) x I + (-1)’(x x dl,)

where x € QJ(G).

3.1

Proof. By Proposition 3.1, we have that x X I; € Q7. (G x1). By 2.1), it is sufficient to consider the

+
following cases.

Casel. 0 <m < p.
Suscasi 1.1. m > 1 and j < m. Then for each

—

di(0y,) = Vo ViV (0) - () € ARG X ),
the coefficient of d;(c,) in 8¥(o” X I) is
(=D )) (=1) w(va'.

—_

l vllvl

On the other hand, since d;(0) = v}, - - Ve

=DwEEDPD D0, ) = (=1 w,) T (=D w()d'.
SuBcast 1.2. j > m+ 1 and m < p. Then for any
di(ch) = v VROV () (VY € AG X ),
the coefficient of d j(O’,in) on the left side of (3.1) is
=D W) (1Y w0/ )
while its coefficient on the right side of (3.1) is
=D WO DD W) T = (CDP T )T (D).
Suscase 1.3. j =mand 0 < m < p. Then

di(h) = (WD i) Vv ) - (LY

Aol ) = (=W =D ) Vv 08 YO Y

Hence, d j(O’fn) can be cancelled out in 0" (x X I}).
Suscase 1.4. j=m+ 1and 0 < m < p. Then

di(ch) = (=)W 0w h) Vv 0 () e ()
di(Thy) = (1w, D70, )TV G ) e (0

--vi, the coefficient of d;(c7,) in 8”0 X I is
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Hence, d j(O'jn) can be cancelled out in 0" (x X I).
Case2. m = 0.
Suscask 2.1. j = 0. Then the coefficient of do(c7) = (¢) = (V)" --- (})" in §"(0" X I}) is

=D wp)  wrp)(=1)° = (=1)”

which consistents with the coefficient of (o) in (=1)?(o; X d1,).
SuBcasg 2.2. j = 1. Then

di(oh) = (DW= 2wl YO - (Y
di() = (=)W1 ) V) - ()

which implies that d; (0'6) is cancalled out in 0" (x X I).
SuBcast 2.3. j > 1. Then for any

di(h) = vhh) -+ () -+ () € ALG X ),
its coefficients in 8"(0” X I,) and 0"o' X I, are
(D7) ™ (= DIw(v )
and
=D wp) T =D W)

respectively. Hence, they are the same.
For any

di(oh) = Vi) - (E_T)/ (V) ¢ ANG X 1),

by the proof of Proposition 3.1, it must be cancelled out in 8" (x X I;).
CAse3. m = p.
Suscase 3.1. j = p + 1. Then the coefficient of dp.i(c7,) = o/ = v -- -V in 8" (0" X I)) is

=D Pw) w1 = (=D

which consistents with the coefficient of o in (—1)?(c? X 0I,).
SuBcask 3.2. j = p. Then

dio') = (=1 W(V;)(—l)p—p(W(V;))_l"é e Vi—l@(";)’

dio ) = D, DO, ) v 0, 0

which implies that dp(cr;,) is cancalled out in 8" (x X I).
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SuBcask 3.3. j < p. Then for any

—

dj(o-;) =V vs. . v;(v;)’ € A,(G x 1)),
its coeflicients in 8"(0” X I,) and 0" X I are
(=1 Pw(v,) " (=1)w(v)
and
(=1 w()(=DP P D))

respectively. Obviously, they are the same.
For any

—

dj(O';) = vbvljvlp(vtp)/ ¢ﬂp(GXIl),

by the proof of Proposition 3.1, it must be cancelled out in 0" (x X ).
Summarizing Case 1 to Case 3, the proposition follows. O

Finally, by Proposition 3.2, we can prove the main theorem of this paper.

Theorem 3.1. Let (G, w)(G’,w’) be two vertex weighted digraphs. Let f,g : G — G’ be two weighted
homotopic morphisms between G and G’. Then they can induce identical homomorphisms of weighted
homology groups of G and G’'. More precisely, the following maps

(fo)p : Hy(G,w) = H,(G',w") (g)p : H)(G,w) = H,(G",w).

are identical for each p > 0.

Proof. Suppose f and g are one-step weighted homotopic. Let F' be a homotopy between f and
g. Denote the morphisms of chain complexes induced by f and g as f; and gy, respectively. Let
Fy 1 Q.(G x 1) —» Q,(G") be the morphism induced by F (cf. [7, Theorem 3.3]). By [11], it is
sufficient to construct a chain homotopy between the chain complexes Q'(G) and QY (G"), that is, an
F—linear mapping

L,: QYG) - QY

Y LG
such that

0"L,+ L, 10" = gy — fp.
Define L, as follows

Ly(x) = Fy(=DPx x 1),

AIMS Mathematics Volume 8, Issue 8, 26070-26080.
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where x = Z dol e Q)(G) and x X I; € QW .1(G x I}). By the product rule in Proposition 3.2 and
0"Fy=F #aw 1n [7, Theorem 2.10], we obtain that
(0"L, + L, 10")(x) = "Fy((=1)’x X I,) + Fy((-1)""'0"x x I,)
= Fy((=1)P0"(x x I}) + (=1)’"'9"x x I})
= Fy((~1(@"x X I + (=1 x x 8I) + (1)’ 0" x x I)
= Fy(x x {1} = x x {0})

- Fﬁ(i ao’y — i a'o’) (32)
i=1 i=1
= Y digto’y - o)
i=1 i=1

= g1(x) = fr().
Moreover, by the induction on the homotopic step of f and g, the theorem is proved. O

At last, we give an example to illustrate the main theorem above.

Example 3.1. Let G be a digraph with the vertex set V(G) = {vo,vi,Vv,} and the directed edge set
E(G) = {vovi,vova,viva). Let G’ be a digraph with the vertex set V(G') = {wg, w,} and the directed
edge set E(G") = {wow,}. Let w,w’ be the non-vanished weighted functions on G and G’, respectively.
Suppose f, g, are two weighted digraph maps from G to G’ such that f(vo) = f(vi) = wy, f(v2) = w,
and g1(vo) = wy, g1(v1) = g1(v2) = wyp. Then w,w’ can induce a weighted function wgy;, on G X I and
there exists a weighted digraph map F : G X I} — G’ such that

Floxo = f

Floxi = &
Fw(vi,0)) = w'(f(v))
Fw(vi, 1)) = w'(gi(m)).

Specifically, for o = voviv, € Q(G), we have that

ANV A4

-1 -1 -1
(W(vo)) ™ vovgvivs — (w(v1)) ™ vovivivh + (Ww(v2)) ™ vovivavy

(W)™ = ()™ + ()™ Jwows.

ox1
F(ox1))

Moreover, let g, : G — G’ such that g,(vo) = g2(vi) = g2(v2) = wy. Then f and g, are two-step
weighted homotopic.
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GXxIy: V)
:
1
A — v, G :Woe
o //\Vl\
Vo > Va

Figure 1. Example 3.1.
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