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1. Introduction

In this paper, we investigate positive solutions for the one-dimensional BVP

{ —(@:(u')) = —Ag(w) + f(t,u), 1 € (0, 1),

au(0) — bu’(0) =0, cu(l) +du’'(1) =0, .1y

where £ > 0, ¢.(s) = |s|P>s + &|s|"%s,p > g > 1,a, b, c,d are nonnegative constants with ac + ad +
bc >0, f:(0,1) X [0,00) = R, g : (0,00) — [0, ), and A is a nonnegative parameter.

For € = 0, —(¢.(u'))’ is the usual p-Laplacian while for £ > 0, the operator is referred to as the
(p, g)-Laplacian. We are focusing on the case when f (-, «) is p -superlinear, and g is allowed to exhibit
semipositone structure i.e., —g(0") € [—o0, 0). For a rich literature on semipositone problems and their
applications, see [9]. Using Amann’s Fixed Point Theorem, we shall establish here the existence of a
positive solution to (1.1) for 4 > 0 small when f(-, u) is p-superlinear at O and oo, and the superlinearity
is involved with the first eigenvalue of the p-Laplacian operator when £ = 0. Our result in the p-
Laplacian case improves previous ones in [3,4, 8, 10, 12] (see Remark 1.1 below), while producing a
new existence criteria in the (p,q)-Laplacian case. We refer to [6, 7, 13] and the references therein for
related existence results to (1.1) in the superlinear/sublinear cases when & = 0.
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Let A, be the principal eigenvalue of —(¢o(«’))" on (0, 1) with Sturm-Liouville boundary condition
in (1.1), (see [2,5]).

We consider the following hypotheses:

(A1) g : (0, 00) = [0, o) is continuous, non-increasing, and integrable near 0.

(A2) £ :(0,1) x [0, 00) — R is a Carathéodory function, and there exists y € L'(0, 1) such that

¢ S, 2)

2€(0,00) ZP—I

> —y(1),

fora.e. r € (0, 1).

(A3) sup |f(z,2)| is integrable on (0, 1) for all ¢ > 0.
z€(0,¢)
(A4) There exists a number o > 0 such that

ft,2) < 277,

for z € (0,0] and a.e. t € (0, 1), and in addition f(t,z) # A,z”~! on any subinterval of [0, o] if € = 0.
(AS5) hm [0 = o if & > 0, and lim inf f (& Z) > Ay if € = 0, where the limits are uniform for a.e.

pl a 7—00
t e (0, 1)
Let p(t) = min(t,1 — ¢). By a positive solution of (1.1), we mean a function u € C'[0, 1] with

(1511f) > 0 and satisfying (1.1).

Our main result is

Theorem 1.1. Let (Al)—(A5) hold. Then there exists a number Ay > 0 such that (1.1) has a positive
solution for 0 < A < Ay.

Remark 1.1. (i) When & = 0, the existence of a positive solution to (1.1) was established in [3, 4],
where g = 0 with Sturm-Liouville condition in [3], and g(u) = u™, & € (0, 1) with Dirichlet boundary
condition in [4], under the assumption

hmsupf( :2) < A; <limi ff( Z).

7—0* Z 7—00 Z

The results in [3,4] provided extensions of the work in [8, 10, 12]. Note that our condition (A4) allows

the case lim sup i f D) = ,.
z—0*

(ii) In the case bd = 0, the proof of Theorem 1.1 shows that when € = 0, (A4) can be replaced by
the weaker condition f(t,z) < 1,27 and f(t,z) # 1,z2""' on [0, o] for a.e. t € (0, 1).

Example 1.1. Let 6,v € (0,1) witho +v < 1,and r > p — 1. By Theorem 1.1, the following problems
have a positive solution for A > 0 small:
(i)
{ —(p. (")) = m + P +u - uA t€(0,1),
au(0) = bu’(0) =0, cu(l) +du’(1) =

where € > 0 and r > s > p — 1. Indeed, here
ftD =07+ =<7 for z< 1,
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i.e., (A4) holds. Since
2P )=+ =0 > -1
for z € (0,00), (A2) holds. Clearly (Al), (A3), and (A5) are satisfied.
(ii)
{ —(po()) = m + P le™ 1, t€(0,1),
au(0) —bu’(0) =0, cu(l) +du’(1) =0
where « € (0,7 — p + 1). Note that (A4) with € = 0 is equivalent to

A=)z 0

on [O 0'] and A,(1 — e™") £ 777?=Y on any subinterval of [0, 0] for some o > 0. This is true since
lim 1 5 = . Clearly the remaining conditions are satisfied.
z—0* P

Note that lim sup L (p D)

z—0*

Ay in both examples.

2. Preliminaries

Let 0 < @ < B < 1. In what follows, y € L'(a,8) with ¥y > 0 and we shall denote the norm in
Li(a,B) and C'[a,B] by || - ll; and | - |; respectively.

Lemma 2.1. Letu,v € C'[a, B] satisfy

—(@:() +y(O)pe(u) =2 =(9-(V")) + ¥(O)P(v) a.e on(a,p), .
au(a) — bu'(a) = av(a) — bv'(a), cu(B) + du’(B) = cv(B) + dV'(B). ’

Then u > v on [a,f].

Proof. Suppose u(ty) < v(ty) for some fy € (a,f). Let I = (@, By) C (@, ) be the largest open interval
containing 7, such that u < von I. Then u(ay) = v(ayp) if @y > @ and u(By) = v(By) if By < 5. Multiplying
the inequation in (2.1) by u — v and integrating on I gives

f (@e(u') = (VW' —V') <0,
1

since y > 0 and —(¢.(u') — ¢p-(vV')(u — v)lﬁ » > 0 in view of the boundary conditions at «, 8. Since ¢,
is increasing, it follows that #” = V' on I and hence u = v + o on I, where o is a negative constant.
If @ > @ or By < B then o = 0, a contradiction. On the other hand, if @y = @ and 8y = S then the
boundary conditions in (2.1) gives ao, co > 0 and thus a = ¢ = 0, a contradiction and hence the result
follows. O

Lemma 2.2. Let k € L'(a, B). Then the problem

—(¢:(2) + y(Dp:(2) = k(1) on (a,p), 2.2)
az(@) — b7 (@) =0, cz(B) +dz(B) =0 )

has a unique solution z = T k € C'[a, 8] with
Izl < Ko (IIKIlL), (2.3)
where the constant K is independent of k,a, 3, z, €. In addition, the map T, : L'(a,B) — Cla,f] is

completely continuous.
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Proof. Suppose first that y = 0.
By integrating, we see that the solution of (2.2) is given by

z2(t) = G —f ¢ (C + fs k) ds, (2.4)

aCy + b (C) =0,
{ c(ci= [ (c+ [ 0)ds)-dg;! (c+ [[k) =o0. (2)

Note that (2.5) has a unique solution (C, C) since if a = 0 then C = 0 and

e =4 (P e o k) 2.6
1_C¢5 + ¢£ s, ()

while if a > O then C; = —i—:gb;l(C ), where C is the unique solution of

B s B
2:(C) = beg,'(C) + ac f ¢! (C+ f k) ds + adg;’ (C+ f k) =0. (2.7)

[0

where the constants C, C; satisfy

Indeed, g.(C) > 0 for C > ||k||; and g.(C) < O for C < —||k||;. Thus (2.7) has a unique solution C with
|C| < ||kl|; since g is continuous and increasing.
Using the inequality (see Proposition A(ii) in Appendix)

g7 (mx) < m71 ¢ (x)
form > 1, x > 0, and (2.4)—(2.6), we get
(@] + O] < [C1l + 267" @Ikl < (co +277) ¢ (k)

for all ¢ € [a,B], where ¢y = (d/c+ 1)ifa=0, ¢y = b/a if a > 0, from which (2.3) follows.
Next, we consider the general case ¥y € L'(a,f) with y > 0. In view of the above, there exist
21,22 € C'la, B] satisfying

—(#:(z))" = —lk@®)] on(a.B), —(¢:(z3)) = k(D] on (a,p),

with Sturm-Liouville boundary conditions.
By Lemma 2.1, z; < 0 < z; on (@, 8), which implies

—(¢:(2)) + v(Dpe(z1) < —lk(D)| < k(t) on (a,B)

and

—(9:(25)) + y(O)pe(22) = k()] = k() on (@, B),
i.e., (z1,22) 1s a pair of sub- and supersolution of (2.2) with z; < z, on (@, ). Thus (2.2) has a solution
z € C'[a, B] with z; < z < z, on (a, 8). The solution is unique due to Lemma 2.1.
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Since
—(¢:(2)) = k(t) = y(t)¢.(2) on (, B)
and [|zllee < Max(||z1]leo, lI72lle0) < K@ (IKlI}) in view of (2.3) when y = 0, it follows that
k(1) — YO $:@ll1 < Ikl + IVl d(K16, (IIKIID) < KallKll1,

where K; = max(K,1) and K, = 1 + Kf _1||7||1. Here we have used Proposition A(iii) in Appendix.
Consequently, it is

1
Izl < Ko, (Kallklly) < KKZ o2 (k).

where we have used Proposition A(ii) in Appendix. Thus (2.3) holds. Next, we verify that T is
continuous. Let (k,) € L'(«,8) and k € L'(«, B) be such that ||k, — k||, — 0. Letu, = T.k, and u = T k.
Multiplying the equation

=(@s(uy) = ¢o(u)) + y(O)(Ps(un) — ¢o(u)) = ky — k on (e, B)

by u, — u and integrating between « and 3, we obtain

5
Cn + f (o) — Gy, — ') < |k — kil llty — ullco, (2.8)

where ¢, = —(¢:(u)) — d(u")(u, — u)lﬁ > 0. By [11, Lemma 30],

(@e(x) = e)(x = ¥) = (1A 2x = Y 2y)(x = ) = colx =y P2 (2.9)
forall x,y € R with |x[+[y| < 2M, where ¢y > 0 is a constant depending only on p and M. Applying (2.9)
with x = u;,y = «’ and note that |u,|, + |u|; < 2M, where M = K max (qﬁ‘l(llknlll), ¢‘1(|Ik||1)), we obtain
from (2.8) that
B
Cp + cof !, — u' "™ P2 < 2M||k, — k||; — 0 as n — oo. (2.10)

If b = 0 then (1, — u)(@) = 0 and the Mean Value Theorem implies that

t B m
f |M;l _ ull < (f |u;l _ uflmax(p,Z))
a a

for t € [a, B]. Hence ||u, — ul]|l.oc — 0 as n — oo in view of (2.10).
If b > 0 then uy (@) = u,(@), W' (@) = fu(a), and since (2.9) gives

|u, (1) — u(t)| <

bey (a

b (E)m“("’” ) (@™ 02 < (8, (S10)) - (Gt @) - @) < e,

it follows from the Mean Value Theorem and (2.10) that

B )
max(p,
”Mn - l/l”oo < |un(a/) — M(Q)l + (f |u}’1 _ ullmaX(P,Z)) -0
a

as n — oo. Hence T, is continuous. Since (u,) is bounded in C'[a, 8], T, is completely continuous,
which completes the proof. O
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Lemma 2.3. Let k € L'(0,1) with k > 0, and u € C'[0, 1] satisfy

—(@e(")) + y(O)p:(u) = —k(t) on (0, 1),
au(0) — bu’(0) > 0, cu(1) + du’(1) > 0.

Then there exist constants k,C > 0 independent of u, k, & such that if ||ull. > Co;'(|Ik|l,) then

u(t) = kllulleo p()
fort e [0,1].
Proof. Letv € C'[0, 1] satisfy

—((¢:(v)) + y(Dge(v) = —k(2) on (0, 1),
av(0) = bv'(0) = 0, ev(1) + dv'(1) = 0.

By Lemma 2.2, |v|; < qu;l(llklll), where K is independent of k. By Lemma 2.1, u > v

on [0, 1]. Suppose ||u||e > Kgb;l (I1&ll1) , and ||ul|leo = |u(T)| for some 7 € [0, 1]. Then u(r) > 0 because if
u(t) < 0 then ||ull, = —u(r) < —v(7) < K¢;' (|Ik|l;) , a contradiction. In what follows, we may increase
K without mentioning if needed.

Suppose first that 7 € (0, 1). Let z € C'[0, 7] satisfying

—(¢:(2')) +y(D)¢:(2) = —k(t) on (0,7), 2.11)
az(0) — bz'(0) = 0, z(7) = [|ullco- '

Note that z; is a subsolution of (2.11) and zy + ||u||~ 1s a supersolution of (2.11), where z, satisfies

—(¢:(2))" + ¥ (O)P:(20) = —k(t) on (0, 7),
azp(0) — bzy(0) = 0, zo(1) =0,

from which the existence of z follows. By Lemma 2.1, u > z > v > —K¢_'(|kl|;) on [0,7]. Define
z1(t) = z(¢) + Kgb;l(llklll). Then z; > O on [0, 1] and

2(0) > K¢, (IIklly),

where K; = Kif b = 0 and K; = K(1 + a/b) if b > 0. Indeed, if b = 0 then z(0) = v(0) = 0 and
50 2,(0) = 2/(0) = v'(0) > =K@ ' (Ilkll;), while if b > 0 then Z/(0) = (a/b)z(0) = —K(a/b)¢; ' (lIkll,).
Since z <z on (0,7) and z;(0) + K 167 (lIkll}) = 0, it follows upon integrating the equation

(¢:(z)) = y(O)$s(z) + k(t) on (0, 7)
that ) )
z1(6) = z1(0) + fo ¢, (¢s(21(0)) + fo (¥(€)9:(2) + k(é“))df) ds

< z1(0) + f ¢, (¢g<z1<0>+K1¢;1<||k||1>>+ f (7(§)¢E(Z1)+k(§))d§)ds
0 0
<200+ fo o7 (¢s(z’](0)+K1¢;1(IIkII1))+ fo <y<§)¢£<zl>+k<§>>d§)ds
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< 21(0) + ¢ (91 (0) + Ky (lIkll)) + fo (Y()ps(z1) + k(f))df)- (2.12)
Applying ¢, on both sides of (2.12) and using the inequality (see Proposition A(i) in Appendix)
Pe(x +y) < M(@e(x) + ¢(y)) Vx,y 20,

where M = 2m(P=20) we obtain

$:(21(1)) < M[$s(21(0)) + (21 (0) + K107 (IIkll1)) + IIKIl,] + Mfo Y(E)pe(z1)ds.
By Gronwall’s inequality,

$:(z1(1)) < M[$s(21(0)) + ¢5(z1(0) + K19, (IIKll1)) + Ikl ]
for ¢ € [0, 7]. In particular when 7 = 7, we obtain
$:(21(0)) + ¢(21(0) + K1, ([IKl1)) + lIkll = 2K:((lulleo ),
where K, = 2M)~'e™M | Since ¢,(x) + ¢,(y) < 2¢.(x + y) for x,y > 0, this implies

k
¢e(21(0) + 21 (0) + K10, (k1)) = Koo (lulleo) — % 2 K3¢:(|[ulleo) = ¢ (Kyllullo) »

1
where K3 = K,/2 < 1 and K4 = K", provided that ¢.(llullw) > [Ikll;/K, which is true if [|ulle >
(1/K2)41j¢;1(||k||1). Consequently,
21(0) + 21(0) + K16, (k) = Kallulleo,

which implies
2(0) +2/(0) = Kyllulleo — (K + Kb, (IKll1) = Kslluello (2.13)

where Ks = K4/2, provided that ||u|., > %ﬁl(')gb_l(llklll). Since

() = yY(D¢e@) +k = =y (Kg; (IKll1) = —KFT|Ikllyy() on (0,7),

it follows that

(2 (1)) = 6(2(0)) — K7 Ik Iyl (2.14)
for t € [0,7]. If b = 0 then z(0) = 0 and (2.13) becomes 7'(0) > Ks||u||c, from which (2.14) implies
, L (K ||lo)
32 (1) 2 $o(Ksllulles) = K77 |yl Il = ¢ST > ¢ (Kollull),

where Ky = 2'"9Ks, provided that ¢.(Ks|lull.) > 2Kﬁ||7||1||k||] which is true if ||ulle =
1
n =
K5 (2K77 |yl )™ 3" (IIklly). Consequently,

Z'(t) = Kellull on (0, 1),
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which implies upon integrating that
u(t) > z(t) > Ke|lullt fort € [0, 7]. (2.15)

If b > 0 then z(0) = (a/b)z(0) and (2.13) becomes

Ksb
a+b

2(0) > |[24]] o - (2.16)
Since 7/(0) > 0, (2.14) gives
Z(0) 2 =7 (K7 ylhllklh ) = —K 7 (Iklly) on (0. 7),

1
-1

where K = (K7 |yll;)"" . This, together with (2.16), implies

. Ksb _—
2(0) > 2(0) = Ko7 (k) = ——llulls — K5 (Ikly).
a+b

Hence

u(t) > z(t) = Kqllull for t € [0, 7], (2.17)
where K7 = 552t provided that [[ufl > &2 1 ([, ).

Combining (2.15) and (2.17), we obtain
u(t) 2 kollullt, VYt e [0,7], (2.18)

where ky = min(Kg, K7).
Next, let w € C'[1, 1] be the solution of

—(@W) + ¥(O)pe(w) = —k(1) on (7, 1),
w(T) = |[tlleo, cw(1l) +dw'(1) =0.

Then u > w on [7, 1], and using similar arguments as above, we obtain
u(t) 2 killullo(1 — 1) V1t € [7, 1], (2.19)

where k; > 0 is a constant independent of k, provided that ||u||., > C ¢;1(||k||) for some large constant C
independent of u.

Combining (2.18) and (2.19), we see that Lemma 2.3 holds with x = min(ko, ;). If 7 = 0 then (2.19)
holds on [0, 1], and if 7 = 1 then (2.17) holds on [0, 1], which completes the proof. O

3. Proof of the main result

Let E = C[0, 1] be with the usual sup-norm.

Proof of Theorem 1.1. Let C,k be given by Lemma 2.3 and define oy = «o, h(t) = g(oop(t)). For
v € E, g(max(v,dop)) € L'(0,1) by (A1), and 0 < f(z, W]) + y()¢:(Iv]) € L'(0, 1) by (A2) and (A3).
Let A > 0 be small so that C¢! (A|All;) < o Then the problem

—(@e(u)) + y(O¢e(u) = —Ag(max(v, oop)) + f(&, V) + y(D¢(Iv]) on (0, 1),
au(0) — bu'(0) = 0, cu(1l) + du'(1) =0
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has a unique solution u = A,v € C'[0, 1] in view of Lemma 2.2. Since the operator § : E — L'(0,1)
defined by (Sv)(¢) = —Ag(max(v, ocop)) + f(t, |[v]) + y(£)|v[P~! is continuous, it follows from Lemma 2.2
that A, : E — E is completely continuous. We shall verify that
Du=0A.u, 0€(0,1] = ||lullo # o

Let u € E satisfy u = 6A.u for some 6 € (0, 1] with ||u||., = 0.

Suppose € > 0. Then

- (¢g (%)) + (e (g) = —Ag(max(u, cop())) + £(t, lul) + Y(O)b(lul)

on (0, 1), which implies upon multiplying by 6°~! that

~(Ger=s (1)) + Y(OPogr-o(u) = 8" (=Ag(max(u, op(1))) + f(1, lul) + (D) (|ul))
> —Ah(1) on (0, 1).

(3.1
Since ||ullo > Co;' (A|All;), Lemma 2.3 gives
u(t) = kllullop(t) = oop(r) > 0
fort € (0, 1) (recall that koo = o). Hence it follows from (3.1) and (A4) that

— (Pegr-a ()Y = 077 f(t,u) — 20”7 g(w)) + 0" Y (O)pe(u) — Y()Pegr-a(u)
=0"" £ (t,u) — 20P  g(u) + y(£) (0" = DuP ™ + ey ()07 — 6P )ut! (3.2)
<0 ' f(t,u) < 6" !

on (0, 1). Multiplying (3.2) by u and integrating gives
1 1
—@eor-a (U (1))u(1) + Pepr-o (' (0))u(0) + f Peor-a (W’ < 4 f uP.
0 0

Since au(0) — bu’(0) = 0 = cu(1) + du’(1) and & > 0, this implies

1 1
— Go(u’ (1))u(1) + do(u’(0)u(0) +f W'l < /hf u”, (3.3)
0 0

Consequently,

—¢o(u' (1)u(1) + do(u' (0))u(0) + fol '[P

INZ
OM

1>

Since A is characterized by the Raleigh formula

=PV (D)v(1) + (v (0))v(0) + fol V'[P
A; = inf ;
veV j(; |V|p

where V = {u € C'[0, 1] : au(0) — bu’(0) = 0 = cu(1) + du’(1)}, we get a contradiction. Thus (i) holds.

, (3.4)
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Next, suppose € = 0. Then the < inequality in (3.3) is replaced by <, which together with (3.4)
imply
’ ’ 1 ’
=o' (1)u(1) + ¢o(u'(0))u(0) + Iy w1
[N

i.e., u is an eigenfunction corresponding to A;. Hence (3.2) gives

1

b

LuP! < Hp_lf(l‘, u) < "' uP™t < 2u”™! on (0, 1),

from which it follows that f(z,u) = A;u”~! for a.e. ¢ € (0,1). Since ||ul|.. = o, we get a contradiction
with (A4) withe = 0. If bd = 0, then u(0) = O or u(1) = 0, and since ||u||, = o, we have u[0, 1] = [0, o],
we get a contradiction if f(t,z) # 4;z"~! on [0, o] for a.e. t € (0, 1). Thus (i) holds.

Next, we verify that
(i1) There exists a constant R > o such that u = A,u + &, € > 0 = ||ull» # R.

Let u € E satisfy u = A u + & for some & > 0. Then u satisfies

= (9 +yO)pe(u — &) = —Ag(max(u, oop(1)) + (1, |ul) + y(O)P(lul) (3.5)
on (0, 1), which implies
= (¢:(u)) +y()po(u) > —Ah(t) (3.6)
on (0, 1). Note that
au(0) — bu'(0) = aé >0, cu(l)+du'(1) =c& > 0. 3.7

Suppose ||u|lo = R > 0. Then Lemma 2.3 gives

u(t) 2 klulloo p(2) = kRp() = oo p(t) (3.8)

fort € (0, 1). Using (3.8) in (3.5), we get

= (¢o(u")) = —Ag(u) + f(t,u) on (0,1). (3.9)

Suppose £ > 0 and let M > 0. Since lim %
7—00 €

= oo by (Al) and (AS), there exists a positive
constant L such that

f(t,2) — A8(z) =2 M¢.(2) (3.10)
fora.e. t€ (0,1)and z > L. By (3.8),

R
u(t) > gllullw - KT > L for e [1/4,3/4]

for R large, from which (3.9) and (3.10) imply

Kl[ut|oo

—(¢:")) = Mp:(u) > M¢s( ) on [1/4,3/4].
Since u(1/4) and u(3/4) are positive, the comparison principle gives u > it on [1/4,3/4], where i1 is
the solution of

~($e(@)) = M (4=} on (1/4,3/4),

u(1/4) = u(3/4) = 0.
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Let ||it||c = @(7) for some 7 € (1/4,3/4). If < 1/2 then we have

3/4
_ _ . Kleello | 1o (M (klulle
IIMIIOOZM(S/S))—L8 b, (M%( 1 )(s T))dsz 8¢g (8%( 7] ))

while if 7 > 1/2,

3/8
I & R 1 (M (s
|wuzmw&—L;¢g@m4 . yfsﬁwzgﬂ(8¢4 4))

Hence using Proposition A(iii) we see that in either case,

M [l M\FT Klulloo
%@Mng%(4)Z%U§) ) ]

1
e, ||ulleo > W, a contradiction if M is large enough, which proves (i1).
Suppose next that € = 0. Since lim inf %

Vamd

> A; uniformly for a.e. r € (0, 1), there exist positive

constants Ly, A with 1 > A; such that
f(t,2) — Ag(z) > A" (3.11)

fora.e. € (0,1)and all z > Ly. For 6; € (0, 1/2), let 4, 5, be the first eigenvalue of the problem

{ —(¢o(v))" = Ay5,¢0(v) on (61,02), (3.12)

av(01) = bv'(61) =0, cv(d,) + dV'(62) =0,

where 6, = 1 — ;. By the continuity of the first eigenvalue with respect to the domain, 4,5 — A4; as
01 — 0. Hence there exits 6 > 0 such that 4,5, < A for 6, < 6.
Let 6, =6/2,6, =1-6/2,and u € (A, ,, Q). By decreasing ¢ if necessary, we have from (3.7) that

ai(6,) — bi'(6;) >0ifa >0, cu(5,)+du'(5,) >0 ifc >0, (3.13)
where it = u + 1. By (3.8),
)= 50 2 1y (3.14)
fort € [6/4,1 — 6/4] for R large. It follows from (3.9), (3.11) and (3.14) that
— (po()) > —Ag() + f(t,u) > AP on[6/4,1—6/4]. (3.15)
By (3.6) and (3.15),
= (¢o())" = =Ah(t) — y([O)po(u) = —yL(D), (3.16)

for a.e. t € (0, 1), where y, (1) = Ah(t) + y(t)¢po(L) > 0. We claim that the eigenvalue problem

~(#o())' = po(v) on (61,62), G
av(61) = bv'(61) = 0, cv(62) +dV'(6,) =0 '

has a positive solution, provided that R is large enough.
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Let i, be the positive solution of (3.12) with |||l = 1. Then clearly ¢, is a subsolution of (3.17).

Since (3.14) implies
U kR6 /4

u+1 1+«R6/4
— 1 as R — oo, it follows from (3.15) that

on[d/4,1 —6/4]

kRo/4
1+kR5/4

for R large and

~ ~ p-l1
— (@) > Aul™" = An"! (%) > uin”' on (61, 65), (3.18)
u

for R large.
Case 1. a,c > 0. Then ui is a supersolution of (3.17) in view of (3.13) and (3.18).

Case 2. ac = 0. If a = 0 then (3.7) gives u’'(0) = 0. Combining (3.14)—(3.16), we deduce that for R
large,

01 0 /4 B 0/2
~o(u (81)) = — (%WWz—f %&ﬂf w0
0 0 3

/4
i.e., u'(0y) < 0. Similarly if c = 0 then u'(1) = 0, and

1 1 _pl-o/4
mwmm:—jk%wa—f 7ﬁ%j‘ W0
02 1-6/4 1-6/2

i.e., u'(02) > 0. Since au(6;) — b’ (61) > 0 and cu(6,) + du'(6,) > 0, it follows from (3.18) that u is a
supersolution of (3.17).

Since ¥; < 1 < u on [0;,0,], the existence of a solution v to (3.17) with ¥y < v < & on
(61,0,) follows, which is a contradiction. Thus (ii) holds. By Amann’s fixed point theorem [1,
Theorem 12.3] , A, has a fixed point u € E with |||l > 0. Using & = 0 in (ii) and (3.8), we obtain
u(t) > oogp(t) fort € [0, 1] i.e., g(max(u, ogp(t))) = g(u) and therefore u is a positive solution of (1.1),
which completes the proof. O
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Appendix A

We provide here some inequalities regarding the operator ¢,.

Proposition A.

(i) po(x +y) < M(¢o(x) + ¢.(y)) for x,y > 0, where M = 2mx(pP=2.0),
(ii) ¢ (mx) < m#T -\ (x) form > 1,x > 0.
(iii) ¢s(cx) < P ¢ (x) forc > 1,x > 0.

Proof. (i) Let x,y > 0. Since the function 7" is convex on [0, o) for r > 1,

i.e.

(x+y)rS X +y
2 2

b

(x+y) < 2N+ ).

On the other hand if 0 < r < 1, we have

(x+y) <x"+)y.
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Hence for r > 0,

which implies

(X +y)r < 2max(r—1,0)(xr +yr)’

Pe(x+y) = (x + )" + g(x + )
< 2max(p—2,0)(xp—l + yp—l) + 82max(q—2,0)(xq—l + yq—l)

< 2"XP20 (o (x) + ()

i.e., (i) holds.

(ii) Let z > 0 and ¢ > 1. We claim that

Indeed,

p(c2) > ¢ §(2). (A.1)

Pe(cz) = " P F ect I > T gL (2)

1.e., (A.1) holds. Let m > 1, x > 0. Then by using (A.1) with ¢ = m#T and z= gb;l(x), we obtain

$e (167 (1) 2 m (7' (x)) = mx

i.e., (ii) holds.
(iii) Let c > 1 and x > 0. Then

bo(cx) = PP 4 ect X < PP 4 exth

1.e., (ii1) holds.
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