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1. Introduction

1.1. Bilinear w(t)-type Calderon-Zygmund operators

In 1985, Yabuta [1] proposed the definitions of @w(¢)-type Calderén-Zygmund operators, he
introduced certain w(f)-type Calderon-Zygmund operators to facilitate his study of certain classes of
pseudodifferential operators. After that, Maldonado and Naibo [2] established the weighted norm
inequalities for the bilinear Calderén-Zygmund operators of type @ () , and applied them to the study
of para-products and bilinear pseudo-differential operators with mild regularity. In 2009, Lu and
Zhang [3] established the a number of results concerning boundedness of multi-linear @w(¢)-type
Calderén-Zygmund operators. we recall the so-called @ (f)-type Calder6n-Zygmund operators.

Let @ (): [0, 00) — [0, 00) be a nondecreasing function with 0 < @ (1) < co. For @ > 0, we say that
@ € Dini(a) if

1 a

t

[T |Dinie) = f wt( )dl < 0o, (1.1)
0
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It is evident that for O < a; < a», there is Dini(a;) < Dini(a;). If @ € Dini(1), then

o 1
. t
> @)~ PO 41 < oo,
0 o !

here and in what follows, for any quantities A and B, if there exists a constant C > 0 such that A < CB,
we write A < B. If A < Band B < A, we write A ~ B.

A measurable function K(-,-,-) on R” X R" X R"\{(x,y1,y2) : x = y; = y,} is said to be a bilinear
@ (t)-type Calderon-Zygmund kernel if it satisfies: for all (x,y;,y,) € R” with x # y;, i = 1,2, if there
exists a constant A > 0 such that

2
[K(x, y1,2)| < AW(Z e =y, (1.2)

i=1
and for (x,y;,y,) € (R")? with x # y;, y», and

—2n

k-2 \[~
IK(x,y1,32) = K(2,,31,32)] < Aw(z—) [Z =yl (13)

whenever 2|x — z| < max{|x — yi|, |x — y,}.

Definition 1.1. ([2]) Let @ € Dini(1). One can say that T, is a bilinear @w(¢)-type operator with the
kernel K satisfying (1.2) and (1.3), for all f; ,f>, € CZ(R"),

To(f1, 2)(x) = f K(x, y1,y2) i) 2(2)dyidys, x & suppfi N suppfo. (1.4)
R

R

1.2. Products of weighted Herz-Morrey spaces with variable exponents

In the following, for each k € Z, we define B, = {x € R" : |x| < 2}, Dy = Bi\Bi_1, xx = Xp-m =1,

Xo = XBy-
Given a function p(x) € P(R"), the space LP™(R") is now defined by

p(x)
||f||Lp<»)(Rn):inf{n>o: f (@) dxsl}.
R)’l

Denote P(R") to be the set of the all measurable functions p(x) with
p- =:essinf p(x) > 1
xeR”?

and

P+ =: esssup p(x) < oo,
xeR"

and B(R") to be the set of all functions p(-) € P(R") satisfying the condition that the Hardy-littlewood

maximal operator M is bounded on LFO(R"), P°(R") the set of all measurable functions p(x) with
p->0and p, < co.
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The space Ll’;(c')(R") is defined by

LPO®RY = {f frox € LPO(R™) for all compact subsets K € R"},

loc loc

where and what follows, ys denotes the characteristic function of a measurable set S C R”.
Let p(-) € P(R") and w be a nonnegative measurable function on R". Then the weighted variable

exponent Lebesgue space LP")(w) is the set of all complex-valued measurable functions f such that
fw € LY. The space LPY)(w) is a Banach space equipped with the norm

”f”Ll’(')(a)) = || fwllpro.

Let f € L\ (R"). Then the standard Hardy-Littlewood maximal function of f is defined by

MF(x) = sup — f f()dy, VxeR",
X€EB |B| B

where the supremum is taken over all balls containing x in R".
Definition 1.2. ([4]) Let a(-) be a real-valued function on R”.

(i) For any x,y e R", |[x —y| < 1/2, if

2() = 00| S fo

then a(+) is said local log-Holder continuous on R”.
(i1) For all x € R”, if

la(x) — a(0)] < m,

then a(-) is said log-Holder continuous functions at origin, denote by ‘Pg’g(R”) the set of all log-Holder
continuous at origin.
(ii1) If there exists @, € R, for x € R", if

— < -
|(x) — ol S loge + 1)’

then a(-) is said log-Holder continuous at infinity, denote by PER") the set of all log-Holder
continuous functions at infinity.

(iv) The function a(-) is global log-Holder continuous if a(-) are both locally log-Hdélder continuous
and log-Holder continuous at infinity. Denote by P°¢(R") the set of all global log-Holder continuous
functions.

Let w be a weighted function on R”, that is, w is real-valued, non-negative and locally integrable. w
is said to be a Muckenhoupt A; weight if

Mw(x) S w(x) a.e.,xeR"
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For 1 < p < oo, we say that w is an A, weight if

su (1 fw(x)dx)(l fa)(x)l_"/dx)p_1 < 0o
5 \IB 1B] |

Definition 1.3. ([5]) Let p(-) € P(R"). For some constant C, a weight w is said to be an A, weight, if
for all balls B in R” such that

|B|||(U)(B”LP<>(R”)“(U XB||L1’<>(R”) <C

Lemma 1.1. ([5]) If p(-) € P¢(R") N P(R") and w € A, then for each f € L'(w),

(M ol < [l fwllpo,

Before give the definitions of the weighted Herz space and Herz-Morrey space with variable

exponents, we also need the notation of the variable mixed sequence space ¢(LF"), which was firstly
defined in [6]. Let w be a nonnegative measurable function. Given a sequence of functions {f;} ez, we
define the modular

Prarowy((fi);) = Zinf {4, : f (M)pm <1

jEZ R /l q(x)

where A5 = 1. If q" < o or gq(-) < p(-), the above can be written as

p[q(LIJ(~>(w))((ﬁ),j) = Z ||fjw|q(.)||Lf,% )

JEZ
The norm is 7
1D, = inf i > 0 prw(() < 1}

Definition 1.4. ([7]) Let p(-) € PR"), g € P°(R"). Let a(-) be a bounded real-valued measurable
function on R”. The homogeneous weighted Herz space K ()q( )(w) are defined by

Krt) @) = (f € LD@N0),0) : fllgonog,y < o,

where
_ (270
/1 KO0 ) = I X D illo g 1500,

Lemma 1.2. ([7]) Let a(:) € L*(R"), p(-), q(-) € P°(R") and w be a weight. If a(-) and g(-) are log-
Holder continuous at the origin, then T

||f||Ku<>q<>(w) 1A llgess 4 -

Additionally, if a(-) and ¢(-) are log-Holder continuous at the origin, then

ka(0 (0) © koo (0) oo
Wl = (D120 Ll D) + (3 12 el

k<0 k>0
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Definition 1.5. ([8]) Let p(-), g¢(-) € P°(R"), A € [0,1). Let a(-) be a bounded real-valued measurable

function on R". The homogeneous weighted Herz-Morrey space M I'(Z((f)),’j(') (w) are defined by

MK @) = {f € L] R'VOL ) : Ifllygeogo,) < o0k

where
—LAy|Aka()k
I ko900 = SuP 2R sl
p(),4 LeZ

1(LPOw)

Lemma 1.3. ([8]) Let p(-), g(-) € P°(R"), w be a weight, A € [0,0) and @ € L(R"). If a(-), g(-) €
PrER") N PRER"), then for any f € LIV R\ {0}, w),

loc

~LAj ke (0
1] MEYO40 () ¥ max{ sup 2771(2 ol )fX k<Lllio Lo (wy)s
PO L<0,LeZ

—-LA ka(0) -LA ko L
sup [ Pt e, + 2 I Ol |
>0,

where and hereafter, gy = g(0).

Lemma 1.4. ([8]) If p(:) € P¢(R") N P(R") and w € A, then there exist constants 61,0, € (0, 1),
such that for all balls B in R” and all measurable subsets S C B,

) , )
s Il2r6 () - (lSl) C sl o - (ISI) 2
ysllrow ~ \IBI) sl 01, ~ \IBI '

2. Background knowledges and notations

Before proving the main results, we need the following lemmas.

For 6 > 0, we denote [M(|f |5)]% by M. Let f € LIIOC(R"). Then the sharp maximal function is
defined by

1
M* F(x) = sup — f ) = foldy,
) Q 0

where the supremum is taken over all the cubes Q containing the point x, and where as usual f, denotes
the average of f on Q. we denote [M*(|f]°)]5 by ME.

Lemma 2.1. ([3]) Let 7, be a bilinear w(?)-type Calderén-Zygmund operator with @ € Dini(1) and

let0 <6 < % Then, for any vector function f = (f1, f2), where each component is smooth and with
compact support, the following inequality holds

MY(T(fi, L)(X) € M(f)@M(f)(x).
Lemma 2.2. ([9]) Let 0 < p, 6 < o0 and w € A.. There exists a positive constant C such that
f [Msf(x)]Pw(x)dx < f [ME£(x)IPw(x)dx
Ril Rn
for every function f such that the left hand side is finite.
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Lemma 2.3. ([10]) Let p(-), p:i(), p() € P°(R") such that ﬁ = pf(x) + pf(x)- Then for every f €
LPO@R") and g € LP?O(R"), there exists

If&llero < 1A llmoliglmo

If p e PR"), w is a weight with w = w; X w,, there exists

IIfgIILw(w) < ||f||m<<>(w])||g||m<~><w2)-

Lemma 2.4. ([11]) Let 0 < p < o0, § > 0. Then for non-negative sequence {a j};‘;_m, there exists

(S(Z ) < S e
j=—c0

Jj=—00 k=—o0

when p = oo, above inequality stands for

(o)
—lk—ji°
E (2 ay) S supa;.
JEZ

k=—0c0

Lemma 2.5. ([12]) Assume that for some p, € (0, o) and every wy € A, let ¥ be a family of pairs of
non-negative functions such that

[ reomantes [ aronds (o< @1
n Rn
Then for all 0 < p < oo and wy € A,
f F@)Pwo(xdx < f o0 wy()dx, (f.g) € F.
R? R”

Furthermore, for every p, g € (0, ), wy € A, and sequences {(fj,g;)} € F,

](gm))q (]Z(g’))q

Lemma 2.6. ([8]) Assume that for some p, and let F be a family of pairs of non-negative functions
such that (2.1) holds. Let p(:) € Py(R"). If there exists s < p_ such that w* € A,» and M is bounded

<
LP(wo)

(2.2)

LP(wo)

on L% (w™*). Then for every g € (1, 00) and sequence {(f}, g)} jan C F

| (;m))q

Lemma 2.7. ([13]) Let p(:) € P(R"), and w be a weight. If the maximal operator M is bounded both
on L(w) and L? O(w™), ¢ € (1.00), then

I g(Mﬂ)‘Z)’l’ (2 )
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Lemma 2.8. Let T, be a bilinear Calderén-Zygmund operator with @ € Dini(1) and p(-) € £y such
that there exists s < p_ such that w* € A,y and M is bounded on Sl (w™). Suppose that w = w; Xw,
andw; €A,, i=12.If p; PR N PR (i = 1,2) satisfying
1 1 1
= +
@) pi(x)  pax)

for x € R". Then for compactly supported bounded functions f/, fzj € LP°(R"), j € N such that

> )| < I
=1

LPO)(w) izl
where g; € (1, 00) fori = 1,2 and

00 1
i

(2

2

LPiO(w;)

1 1 1
-—=—+—.
qg 91 42

Proof of Lemma 2.8. Since flj , fzj are bounded functions with compact support, T ( flj , fzj ) € LP(R")
for every 0 < p < co. With Lemmas 2.1 and 2.2, Lu and Zhang [3] showed that for all w € A,

T (fi, L)Y wx)dx S | (M fitx)M f2(x))’ w(x)dx.
Rn

Rn

Therefore, by Lemmas 2.5 and 2.6, we have
) 1
P q
(> et s
j=1

I 1 1 1 1 1
+

<
LPO(w)

( 3 IMﬁj(x)Mfzj(x)Iq);
=1

LPO(w) .

Since

a9 @ @ P pop
and w = ww,, together with Holders inequality, Lemmas 2.3 and 2.7, we have

(o)

2 1
< J1ai) %
LrOw) "~ El ”(Z IMf] )
1

=1

L)

(3 magicom gicor)’
=1

(o8]

: .
< 1;[ H( Z:; |flJ|q,)f/z

L0y’
We complete the proof of Lemma 2.8.
3. Boundedness of the vector valued bilinear w(7)-type Calderén-Zygmund operators

Theorem 3.1. Let T, be a bilinear w-type Calderon-Zygmund operator with @ € Dini(1), p; and
P2 € PR N P¢(RM) santisfying

L S
p(x)  pi(x)  pax)
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and p(-) € Py such that there exists s < p_ such that w* € A,y and M is bounded on L (w™), where
w = wiw; and w; € Ay, i = 1,2. Suppose that 3

a() € LR N PR NPERY,  @(0) = a1(0) + ax(0),

Too = Ao + Wreo, () € PYER™) N PERD),
11 1 11 1

= + s _= — 4+ R
g0 q1(0)  ¢0) Go Gio Goroo
A=+, 0<A <o, 61,060€(0,1)

are the constants in Lemma 1.4 for exponents p;(-) and weights w;(i = 1,2). Let r; € (1, 00) and

I 1 1
—=—+—.
r r r

If A —ndj1 < oo, CU,'(O) < ndp, then

= ! 2 ~ r
H(ZA'Tw(flj’fzj)lr)'Hw;g;;gm <[] S
= |

i=1 j=1

MKH()q,()( )

forall f/ € MK\ " (w;), jeN,i=1,2.

Proof of Theorem 3.1. We only consider bounded compact supported functions for the set of all
bounded compactly supported functions is dense in weighted variable Lebesgue spaces (see [13]). Let
f{ and f} be bounded functions with compact support for v € N and write

7= foa- Zfz, i=1.2veN.

|=—c0

By Lemma 1.3, we have

~ max{ sup 2° MH(Qk“(O)(Z|Tw(f1af2)|)’Xk)

- (-),q()
MKp(-),/l ) L<0,LeZ

IS im0
v=1

k<LI1£90 (LPO) (w))

sup_[27(( 2’“’<°>(Z Tl P 2

L>0,LeZ
1
) ),
k=0

k<0190 (LPO) (w))

40 L/lH 2kaoo Z ‘Tw(f] )

£ (Lp(l)(w))]}

= max{E, F},
where
s 1
E = su 2L/1H 2ka(0) 'w , r ’
L<0, EZ ; (f] f2 ) k<L ¢90 (LPO (w))
F = sup {G+ H},
L>0,LeZ
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) )
) ),

Since to estimate G is essentially similar to estimate E, it is suffice to obtain that £ and H are
bounded in Herz-Morrey space with variable exponents. It is easy to see that

G = 2 L/IH 2ka(0) Z'Tw(f] )

£90(LPO(w))

H

(2 Z 7o 1)

2800 (LPO (w))

where
Ll N oo N XK WYy
El = Sup 2 ( Z 2 (Z Z Z Tw(fll’fZJ ) Xk §3.0) )
L<0,LeZ k=—o0 v=1 [=—co j=—c0 )
VRN kO] Ny o A T
E2 = sup 2 ( Z 2 (Z Z Z TW(fll’ fZJ) ) Xk L[)(»)(W)) ’
L<0,LeZ k=—c0 v=1  I=—co j=k—1
—LA L ka(0)g(0) - < N v v r )l ©) q(IO)
CERTE U DIELCL 3 DIP IRV P9 il
L=0,LeZ k=—o0 v=1  I=—co j=k+2
_ y-La N A ka(0)q(0) SIEsR s N I O
Ey= sup ( Z (Z Z Z T (i 12)) ) Xk LP(')(W))
L<0,LeZ k=—oc0 v=l  [=k-1 j=—co
o ) L,1 2ka(0>q(0) 00 k+1  k+1 . 4 q(lio)
5 = Sup W(fll’ f2] L1’<‘)(w) ’
L<0,LeZ k_—oo v=l  I=k-1 j=k-1
L/l ka(0)g(0) SIESIRS PO e
Eg= sup 27 Z 2 (Z Z Z To(fip 12)) ) U’(‘)(w)) ’
L<0,LeZ v=1 [=k—-1 j=k+2
o @ ko (U
L/l ka(0)g(0 |k 70
E; = sup 27 Z 2k )q() Z | Z Z To(fiis 1)) ) PO )1 ’
L<0,LeZ v=1 I=k+2 j=—co L)
L/l ka(O)q(O) N SHS POy
ES = sup 2 Z 2 Z‘ Z Z T‘w(fl[a fzj ) 'Ll’(‘)(w)) ’
L<0,LeZ v=1 [=k+2 j=k-1
Eo = - L/l 2ka(0)q(0) T 40 qT»
9= sup W(fll’le Xk LPU(w) ’
L<0,LeZ k——oo v:l I=k+2 j=k+2
L 00 k-2 k-2 1 1
H _ 2—LA 2]((1’00(/]& T i V ; =
1= = ([ 10 fz i Xk >
L0 (w )
k=0 v:l [=—0c0 j=—0c0
L o k=2 k+1 ! i
_ ‘“(22/‘““%" (Z‘ Z (" fv)r); 9o )qTo
H,= 2 a1 J2) ) Xkl o)
k=0 v=l I=—co j=k-1
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. o k=2 rl © o\
H, = 2—Ld(;2k(lw%) (; l;oj;Z To(fi1r 12)) )er ;(-)(W))qm’
L oo k+l k=2 ryd = i~

H, = 2—L/l(;2k%o%o (Z} l;1 j:Z_oo Tw(flvl’ fZVJ) )r)(k Lp(-)(w))qm’
. . k o kil ktl N

He= 2 (; Ykareages (; l;1 j;l Tw(f]"l’fzvj) ) Xk Lp(,)(w))”‘”a
L o k+l o ryl o0 =

He = Z_La(;zk"mqm (VZ] 1=Zk—:1 j;Z Talfiv 21 )er ;-)(w))q ’
L o o k=2 rol - -L

= 2 (Y3 57 3 et Vol )
L o oo k+l ryl w0 L

Hg := 2_“(;2]@‘”% (; I=Zk+:2j;1 To(fin 1)) )X" (L]m-)(w))q ’
L o> X Y o =

We will use the following estimates. If [ < k — 1, by Holder’s inequality, Lemma 1.4 and
Definition 1.3, we have

(XS f (ilﬁ?l”')’l"dyixk
R

—k
c2 | |XBk | |Lm<‘>(w,.)

e 1
N7 1
(X ) ] e
v=1

LPiO(wy)

ki 1 N #

—kn - VT \ i
< 2Bl o, o (16T el

! v=1

I-k)né: N W

< C2( —k)nda; (Z |f;_vlr,-) l/\/l“ ) ) (3.1)
N LPiO(w;)
V=

If [ = k, then

(o) 1
—kn : v\ i
H2 L"( |fll| ) dyl)(k”]}i(')(wi < 2 |IXBk||LPi(')(w’.)
v=1

i 1
v \ i -1
(Z v l) tWinHLpi(_)”XlWi Il 70
v=1

sl 1
—k A\
< 2 Mmoo | 16T el
! v=1 '
had 1
< v r,')"i H
< H(Z}w o (3.2)
y=

If ] > k+ 1, then
[ fR ,, (1) dvc
v=1
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—k
< C2 n”XBk||Lpl()(wl)|IXB[||UI()(w )”/VB]”LP,()(W)

xlmllw»(w,.—uH(Zlffl"‘)"’xz

(I- k)n(l =01i H

L0 w)

8

VI|Ti

< C2 (3.3)

rl
1 .
Xl
V=

Reverse the order of f; and f5, it is obviously that the estimates of E,, E3 and Ej are similar to those of
E4, E; and Ejg, respectively. Thus We just need to estimate E,—E3, Es, E¢ and Ey.
For Ey, since [, j < k— 2, then fori =1, 2,

lx = yil > |l = [yi| > 21 —2minthh > 2k2 0 x e Dy, yy € Dy, y2 € D
Therefore, for x € D, we have
IK(x, y1,y2)l < C(I1x = y1| + [x — y2) 7" < €274

Thus, for any x € D; and 1,j < k — 2, we have

f f OIS (02l o
e Jro (16 = il + 1x = yal)? Y162

ﬁﬂffmwmwmmmz
R JR"

A

IT(f )

AN

Hence, together with the Holder’s and Minkowski’s inequality, we have

oo k-2 k-2 1
(22 27wl el
00 k-2
S (Z sz LA DIdy Z 2 knf 1£2;02)ldy2)" )r)(kHL”“( )
v=1 =0 J=e
) k
< Z:; 002 o f fnldy) )%Xk L1OGm)
00 k-2
XH( Z Z 27 L,, |f2vj(Y2)|d)’2)r2)é)(k”m(')(wz)
=1 j=—co
k-2

A
Ngk
[\.)

anmew “dvoa] 0
5 1
xu Z 27 fRn (Z 13,02)1")” dyax
V=1

Jj=—c

|=—c0
k—

(3.4)

L0 ()

Since
1 3 1 1

70~ 410) " 42(0)

and A=A, + Ay,
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by Holder’s inequality, we have

L k-2 o
— (04 —Kn vV r L g
E, < sup 2 “( Z 2k (O)q(O)H Z 27" f(z Lol Tdyxk
k=—00 [=—00 R7 v=1

L<0,LeZ LP1O(wy)

k=2 o0 .
S PE fR (Z 3,021) " dyaxa
j=—o0 =1

q(0) ) ﬁ
L720(wy)

< sup 27Mtx 2ke1(0)g1(0) 7= knf 4 H s
Lso,iz (Z I Z (Z A0 T dy e 11Oy )
1 1
X sup 27 x Dk 020y Nk f B ) dyar [P0 )7
L<0, ll?EZ (Z JZ_OO Rn(vzz; fZ](yZ Yo Xk LP2()(w2))
= El,l X E1,2-

For convenience’s sake, we write

L k-2

i(0) =

El,i = sup 9-LA; X{ Z 2kai(0)4i(0)H Z 2—knf Z |fl(yl)|rl dlequ ‘11(0)
k=—o0 [=—00

L<0,LeZ LPiO(w; )

For nd;; — a;(0) > 0, by (3.1) and Lemma 2.4 we have

)q,-(O) } )

Lpi(')(W[)

k=2
E;, S sup 2 La, Z 2kai0)ai0) pio 5 Z (ks

L<0,LeZ

(2 )y
k=—c0 —
ap 7| 5 (5 WS, 2

L<0,LeZ [ .

- 1 1
7 ql(o) -0
o ap o 5 om0yt 0
L<0,LeZ e p— LPi%(w;)
> 1
)
~ i i ()4 () ’
- MKPi(')Ji (wp)

I=lindn=ai(0)) = 2-lk=llei for g, = nd,, — ;(0) > 0, then we have

” Zlf] |r1 r1 MKQI(){“() H Zllerz r2

To estimate E,, since [ < k—2,k—1< j < k+ 1, then we have

where we write 2~

@7 (1),g2() :
MK 02 w)
k=2
lx = yal 2 [x =yl 2 x| = [yi| 227, x €Dy, y1 €Dy, y, €D,;.
Therefore, for x € Dy, we have

[K(x, y1, y2)l < C(lx = yi| + |x = y2|)_2” < CQ %n,
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Thus, forany x € Dy, [ <k—-2,k—1< j<k+ 1, we have
f DI
R’l Rﬂ (

|x = yil + [x = y2)*
2% [ [ o0 ok
R JR2

Combining the Holder’s with and Minkowski’s inequality, hence we obtain

A

T (fi L) dy,dy,

A

o k=2 k+l
Z ‘ Tw(fll’ fZJ LP(’)(W)
v=1 [=-oco j=k-1
. i k+1 '
—kn ~kn ;
< Z; ,Z z fR AODldyy Zkl]z f 70ldy2) ) oo
V= =— =
—kn
S Z Z 2 f |fll }’1)|d)’1 Xk L”l()(Wl)

k+1
Z 2" ""f Ifz,(y2)|dY2 X"Hmw )
=k—1

J=

k— ) 1
—kn v r7
< H,_ 2 [ (vioor) ol
k+1 )
—kn
32 [ (Dm0 bl
j=k—1 =1
Since
11 1

= + and A=A, + Ay,
q(0) ~ q1(0)  ¢2(0) P

by Holder’s inequality, we have

L k-2 0
" . ” q(0)
Bros jswp 2t( 312w 3o (S iso0r) sl
L<0,LeZ oo J—_ R 500 o)
k+1 00 1 1
1 ONEEN
<| 2 [ (oo @l )
Jj=k-1 R~ ( =1 ! ) LPZ(‘)(Wz))

—Ly N ka1 (0)g1(0) < —kn a0\
S L<S(;11P 2 X( Z 2 H Z 2 Z |fll(y1)| lek Lp1<')(w ))
<0,LezZ J—, [— 1
L L k3(0)g2(0) N ohn 20 \&o
X Lf(:le ( Z H Z Z |f21()72 yZXk L7120 ))
<0,LeZ k=—co j=k—1 :
= E2,1 X E2’2.

It is obvious that

r r
Eyi=E < ||<Z AT n||M,<nloql()(w .

v=1

(3.5)
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Now we turn to estimate E,,. By (3.1)—(3.3), we have

N Loe0 o
Esy < sup 2—L/12 Z 21«12(0)112(0)“ Z (- k)n Zl rz )q2
’ L<0,LeZ - - Irooonn)
L+1 |
1 0 1
< sup 2—L/12( Z 2k(xz(0)q2(0)“(z |fv|,2),2)( 92(0) )qzan
T LsoL : “Nrornn)
€z k=—00 v=1 2
r2 V2
S H Z|f2| MK(Yz()qz()( )’

2 ().Ap

where we use 272 < 1 and 2U70n1=0n) < 2U=bn < 22 i e (k — 1,k k + 1} for (3.1) and (3.3)
respectively. Thus, we obtain

)
H Zl‘fl r1 f]
v=1

To estimate E3, since [ < k—2 and j > k + 2, we have

)
| r2 ’2
MKUq()ql()( )” : f2
v=1

@ ().q2()
1A MK (w )

P2

e —yil =[xl = [yl =2 272, lx =yl 2 [yal — 1%l > 272, x €Dy, y1 €Dy, y2 €D,

Therefore, for any x € Dy, [ < k—-2,j>k+ 2, we get

f f LA ODIS 02l dod
(= yil + =yl 012

oty f LI (2)ldyidys.
Rn Rﬂ

T (f1, f2)(0l

N

N

Thus, by Holder’s inequality and Minkowski’s inequality, we have

o k-2
Z' Z T(flvl’f;j)lr)%)(kuma(w)
v=1  [=—oco j=k+2
o k=2

< (VZ:; :Z: 27k fﬂ |/ Ornldy JZkJ;zz J"f |f2J@2)|dy2) ) Xk oo
o k=2

S Z Z 27k |f110’1)|d)’1 Xka(_)(wl)

x"(i i 27 f |f2,()’2)|d)’2) ) )(k‘

v=1l = j=k+2 L7200w2)
k=2 )
—kn r r1
= |1122 f ,, Zl]w(yl)w o .
—jn rz Vz
% [ (Do) ] ., (3.6)
j: =
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Since
1 1

= +
q0)  ¢:1(0)  ¢2(0)
by Holder’s inequality, we have

and A=A, + Ay,

L k-2 0 .
- q(0)
E3 < sup 2—L/l( Z zka(O)LI(O)H Z 2—knf (Z |f1vl(y1)|r1) ldlek
L<0,LeZ P = N LP1O(wy)
=—00 =—00 v=1
L = | g0) b
—jn v 2\ 7y q(0)
X H Z 2 fn ( |f2j0/2)| ) ? dyz‘/\/k LP2(')(wz))
j=k+2 R 9=1

(o)

q1(0)
< sup 27M % Z 2km(0)Q1(0)H Z - knf ( Ifu(yl)l” rl dyl)(kH ql(o)
L<0,LeZ < R L LP1O G, )
-L2 ka2 (0) (0) N N \7 72(0) 7o
X sup 277 X( Z 2 ‘ Z Z fZJ(y2)| 2 dyoxel| )
L<0,LeZ oo e R4S LP28(w2)
= E3’1 X E3,2.

It is obvious that

Es1=FE; < H Z|f1 rl "

Since nd,; + @»(0) > 0, by (3.3), we obtain

a1 ()q1() *
MK PLO (wy)

1
E;, < sup 2~ L/lz Z 21«12(0)(12(0) X Z 2(k J)nda )qz(O))W

Z|f2 )y

LP20)
L<0,LeZ vy 20 (w2)
L 0
< sup 27Hbx Z Z 2JQZ<O>H Z | fv rz B ‘ (k= ])(”521+02(0)))q2( ))qz«»
L<0,LeZ ke joka2 L7200 (wy)
L & 1 O L
e (3 S (S 2 )
L<0,LeZ ; M zr20 6wy
’ k=—00 Jj=L v=1
- 0
+ sup 2—L/12 X ( Z 2kaz(0) Z H Z |f2 rz ’2 ‘ (k— J)n621)q2( ))qz(O)
L<0,LeZ = L7200 (wy)
= L+L+1.
First, we consider /;. By Lemma 2.4, we have
L 0 1
LA @2(0) oy (k= )52 +a20)\ 2O\ 20
W s 2 3 (0 (St pre ey
L<0,LeZ e S - Izr200s)
-L2 ja(0) (0) i 12 20\l
S sup 2( 3 om0n HZW )
L<0,LeZ = Ll’z( )(wo)
< H Z |f2 r2 ’2
~ rr (),q2() ’
pz()qz (Wz)

AIMS Mathematics Volume 8, Issue 11, 25688-25713.



25703

where we write 27k A0024020) — 2-lk=jin2 for p, = nd,; + @»(0) > 0. Next, we consider I,. Since
nos + Cl’z(O) - A > 0, we obtain

L, < sup 2‘“2( Z (2"("‘521”2(0)) Z zjaz(O)H Zl P |r2 B ‘

L<0,LeZ Pl e L7200 (wy)
O L L 0 O L
<" j(n521+a2(0)))‘12( ))qz<o> x 2‘“2( Z (Zk(n621+a2(0)) Z - j(n621+a2(0)—/12))q2( ))qz(O)
k=—co j=L+1
s 1
< sup su 2"“22]'“2(0)“ Z ”2)’2 )
LsO,L%Z jg(l)3 ( — A1) X L72O(wy)
L(—na —a (0)) < k(ms +a (0))q O\ =0
S ” Z|f | r2 az()qz() sup 2 o (ZZ A )qzu
MK, W2) [<0,Lez .
S H Z rz ’2
|f2 MKaz()qzo( )

P2y

Then, we consider /5. Since 0,1 + @»(0) — 4, > 0, we obtain

L

L < sup 2—L/lz( Z (zk(n621+az(0)) % Z Djars

1
. 2‘](”521+a2w))q2(0))m
L<0,LeZ LP20(y)

(S1ar)
v=1

k=—0c0

1

Z A1)
L 0 1
xa () (k) Z 2—j<n621+a2m—42>)@( ))m

k=—oc0 j=1

< sup sup2” 11221"“’
L<0,LeZ j>1

LPZ()(W )

L 1
2—L/lz( Z 2k(n521+0/2(0))q2(0))m

k=—o00

A
—

v rz ’2
f2 ) az().42() sup
Msz( Wy W2) [<0,LeZ

1

r2 n 2
fZ ) a)(-).q2() sup
MKp;()/lz W2) 1<0,Lez

(—/lz+n621 +a2(0))

1

TARE

DM ﬁb?g M

A
—

@2 (),q2() .
MK a5 (W2)

<
Il
—_

Thus, we have

(o)
r f1 r ’2
£ 5 [ e, I 157)
v=1 P14

To estimate Es, using Holder’s inequality and Lemma 2.8, we have

box w30 88 S

L=0,LeZ I=h=1 j=k=1 =1

@7 (1),g2() :
MK Py (w2)

1

),Xk q(0) )ﬁ

LPO)(w)
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- - ! ONE
—LA ka(O)q(O) v\ 2 q0)
S Supzz ( Z 2 H Z | LP1O(wy) H( Z |f2]| 2) Lpz(‘)(W2)) )
L<0,Le k=0 =1 =1
L 00 1
1 0 1
< sup 27H0( ) 2ka1(0>ql<0>”( SUEY x @ )70
L<0,LeZ =, — “erioge)
L 1
- q2(0) e
—-LA ka>(0)g2(0) r 72(0)
st 3 2onol|( Y ) )
LP2Y ()
k=—c0 v=1
had 1 had il
< H(Zlflvlrl)n H(Zlfvlrz)rz )
~ 1 (),q1() 2 @2 (),q2()
=1 MKpll(%j: (Wl) =1 MKpj(),Zi (WZ)

To estimate Eg, since k — 1 </ < k+ 1 and j > k + 2, we obtain
x—yil>22  |x—y|>2"" xeD, y €D,y €D,

Thus, forany x € Dy, k—1<1<k+1and j >k + 2, we obtain

ff OIS (2l dod
(= yil + x—yah2n 2

pkny=in f A0 O2)ldy1dy,.
R;L R)l

Therefore, by Holder’s inequality and Minkowski’s inequality, we obtain

IT(f i)

A

A

) k+1 0 1
513 S il
v=1 [=k—-1 j=k+2
00 k+1 *© ry i
< [ 2+ Oy .27 fR QUSRI .
v=1  I=k-1 J=k+2
00 k+1
—kn
< Zl __12 f |f11()’1)|dy1) ) Xk LP1OGwy)
—jn
ASE 7 [son))ul,..,,
k+1 & 1
—kn v i\
S ”1216_112 Ln(;U‘”(yl)' ) dlek LP1O(wy)
[ 00 1
—jn Vv r\n2
X“J-;zz fRn (Vz:; |f2j(y2)| ) dvaxk L0 (wy)’

Since
1 1

= +
q0)  q1(0)  ¢2(0)
by Holder’s inequality, we have

L k+1 )
Bo< s 27 Y 200 32 [ (Sisoor) o
k=—co I=k—1 S

L<0,LeZ

and A=A1;+ Ay,

q(0)

LP1 (')(Wl)

(3.7)
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8

- . q(0) L
—jn rz Vz q(0)
x H Z 2 f Z |f21(y2)| dyZXk LPZ()(W ))
Jj=k+2
—LA ka1(0)g1(0) —kn N v i o 01(0) n®
S sup 2 x(zz ZZ (Zlf”(yl)l ) dyiye PO )
L<0,L€Z Pl Py - — LP1Y(wy)
“La C ka2 (0)g2(0) N _jn N v "\ 20 )
x sup M (31200l B | (B UI00) v, )
L=0,Lez K=o k2 L "
= E(,,] X E(,’z.

By the interchange of fi and f>, we find the estimateof E¢; and E,, are similar, and E¢, = E3,. To
estimate Eg, since [, j > k + 2, we get

lx—yil >2% xeDy, y €D, y,€D;

Therefore, for any x € Dy, [, j > k + 2, we have

T v v < |f1[(y1)||f21(y2)| dvid
Tl £)0 % f | ey
< 2y f f DI Oy dys

Thus, by Holder’s inequality and Minkowski’s inequality, we have

) 00 0 rol
0N PIPILLTN DT I
V=1 I=k+2 j=k+2
< (o002 [ oo ) 2 f 0008 ) 0,
=1 I=k12 R J=k+2 Rn o
< Z Z 2_lnf |f11(y1)|dy1) ) Xk LP1OGwy)

v=1 I=k

(i i 2" f 302l

XH 210}
v=1  j=k+2 LP25(wp)
[ 00 N
s ” Z 2_lnf (Z |f1vl(yl)|rl)r1 dyvyi LM OGwy)
I=k+2 R 05
x| S 2 fR n » fzj(yz)rz) Ay, (3.8)
j=k+2 y=1
Since
1 1

and A =A1; + Ay,

= +
90)  ¢:(0)  ¢2(0)
by Holder’s inequality, we have

L o]
Ey < sup 2_“( Z Zk"(o)q(o)” Z 2_l"f Z|f110’1)|”)”dy1)(kn 21O
Pt 12

L<0,LeZ
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3 : r (0) s
XH j;2 2_jnf Z |f2]()’2)|r2 : dyz/\(k' o, )) )
ap 2 ( ) 200 5 2 [ (D or) an
k=0 I=k+2 RS

q1(0) )m
LP1 (‘)(Wl)

72(0) )m
Lﬁz(l)(wﬂ

7\

L<0,LeZ

L b o)
 sup 27 (3 20 30 [ () v
k=0 j=k+2 R\ A

L<0,LeZ
= Eg’l X E9,2.

Obviously, the estimates of Ey; are similar to those of E;5,(i = 1,2).
All estimates for E; i = 1,2,--- ,9 considered, we have

r1 ’1 r2 ’2
£ <SS 7)

Finally, we estimate H. By the interchange of f; and f,, we see that the estimates of H,, H3 and Hg
are similar to those of Hy, H; and Hg, respectively. Thus we just need to estimate H;—H3, Hs, Hg and
Ho.

For the subsequent proof process, we need following further preparation. If / < 0, by Lemma 1.3,
we have

ap(),q2() ‘
MK,, Oy (2)

1

_ 2—la,-<0>(21a,-(0)q,-<0>”(i| ﬁvlri)EXz"Qi(,(),) )ﬁ

()

erioron, 1710wy
L fli(O) L
< 1a1<0) Z zza,<0>q,<0)H Z | fv r, [ )q,<o>
= LPiY(w;)
L - 4i(0)
< 2lA=ai0)y-1n Z 'Zm,(O) Z v r, 5 H i q(O)
= (,__ B X o)
1(A-a;(0)) viri \ i
s 2 ”(Zlfl MRG0 (3-9)
=1 PiOA;
To estimate H,, since
1 1 1
Lj<k-2, —=—+—
4o d1o 4200
and A = A; + A, by (3.4) and Holder’s inequality, we have
L k-2
SONES DI [ Z o0l ) v
LP1O(wy)
k=0 I=—00
k-2 ,
—kn rz B =
<| >+ [ z 020) v )
j=—00
L k= 1
—-LA; ka1oq1co —kn 1\ leo
S 2 (Z 2 Z 2 f Z |fll(yl)| dyl)(k' Ll’l()( ))
k=0 [=—00
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1L

)‘Qoo
LP20) (wy)

L
><2_“2( Z ke
k=0

= H; xXHp,,

k=2
> o f Z|fzj(yz>|’2 *2dym\
j=—00

where

H; = 2—Lﬂi{ ZL: hicoico

k=0

k-2
> Zm(yl)rt Tyl
[=—o0

}qT.o
LPiO(w;) ’

By (3.1), we obtain

L k-2 0 1 1
. -LA; k@icoGico (I=k)né;p v ri)7i )q"“’}qiTo
Hl’l S 2 {Z 2 ( Z 2 (Z |f; | XlHLPi(')(Wi)
k=0 I=—c0 v=1
L -1 00 )
LA k(ziwqim( Z H( Z v r,-)T,- (I-knsy
< .
s 2 {ZZ |f;| X Lp()(w)z
k=0 [=—o0 v=1
k © 1 (o I 2
viri i —k)ndip V1 | dico
+Z H(Z 17l ) X’Hw»(wi)z ) }
=0 v=1
-1 00 1
< 9 L/l Z zka,mqm Z H Z 7 |r, r, 2(1—k)n5,-2)’1"°°}qT.o
- Ao,
v=1
L k 00 ! g !
—LA; kaimqm( Z H( Z v\ (1—k)n6,-2) m}q,-To
+2 { Z 2 |f; | ) X Lni(-)(wi)z
k=0 =0 v=1

= I4+ Is.

If gio > 1, since nd, — @jo > 0 and 1o, — @;(0) > 0,by the Minkowski’s inequality and (3.9), we

obtain
Iy = 2_L1i{22ka‘°"q’°" Z H Z |fv r, r,

[=—00

< 0L Z ”(Z |‘]¢;V|rf)rli)(
[ ——

(- k)n62) }ﬁ
Lp()(w)
L

R
i { Z (2"“!’00 2(l—k)n5i2 )qm } dico
Ll’i(')(w,-)

k=0
-1 ) 1 L 1
SRS DI D
' LPiO(w;)
[=—c0 v=1 k=0
-1
|fv r‘ r, 2—L/1, 2l(n5i2+/1z—ai(0))
MK“ ()q,( )( )
I

[=—0c0

H Zlfw, n

If gioo < 1, since nd; — @i > 0 and nd, — @;(0) > 0, by (3.9), we have
L -1 oo

Los 2t genae 3 H( D Ifivl”)'%)(
k=0 [=—00 v=1
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-1 0 1 g L 1
2—L/ll'( ( |fvlri)ri)(l 1o 21n5i2qim Z zkafmqioo 2—kn6,-2q,-m)qioo
Z Z ' LPiO(w)
I=—00 v=1 k=0
-1 00 1 ) L 1
T O 0 e (o) SE R S i
' LPiOw;)
[=—00 v=1 k=0
-1 00 1 |
—LA; |f\/|r,' i Gio 211’1 02 Gjco
S 2 ’( 2. (2, 1r) °)
- z ) X o
< vr, r[ —L/l 2 }’l62+ﬂ %(0))!];00 Bioo
~ |f MK(Y()ql()
aO40 l> l__m
: u<z|f-vvf>f-
~ l o ().q;() *
£ MR )

We consider /5. Since nd, — @ > 0, by Lemma 2.4, we have

ko= By (Y i XHM g o)
=0 )

k=0 v=1
L o0 1
_ 2—u Z Zzlam (Zl 2(1—/<)(ms,.2_a,.oo))qm}(7oo
Lpi(‘)(wi)
k=0 v=1
k s 1 g 1
—LA; laloo ico V T e %?
s 22| 1) e )
Lm(kwo
1=0 v=1

(o8]
1%
B T
=1 p(u Wi

where we write 27 k-10102=ix) < 2=k=lni for pn; = npH — Wieo.

Thus,we get
H Z|f1 r1 o

|f rz 6
MKal()ql() wi) 2 MKaz()qz()(Wz)'

To estimate H,, since
1
I<k-2, k-1<j<k+1l, —=—+—

and A = A; + A, by (3.6) and Holder’s inequality, we have

I k=2
O P Z'fu DICIY
R 0
X H Z Tknf Zlle y2)| yZXk LrO(w, ))"""
j=k—1
; e
< 2—LA1(22k“lwa°° Z Z‘k”f Z|f11(y1)| dyl)(kHLl’l()(
k=0 [==e0
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1

Z 27t fR "(i|fzj()’2)| I .
v=1

Jj=k—1

X2~ Lflz Z 2kltzooqzoo

= HZ,I X H2,2.

It isobvious that
[ee)
1
Hay = Hyy S IO IAT) T lygeomo,
o PO 1

Now we estimate H,,. Combining (3.1)—(3.3), we have

L k+1
Hy, < L/Iz Z ka/ZMqZDO Z 2(/ k)n Z |f2 r2 Vz )qzm
’ L’”2<)(wz)
k=0 j=k—-1
L+1 o 1
< 2—L/12( Z 2/{0200(]200 Z |f |r2 r2 200 )‘12700
= 2 £720(wn)
k=—1 v=1
[ee]
S “ Z |f‘2 ”2 '2 a ’
v=1 MKP22<(>)Z§()(W2)

where we use 272 < 1 and 2U-0n1=020 < 20=bn for (3.6) and (3.8), respectively. Thus, we obtain

( Z|f2 )=

||<Z Tk [P

a(),q (")
MK (). (w )

To estimate H;, since

1 1 1
I<k-2, j>k+2, —=—+—
(7P dlco 4200

and A = A; + A,, together (3.6) with the Holder’s inequality, we have

L [0e]
H; < Z 2wt Z 2—k”f Z |fll(y1)|r] dlek LP1OGwy)
k=0 1=~ v=1
jn r '2 deo
X H o fRn Z |f2](y2)| 2) dy2xi LPZ()(wz))
Jj=k+2
L _ 1
—IA k@ 1o0q100 —kn " rl =
< 2 .(;2 - IZ ? f Zlf”(yl)'l vl L1 Ow, ))

1
)q2oo
L2 )( 2)

L 00
x27Hb( " ool " 0o f Zua,(y )= dyon|
k=0

Jj=k+2
H3,1 X H3’2.

It is easy to see that

(o]
_ r1 ’l
Hs;y=H; < H § I£] MEIONO
=1 P14 !
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Since nd,; + @ > 0, by (3.3), we obtain

H;, < 2—L12(szazqum Z o (k=jndan Z|f2 r2 = ‘ )qzco)q200
, LP20) (wy)
k=0 j=k+2
L L+2
< 2—L/lz Z Z 2]0200 Z|f2 rz rz ‘ (k— ])(n621+(l’200))q200)q200
LP20(wy)

k=0 j=k+2

L 0
(e 5 Sty

k=0 Jj=L+3 v=1

8

2(k Jnéay )qz(’o ) qzoo
LP20)(w)

Ig + I.

For I, by Lemma 2.4, we obtain

L+2 |
- (k—j)(”52|+dzm) 4200\ o s
DR e IR
LPZ(‘)(wz)
=0 j=k+2
L+2 ) !
—-LA o r ’2 900
< 2 2(221 2004200 Z 2 )
~ |f2 Xij LP2O)0r)
Jj=0 v=1
(o]
rz ’2
S ” Zle MK"”"Z()( )’
v=1 P2

where we write 27 k-/02+a20) = 2==j2 for 9, = ndy; + @re > 0.
For 17, since nd,; + ase — A2 > 0, we have

S 1
LA k(n521+(12w) 200 rz r2 — (621 +@200) 9200\ oo
L 52 (22 221 Z|f2 xill 2-i )
k=0 J=L+3 LP2®)(wy)
N 7 < - o
< sup 2= jare (Zlfzvlrz)rz)(j’ —L/lz Z 2k(n621+azw) Z 2‘]("521+(lzoo—/lz))q2°°)qzw
i>1 LP20) (s ) .
. v=l k=0 j=L+3
i 1
< () gt {pomsone )
~ @y(),42()
=1 MK, 200 (2)
> 1
< (X
~ 2 @ ()42()
=1 MK, (w2)’

Thus, we get

@2 ()42 () ‘
MKPZ(')’/'Z (W)

b 1 ha 1
<2 o (S 1577)7
v=1 MKZII(')’ZII ) v=1

To estimate Hs, using Holder’s inequality and Lemma 2.8, we have

Hs < 2L ZZk“""q“’ Z Z ” 'T(fll’fZJ)‘ Xk
1

I=k—1 j=k-1  v=

o)
LPO)(w)
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To estimate Hg, since

)qu
2060

A

1 1 1
k-1<I<k+1, j>k+2, —=—+—
g di1 4200

and A = A; + A, by (3.7) and Holder’s sinequality, we have

L k+1
ZZ""W"W Zz f Zlfu(yoi” ) v
k=0 I=k—1
| i 2 fR ,, i|f2]@2)|r2 'Zdym1
=1

Jj=k+2

L
2—L/11( § 2k0/1mfhm
k=0

X2 L/lz Z 2]“12004290

A

Hg

LVIU( D

1
)"
L2 )(Wz)

[Se]

k
iz—knf Zlfu(yl)l” dyl)(kHLm()(
I=k—1

[e9)

B [ (Dsoar) iy

Jj=k+2

A

1

)qToo
Lr2C )( wa)

H6’1 X H6’2.

By the interchange of f; and f,,we see that that of Hg ; is similar to the estimate of H,, and He, = H3.

To estimate Ho, since

1 1 1
Li2k+2, —=—+—
qoo qloo q200

and A = A; + A, by (3.8) and Holder’s inequality, we have
L

Hy < 2_“(22]”‘”‘1‘” iZ_”‘f Z}|f11()’1)|rl rld)’l)(k
=0 1=k+2
| Z 2 | (2 o) o)
< Z_M'(szal‘”q'“’ ZZ lnf i|f1z(y1)|r1 )HXkaO( [,1%0
v=1

1=k+2
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(9]

2 f (> |f;j(yz>|’2)"3dym|
k R2 v=1

Jj=k+2

1
n 1
Q20 )‘1200

L2 (wy)

L
X2—Lﬂz( Z 2kazquw
k=0

= Hg,l X H9’2.

Obviously, the estimates of Hy; are similar to those of H3, for i = 1, 2, respectively.
Taking all estimates for H; together, i = 1,2,--- ,9, we obtain

hai 1 bl 1
H S ”(Z vrl)rl H(Z vrz)"z
) Dl 2415

Pl
This completes the proof.

@ (-),q2 () :
MK,,Z(A)Jz (W2)

4. Conclusions

On the basis of vector valued bilinear Calder6n-Zygmund operators with kernels of Dini’s type are
bounded on variable Lebesgue spaces, with the help of properties of the w(f) and space decomposition
methods for variable exponents Herz-Morrey spaces. We establish the weighted boundedness result
of vector valued bilinear @(?)-type Calderon-Zygmund operators in variable exponents Herz-Morrey
spaces, this is a new and meaningful result.
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