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1. Introduction

The key to solving the general quadratic congruence equation is to solve the equation of the form
x> =a mod p, where a and p are integers, p > 0 and p is not divisible by a. For relatively large p, it
is impractical to use the Euler criterion to distinguish whether the integer a with (a, p) = 1 is quadratic
residue of modulo p. In order to study this issue, Legendre has proposed a new tool-Legendre’s symbol.

Let p be an odd prime, the quadratic character modulo p is called the Legendre’s symbol, which is
defined as follows:

1, if a 1s a quadratic residue modulo p;
a
(1—)) =1{-1, if ais a quadratic non-residue modulo p;
0, if p|a.

The Legendre’s symbol makes it easy for us to calculate the level of quadratic residues. The basic
properties of Legendre’s symbol can be found in any book on elementary number theory, such as [1-3].

The properties of Legendre’s symbol and quadratic residues play an important role in number
theory. Many scholars have studied them and achieved some important results. For examples, see
the [4-21].
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One of the most representative properties of the Legendre’s symbol is the quadratic reciprocal law:
Let p and g be two distinct odd primes. Then, (see Theorem 9.8 in [1] or Theorems 4—6 in [3])

(E) ( )_(_ )(p D(g- l>'
q p

For any odd prime p with p = 1 mod 4 there exist two non-zero integers a (p) and 5 (p) such that

p=a*(p)+p(p). (1)

In fact, the integers a (p) and B (p) in the (1) can be expressed in terms of Legendre’s symbol modulo
p (see Theorems 4-11 in [3])
( a+ ra)
p b

where r is any integer, and (r, p) = 1, (ﬁ) = -1, (%) = x> denote the Legendre’s symbol modulo p.

p—1
(a3+a) and B(p) =
p

a=1

1 1
CY(P)—E 5

lM“

Noting that Legendre’s symbol is a special kind of character. For research on character, Han [7]
studied the sum of a special character y (ma + a), for any integer m with (m, p) = 1, then

2
b(b - 1)(a®b -1
=2p+( )Z){()Z( ( )(a )),

which is a special case of a general polynomial character sums ZaNSI\%l x (f (a)), where M and N are

any positive integers, and f (x) is a polynomial.
In [8], Du and Li introduced a special character sums C (y, m, n, c; p) in the following form:

p—1

Z)((ma+c‘l)

a=1

p=1 p-1 2 2
mb* — ma
C(y,m,n,c;p) = )(a2+na—b2—nb+c -e(—),
2, 2.4 I
and studied the asymptotic properties of it. They obtained

pz_i Clx i { pHl 4 "2‘3% -+ O(pz"“), if y is the Legendre symbol modulo p;
m,n,c;p =

pHHl 4 "2‘%% p*+0 (p2k_1/ 2), if y is a complex character modulo p.

Recently, Yuan and Zhang [12] researched the question about the estimation of the mean value of
high-powers for a special character sum modulo a prime, let p be an odd prime with p = 1 mod 6, then
for any integer k > 0, they have the identity

_ L[ (49 (—d-9)
o= e (252 (2]

Sk(p)=—= AL (r),

where
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p—1
A(r):1+Z(
a=1

QI
\/

and for any integer r with (r, p) = 1.

More relevant research on special character sums will not be repeated. Inspired by these papers, we
have the question: If we replace the special character sums with Legendre’s symbol, can we get good
results on p = 1 mod 4?

We will convert 8 (p) to another form based on the properties of complete residues

B(p) = 1 pz_i a+na
. 2 a=1 p ’
where a is the inverse of @ modulo p. That is, a satisfy the equation x-a =1 mod p for any integer

a with (a, p) = 1.
For any integer k > 0, G (n) and K;(p) are defined as follows:

p—1

L
G(n)=1+Z(a ;”“) and Kk<p>=p%126k<n>.
a=1

n=1

In this paper, we will use the analytic methods and properties of the classical Gauss sums and
Dirichlet character sums to study the computational problem of K, (p) for any positive integer k, and
give a linear recurrence formulas for Kj (p). That is, we will prove the following result.

Theorem 1. Let p be an odd prime with p = 1 mod 4, then we have
Ki(p) = (4p +2)- Kia (p) — 8(207 = p) - Kis (p) + (160 — 16pa’ + 4p — 1) - K (p) ,

for all integer k > 4 with

Ko(p)=1, Ki(p) =0, K2(p) =2p+ 1, K5(p) = —3(4a” - 2p),

where

-l
2

o-e-515)

a=1

Applying the properties of the linear recurrence sequence, we may immediately deduce the
following corollaries.

Corollary 1. Let p be an odd prime with p = 1 mod 4. Then we have

Z 3 16a%p — 28a* — 8p* + 14p
p—1 1+ 30 az+na2) ~ 16a* - 16a2p +4p—1

Corollary 2. Let p be an odd prime with p = 1 mod 4. Then we have

l%p_l p—1[1+1§(a +na )] (nZ2)=—@-

n=1 m=0 a=1
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Corollary 3. Let p be an odd prime with p = 1 mod 4. Then we have

-1 p-1 -1 TP
S )
n=1 m=0 a=1

Corollary 4. Let p be an odd prime with p = 1 mod 8. Then we have

i P +na?\) &8 (nm?
1+Z( . )-Ze(T):«E(—HB(l»—p,

where

If we consider such a sequence Fy (p) as follows: Let p be a prime with p = 1 mod 8, y4 be any
fourth-order character modulo p. For any integer k > 0, we define the F (p) as

p-l 1
Fi(p) = Z Gk—(n)’
n=1

we have

(4p+2)
16a* — 16a2p +4p — 1

Fi(p) = 7 Fis4(p) - Fi>(p)

6a* —16a’p +4p -1
s 4(4a* - 2p)
16a* — 16a2p +4p — 1

Fii(p).

2. Some lemmas

Lemma 1. Let p be an odd prime with p = 1 mod 4. Then for any fourth-order character x4 mod p,
we have the identity

(xa) + T2(¥1) = 2P - @,

p-1 a
T(xs) = ;)(4<a)e(1;)

=

where

2miy —1, and « is the same as in the Theorem 1.

denotes the classical Gauss sums, e(y) = e
Proof. See Lemma 2.2 in [9].

Lemma 2. Let p be an odd prime. Then for any non-principal character  modulo p, we have the
identity

v'Q@
7(x2)

where x, = (%) denotes the Legendre’s symbol modulo p.

() = T - T(x2),
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Proof. See Lemma 2 in [12].

Lemma 3. Let p be a prime with p = 1 mod 4, then for any integer n with (n, p) = 1 and fourth-order
character y4 mod p, we have the identity

S [ + nad? 1
Z( ) = =1 —x2(n) + — - (xa(n) - T () + Xa(n) - T°(xa)).
p \p

a=1
Proof. For any integer a with (a, p) = 1, we have the identity

1+ xa(a) + x2(a) + xa(a) = 4,
if a satisfies a = b* mod p for some integer b with (b, p) = 1 and

1+ xa(a) + x2(a) + xa(a) = 0,
otherwise. So from these and the properties of Gauss sums we have

S-S

a=1

N

S
—_ =

X2 (a4) X2 (a4 + n)

Q
—_ =

= ) (I +xu(@) + x2(a) + xa(@)) - x2(a) - x2(a +n)

s 8 ~
LR

= ) (1 + x4(na) + x2(na) + xa(na)) - x2(na) - x»(na + n)

Q
1l

—_ =

p-1

xo(a)a(a+ 1) + Z)m(na))(z(a))(z(a +1) 2)

a=1

<
|

DII4

)

~ -

—_

p-1

xoayn(@ya(a+ 1)+ > vanays(@ya(a+ 1)

a=1

_l_

Q
1l

p-1 p—1
=Y xal+a)+ ) yamay(ay(a+ 1)
=1 a=1
p- p-1
+ ZXz(n)Xz(Cl + D+ Z)@(’la))(z(a))(z(a + D).

= a=1

Q
—

S

Noting that for any non-principal character y,

p—1
> x(@) =0

a=1

and

& 1 S5 bla+1)
;X(a)x(a +h= e bZI Zx(b))((a)e( . )

a=1
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Then we have
p-1 p—1

Donl+ay=-1, > yla+1)=-I,

a=1 a=1

p-1 p—1 p-1
b 1
ZX4(11))(2(6!)X2(61 +1) = ) Z}(z(b))m(a))(z(a)e( @+ ))
a=1 b=1 a=1
1 &
=— <b)e( )Z)m(ab))(z(ab)e( ) (3)
7(x2) =
1
= () “T(xX4) - T(xax2).
For any non-principal character i, from Lemma 2 we have
() = ‘”Cé ) T o)

Taking ¥ = y4, note that
T(x2) = VP, T(x4) - T(¥a) = xa(=1) - p,
from (3) and (4), we have

pP— _ 5 )
;)(4((1))(2(61))(2((1 P 1) = X4~ (2) :(())((24)). :(342)) 7(x4)

_x2(2) - t(x2) - TA(0w)

B T(x4) - T(x4)

_ @) VP T()

T x(-Dep

_ 0@

Cxa(=D)- P

(&)

Similarly, we also have

"?
N

2 2
B@a(@yaia+ 1) = XZ(( )1; “v“i) ©)

IS}
1l
—_

Consider the quadratic character modulo p, we have

(2)_ @) = 1, if p=+1modS§; o
p) T4 i p=+3modss.

And when p = 1 mod 8, we have y4(—1) = 1; when p = 5 mod 8, we have y,(—1) = —1.
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Combining (2) and (5)—(7) we can deduce that

p—1 a2 + nc_lz .
Z( p ) =-1 _XZ(n)+ % -(X4(}’l).7-2(/?4)_’_)(—4(”).7_2%4)).

a=1
This prove Lemma 3.
Lemma 4. Let p be an odd prime with p = 1 mod 4. Then for any integer k > 4 and n with (n, p) = 1,
we have the fourth-order linear recurrence formula

G'(n) = (4p +2)- G*(n) + 8(p — 20°) - G*(n) + [(4” = 2p)* = 2p = 1)’] - G (w),

where
p-1

1(3+a)_2(a+21)
p i\ p )

'E

1
a=a(p) = )

1l
—_

(i) = X, denotes the Legendre’s symbol.

Proof. For p = 1 mod 4, any integer n with (n, p) = 1, and fourth-order character y, modulo p, we
have the identity
Xa(m) = x4t (n) = xo(n), xG(m) = xa(m),
where y( denotes the principal character modulo p.
According to Lemma 3,

p—1
1
Z (a - ) =-1—-x2(n) + A (X4(n) -1 (xa) + Xa(n) - 72(/\/4))’

a=1

s a“ +na
G(n):1+Z( )
a=1

We have

G(n) = —xa(n) + % () - T20) + a(n) - T (xa)) (8)

1
G*(n) =[—x2(n) + — - (xa(n) - T°(¥a) + Xa(n) - °(xa))I*
VP

1
=126 = (xa(r) - T2070) + Xa(m) - T (xa))

1
e (r2(m) - 74 07a) + x2(n) - () + 2%)
1
=1 =260 = (xa(n) - T2078) + Xa(m) - T(xa))
1
+ IR (Xz(n) (@) + T ) + 2172)-
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According to Lemma 1, we have
(P00 + P00) = 700 + 7 (a) + 297 = 4pa’.
Therefore, we may immediately deduce
GX(m) =1 = 20r2(n) - (G(n) + ya(m))
+ }) (20 - () + () +2p7)
=1 = 212(n) - (G(n) + x2(n)) ©)
+ 11) (@ 05) + Ty - 2p%) + 2P
=2p — 1 = 2x2(n) - G(n) + (40 = 2p) - xa(m),

1
G*(n) =[—x2(n) + — - (xa(n) - T°(¥a) + Xa(n) - T*(xa)1’
\p

=(2p — 1 = 2x2(m) - G(n) + (40 = 2p) - xo()) - G(m) (10)
=(4” = 2p)xa(n) - G(n) + (2p + 3)G(n) — (4p = 2xa(n) — 2(4a” — 2p)
and
2 2 2 2
|G*() - @p = D = ra(m) - (40® = 2p) = 2a(m) - G|,
which implies that
G'(n) = (4p +2)- G*(n) + 8(p — 20%) - G(n) + [(4a” = 2p)* = 2p — 1)’]. (11)

So for any integer k > 4, from (8)—(11), we have the fourth-order linear recurrence formula

G*(n) = G**(n) - G*(n)
=(4p+2)-G(n) +8(p —20%) - G*(n) + [(4a” - 2p)° — 2p - 1] - G**(n).

This proves Lemma 4.
3. Proof of the theorem

In this section, we will complete the proof of our theorem.
Let p be any prime with p = 1 mod 4, then we have

1 & 0 p—1
Ko(p) = FZIG m="—g=1 (12)

AIMS Mathematics Volume 8, Issue 11, 25804-25814.
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It is clear that from Lemma 4, if kK > 4, we have

1 8
L Sew
n=1

Ki(p) =
p

p—
p 1 (—Xz(n) + — - (a(MT° () + Ya()T (/\,/4))) (13)
n=1
= 0,
1 &
Kx(p) = —— ) G*(n)
p _1 n=1
1 p-1 2
=T (—XZ(n) +—  (a T + )T ()m)) (14)
n=1
=2p+1,
1 &
Ks(p) = —— > G(n)
p n=1
-1 3
Z (—m(n) + 5 QT + T m») (15)
=1
= —3(4a” - 2p).

=(4p +2) - Ki2(p) - 8(207 = p) - Kis(p) + (160" — 16pa” + 4p — 1) - K u(p).  (16)

Now Theorem 1 follows (12)—(16). Obviously, using Theorem 1 to all negative integers, and that

lead to Corollary 1.
This completes the proofs of our all results.

Some notes:

Note 1: In our theorem, know 7 is an integer, and (n, p) = 1. According to the properties of
quadratic residual, y»(n) = +1, y4(n) = +1.

Note 2: In our theorem, we only discussed the case p = 1 mod 8. If p = 3 mod 4, then the result is
trivial. In fact, in this case, for any integer n with (n, p) = 1, we have the identity

Gn) =1+

1

+

+

T 9 <S8 A1

S

-1

=1

Cl + na

f)(

M"c

)-“Z( ) (57)

35
)-

2

Thus, for all prime p with p = 3 mod 4 and k > 1, we have K;(p) =0

AIMS Mathematics
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4. Conclusions

The main result of this paper is Theorem 1. It gives an interesting computational formula for K;(p)
with p = 1 mod 4. That is, for any integer k, we have the identity

Ki(p) = (4p +2) - Kia(p) - 8(20” = p) - Kia(p) + (160° = 16pa’ +4p — 1) - Ki_a(p).

Thus, the problems of calculating a linear recurrence formula of one kind special character sums
modulo a prime are given.
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