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1. Introduction and results

In 1952, Calder6én and Zygmund [1] introduced the concept of singular integral in the study
of elliptic partial differential equations and proved the existence of singular integral. Later,
Calder6n and Zygmund [2] studied a class of singular integral of convolution type and proved the
LP-boundedness (1 < p < o).

In the classical Calder6n-Zygmund theory, the Hormander’s condition [3]

f IK(x—-y)— Kx)dx < C, Vy#0. (L.1)
[x|>2]y]

plays a foundational role in Harmonic analysis. As the development of singular integrals, the kernel K
which does not satisfy the condition (1.1) has been extensively considered. In [4], Grubb and Moore
introduced a variant of Hormander’s condition

f| VK= - D B,(0¢,(0)ldx < C, (1.2)
x|>2[y]

J=1
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where B; and ¢; are appropriate functions and proved the L”-boundedness for the singular operator
with kernel satisfying (1.2).

Later, Trujillo-Gonzalez made the kernel’s conditions stronger and established the weighted L”-
boundedness of singular integral operator as below.
Theorem A. [5] Let K € L*(R") satisfy

(K1) [IKll < Co,

(K2) [K(x)| < &,

(K3) there exist functions B;---8B,, and ® = {¢,---¢,} € L*(R") such that Idet[¢j(y,-)]|2 €
RH(R™),

(K4) for a fixed y > 0 and any |x| > 2|y| > 0,

N P
IK(x =) - ; Bi(09,0)] < Cor— . (1.3)

For any f € C°(R"), we define the singular integral operator T related to the kernel K by:

T = [ Ke=nfo.

Let 1 < p < o0, w € A, then there exists a constant C > 0, such that

ITf(OPwx)dx <C | |f(0)Iw(x)dx.
R7 R7

Remark A. When m = 1, Bi(x) = K(x), ¢1(y) = 1, then (1.2) is exactly Hérmander’s condition
and (1.3) is the classical Calderén-Zygmund kernel.

With the development of singular integral operators, their commutators have been well studied.
In 1976, Coifman, Rochberg and Weiss [6] established the boundedness of commutators on some
LP(R")(1 < p < o0). Let b be a locally integrable function on R"” and let 7 be a Calder6n-Zygmund
singular integral operator. Consider the commutator 7, defined for suitable functions f by

Tpf(x) = b(OT f(x) = T(bf)(x).

In 2004, Zhou [7] proved that the commutators generated by the singular integral operator and
a BMO function are bounded on Hardy spaces. In 2009, Kong and Jiang [8] got the boundedness
of commutators generated by the singular integral operator with a homogeneous kernel and a BMO
function on weighted Hardy spaces and weighted Herz spaces. In 2010, Liu [9] showed that the
commutators generated by the singular integral operator and a BMO function are bounded on Herz-
Hardy spaces. For more information about this topic we refer to [10-13].

In 2012, Zhang [14] studied the commutators generated by the singular integral operator satisfying a
variant of Hormander’s condition and a BMO function are bounded on Hardy spaces. In 2015, Xie [15]
discussed the boundedness of multilinear operators from Lebesgue spaces to Orlicz spaces when the
kernel K satisfies the conditions (K'1)—-(K4). In 2017, Pan [16] obtained the boundedness of multilinear
operators satisfying a variant of Hérmander’s condition on Morrey spaces.

Motivated by these results, we will study the boundedness of commutators generated by the singular
integral operator satisfying a variant of Hérmander’s condition and a weighted BMO function on some
function spaces in this paper. Now, we state our main results as follows.
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Theorem 1.1. Let T be the singular integral operator with the kernel K satisfying (K1)-(K4).
Let y be as in K4. Suppose that u € Ay, < p £ 1and b € BMO,. Then T} is bounded
from H (1) to LP(u' 7).

Remark 1.1. When we take m = 1,8,(x) = K(x),$:(y) = 1, then the commutator generated by the
classical singular integral operator and a weighted BMO function is bounded from H (1) to L (u').
Theorem 1.2. Let 7 be the singular integral operator with the kernel K satisfying (K1)—(K4). Suppose
that u € A; and b € BMO,. Then T, is bounded from Hg(u) to weak L'(R"). That is to say, for
any A > 0, there exists C > 0 such that

_n
n+y

C
fx e R" DT, f(0)] > A} < Tl

Remark 1.2. When we take m = 1, 8;(x) = K(x),¢1(y) = 1, then the commutator generated by the
classical singular integral operator and a weighted BMO function is bounded from H!(u) to weak
LY(R™).
Theorem 1.3. Let T be the singular integral operator with the kernel K satisfying (K1)—(K4). Suppose
thatu € A;,0 < p < 00,1 < g < o0, —%6 <15 <nd-*%andb € BMO,. Then T, maps K" (u, 1)
continuously into K (u, ' 9).
Remark 1.3. When we take m = 1,8,(x) = K(x),$:1(y) = 1, then the commutator generated by the
classical singular integral operator and a weighted BMO function maps K;”(u, i) continuously into
K27 (1,179,
Theorem 1.4. Let T be the singular integral operator with the kernel K satisfying (K1)—(K4). Suppose
thatpy € A, 0 < p<1,1<g<eco,n=nd-%qé+ 1andb € BMO,. Then T, maps K2 (u, )
continuously into WK"" (u, ' ~9).
Remark 1.4. When we take m = 1, B1(x) = K(x),¢,(y) = 1,n =nd— g, then the commutator generated
by the classical singular integral operator and a weighted BMO function maps K" (u, 1) continuously
into WK (u, ' ~9).

Throughout this paper, we denote by p’ the conjugate index of p, that is i + ﬁ = 1. The letter C,
sometimes with additional parameters, will stand for positive constants, not necessarily the same at
each occurrence but is independent of the main parameters.

2. Preliminaries and lemmas
Firstly, let us introduce some important notations that will help us further.

Definition 2.1. [17] A non-negative locally integrable function is called a weight function. Let w be a
weight function, 1 < p < co. If there is a constant C > 0, such that for any ball B c R”",

(1 f (xd )(1 f () 7d )p_1<c

— | w@dx)|—= | wx)71dx|] <C,

|Bl Jg |Bl Jg

then we say w € A,. We say w € Ay, if there is a constant C > 0, such that for any ball B C R”,
1
— fw(x)dx < Cw(x),a.e.x € R".
|Bl Jg

A weight function w € A, if it satisfies the A, condition for some 1 < p < co. The smallest constant
satisfying the fomulas above is called A, constant of w and we denote it by [w]a,.
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Forl < p<g<oo,wehave Aj CA, CA;and A, = U5 1A,
Definition 2.2. [5] Given a positive and locally integrable function g in R”, we say that g satisfies the
reverse Holder RH,, condition, in short, g € RH(R"), if for any cube Q centered at the origin we have

0<supg(x) < C— f g(x)dx
xeQ |Q|

with C > 0 being an absolute constant independent of Q.
Definition 2.3. [18] Suppose u € A.,. We will say that a locally integrable function b(x) belongs to the
weighted BMO, , that is
— | b bpldx < C <
sup (B)fl (x) — bpldx o0,
where the supremum is taken over all balls B ¢ R”, u(B) = fBu(x)dx, the smallest constant C is
denoted as ||b|l. ..
For 1 < p,q < oo, we have

1

1 »
Clllbllw_sup( (B )flb(X) bBIP,U(X)]_”dX) < Gl|bll. -

Similar to the definition of the Hardy space related to @ in [19] , we define the weighted Hardy
space related to ®.
Definition 2.4. For 0 < p < 1,w € A, and ® = {¢y,--- ,¢,,} € L(R"), a function a(x) is called an
w — (p, 00, ®) atom centered at x, if

(1) suppa C B(xy, r) for some xy € R" and r > 0,

@) llall < w(B(xo, 1) 7,

3) [, a(dx = [, a()¢;(x - x0)dx =0,j=1,2,--- ,m
Definition 2.5. For 0 < p < 1 and w € A, we say that a distribution f on R”" belongs to the weighted

N

Hardy space Wq’;(w), if in distributional sense, it can be written as f =} A;a; , where each a; is an
j=—N

w — (p,c0,®) atom, N € N, 4; € C and Z |4;[P < co. Moreover,
2N

N 1

Wl =, inf (D 1p)’

2 djaj=f Jj=-N
j=—N

with the infimum taken over all decompositions of f.

Similar to the Definition 2.5, we define the weighted Hardy space related to ®@ and b.
Definition 2.6. For 0 < p < 1, w € Ao, ® = {¢1, -+, ¢} € L(R") and b is a locally integrable
function, a function a(x) is called an w — (p, o0, @, b) atom centered at x, if

(1) suppa C B(xy, r) for some xy € R" and r > 0,

@) llallzs < w(B(xo, 7)) 7,

3) [, a)dx = [, a(x)@;(x - xo)dx = [, a(0)b(x)¢;(x — xo)dx =0, j = 1,2,--- ,m.
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Definition 2.7. For 0 < p < 1 and w € A, we say that a distribution f on R" belongs to the weighted

N
Hardy space 7—(5 ,(w), if in distributional sense, it can be written as f = 2. Aja;, where each a; is an
j==N

w — (p,00,®,b) atom, N € N, 1; € Cand Z |4;|P < co. Moreover,
22N

N 1
Wlhig = int (D p)

Y djai=f Jj==N
j==N

with the infimum taken over all decompositions of f.

For k € Z, By = B(0,2%) and E; = B;\By_,. Let y; = Xk, denote the characteristic function of the
set £
Definition 2.8. [20] Let € R, 0 < p < o0, 1 < g < 00, w; and w, be non-negative weighted functions.
The homogeneous Herz space K¥ (w1, w,) is defined by

K} (w1, @) = (f € L, (R"\{0}, ) : [Ifll g7y < 00},

where || f]| K (wr.00) = { Z a)l(Bk) all f)(kllp ‘. }" with the usual modification made when p = co.

:—OO

Definition 2.9. [20] Letn € R, 0 < p < oo, 1 < g < 0o, w; and w, be non-negative weighted functions.
The measurable function f(x) belongs to the weighted weak Herz space WI'(;”7 (w1, wy), if

[Se]

1
w» [AW
Wl = 50 4 D on(B¥md, ¥} < e
>0 s

k=—

where my (A, ) = w,({x € E; : |f(x)| > A4}) with the usual modification made when p = oo .
Lemma 2.1. [18] Suppose that w € A;. Then there exist constant C;,C, > 0 and 0 < ¢ < 1 for each
measurable subset of B C R” such that

El wE) . (IE|
|B|Sw<B>SC(|B|)

Lemma 2.2. [8] Suppose that u € A; and b € BMO,(R"). Then there exists a constant C > 0 for each
measurable subset of B ¢ R” such that

,u()

lbws = bl < Cllbll

Lemma 2.3. [21] Suppose that u € A; and 1 < g < co. Then there exists a constant C > 0 for each
measurable subset of B C R” such that

f ,u(x)l_qu < ﬂ
2/+1B ~ Byt

According to [22], we have the following lemma :
Lemma 2.4. Let T be the singular integral operator with the kernel K satisfying (K1)-(K4). Suppose
that 1 < p < oo, u € A; and b € BMO,,. Then 7}, is bounded from L”(u) to LF(u'"?) .
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3. Proofs of theorems

Proof of Theorem 1.1. It suffices to prove that, for any u—(p, co, @, b) atom a, the following inequality
holds

I Tpallprqn-ry < C. 3.1

N
In fact, if (3.1) holds, then for any f = }) Aja; € 7—(£ »(u), where each a; is a u — (p, o0, @, b) atom,
j==N ’

since - < p < 1, we have
n+y

N 1
Il = ( fR 1Y ) ) ray)

=N

N 1
( f | " AT w7 ay)’
L —
N 1

»
<( Y wrima,,,.,)

j=N

N

< C( j; ujv’)’l’.

Then the proof can be completed by taking the infimum for all atomic decompositionns of f.
Now, we need to prove (3.1), suppose that suppa C B = B(xp, r). Write

1

||Tba||wp)s( |Tba(x)|Pu(x>1"’dx)”+( f |Tba<x>|Pu(x>1—”dx)”
2B (2B)°

=1 + L.

By the Holder inequality for ¢ > 1 and Lemma 2.4, we have

L < | |Tya(ldxu@B)r
2B

=( [ el ue) s ey
2B

S( . ITba(X)Iqﬂ(x)l‘qu)[l'( fz Bp(x)dx)"l'y(zg)é—l

1 1_
< ITpall -0 (2B)7 p(2B)? ™!
1 1_
< llallzoou(2B)7 u(2B)» ™
1 1 1_
< Cllalleopt(B)su(2B)7 u(2B) 7"

< Cu(B) »u(B)i p(2B)7 u(2B) ™"
<C.
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Let C; = 2K 1B\2*B

ped |

k=1 Cr

k

(Tua)O () Pdlx < i( . wacora)( [ uodz)
=1

Write

f (Tya)Wldx < f Ib(x) = byl Ta(oldx + f (b = bpa)®ldx
C

k Cy Cy
= 121 + 122.

For I, when y € B, x € 2! B\2*B, we have |y — x| ~ |x — x| > 2|y — xp/, by the vanishing condition
of a, we obtain

Ly = f |b(x) _bB|
Cy

< o= [ - y)—ZB(x )6~ x)fay|dy ax

<c [ bw-b f L f,lww(yndydx
Ci

< Cllall.|BR27 12 B f |b(x) — bpldx

2k+lp

< Cp(B) 727 2760 (k4 1) - 204 D(B) Bl
< Cllblluk + D2 u(B)' 7.

| K= yatay - > [ a8 s - o

For I,,, we have

122 < f
Cr

SC||a||m2_kyl2k”Bl_1flb(y)—bgldyf dx
B

2k+lp

| &G99 - batat)y = Y, [ a0)bO) - bal8 - 1)~ x|
B ‘= Js

< Cllallw2 P u(B)Ibll.,.
< ClIbll. .2 u(B) 7.

1 n
Since ey <P < 1,
1

Iz < C( Z(k + l)P . 2—k7p ',U(B)p_l ',U(zkHB)l_p)p
k=1

[ 1
< (Z(k+ 1)Poktn=np VP))
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Combining the estimates for /; and I,, we finish the proof. O

N
Proof of Theorem 1.2. We can write f = ), A;a; € Hy(u) with each a; being a p — (1, 00, @) atom
j==N

N
and }} |4;| < co. Suppose suppa; C B; = B(x;, r;). Write
j==N

N N
ITofOI < ) {416 = ba 1T a;(0xam, (0| + D, [T6) = ba 1T (N2, (4)
j=—N j=—N
J N J
" T( > b = bayla j)(x)
j=—N
= J]()C) + Jz()C) + J3(X).

By the Holder inequality and the Theorem A, we obtain
I[b() — sz,»]Taj('))(sz(')||Ll
< f |b(x) = bap ||ITa;(x)ldx
2B;

1

2
< 1T f p0) — b )" )
2B;
< llajll2om B2 1Bl
<C,
and

(B(-) — bag)Taj(-)xep) (L

< Z f |b(x) - b23j| f |K(x —5) - Z Bi(x —xj)pi(s — xj)||aj(s)|dsdx
= Jor1B\2kB; B, e

<C Y B2V B lajlle f Ib(x) - ba,ldx

2k+lB,-

IA

C > 277270 g || k2" u(2B))|IDll.. .

IA

Ds I £DMe T

c k2‘k7,u(Bj)_1,U(ZBj)||b”*’”

<C Y kb,

IA
~
I

C.

Thus, we have

N
xR 100l > /30 < C7 il < € ) i), 1= 1.2,
j=N
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Noting that
f 1b(y) = bag lla;(y)ldy < ClIbll. ,llallop(2B)) < C.
Bj

By the weak (1, 1) boundedness of T in [4], we obtain

{x e R": |Jz(x)| > A/3})| < CA™!

N N
DAl =bay|| <cat Yl
j=N L =N

Therefore,
3 N
lx € R" T, f()] > A < C ) Hx e R : i)l > /31 < CA' Y7 Il
i=1 j=-N
Taking the infimum over all decompositions of f, the proof is finished. O

Proof of Theorem 1.3. We only consider the case 0 < p < co. When p = oo, we can make appropriate
modifications.

o0 Jj-2 »
1Ty < € D) HBYE( D ITFx0 s
j k=—00

J=—00
00 j+1 »
M
+C 3 uBYF( Y ITrx o)
j:—oo k:j—l
(o8] (o8] p
+C 3 B Y IT el s)
Jj=—00 k=j+2
=L+ L, + L.
Firstly, we estimate L,. By Lemma 2.4
oo j+l
np
Ly<C Y BT Y Il < ClIlf e,
j=— k=j—1

Obviously

1

1 a
(b(x) = bg,) fE K(x=yf (y)xk(y)dy' u(x)l‘qu)

WTs(f XX jllaga-oy < C( f
E

J

+c(ij

= H, + H,.

1 7
K= )(60) = by )fOed| a2 "d)

Ei

Now, let us estimate L, for j > k + 2, by Lemmas 2.1-2.3, we have
1
Hy = Ml f 16x) — b, ')
E;

AIMS Mathematics Volume 8, Issue 11, 25714-25728.



25723

1 1
< Cz—f"ukanu@( f u(x)l-‘f’dx)“ ( f Ib(x) - kaI"u(X)l“’dx)1
By B;
. 1 1. ion(l—
< C27| ixrllaqo | Belu(Bi) s p(B;) e (j — k)21~0m1-0)
< C27in . gk Uk (Jj—k)- 2(j_k)n(l_(s)||f)(k||Lq(y)
< C(j = k295G fxalliagy,

and

Hy < C2" f |<b(y)—b3k>ka(y)|dy( f ) 1dx)
Ex E;

< C2 | il f 1b) = b 1) ) f ) d)’
By B;

< C2 fxellago(BT 1B lu(B) 7
< C2§(k_j)||f/\,/k||m(y)
= 299G o
= C2(j_k)(%5_n6)||ka||Lq(y)~
When 1 > 0, we have
T (X gy < C2E1G = 29705 o
= C2%=w (., O x il o
Thus

o j-2 . »
Li<C Y uBy¥( Y 2 WG s )

j:—oo k=—c0
o j-2 - )
XX pBO WP X, p=<l
<C Fo;wk:_jioz j-2 5
2 (S umrwWh b, 2 whb) 1
J=700 Y k==00 =-
<C Y uBI YNl > W ke
k=—co j=k+2

< ( 4 .
— ||f||KZ'p(ﬂ:/J)
When n< 0 , WE have

ITH(FxX laga-a) < C24 (G — k)29 PP~ fxallogo
= C2% P W, (j, N xll -

Thus
= np &2 : P
Li<C Y uBY¥( Y 24P WG Rl
Jj=—o0 k=—00

AIMS Mathematics Volume 8, Issue 11, 25714-25728.
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co  j-2

23 B WG R Il p<l
S C ]:—OO :—‘OO

00 j-2 » j-2 i
2 (2w WGl ) £ wiGh) 1

j=—00 \ k=—c0
1w . min
<C Y uBI Il D Wil kmeD
k=—c0 j=k+2
p
S C”f”KZJ’(#7ﬂ)'

Lastly, we estimate Ls, for k > j + 2, by Lemmas 2.1-2.3, we have
< 2l [ 100 = b’ vax)
E;

1

< C2 ol f u0'ax)’ f 60— b () )’
B B;

_1 . 1
< C27| fxallago | Belu(Bo) i (k = j)u(B,)7llbll.,,
< Clk = 290 fralliago

and
H, < cz—k"( f (b(y) - ka>ka<y>|dy)( f u<x>‘-qu)"
Ey E;
< C27|| fxilloqom(BO) 7 |Bjlu(B;) ™7
< 27" 25D el oo
< C297" D) s
< C29| fell oo -
Whenn > 0
. (i no
ITs(Fxx jllaga-a) < C2%7 Pk — 299D i1
= Cz(k_])néwz(j, NS x il o)
Thus

= np - i P
Li<C Y uB¥( Y 24wl bl s

j=—c0 k=j+2
T3 BT WAl kI Xl p<l
np . . »
3 (3 uBoF WG oIl ) £ wGiR) e
Jj=—00 \ k=j+2 k=j+2

00 k-2
<C Y BTNl D Wali, mneD
k=—co

Jj=—00
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< CIIfII

KyP ()

Similarly, when 7 < 0, we have

. (i no
ITs(fx )X illzagi-o) < C2%7P1(k — 29O el oy
= C2% MW N fxall g -

- np - ; P
LisC Y uB¥( Y 25" WaG bl )

Jj=—00 k=j+2
» kzszk)?Wg(j,k)pnkan'gq@ p<l
<c{" T . s
2 (3 umoFwiGRlpall,) E wGn)T pei
Jj=—00 \ k=j+2 k=j+2

(e8] k_2
<C Z ,U(Bk)%”f/\/knzq(ﬂ) Z Ws(Jj, k)min(p,1)
k=—c0

j=—o00

<lflr,., ..
< ||f||KZ.,w,#)

Then we finish the proof.
Proof of Theorem 1.4. For k € Z, we can write f as

k-2 00
f@ =) fom + Y fOn) = A + A,
I=—c0 I=k—1
Thus
T, fOOI < [T, i) + Th fo(0)),

and

P
||be||WKZ’p(/l,/~llfq)

(9]

<supd D (B ({v € B 1600 - b T ol > 5}

>0 j—
= pn /‘l s
#sup ¥ k;ouwk)wlq({x € B IT(B(0) - bu) )] > 5

N moy A\
rsupd” D uBOFu({x e B 1m0l > T})
k=—0c0

>0

=Gy +G2+G3.

By Lemma 2.4 and 0 < p < 1, we obtain

Gi=C Y ueo®( [

k=—c0 R”

P

|bez(x)|qﬂ(x)l_qu)q

AIMS Mathematics Volume 8, Issue 11, 25714-25728.
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r

< ckiuwk)’?"( fR AN

pn
<C ) BT (Ifxu-1llyeg, + ; AX )

k=—0c0

P (u(Bk_l)%muka_l||zq(m + (B 220 ’)Péﬂnfmlw) g6 > 1
<C{ET

k_Z (,u(Bk )5 2P| £y 1/ +,u(B,)pr' Z 2= ’)P”Hf/\/z“w)) go <1

<C Y uB) Xy,

|=—00

< ClIfIE,
— ||f||Kq” (/“‘a/l)

For Gy, by the Holder inequality and Lemmas 2.1-2.3, we have

G <C i u(Bk)‘i”(f

<C' 3 B IAIL f b() ~ by () ~7dx)

k=—oc0

q ;
) [ K= fi0| e va]

<C Z 2B Z Xl | BA” (B (B

[=—c0

<c Z KBl S

k=1+2
< U0,

D (k=Dpn(6-1) qo > 1
2(k Dpn[(6—-D(1+ ,)]

qo <1

For G,, by Lemmas 2.1-2.3, we have

G,<C u(Bk)’?f’( f
k:Z:—oo Ej

<C ), SIS f I(b(y) - ka>f<y>xl(y>|dy) ( fB (o' )

k

P

q q
K(x = »)(0O) - ba)fi <y>dy\ (o1

Rn

k=—00 |=—c0

<C > 2tuBy™ Z Xk = DP (BT 1B (B
k=—0c0 I=

np
- : 27 k=he=D 5> 1
o — Iy d
scl;om&) Ll q(ﬂ)kzl;z(k 0) {2np6(k o) .
< Cllf Wy,

Then we finish the proof.
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4. Conclusions

Some new weighted inequalities for commutators related to singular integral operator satisfying a
variant of Hormander’s condition are proved. Our results further generalize the corresponding results
in [8] and include the unweighted case.
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